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Introduction

This paper is concerned with entire solutions of even order semilinear elliptic
equations of the form

(A) A™u = f(|x|, u, 4u,..., 4™ u), xe€ R",

where m=1, n=2, 4 denotes the n-dimensional Laplacian, |x| is the Euclidean
length of x, and fis a given nonnegative continuous function defined on [0, oo)™+!
or on [0, c0) x R™. By an entire solution of (A) we mean a function u € C2"(R")
which satisfies (A) pointwise in R". Important special cases of (A) are

(B) A™u = p(|x|)u?, xeR",
© 4™u = p(|x|)e*, xeR",

where y>1 and p: [0, c0)—(0, ) is continuous.

The problem of existence and nonexistence of entire solutions of (A) in the
case m=1 has been the subject of intensive investigations in the past three decades,
and numerous results have been obtained. Among a vast literature on the sub-
ject, we refer the reader to the recent papers [2-5, 10-12, 14-19, 21, 23, 24] which
are concerned mainly with second order equations of the forms (B) and (C).

It seems to the author, however, that very little is known about entire solutions
for the higher order case of (A) (m=2). As far as the author is aware, Walter
[26, 27] and Walter and Rhee [28] were the only references in this area until the
appearance of Kusano, Naito and Swanson [7-9] and Kusano and Swanson [13],
in which a systematic study of the existence and asymptotic behavior of radial
entire solutions of (A) with m=2 has been attempted. In particular it is shown
in [9] that equation (A) (m=2) may have a variety of radial entire solutions with
different types of asymptotic behavior as |x|— c0.

The main objective of this paper is to further the theory developed in [7-9]
by establishing the existence of a new class of entire solutions for (A). More
specifically, we give conditions under which (A) has a radial entire solution u(x)
with the asymptotic property
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lim o ulx) = for n=
|x]=o0 |X]?™2 log | x| ’
u(x)
s = 00 for n=3.
[x] =00 |x|2m-2 =

Such a solution is said to be a strongly increasing entire solution of (A). We note
here that the problem under study is essentially an ODE initial value problem.
In fact, a radial function u = y(|x|) is an entire solution of (A) if and only if y(¢) is
of class C?"[0, o0) and satisfies the ordinary differential equation

(D) Lmy = f(t, y, Ly,..., L™ 1y), t>0,

as well as the singular initial condition

(E) Liy)©0) =o;, (Ly)(0)=0, 0sism—1,

for some real constants a;, where L denotes the polar form of the Laplacian 4:

) d
= t1-n_ % 41 % —
L=t it i t=|x|.
We are thus led to the analysis of the initial value problem (D)—(E).
In Section 1 we derive basic results concerning local solutions of the problem
(D)<(E). In Section 2 we construct the desired strongly increasing entire solutions
of (A) by using the results of Section 1 and known criteria [7, 8] for the existence

of entire solutions u(x) of (A) satisfying

|£i|Too W’i—(f—%m = c(u) e (0, o0) for n=2,
lim E‘%% = c(u)e(0, o) for n23.
x|—>oo

Some strong nonlinearity hypotheses on f are needed for this purpose. A
related question of interest is to characterize the values c(u) in the above limits,
that is, to determine the set of positive numbers which can be the limits as |x|— oo
of u(x)/|x|*"21log |x| (n=2) or of u(x)/|x|>*=2 (n=3) for some radial entire so-
lutions u(x) of (A). A fairly complete answer to this question is also given in
Section 2. Section 3 concerns the second order case of (A). It is shown that
the results for the radial equation du=f(|x|, u), x € R", can be extended, via the
supersolution-subsolution method, to the non-radial equations of the form
Au=g(x, u), xe R". The final section (Section 4) is devoted to the discussion
of nonexistence of entire solutions of equation (A) and related differential
inequalities.
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1. Properties of local solutions

As was stated in the Introduction, the problem of finding a radial entire
solution u=y(|x|) of (A) is equivalent to the singular initial value problem

(1.1) Lmy = f(t, y, Ly,..., L™ 1y), t>0,
1.2 L)) =, (Ly)O)=0, 0=sism-—1,
where o; are constants and L is the operator defined by

- d d
— ¢1-n n—
L=t ltt 1—dt.

In this section we present some basic results concerning local solutions of
the problem (1.1)—(1.2), which play a crucial role in the construction of strongly
increasing entire solutions of (A). We begin with the existence of local solutions
to the problem. In the next lemmas, the order relation v <w for vectors v=(v;)
and w=(w,) is defined as v;<w; for all i. The symbols <, = and > are also
used analogously.

Lemma 1.1. (i) Let f:[0, o)"*1—[0, c0) be continuous. Then the
problem (1.1)-(1.2) has a local solution for any given (g, dy,..., %y,—1) € [0, cO)™.

(ii)) Let f: [0, o) x R™—[0, 00) be continuous. Then the problem (1.1)-
(1.2) has a local solution for any given (ay, oy,..., %,_ 1) € R™.

Proor. We prove only the statement (i); the proof of (ii) is similar. We
transform the problem (1.1)-(1.2) into the system of m second order equations

(1.3) Ly =f(ty), t>0,
1.4 y©0)=a, y'(0)=0,

where y=(y, Ly,..., L""'y), f(t, y)=(Ly,..., L™y, f(1, y,..., L™"'y)), a=(a,
Oyyeenr Uy—q) and 0=(0, 0,...,0). It is easy to see that the problem (1.3)-(1.4)
is equivalent to the system of integral equations

15  y=a+ S;slog (ts)-f(s, y(s)ds, t=0, for n=2,
1.6) y(t)=a + ,ﬁgo (L= (/12 f(s, p(s)ds, t20, for n23.

In what follows we let a constant T>0 be fixed, put 1=(1, 1,..., 1) and choose
M >0 so that

0f@t,yysM-1 for 05t<T, asy<a+l.
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Case I: n=2, Let (C[0, 6])", 6=min {T, 1/M, e}, be the Banach space of
all continuous m-vector functions on [0, ]. Define the set & =(C[0, 6])" and
the mapping & : ¥ —(C[O0, 6])" by

% = {ye(C[0, 6])": a<y()<a+1 for te[0, ]}

and
Fyt)=a + S;slog (t/s)- f(s, y(s))ds, te[0, d].

Using the inequality
1.7 slog(t/s) < tfe for 0<=s=<1t,

we see that if y e#, then

a < Fy(i) < a + (te) g;M-lds <a+Ms-1<a+1, te[0,d],
which implies that #ye®. Therefore # maps # into itself. It is easily verified
that & is continuous and that #F% is relatively compact by the Ascoli-Arzela
theorem. From the Schauder fixed point theorem it follows that &% has a fixed
point ye®. This y=y(¢) is a solution of (1.5), and hence the first component
y(t) of y(t) is a solution of the problem (1.1)—«(1.2) on [0, &].

Case II: n=3. Put d=min {T, 1/M, 1} and define (C[0, 6])" and % as in
Case I. Then, it can be shown that the mapping & defined by

Fy0 = a + 715 | 1=/ (s, yO)s, 1e0, 8],

is continuous and maps # into a compact subset of #. A fixed point y e #¥ of
& then gives a solution of (1.6), the first component of which is a solution of the
problem (1.1)—(1.2) on [0, 6]. This completes the proof.

The next result concerns the continuous dependence on initial values of solu-
tions of the problem (1.1)<(1.2). It may be regarded as a variant of the well-known
theorem of Kamke for regular ODE initial value problems (see Coppel [1, p. 17]).

LEMMA 1.2. Let f be as in Lemma 1.1. Let (a8, &},..., &%), v=1, 2,..., be
a sequence of points of [0, c0)™ or R™ converging to (atg, %y,...,%,_1) @S V=00, and
let y (t) be any noncontinuable solution of the equation (1.1) satisfying

L0 =ay, (Ly)(©0)=0, 0sism—1, v21

If the solution y(t) of the problem (1.1)~(1.2) is defined on [0, T] and is unique,
then y (t) is defined on [0, T] for all sufficiently large v and
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lim Liy,(t) = Liy(D),
(1.8) v

lim "= Y(Liy,) (1) = " Y(Liy)(), 0Si<m—1,
uniformly on [0, T].

Proor. The proof is given only for the case that n=2 and f is defined on
[0, co)™*1, since the other cases can be treated similarly. We employ the same
vector notation as in the proof of Lemma 1.1; in particular, a,=(a, a},..., a’_,),
y,(O)=(,(1), Ly2),..., L1y (t)). Let M be a constant satisfying

0<ft,y)sM-1, 0st=T, 0=sy=<a+l,

and put d=min {T, 1/(3M), e}. Choose an integer v,>0 so that 0<a,<a+
Mé -1 for v=v,. Then y,(t) exists on [0, 6] and 0=y (t)<a+3Mé-1 for te
[0, 8] if v=v,. In fact, if this is not true, then there exist t* (0, 8], v=v, and
je{0, 1,..., m—1} such that

Lyt <a;+3M5, 0=Zt<t*, 0Zi<m-—1,
Liy(t*) = a; + 3M0.

Using (1.7), we have
aj + 3Mé = Liy(t*) = o« + S; slog (t*/s)-fi(s, y,(s))ds
< o; + M3 + (1*/e) g' Mds < a; + 2MS,
0

where f; denotes the j-th component of f(t, y). This contradiction shows that
yt) is defined on [0, 6] and satisfies 0 < y () <@ +3M5-1 there if v=v,.
Moreover, the sequences {y,(f)} and {y;(¢)} are equicontinuous on [0, J], since

w0 = . G10£G, p(s)ds
and

W0 = = 3§\ sfs po)ds + £, 3,0)

for te[0, 6]and v=v,. Let {y,(t)} be any subsequence of {y(t)}. By the Ascoli-
Arzela theorem and a well-known C!-convergence theorem, there exist a sub-
sequence {y,u ()} of {y,(t)} and a C' m-vector function z(t) on [0, 5] such that

Yua(®D = 2() and  ty,q\()—>1tz'(H) as k- oo

uniformly on [0, §]. Letting k— co in the equation
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t
Pu®) = @y + | S108115) (5, DusDds, 1[0, 1,
we obtain

W) = a + S;slog (t)s)-F(s, z(s))ds, te[0, 6],

which shows that z(¢) is a solution of (1.5) on [0, 6]. It follows that z(2)= y(¢)
on [0, 6] by uniqueness. Since {y,(f)} is an arbitrary subsequence of {y (1)}, we
conclude that the whole sequences {y, ()}, {y.(t)} converge uniformly on [0, ]
and their components satisfy (1.8) (n=2) there.

To complete the proof it suffices to show that the maximal interval on which

{y(0)} satisfies (1.8) is [0, T]. But this can be done exactly as in Coppel [1,
p. 18].

It is important to observe that not all local solutions of the problem (1.1)-
(1.2) can be continued to t=oc0. In fact, the solutions with sufficiently large
initial values a; are shown to blow up in a finite ““time”’. To see this it is convenient
to consider differential equations with ‘“‘quasi-derivatives’’, of which (1.1) is a
special case.

Let continuous functions g;: (0, 00)—(0, o), 0<i< N, N=2, be given, define
the quasi-derivatives D;, 0<Si< N, by

Dy(t) =20 pryy=-L_9 p_yu), 1<i<N,
oy (?) 2@ y(1) 2. di 1Y(2) Sis
and consider the equation
(19) DNy = g(t’ DOy, Dly""’ DN—ly)’

where g is a nonnegative continuous function on [0, c0)"*! or on [0, c0) x RY.
Motivated by Kiguradze and Kvinikadze [6], we say that equation (1.9) has the
blow-up property if for any t,>0 there exists a constant 5(¢,)>0 such that any
solution y(t) of (1.9) satisfying

Diy(to) 20, 0<i=<N -2, Dy_;)(to) = n(to)
blows up in a finite time in the sense that

lim Dy_,y(t) = ®©

=Ty
for some finite T,>¢,. In case g is defined on [0, o) x RV, the blow-up property
of (1.9) implies that for any t,>0 and (§,, di,..., Oy_,)€ RN~ there exists a
constant #(ty; dg, dy,..., Oy_,)>0 such that any solution y(¢) of (1.9) satisfying

Diy(to) 26, 0<i=<N—-2, Dy_y(to) = n(ty; 6¢s.-., Ox-2)
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blows up in a finite time.

A sufficient condition for (1.9) to have the blow-up property is given in the
next lemma which is a generalization of a result of Kiguradze and Kvinikadze
[6, Theorem 1.1] for the equation yM™M=g(t, y, y’,..., Yy V). The following
notation is used:

t
It s; 415, 4) = S a(Nli-1(, 75 415.--, qi—1)dr, 1 =i < N.

LeMMA 1.3. Let g: [0, 0)"*1—>[0, o) be continuous. Suppose that there
is a nonnegative continuous function g,(t, ug, Uy,..., uy_,) on [0, c0)¥*1 which is
nonincreasing in t and nondecreasing in each u;, 0Si<N—1, and satisfies
gx(t, Ug,..., uy_1)>0 for ¥ ¥4 u;>0 and

g(t, tog, Uyyeny Un_1) = Gty U, Uy,yenny Uy_y)

for (8, ug,..., uy_1)€[0, 0)¥*1.  For 1>0 we define

h(t, u) = (t, u, u yerns u )
(; u) = g Ii(t, 75 q) In_y(2, 75 q15---, Gn-1)

and
HAt 0) = (v gy ), =92, 9dg) ™

for t>7 and u=0. Then, equation (1.9) has the blow-up property if

® du
SW<OO forall t>1>0.

Proor. Let t,>0 be fixed, choose 1, t,, t,, such that t<t,<t, <t,, and put

m; = min ¢,(f), m; = min 4:(1) 2<is<N.

tStsty ' TStSt) ql(t),

Let 6>0 and #>0 be such that

(1.10) Sa #:‘u)< my(my---my)t/N(t,—1,)
and
(1.11) J

nz .
Iy (21, to5 91s---, AN-1)

It is sufficient to show that any solution y(f) of the equation

(1.12) Dyy = g4(t, Doy, Dyy,..., Dy_1y)
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satisfying
(1.13) Diy(tg)) =0, 0Si<N-2, Dy_,y(t)) 2n

blows up at some finite T,<t,. Suppose to the contrary that this y(f) exists on
[t0, t;]. In view of (1.13) we see that

Diy(t)éoy te[th tl], OéléN_L
and
t
Doy = || 1t 5 gysevss 4041 (D1 ()
(1]
S Livi(t T qpseees Gie )Di 1 Y(1), tE[tg, 15],

for 0i<N-—2. Therefore, we have

Doy(2) ;
D;y(t) = 0 , teftg, t,], 1SiN-1,
v Ii(t, ©5 91,05 43) Lto, 12]

which combined with (1.12) shows that
Dyy(t) 2 h(t, Doy(¥)), te[to, t;].
We rewrite the above inequality as
(Dy-1y)'(1) 2 qu(Dh(t, Doy(1), e[ty 5],

multiply both sides by D, y(f)=(D,y)(¢)/q,(t), and integrate it from ¢, to t. We
then find

Duy(®Dy-13(0) 2 || L4 b5, Doy(6) Doyy s 2 my | ht, wyd

or equivalently

Doy(t)

Duy (D=3 Z mygn-1® | 7 ht, wdu, 1€ 10, 1],

0
Multiplying the above by D, y(t) and integrating on [¢,, t], we get

Doy(t)

(D1y(0)Dy-23(0) 2 mymy—, | ™ (Doy(®) = wh,(, wdu, 1€ 1o, 1,].

0

Continuing this process, we have

(D1y (O -2Day(1) = PRt | 7 Doy~ -2h (1, wdu, €[ty 1],

which leads to
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D
(Duy(oy 2 M2 (7 (Doy(0)—uy2h(t, wdu, 1€ [1g, 1]
It follows that
(119 (Doy)(®) 2 my(my---my)WH(E, Doy(©), telio, 1a].

On the other hand, integration of Dy_,y(t)=n yields
Doy(t) Z nly_4(t, to; q15--- qn-1)» t€[tos 2]

consequently, Dyy(t,)=6 by (1.11). From this inequality, (1.10) and (1.14)
we obtain

) =10 4 (200

_ SDO}’(Iz) du Sw du

du (A mymy) NGy~ 1),
Doy(t1) Ht(t2’ u) —Js Hz(tz, u) ! !

This is a contradiction, and hence y(f) must blow up at some finite 7,<t,. This
completes the proof.

ReMARK 1.1. The proof of Lemma 1.3 shows that the blow-up property is
determined only by the nonlinear structure of the function g(t, uq,..., uy_,)
(not by the functions g,(t) defining the quasi-derivatives).

ExampLE 1.1. The following equations have the blow-up property:
Dyy = )3 p(O)(Dyy),
Dyy = p(t) exp (X' p1)(Dyy)*),

where y,>1, §;>0 are the ratios of odd integers and p, p;: [0, c0)—(0, o) are
continuous functions, 0<i<N—1.

LemMa 1.4. Let f(t, ug, uy,..., U,,_,) be nonnegative and continuous on
[0, c0)™*t or on [0, 0)x R™ and nondecreasing in each u;, 0<i<m—1, and
satisfy im, o f(t, uo, 0,..., 0)=00 for each t=0. Suppose that equation (1.1)
has the blow-up property. Then, any solution of the problem (1.1)~(1.2) with
0,20,0<i<m—1, blows up in a finite time provided a, is sufficiently large.

ProOF. By the blow-up property of (1.1) there exists a constant #>0 such
that any solution y(#) of (1.1) satisfying

Liy1)z0, 0sism—1, (L'y)(1)20, 05i<m-2,
(L™1yy(1) 2 n,
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blows up in a finite time. Choose o, >0 so that

Sl "1 f(t, 2o, 0,..., 0)dt 2 ,
0

1
which is possible because lim ,ng t"1f(t, 4, 0,..., 0)dt=o00, and let y(t) be a
0
solution of (1.1)~(1.2) with this choice of oy and o;=0, I1Sism—1. It is clear
that y(t)=a,, Liy(t)=0, 1Zi<m—1, and (Liy)(1)=0, 0<i<m-—1, throughout
the interval of existence of y(f). If y(t) blows up before t=1, there is nothing to
prove. So, we assume that y(¢) exists on [0, 1]. Then, integrating (1.1), we have

1
Lry(1) = {7710, 90, Ly, Lty
1
> g =1 £(t, o, 0,..., 0)dt 2 1,
V]
which implies the blow-up of y(t) at some finite point 7,>1. Thus the proof of
Lemma 1.4 is complete.
ExaMpLE 1.2. Consider the equations
(1.15) Amu = 3150 pillx)) (4'u)y, xeR",
(1.16) Amu = p(|x|) exp (X750 pllx])(4'u)’1), xeR",

where y;>1, §;21 are the ratios of odd integers and p, p;: [0, c0)—(0, o0) are
continuous, 0<i<m—1. From the above results it follows that (1.15) [resp.
(1.16)] has a unique local radial solution u(x) satisfying the initial condition
Aiu(0)=a;, 0<i<m—1, for every (ag, %y,..., %y_1) € [0, 00)™ [resp. (ag, &i,...,
%,-1) € R™], that u(x) depends continuously on «;, and that u(x) blows up at a
finite value of |x| if 0;20, 0<i<m—1, and a,>0 is sufficiently large.

2. KEcxistence of strongly increasing entire solutions

2.1. The purpose of this section is to study the existence of an entire solution
u(x) of (A) with the asymptotic property

u(x)

(2.1) Illlr_l?wm = for n=2,
@.2) lim Ix"l(z—ff)_z = o for n 3.

We begin by introducing some notation which will be frequently used in the
discussions that follow. Let & and ¥ denote the integral operators
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dh(t) = S' s S r=th(r)drds, 120, n 22,
0 0
and

Wh(t) = S‘”sl_n S r=th(r)drds, 120, n33
o

t
respectively. It is easily verified that @ maps C[0, o0) into C?[0, o0) and satifises
L®h(t) = h(t), t=0, or A®h(|x|)=h(|x]), xeR", if n=2,

and that ¥ maps the subset of C[0, c0) consisting of all 4 such that Sw tlh(t)|dt < oo
0
into C?[0, o0) and satisfies

LPh(t) = — h(t), t=0, or A¥Ph(x]) = — h(|x|]), xeR", if n=3.

It is sometimes convenient to rewrite ®h and Wh as

2.3) (Dh(t)=S;slog(t/s)-h(s)ds, 120, for n=2,

@4 oh(n =1 S;s(l——(s/t)"‘2)h(s)ds, £>0, for nx3,
and

Wh(t) = n—1_—2<g;(s/t)"‘2sh(s)ds + Sjosh(s)ds) £20, for n=3

(note that (2.3) and (2.4) are used in the proofs of Lemmas 1.1. and 1.2). We also
use the abbreviations:
p(n, i) = ITj=y [2(m—j)(n+2(m—j—-1))], 1
(2.5)  p(i) = p2, i) = [2((m—1)(m—2)---(m—1)]?, 1
p(n, 0) = p(0) = 1.
Hypotheses on f will be selected from the following list.
(A) f(,ug, uy,..., u,_,) is continuous and nonnegative on [0, co)™*!,

nondecreasing in each u;, 1<i<m—1, and strictly increasing in u,. Moreover,
A1 (t, Aug,..., Au,,_,) is nondecreasing in A €(0, c0) and

IIA
lIA

m—1,

1A
lIA

m-—1,

lim A=1f (¢, Aug,..., Au,_,) =0 for each (t, ug,..., 4,,_,) € [0, c0)"+1.
A—+0

(A,) f(t, ug, uy,..., u,,_,) is continuous and nonnegative on [0, co) x R™,
nondecreasing in each u;, 1<i<m—1, and strictly increasing in u,. Moreover

Lim f(¢, ug, 0,...,0) = o© foreach t > 0.
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In case n=2 the condition

Lim f(t, ug,..., hy_1) =0 for each (t, uy,..., u,_,)€[0, ©0) x R™!

ug—— 00

should be added.
(A;) For each t,>0 the initial value problem for the ordinary differential

equation
Lmy = f(t, y, Ly,..., L™ 1y), t>t,,

with given initial values Liy(t,), (L'y)'(t,), 0Si<m—1, at ¢, has a unique (local)
solution.
(A,) The singular initial value problem

Lmy = f(t, y, Ly,..., L™ y), t>0,
Liy0)=0o;, (L'y)(0)=0, 05i<m-—1,
has a unique (local) solution for each admissible (g, 1,..., %p—1)-

(As) The ordinary differential equation L™y=f(t, y, Ly,..., L™ 1y) has
the blow-up property.

ReMARK 2.1. The hypotheses (Az) and (A,) are satisfied if f(2, ug,..., 4,,_1)
is locally Lipschitz continuous with respect to u;, 0<i<m—1.

Basic to the proof of the main theorems (Theorems 2.1 and 2.2 below) are the
following lemmas ensuring the existence of entire solutions u(x) of (A) such that

; u(x) - -
(2.6) |11|I—I»loo P2 Tog [x] — const € (0, o) for n=2,
@7 lim l;;lgigz L =conste(0, )  for n 2 3.

LEMMA 2.1. Let n=2. Suppose that f satisfies either (A,) or (A,). If there
is a constant ¢>0 such that

2.8) gw i1, ct?m=2log 1, ct?m*log ..., clog f)dt < oo,
1.

then equation (A) has a radial entire solution u(x) satisfying (2.6).

LEMMA 2.2. Letn23. Suppose that f satisfies either (A,) or (A,). If there
is a constant ¢>0 such that

29 SO 11, ct2m2, ct2m=4, . o)dt < oo,
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then equation (A) has a radial entire solution u(x) satisfying (2.7).

In what follows #™ 1[0, co) denotes the set of all functions y(¢) such that
Liy(t), 0<ism-—1, are continuous on [0, c0). In particular (Liy)(0)=0,
0<ism-2, for any ye ¥ 1[0, 0). Clearly, ¥™ [0, c0) is a Fréchet space
with the topology induced by the seminorms

Ivllr = X7 sup  |Liy(@)l, T=12,....
0stsT
PrROOF OF LEMMA 2.1.  We use the fact [7, Lemmas 3 and 4] that if we put

k(t) = max {1, ¢t} and 4(t) = max{l, logt},

then
- P (k*-24)(2) P
(2.10) M,; = szé?)m <o, i=1,2,..
and
0 < Bh(D) < 4(1) S: K(D)h(1)dt,
(2.11)

0 < ®Ih(t) < My--M,_ [K(£)]>-24(t) S: Kh(hdt, j=2,3,...

for any nonnegative continuous function h(f) on [0, co0) such that S th(t)dt < 0.
0

Suppose that (A;) holds. From condition (2.8) and the Lebesgue dominated
convergence theorem it follows that

}.l—i:i]-]o At S: k() f(t, ALK(8)]?m24(1), ALK(£)]?>™*£(1),..., A4(D))dt = 0,
so that there is an o> 0 sufficiently small such that
[ ko7, ayar < ptm—1ya,
M,M,M,_,_, S: k(t)J(t, @)dt < pliyt, 0<i<m~—2

where p(i) and M, are defined by (2.5) and (2.10), and
F@t, @) = £, 3alk(t)]>m=24(8), 3p(Da[k()]2~44(1),..., 3p(m —1)aé(1)).
Let & be the set of all y e €™ 1[0, o) satisfying the inedualities
0 < Liy()) < 3p(alk(D]>~2724(1), 0<ism—1,

for t=0 and define the mapping & : ¥ ->%™ 1[0, ) by
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(212)  Fy@O) =a(1+2m2) + O"f(-, y, Ly,..., L™ y)(1), t20.
Noting that
L{(&Fy)(t) = p(i)at?m~2=2 + ¢mi (., y, Ly,..., L™ ))(@), 1Si<m—1,

and using (2.10) and (2.11) (with h=f), we see that & is continuous and maps
% into a compact subset of #. Therefore, by the Schauder-Tychonoff fixed
point theorem, & has a fixed element y € % ; in particular

2.13) y(t) = (1 +12m"2) + @™f(., y, Ly,..., L"1y)(t), t=0.

Differentiation of (2.13) shows that the function u(x)=y(|x|) is a radial entire
solution of (A) in R2. That u(x) has the asymptotic property (2.6) is a conse-
quence of the relation

lim 22 = Sy Vo 0 YO, Ly L (0

which follows from L’Hospital’s rule.
Suppose next that (A,) holds. Let be (0, c] be fixed and put

Ft, o, b) = f(t, a(1+12>m=2) + b[k(t)]*™=24(t), b[k(t)]*m~44(1),..., be(1)).

Using the condition lim, _, _ f(¢, 4q, Uy,..., t,,—1)=0, we obtain lim,_, _ Sw k(1)
0
. f (t, a, b)dt=0, and so there is an a <0 such that

§°° k()] (t, a, b)di < b,

0

MMy My oy (" KOT G 0, Dt S b, 0Sism—2.
1]

Then, proceeding as in the case of (A,), it can be shown that the mapping defined
by (2.12) has a fixed element in the set & consisting of all y € #™~![0, o) such that

a(1+12m2) < y(t) < (1 +12m"2) + bLk(£)]?>™24(2),
p(Dat?m=2i-2 < Liy(t) < b[k(1)]2m2724(1), 1<i<m—1,

for t=0. This fixed element y gives rise to a radial entire solution u(x)= y(|x|) of
(A) baving the property (2.6). This finishes the proof.

ProOOF OF LEMMA 2.2. We only consider the case where (A,) holds, since
the case (A;) was treated by Kusano, Naito and Swanson [8, Theorem 4], who
showed that equation (2.13) has solutions for sufficiently small «>0. Let b be
any constant such that 0<b=<c/p(n, m—1), and put
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() = f(t, bt2m=2, bp(n, 1)12m=4,... bp(n, m—1)).

In view of (2.9) the operator ¥ is applicable to f. Define # to be the set of all
y € €™ 1[0, o) satisfying for =0

bp(n, i)r>m=21=2 — m=i=1¥f(1) < Liy(t) < bp(n, 1?2172, 0<i<m— 1.

It is a matter of simple computation to check that the conditions of the Schauder-
Tychonoff fixed point theorem are satisfied by the operator

Fy(t) = bt?m"2 — om1YPf(. y Ly,..., L™ 1y)(1), t=0,
defined on #. A fixed point y e % of & is a solution of the integral equation
y(t) = bt?m=2 — o 1YPf(. y, Ly,..., L™ ly)(t), t=0.

Since, by L’Hospital’s rule, @™~ 1¥f(., y, Ly,..., L™ 1y)(t)/t?"2-0 as t— o0, the
function u(x) = y(|x|) gives an entire solution of (A) satisfying (2.7): lim|,, ., u(x)/
|x|*m=2=b. This completes the proof.

REMARK 2.2. The proofs of Lemmas 2.1 and 2.2 show that the entire
solutions u(x)= y(|x|) obtained for the case (A,) are positive throughout R".

We are now in a position to state and prove the main results of this paper.

THEOREM 2.1. Let n=2.

(i) Suppose that f satisfies {(A,), (Aj), (Ay), (As)}. If (2.8) holds for all
¢>0, then equation (A) has a positive radial entire solution u(x) satisfying (2.1).

(i) Suppose that f satisfies {(A,), (A3), (Ay), (As)}. If (2.8) holds for all
¢>0, then equation (A) has an eventually positive radial entire solution u(x)
satisfying (2.1).

THEOREM 2.2. Let n>3.

(i) Suppose that f satisfies {(A,), (A3), (Ay), (As)}. If (2.9) holds for all
¢>0, then equation (A) has a positive radial entire solution u(x) satisfying (2.2).

(ii) Suppose that f satisfies {(A,), (A3), (Ay), (A5)}. If (2.9) holds for all
¢>0, then equation (A) has an eventually positive radial entire solution u(x)
satisfying (2.2).

Consider the initial value problem for the equation
(1.1) Lmy = f(t, y, Ly,..., L™ y), t>0,
with singular initial conditions of the type
y0)=0a, Liy0)=0 1Zi<m=-2, L"'y0)=p(n, m—1y,

12,
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where « is a real constant (in case m=1, (1.2), means that y(0)=a and y'(0)=0).
Under hypothesis (A;) [resp. (A,)] the problem (1.1)«(1.2), has a local solution
y(t) for any a>0 [resp. a€ R] (see Lemma 1.1). From Lemma 1.2 it follows
that under hypotheses {(A,), (Aj), (As)} [resp. {(A,), (A3), (A,)}] the solution
y(t) of (1.1)-(1.2), is unique and depends continuously on a>0 [resp. a € R].
Integrating (1.1) and using (1.2),, we see that y,(t) satisfies the integro-differential
equation

Yat) = a(1+82772) + @™ f(-, yu Lyg..., L™ y,) (1)
on its interval of existence. Note that this is the same as (2.13).

The following simple comparison principle for the solution of (1.1)-(1.2), will
be used in the proofs of Theorems 2.1 and 2.2.

LEMMA 2.3.  Suppose that f satisfies either (A;) or (A;). Let y,(t) and y,(1)
denote, respectively, solutions of the problems (1.1)«(1.2), and (1.1)«1.2), defined
on [0, T), T>0. Ifa<}p, then

(2.14) Liy(t) < Liyg(n), (Liy)'() <Ly (1), 0sism~—1,
for te(0, T).

ProOF. We first show that
(2.15) L=ty (1) < L™ 1yy(0)

for te(0, T). Since L™ 'y, (0)=p(n, m—1a<p(n, m—1)f=L""1y,0), (2.15)
holds for all sufficiently small t>0. Suppose that L™~y ()= L™ 'y,(t) for some
te[0, T). Then, thereis t, € (0, T) such that

(2~16) Lm—lya(t) < Lm_lyﬂ(t)’ tE(O, tl)’ Lm—lya(tl) = Lm—lyﬂ(tl)s

whence we have

(2'17) Liyaz(t) é LiYﬂ(t)9 te [09 tl]a 0 é i é m — 1,
and
(2.18) (L™ 1y,) (1) 2 (L™ yp)(ty) -

From (2.16)~(2.18) and (1.1) it follows that
0 < (L™ 1y)'(t) — (L™ yg) (1)

= ()T U6 2Dy L7 0D =S 95 L yps)]ds < 0,

0’1

where the monotonicity of f(¢, ug,..., 4,_1), in particular the strict increasing
nature with respect to u,, has been used. This is a contradiction, and so (2.15)
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must hold for t € (0, T), and repeated integration of (2.15) shows that (2.14) holds
on (0, T) except for the last inequality with i=m—1. But this follows immediately
from the relation

n—1
@130 ® = ()76 3o Ly oDds, 2= or B,
and the monotonicity of f. This completes the proof.
REMARK 2.3. Suppose that (A,) or (A,) holds. Let a<p and let y,(t) and

yg(t) be solutions of (1.1)«(1.2), and (1.1)«(1.2),, respectively. If y,(t) exists on
[0, T), then y,(¢) also exists on [0, T) and satisfies (2.14) there.

ProOOF OF THEOREM 2.1. Our idea of the proof is to find an appropriate
value of « for which the solution y.(f) of the problem (1.1)~(1.2), exists on [0, c0)
and has the desired asymptotic behavior as t— co.

(i) We define the subsets A, B of (0, o0) by

A = {ae (0, 0): y,(t) exists on [0, c0) and t(L™ 'y,)'(t) is bounded on [0, c0)},
B = {0 €(0, 00): y,(t) blows up in a finite time} .

According to the proof of Lemma 2.1, for any sufficiently small « >0, there exists
a solution y(t) of the integro-differential equation (2.13) on [0, c0), which clearly is
a solution of the problem (1.1)-(1.2), on [0, o) satisfying lim,_,, y(t)/t?*" 2 log t =
const>0. This shows that 4 is not empty and contains an interval of the form
(0, ). Hypothesis (A;) implies that lim, .. f(t, 4o, 0,..., 0)=00 for =0,
and by Lemma 1.4 the solution of (1.1)—(1.2), blows up in a finite time provided
a>0 is sufficiently large. Hence B contains an interval of the form (e, 00).

In view of Lemma 2.3 we see that if € A and f € B, then a<p, so that 0<
sup A<inf B<oo. We claim that

(2.19) infB¢ B and supA ¢ A.

Put f, =inf B and suppose that B, € B. Since yg,(t) blows up in a finite time,
there is T, 0< T< o, such that lim, r-t(L™ !y,,)'(f)=c0. Because of (As) there
is a constant #(T) >0 such that any solution y(t) of (1.1) satisfying

LyT)2z0, 0si=m-—1,

(2.20) ,
(Liyy(T)20, 0sism-—2, T({L"'y)(T)zn(T),

blows up at some finite point 7,>T. Let ¢>0 be small enough so that (T—e)-
(L™ 1ys) (T—e)>n(T). Hypotheses (A;) and (A,) enable us to apply Lemma 1.2
to infer that if f<pf, is sufficiently close to B, then y,(t) exists on [0, T—e] and
satisfies (T—e)(L™1y,)(T—e)>n(T). If yy(t) blows up before T, then fe B,
which contradicts the definition of B,. Therefore yy(t) exists on [0, T]. Since
Liyy(®), t(Liyg)'(t), 0Si<m—1, are nondecreasing, y=y,(t) satisfies (2.20) and
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so blows up at some finite point to the right of 7. This is also a contradiction and

completes the proof of B, ¢ B.
Now put a*=sup 4 and suppose that a* € A. Then y,.(t) exists on [0, co0)
and satisfies lim,_, ,, t(L™ 'y,.)'(t)= A for some constant A>0. Let K be a positive

constant such that
Ly.)<K, 0gi<m-1, (L'yu)(1)<K, 02i<m-2,

and define

a2 Hlogr) | 2D (K4201081) g i<,
kl(t) - K Zj:o (211')2 [2'"_i_1(m—i—l)!]2 ) 0 =S = m 2,

kn—1(t) = K + 2Alogt.

From condition (2.8) for all ¢>0, there exists ¢, >1 such that
2.21) Sw 11, ko(D)s ky()sens kon_ (D)t < .
t

By Lemma 1.2, if a>a* is sufficiently close to a*, then y,(t) exists on [0, ¢,] and
satisfies

Ly(l) <K, 0sism—-1, (L'y)(1) <K, 0Zi<m-2,
Ly )@ <, 0=Ztt,.
It will be shown that such a y,(f) can be extended to t=oo0 and satisfies
(2.22) (L™ ty,) (1) < 22 for t=0.
In fact, if this is not true, then there is ¢, >, such that
(L 1y )Y(1) <2A, 0= t<t, (L™ 1y)(t) =2
Integration of (1.1) on [t,, t,] yields
22 = t,(L""1y,) (t3)
@23) = (L) (1) + | P L7 A0

<i+ S 4t yi(t).... L1y (D)dt.

On the other hand, successive integration of the inequality (L™ ly,)(1)<2A/t,
1<t<t,, shows that

Liya(t) é ki(t)9 0 é i é m — la 1 é t é t2’

which combined with (2.21) and (2.23) leads to a contradiction:
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2 <+ S: 11, ko(t), ky(Ds.., Koy (D)t

<i+ gw 12, ko(6), ky(D)sn.s ko (D)dE < 20

Therefore, y,(tf) must exists on [0, c0) and satisfy (2.22). But this shows that
a € A, contradicting the definition of a*. Thus we conclude that a* ¢ A.

Now consider the interval [sup A, inf B], which is not empty because of (2.19)
(it may reduce to one point). It is easily seen that for any a € [sup A4, inf B] the
solution y,(t) of the initial value problem (1.1)~(1.2), exists throughout [0, o) and
has the asymptotic property lim,_ s y,(¢)/t?" 2logt=00. The function u(x)=
y.(Ix]) then gives a positive radial entire solution of equation (A) satisfying (2.1).

(ii) Define

A = {aeR: y, (1) exists on [0, c0) and #(L™ 'y,)'(¢) is bounded on [0, c0)},
B = {ae R: y,(t) blows up in a finite time}.

From the proofs of Lemmas 2.1 and 1.4 it follows that A contains an interval
(— 0, ag), %<0, and B contains an interval (,, o), ; >0. Lemma 2.3 implies
that —oo<sup A<infB<oo. That supA¢ A is proved exactly as in (i). It
remains to prove that f,=inf B¢ B. Suppose to the contrary that S, e B. Let
de Abefixed. Obviously @<py. Let T>0 be the time at which y,,(t) blows up.
In view of (A;) there exists a constant #n>0 such that any solution y(f) of (1.1)
satisfying

Liy(T) z Liy«(T), 0sism-—1,
(2.24) T(L'y)(T) 2 T(L'y))(T), 0sism-—2,
T 'y)(T) 2 n
blows up in a finite time. Take a small ¢>0 such that
(T—e) (L") (T—¢) > 1.

If a € (&, By) is sufficiently close to S, then by Lemma 1.2 y,(?) exists on [0, T—¢]
and satisfies

(T—e)(L™ty,) (T—e) > 1.

Such a y, () blows up in a finite time, because if it exists on [0, T7], then y=y(t)
satisfies (2.24). But this contradicts the definition of §,, and hence inf B ¢ B.

To each ae[sup 4, inf B] there corresponds an eventually positive entire
solution u(x)=y,(|x|) which satisfies (2.1). Thus the proof of Theorem 2.1 is
complete.

ProOF OF THEOREM 2.2. (i) We now define 4 and B by
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A = {ae (0, 00): y,(t) exists on [0, c0) and L™~ !y,(¢) is bounded on [0, o)},
B = {0€(0, o0): y,(t) blows up in a finite time} .

Proceeding exactly as in the proof of Theorem 2.1, we can show that A#@, B#Q,
O<sup A<inf B< oo and inf B¢ B (the proof of A#0 is based on Lemma 2.2).
It remains to show that sup 4 ¢ A.

Suppose that a*=sup A€ A. Clearly the limit A=lim,_ ., L™ 1y,(¢) is finite
and positive. Let >0 and &> a* be fixed and define

(24 @)D

kO(t) =4+ 2m—l(m_1)!n(n+2)-~(n+2(m—2—_)) ’

) = (b ) =i cicmo
kit) = et =i =) n(n 4 2) - (n 3 2m =ity [ SIEM-2

K-1(t) = 4 + .

Choose t, >0 so large that

(2.25) gw g' <i>""1 F(5, Ko(S), ky()yenns kg 1 (s))dsdt < p,

tlot

which is possible because of (2.9). If a e (a*, &) is sufficiently close to a*, then by
Lemma 1.2 y(¢) exists on [0, ¢,] and satisfies L™ 'y (f)<A on [0, t,]. This y(t)
is shown to exist on [0, oo) and satisfies L™ 1y, (f) <A+ p there. In fact, if this is
not the case, there exists ¢, >, such that

L1y () <Ad+p on [0,t,) and L ly(t,) =i+ u

(note that if y,(t) blows up at some finite T, then L™~ 1y (t)—> o0 as t—»T~). Then,
integrating the above successively, we have L'y (1)< k(?), te [0, t,], 0Zi<m—1,
so that from (1.1) and (2.25), we find

A = Lr7ly,(ts)

=Lyt + | ()7 6yl L tyodsr

t
0

<+ S‘” SO (%)"'1 705, ko(s), ky(S)y.rrs Ky y(s))dsdt < A + p.

This contradiction shows that y,(f) exists on [0, c0) and satisfies L™ 1y (1) <A+ pu
there, implying that x € A. But this contradicts the definition of a* and it follows
that a*=sup A ¢ 4.

(i) Let A and B be the sets defined by

A = {ae R: y,(t) exists on [0, c0) and L1y (t) is bounded on [0, o)},
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B = {a e R: y,(t) blows up in a finite time}.

The proof of Lemma 2.2 ensures, for any b € R, the existence of a solution of (1.1)
on [0, o) obtained as a solution of the integro-differential equation
(2.26) y(1) = bt2m=2 — gm=19f(. y Ly, .. Lm1y)(1), t=0.
Noting by (2.26) that

Lm-lY(O) = p(”» m_l)b - .Pf( s Yseeos Lm—ly)(()),

L™ y(t)—> p(n, m—1)b as t— oo,
and applying the same argument as in the proof of Lemma 2.3, we infer that, for
all « <0 sufficiently close to — oo, the solutions y,(t) of (1.1)—(1.2), exist on [0, o0)
and have bounded derivatives L™ 1y (t) on [0, o). It follows that A#@. The

relation sup A ¢ A is proved exactly as in the proof of (i). It can also be shown that
B#( and inf B¢ B. This completes the proof.

2.2. In this subsection we will strengthen Theorems 2.1 and 2.2 by showing
that under the conditions of these theorems equation (A) possesses a radial entire
solution u(x) satisfying

: u(x) - _
(2.27) Iillglw 2 log [x] — a for n=2,
(2.28) lim I_;il%)?z = a for n 23,
xl—)d)

for any prescribed value of a>0. In fact, we can prove the following theorems.

THEOREM 2.3. Let n=2.

(i) Under the hypotheses {(A,), (A3), (As), (As)}, if (2.8) holds for all
¢>0, then, for any given a€(0, 0], equation (A) has a positive radial entire
solution u(x) satisfying (2.27).

(ii) Under the hypotheses {(A,), (Aj), (Ay), (As)}, if (2.8) holds for all
¢>0, then, for any given ae(0, 0], equation (A) has an eventually positive
radial entire solution u(x) satisfying (2.27). ‘

THEOREM 2.4. Let n=3.

(i) Under the hypotheses {(A;), (Aj), (Ay), (As)}, if (2.9) holds for all
¢>0, then, for any given a€(0, oo], equation (A) has a positive radial entire
solution u(x) satisfying (2.28).

(ii) Under the hypotheses {(A,), (A3), (Ay), (As)}, if (2.9) holds for all
¢>0, then, for any given a€(0, o], equation (A) has an eventually positive
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radial entire solution u(x) satisfying (2.28).

Since the above results are true for a= oo by Theorems 2.1 and 2.2, we need
only to examine the case where a >0 is finite. The following theorems will suffice
for our purpose.

THEOREM 2.5. Let n=2.

(i) Under {(A)), (A3), (Ay), (As)}, if (2.8) holds for some ¢>0, then,
for any ae(0, ¢/p(m—1)], equation (A) has a positive radial entire solution
u(x) satisfying (2.27).

(i) Under {(A,), (A3), (A,), (As)}, if (2.8) holds for some c¢>0, then,
for any ae (0, c/p(m—1)], equation (A) has an eventually positive radial entire
solution u(x) satisfying (2.27).

THEOREM 2.6. Let n>3. :

(i) Under {(A)), (A3), (Ay), (As)}, if (2.9) holds for some ¢>0, then,
for any a€(0, ¢/p(n, m—1)], equation (A) has a positive radial entire solution
u(x) satisfying (2.28).

(i) Under {(Ay), (Aj3), (Ay), (As)}, if (2.9) holds for some c>0, then,
for any ae(0, ¢c/p(n, m—1)], equation (A) has an eventually positive radial entire
solution u(x) satisfying (2.28).

ProOF OF THEOREM 2.5. (i) Let y,(¢) denote the solution of the problem
(1.1)(1.2), and define the sets 4 and B as in the proof of Theorem 2.1-(i). It is
clear that A=(0, a*) or A=(0, a*] for some finite a*>0 (the second possibility
is not excluded because (2.8) is assumed to hold for some ¢>0). For ae A
define .#(a) by

2@ = lim (L)) = {710 50, LyOseey L7y 001

Then the function #: A—(0, co) is continuous and strictly increasing. The
increasing nature of % follows from Lemma 2.3. To prove the continuity let
o, oy € A and a—a,. Take a, € 4 so that ay<a, and a=<a, for a sufficiently close
to ay. Note that
S yol(8)s Ly(D),.... L™y (0)) S f(1, yo,(0), Lyo,(0)s..., L™ 1y, (1)
for t=0, and that Liy,(t)— Ly, (t) as a—a, pointwise on [0, co) by Lemma 1.2.
By S tf(t, y,,(D),..., L1y, (t))dt < oo, the Lebesgue dominated convergence
0

theorem shows that

lim #(2) = lim §°° 1, yal0),..., Ly (D)dt
a—ag JO

a=ao

= [T a0y L0 = 220,
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implying the continuity of .Z.

Since, for a radial entire solution u(x)=y(|x|) of equation (A), lim,_, y(t)/
t?m=2logt=a if and only if lim,_ ., t(L™ 'y)(t)=p(m—1)a, the proof will be
complete if we show that the range of .# contains the interval (0, ¢]. Since
lim,_,,-#(x)=0 by the proof of Lemma 2.1, it is sufficient to show that Z(x)=c
for some a € A.

We first consider the case 4=(0, a*). By the definition of 4 and B, we
see that y,.(?) exists on [0, c0) and lim,, #(L™ 'y,) (f)=00. There is t;>0
such that ¢, (L™ 'y,.)'(t,)>c¢c, and so t,(L™"1y,)(t;)>c provided ae€ (0, a*) is
sufficiently close to a*. In view of the increasing nature of #L™ !y, '(t) we
obtain lim,, . (L™ 1y,)'(t) € (¢, ), showing that £(a)>c. Therefore (0, c]c
£(A) (as a matter of fact, we have .#(4)=(0, o) in this case).

Next we consider the case A=(0, a*]. Suppose that the assertion fails
to hold. Then, there exists ¢* € (0, ¢) such that L(a*)=c*. Put 26=c—c*>0,
let K>0 be a constant such that

Ly. D<K, 02i<m-1, L'y )() <K, 05i<m-2,

and define the functions k() by

_ m—i-2 12/ (1+logt)  t?m 22[K+(c*+9)logt]
ki) = K232 i ¥ e im—i—D1z

k,_1(t) =K + (c*+6)logt.

0<i<m-2,

Choose t,>1 large enough so that

g“’ (8, ko(t), ky(@)se.. kpy_ (B))dE < .

By Lemma 1.2, if a>a* is sufficiently close to a*, then y,(f) exists on [0, t,] and
satisfies

Ly <K, 0is=m-1, (L'y)(A) <K, 0Zigm-2,
L™ ty)(t) < c* for te[O0, t,].
We claim that this y,(¢) exists on [0, c0) and satisfies
(2.29) L™ 1y) () <c*+95, t=0.
If we assume to the contrary that there is ¢;>¢, such that
(L ly) () <c*+6, 0=st<t;, t3(L"'y) () =c* + 6,

then, we have Ly (1)<k(t), 1<t<t;, 0<i<m—1, by integrating the above
inequality, and furthermore from (1.1) we find
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c* + 0 = t3(L""1y,) (13)

= (LY (1) + [ yuOres Ly 00
<o+ Sw (t, ko(D)yn.ss ko ((D)dE < c* + 6.

This contradiction implies the truth of (2.29). This, however, leads to a con-
tradiction that there is an a>a*=sup A which belongs to 4. It follows therefore
that #(A) contains (0, c].

(i) It suffices to repeat the same arguments as above by replacing the sets 4
and B by the ones used in the proof of Theorem 2.1-(ii). Clearly, A4 is of the
form (— oo, a*) or (— o0, a*], and use of the fact that lim,_, _, .#(2)=0, which
follows from the proof of Lemma 2.1, easily establishes the desired assertion.

PROOF OF THEOREM 2.6. (i) Define the sets A and B as in the proof of
Theorem 2.2—i). From Lemma 2.2 A4 is not empty, and it is clear that 4=(0, a*)
or A=(0, a*] for some finite a*>0. Here we define the function #(a), a€ A,
to be

L) = lim L1y, (0) = p(n, m= D + 555 {7 1f0, 300,00, L1y 00
t—0o0

Then, arguing as in the proof of Theorem 2.5-(i), #(«) is shown to be continuous
and strictly increasing on A. Since, for a radial entire solution u(x)= y(|x|) of
equation (A), lim,,, y(t)/t**~2=aqa if and only if lim,,,, L™ 'y(t)=p(n, m—1)a,
it is sufficient to show that the range of % contains the interval (0, ¢]. From
Kusano, Naito and Swanson [8, Theorem 4], it follows that lim,_, £ (x)=0.
We only consider the case 4=(0, a*], because the case A=(0, a*) is treated as
in the proof of Theorem 2.5-(i).

Suppose that the conclusion of the theorem fails. Then there exists ¢* € (0, ¢)
such that #(a*)=c*. Put 26=c—c*>0, and let &>a* be fixed. Define

(c* + 8) 12(m=1)
7 m=1)In(n+2)—(n+2(m-2))"

(C* +5)t2(m—i—1)
2 m—i—1)n(n+2)---(n+2(m—i-2))’

K 1(1) = c* + 6.

ko(f) = d +

k(2) = 1<i<m-2,

Choose t,; >0 so large that
S‘” E (%)"'1 7G5, ko(S)yenns Koy y(5))dsdt < 6,
t; JO

By Lemma 1.2, for any a e (a*, &) sufficiently close to a*, y,(t) exists on [0, ¢,]
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and satisfies L™ !y, (f)<c* there. Arguing as in the proof of Theorem 2.2-(i), we
conclude that this y,(f) exists on [0, co) and satisfies L™ 1y (f)<c*+ 6 for t=0.
This contradicts the definition of o*, a*=sup A.

(ii) This statement has been proved in Lemma 2.2.

ExampLE 2.1. Consider the equation
(2.30) Amu = 3 pi(lx|) (4'u)rs, xe Rn,

where y;,>1 and p;: [0, c0)—(0, o0) is continuous, 0<i<m—1. The correspond-
ing ordinary differential equation is

Lmy = 34 p()(L'y)"s, t>0,

for which the hypotheses {(A,), (Aj), (Ay), (As)} are clearly satisfied. Conditions
(2.8) and (2.9) reduce, respectively, to

(2.31) gw (1+27m=i=1) (log £y ip(f)dt < 00, 0<i<m— 1,
1

and

(2.32) S: {14200 p (1) < o0, 0O<i<m-—1.

Theorems 2.3 and 2.4 imply that:

(i) if n=2 and (2.31) holds, then (2.30) has a positive radial entire solution
u(x) satisfying (2.27) for any given a € (0, c0];

(i) if n=3 and (2.32) holds, then (2.30) has a positive radial entire solution
u(x) satisfying (2.28) for any given a € (0, oo].

ExAMPLE 2.2. Next consider the equation
(2.33) A™u = p(|x|)e*, xe€ R*,

where p: [0, 00)—(0, o0) is continuous. Conditions (2.8) and (2.9) for the corre-
sponding ordinary differential equation L™y = p(t)e” read

(2.34) Sm tp(t) exp (ct?2log t)dt < o0,
1

and

(2.35) S: 1p(1) exp (c12m2)dt < oo,

respectively, and we have the following statements from Theorems 2.3-2.6.
(i) Let n=2. If (2.34) holds for some ¢>0, then (2.33) has an eventually
positive radial entire solution u(x) satisfying (2.27) for any given a.€ (0, ¢/p(m—1)].
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If (2.34) holds for all ¢>0, then (2.33) has an eventually positive radial entire
solution u(x) satisfying (2.27) for any given a € (0, oo].

(i) Let n=3. If (2.35) holds for some ¢>0, then (2.33) has an eventually
positive radial entire solution u(x) satisfying (2.28) for any given a € (0, ¢/p(n, m—
1)]. If (2.35) holds for all ¢>0, then (2.33) has an eventually positive radial entire
solution u(x) satisfying (2.28) for any given a € (0, co].

3. Second order equations without radial symmetry

We have so far been concerned with radial entire solutions of equation (A)
which is radially symmetric. The results obtained in the preceding section seem to
be new even when specialized to the second order case, i.e.,

3.1 Au = f(|x|, u), xe R".

The purpose of this section is to proceed further and show that our results for (3.1)
can be applied, with the aid of the supersolution-subsolution method, to establish
the existence of strongly increasing entire solutions (not necessarily radial) for
second order equations without radial symmetry of the form

3.2 Au = g(x, u), xe€ R".

We refer to the paper [25] for closely related results concerning the exterior Diri-
chlet problem for equations of the form (3.2).

Hypotheses required for (3.2) are as follows:

(B, g(x, u) is a positive locally Holder continuous (with exponent 0 € (0, 1))
function on R" x (0, co) which is strictly increasing in u for any x € R*.

(B,) There exist positive locally Holder continuous (with exponent 8) func-
tions g*(t, u) and g,(¢, u) on [0, o) x (0, c0) such that

g*(le, u) é g(x’ u) é g*(lxl’ u) for (X, u)e R" X (Oa C‘O)

Moreover g*(t, u) and g,(t, u) satisfy the hypotheses {(A;), (A3), (Ay), (As)} (with
m=1 and f=g%*, g,) given in Section 2.

(B3) g(x, u) is a positive locally Holder continuous (with exponent 6)
function on R"*! which is strictly increasing in u for any x € R".

(B,) There exist positive locally Holder continuous (with exponent )
functions g*(¢, u) and g,(¢, u) on [0, o) x R such that

gullxl, w) = g(x, w) = g*(Ix|, w) ~ for (x, u)e R"*".

Moreover g*(t, u) and g,(¢, u) satisfy the hypotheses {(A;), (Aj), (A,), (As)} (with
m=1 and f=g*, g,) given in Section 2.
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We begin by stating an existence result on which the supersolution-subsolution
method is based.

LemMa 3.1. Let g(x, u) be locally Hélder continuous (with exponent 0 €
(0, 1)) on R"x(0, o0) or R**'. If there exist functions v, we C}}9(R") such
that

3.3) Av(x) £ g(x, v(x)), xe€R",
3.4 Aw(x) = g(x, w(x)), x€R",
3.5) w(x) £ v(x), x€ R",

then equation (3.2) has an entire solution u e C#2(R"™) satisfying w(x)Su(x)<
v(x) throughout R".

For the proof of this lemma see Noussair and Swanson [20]. A function v(x)

[resp. w(x)] satisfying (3.3) [resp. (3.4)] is called a supersolution [resp. sub-
solution] of equation (3.2).

Our first result concerns the existence of entire solutions u(x) of (3.2) having
the prescribed limits lim,_, o, u(x)/log |x| for n=2, and lim,_,, u(x) for n=>3.

THEOREM 3.1. Let n=2.
(i) Suppose that (B,) and (B,) hold. If

(3.6) Sw 1g*(t, ¢ log f)dt < oo
1

for some ¢>O0, then, for every ae(0, c], equation (3.2) has a unique positive
entire solution u(x) satisfying

3.7 lim -4 _
@7 D og Ik ~ @

(i) Suppose that (B;) and (B,) hold. If (3.6) holds for some ¢>0, then,
for every a € (0, c], equation (3.2) has a unique eventually positive entire solution
u(x) satisfying (3.7).

THEOREM 3.2. Let n2>3.
(i) Suppose that (B,) and (B,) hold. If

(3.8) S: 1g%(t, ¢)dt < o0

for some ¢>0, then, for every a€(0, c], equation (3.2) has a unique positive
entire solution u(x) satisfying
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3.9 lim u(x) = a.

|x]| o

(ii) Suppose that (B;) and (B,) hold. If (3.8) holds for some c¢>0, then,
for every a e(0, c], equation (3.2) has a unique eventually positive entire solution

u(x) satisfying (3.9).

PrOOF OF THEOREM 3.1. (i) (Existence) Let a€(0, c] be fixed arbitrarily.
By (i) of Theorem 2.5 there exist positive functions y, z € CZ}2[0, oo0) which satisfy

(3.10) Ly(t) = g«(t, y(¥)), t>0; »'(0)=0,
y(n) _

(3.11) 3132 1yo—gt‘ a

and

(3.12) Lz(t) = g*(1, (1)), t>0; z/(0)=0,
z(1) _

(3.13) ,'l‘f.?l%;? =a,

respectively. It is clear that v(x)=y(|x|) is a supersolution of (3.2) and w(x)=
z(|x|) is a subsolution of (3.2). We shall show that z(#) < y(¢) for t=0. To prove
first that z(0) < y(0), we assume the contrary: z(0)> y(0). Then, the argument of
the proof of Lemma 2.3 shows that z(¢)> y(t) for t=0. By (3.10) and (3.12) we
then have

iz’ (O—-y' ] = g;S[g*(S, 2(s)) —gx(s, ¥(s))1ds, 2 0.

The right hand side of the above is clearly bounded away from zero for all t>1,
whereas the left hand side tends to zero as t—oo because of (3.11) and (3.13).
Therefore we must have z(0)<y(0). Suppose now that z(t,)> y(t,) for some
t;>0. Let Te[O, t,) be the first point at which y(f)=z(t), and choose t, € (T, t,)
so that z(t,)> y(t,) and z'(t,)>y'(t,). Then, z(t)> y(t) for t=t, (see Lemma 1
of [25]). Again from (3.10) and (3.12) we have

tLz'())—y'(1)]

Bl ()= ()] + | S[9%(s. ()~ gas, 1(5)ds

LIZ' () -y ()], t21,,

which is a contradiction since [ z'(f)— y'(t)]-0 as t—o00. We therefore conclude
that z(f)< y(1), t=0, as desired. From Lemma 3.1 it follows that equation (3.2)
possesses an entire solution wu(x) satisfying z(|x|)Su(x)<y(]x]) in R2 The
asymptotic behavior (3.7) of u(x) is a consequence of (3.11) and (3.13).
(Uniqueness) Let u(x) and u,(x) be positive entire solutions of (3.2) satisfying
the same condition (3.7). We distinguish the two cases: (a) u,;(x)—u,(x) is of

v
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constant sign throughout R?; and (b) u,(x)—u,(x) changes sign in R2.
Case (a). We may suppose that u;(x)=u,(x) in R2. Since
A(uy(x) —uy(x)) = g(x, uy(x)) — g(x, u5(x)) 2 0, xeR?,

and

Uy (x) — up(x) = lim uy(x) — uy(x) =0
Ixj~0  log |x]| Ixoo  log x|

’

we see from a Liouville type theorem (Protter and Weinberger [22, p. 130]) that
u;(x)—u,(x)=C in R? for some constant C. This constant C must be zero,
because

0= A(ul(x)—u2(x)) = g(x, u2(x)+c) - g(x’ uz(x)), X€ R2,

and g(x, u) is strictly increasing in u. Thus u,(x)=u,(x) in R

Case (b). Put I'={xe R?: u,(x)—u,(x)>0} and let x,€ R? be a point
at which u,(xo)—u,(xo)<0. Let R, denote the distance between x, and oI,
choose a positive constant R with 0 <R <R,, and consider the function

() (%) i
UG = og (x—xgl/Ry X'

Take a point x; e I'.  For any ¢>0 there is R,> R, such that |x, —x,| <R, and
luy(x)—uy(x)| = elog(Ix—xol/R)  for |x—xo| =R

Let D be a connected component of I' N {x € R?: [x—xo|<R,} containing x;.
Since

A(U(x) log (Ix — xol/R)) = A(uy(x) —u(x))
= g(x, uy(x)) — g(x, u(x)) 20, xeD,
and

A(U(x) log (Ix — xol/R)) = 4U(x)- 10g (1x—xol/R)

+2z (log(lx xol/R) 2V xep,

t

U(x) satisfies the differential inequality

2

6U(x)
WZ (log(lx Xol/R)) >0, xeD.

AU(x) +

Note that 0D <ol U {x: |x —xo|=R,}, U(x)=0 for x € 0T and |U(x)| <& for |x — x|
=R,. Applying the strong maximum principle, we have
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_ ui(x) —uy(x) )
O<U(x)_logl(lx—x;{/R)§£ for xeD;

in particular
0 < uy(xy) — uy(xy) < elog(|x; —Xol/R).

Since ¢>0 is arbitrary, this leads to a contradiction, and hence case (b) is
impossible. This completes the proof of (i) of Theorem 3.1.

To prove (ii) it suffices to construct eventually positive solutions y(t), z(t) of
the problems (3.10)-(3.11), (3.12)~(3.13), by means of (ii) of Theorem 2.5 and
repeat the same arguments as in (i).

The proof of Theorem 3.2 is essentially same as that of Theorem 3.1, and so
will be omitted.

REMARK 3.1. Theorem 3.1 improves Theorem 1 of Kawano, Kusano and
Naito [5] and Theorem 1 of Usami [23]. Theorem 3.2 is an extension of the
superlinear part of the result of Naito [17].

Application of Theorems 2.1 and 2.2 to the construction of strongly increas-
ing solutions of (3.2) will be given below.

THEOREM 3.3. In addition to (B,) and (B,) suppose that there exist positive
constants C and & such that

g* (1, u) o
(3.14) PRODE C  forall (t,u)e[0, ) x (0, o0),
and
(3.15) u~17%g*(t, u) is nondecreasing in u for any t = 0.

(i) In case n=2, if (3.6) holds for all ¢>0, then equation (3.2) has a
positive entire solution u(x) satisfying

ou(x)
(3.16) 1213100 log[x| — ®

(ii) Incasen=3, if (3.8) holds for all ¢>0, then equation (3.2) has a positive
entire solution u(x) satisfying

(3.17) lim u(x) = co.

|x|=00

THEOREM 3.4. In addition to (B;) and (B,) suppose that there exist positive
constants C, k and 6 such that

(3.18) Z_*%’«Zg_g c for all (1, u)e[0, ) x R
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and

(3.19) i*fg(,{’(t"‘*;)‘” <k<1 forall (t u)e[0, ) x R.

(i) In case n=2, if (3.6) holds for all ¢>0, then equation (3.2) has an
eventually positive entire solution u(x) satisfying (3.16).

(i) In case n=3, if (3.8) holds for all ¢>0, then equation (3.2) has an
eventually positive entire solution u(x) satisfying (3.17).

ProoF oF THEOREM 3.3. By (i) of Theorems 2.1 and 2.2, there exists a
positive function y e C}[0, o0) such that

(3:20) Ly(n) = g«(t, y(1)), t>0; »'(0)=0

and

~ N

(3.21) lim-%(g—t— —w for n=2, limy{f)=o0 for n23.
>0 =

If 2e(0, 1), then by (3.14) and (3.15)
g*(ta )'u) — g*(t, )'u) ulte J1te
gx(t, u) — (Au)'™e  gu(t, u)

g*(t, u) ul+s
u1+a . g*(t, u)

Al < CAlHe

IA

for (¢, u) e [0, 00) x (0, o0), so that there is 1€ (0, 1) such that
g*(la lu) é lg*(t’ u)’ (ta u)E [07 (I)) X (0’ CD)
Define z(t)=Ay(f). Then z(t) satisfies z'(0)=0,

Lz(t) = Ag«(t, y(1)) 2 g*(t, Ay(1)) = g*(t, z(1)), t>0
and
limE(L) = for n=2, limz(t) = oo for n>3.
t—o0 lOg ¢ o0
Since z(1)< y(t), t=0, the functions v(x)=y(|x|) and w(x)=z(|x|) are a super-
solution and a subsolution of equation (3.2) satisfying (3.5), and the conclusions
of the theorem follow from Lemma 3.1.

PrROOF OF THEOREM 3.4. From (ii) of Theorems 2.1 and 2.2 there exists an
eventually positive solution y(f) of the problem (3.20)-(3.21). Conditions (3.18)
and (3.19) imply that

g*(t, u=No) _ g*(t, u=No) g*(t,u) — ~n
g*(l, u) g*(ta u) g*(t9 u) =
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for (t, u) e [0, 0) x R and N=1, 2,..., whence there is a constant x>0 that
(3.22) g*(t,u—p) < gu(t, u), (1, u)e[0, 0) xR.

If we define z(t)= y(¢) — u, then in view of (3.22) it is easy to see that w(x)=z(|x|)
is a subsolution of (3.2). Since v(x)= y(|x|) is a supersolution of (3.2) and z(#) <
y(®), t=0, Lemma 3.1 guarantees the existence of an eventually positive entire
solution u(x) of (3.2) satisfying (3.16) or (3.17) according as n=2 or n=3.

ExaMpLE 3.1. Consider the equation
(3.23) Au = ¢p(x)u?, xeR",

where y>1 and ¢: R"—(0, o) is locally Holder continuous (with exponent 6 e

(0, 1)).
Hypotheses (B,) and (B,) are satisfied for (3.23) with

g(x’ u) = ¢(x)uy, g*(t’ u) = ¢*(t)u7, g*(t, u) = ¢*(t)u7,

where

(3.24) ¢*(1) = max $(x), (1) = Igllizr} $(x), t=0.
Conditions (3.6) and (3.8) reduce, respectively, to

(3.25) S:ot(log 1y d*(t)dt < oo

and

(3.26) g:’ t*(1)dt < o0.

Since (3.25) and (3.26) are independent of ¢, from (i) of Theorems 3.1 and 3.2

we see that, for any given a>0, equation (3.23) has a positive entire solution

u(x) satisfying (3.7) for n=2 or (3.9) for n=3 if (3.25) or (3.26) is satisfied.
Noting that (3.14) for (3.23) is equivalent to

*
3.27 $*(1) < for 120
(3.27) gu() =€ Tor 12
and that (3.15) is satisfied with e=y—1, we conclude from Theorem 3.3 that if
(3.27) holds for some C>0, then (3.25) or (3.26) is a sufficient condition for
(3.23) with n=2 or n=3 to possess a positive entire solution u(x) which satisfies
(3.16) or (3.17).

ExAMPLE 3.2. Consider the equation

(3.28) Au = $(x)e*, xe€R",
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where ¢: R"—(0, o) is locally Hélder continuous (with exponent ). Hypotheses
(B;) and (B,) hold with :

g(x’ u) = ¢(x)eu, g*(ts u) = ¢*(t)eu’ ‘g*(ta u) = ¢*(t)eu,
where ¢*(f) and ¢,(¢) are defined by (3.24). In this case condition (3.6) reduces to

(3.29) ST’ t+eg*(ndt < oo,

conditions (3.8) and (3.18) become, respectively, to (3.26) and (3.27), and condition
(3.19) is automatically satisfied.

From (ii) of Theorem 3.1 it follows that if (3.29) holds for some ¢ >0, then,
for every a € (0, c], equation (3.28) (n=2) has a unique eventually positive entire
solution u(x) satisfying (3.7). If, for example, there are constants k>0 and ¢>2
such that
(3.30) $(x) < lxilﬁ for large ||,
then (3.29) holds for any c< ¢ —2, so that for every ae(0, £ —2), there exists a
unique entire solution u(x) of (3.28) (n=2) satisfying (3.7). Recently McOwen
[15] has show that under (3.30) equation (3.28) (n=2) has an entire solution u,(x)
such that

uUpy(x) = alogl|x| + O(1) as |x| - o

for every ae(0, ¢£—2). By uniqueness, his solution coincides with the one
constructed by our procedure.

From (i) of Theorem 3.4 it follows that if (3.27) and (3.29) hold for all ¢>0,
then equation (3.28) (n=2) has an eventually positive entire solution u(x) with
the property (3.16). Any locally Holder continuous function ¢(x) on R? such that

(3.31)  Kjexp(—|x|]>) = ¢(x) < Kyexp(—|x|*)  for |x| large

for some positive constants K, and K, satisfies the above mentioned requirements.
We note that, under (3.31), Ni [18] has proved the existence of an entire solution
up(x) of (3.28) (n=2) such that

uy(x) = 5 [x|* + 0(1) as |x| - oo,

which is strongly increasing in the sense that lim,,,_, , uy(x)/log |x| = co.

4. Nonexistence of entire solutions

The question of nonexistence of entire solutions for higher order elliptic
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equations was first studied by Walter [26] and then by Walter and Rhee [28].
To the best of author’s knowledge, there is no paper other than [26, 28] which is
concerned with this question. Our purpose here is to extend the result of Walter
[26] to elliptic equations of the form (A). We first discuss the differential
inequality

(4.1) Amu 2 p(|x])f(u), xeR",

and then establish criteria for the nonexistence of entire solutions of equation (A)
with the use of the spherical mean of solutions.

The conditions we assume for (4.1) are as follows:

(Cy) f:(0, 0)—(0, o) is continuous and nondecreasing.

(C;) f: R—(0, o) is continuous and nondecreasing.

(C3) p: [0, 0)—(0, c0) is continuous.
We use the notation:

folw) = f@), fiw) = fi- (@, 15 i 2m -1,
that is,
1) = g2 L w9 @, 1sism -t

We start with the two-dimensional case of (4.1).

THEOREM 4.1. Let m=2 and n=2. Suppose that either {(C,), (C5)} or
{(C,), (Cy)} is satisfied. Suppose moreover that there exists a continuous
function py: [0, 00)—(0, 00) such that
4.2 p(t) 2 pa(t), 120,
and

4.3) t=°p,(¢) is nonincreasing on (0, o) for some é = 0.

1f
(44) [ Ufam- w1 vomdu < oo
and

.5) [ touyemar = o,

then, in case {(C,), (C;)} holds, (4.1) has no positive radial entire solution, and
in case {(C,), (C;)} holds, (4.1) has no radial entire solution.
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The following simple lemma, which is a variant of L’Hopsital’s rule, is needed
in the proof of this theorem.

LeMMA 4.1.  If g(t) and h(t) are continuously differentiable on [0, o0) and
satisfy lim, o, h(t)=00 and g'(t)=Mh'(t) for some constant M>0 and for all
sufficiently large t, then

iminf 90 >
]u,riionfh(t) > M.

ProoF OF THEOREM 4.1. Let {(C,), (C;)} be satisfied and suppose the
existence of a positive entire solution u(x)=y(|x|) of (4.1).

Step 1. Let T>0be fixed. Integrating t~!(¢((L™1y)'(t))’ = L™y(t) repeatedly
and taking account of the positivity of the right side of (4.1), we find

(4.6) L™ iy(t) = a;t**"2logt + P(t) + ®5Lmy(t), t =T,

for 1<i<m, where a;>0 are constants, P(t) are continuous functions such that
P(t)=o0(t?"2logt) as t— o0 and &% is the i-th iterate of &r: C[T, 00)—C2[T, )
defined by

®h(t) = S' = S rh(F)drds, t= T, heC[T, ©).
T T
An important consequence of (4.6) is that Liy(t), (Liy)(t), 0<i<m—1, are

all eventually positive.

Step 2. We assert that y”(¢)>0 for all large t. Integrate (4.6) with i=m—1
to obtain

Y'(t) = at*™3logt + bt?m 3 4+ ct71 4+ 17! S;s[P,,,_l(s)+¢';"1L"'y(s)]ds

for t=>T with some constants a>0, b and ¢, and then differentiate the above
to obtain

@7 y'(t) =(2m—=3)at**logt + [a+(2m—3)bJt?m* — c172

+ P,_(t) — 172 S’r SP,_(s)ds + @3~ 1Lmy(t) — t~2 S; s@m-1Lmy(s)ds
for t=T. Noting that

P,_(t) — 12 S;st_l(s)ds — o™ *logt) as {— o
and

oLy — 2| sopiLny(s)ds 2 - [1+ (TN 108 Lmy(0)

1
2
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for t> T, we see from (4.7) that y”(t)>0 for all sufficiently large .
Step 3. Let t,>0be such that y’(f)>0and y"(f)>0fort>t,. We show that

[ srivoweds_
a+1

“38) lim inf =& @)

forany a>0and 1<i<2m—1. We easily see that for I<i<2m—1

v

HOW) = f0a) + || 7 ©)ds
= i) + i@y O —t0), t 21,
which implies

fi(y(1)) f:i(y(to) t—1,
F o0y o = Fooy o T 1 2

Therefore we have

i fi(y (1))
“9) P TOOy ="

Since
% S:osafi y(s)y'(s)ds

L £ )]

_ af (3(1) T
_[l+mtf§(y(t))y’(t)] :

the desired inequality (4.8) follows from Lemma 4.1 and (4.9).
Step 4. Let t, be so large that, in addition to y’(t) and y"(f), Liy(t) and
(L*y)'(t), 0£i<m—1, are positive for t=t,. From (4.1)

WL 1y) @) 2 tp(f (WD), t2 1o,

We multiply the above by ty’(f) and integrate it from ¢, to t. Integration by parts
and use of the monotonicity of t~?p,(¢) then show that

(4.10) (L"1yY (1) - 1y'()) 2 172py (1) ﬁ S LYY (s)ds, 12 1.
From Step 3 there exist constants C, >0 and ¢, ¢, such that

[ o0y Eds 2 Crofom), 2,
which, combined with (4.10), yields

(Lm=1yy (- 2y'(1) 2 Cit?pu(0/,(¥(®), 121y,
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Multiply the above by y'(¢), integrate it on [¢,, t] and apply the same argument as
in Step 3.  We then see that there exist constants C, >0 and ¢, >¢, such that

Lm=1y(0)- (ty'(0)? 2 Co?pu(Df2(0(1), t2t,.
Continuing in this manner, we are led to the inequality
@11 @'Y -y’ )™ 2 2 Com— 2 ' PO fam—-2(0(D), t 2 tym-2,

for some constants C,,,_,>0 and t,,_,>0. Again multiplying (4.11) by ty'(?)
and integrating on [f,,,—,, t], we obtain after some manipulations

(4.12) y'(1) 2 CLpx(D]Y ™[ fom- 1 (Y(EN]VE™, 1 2 1%,
where C>0 and t*=t,,,_, are constants, whence we find
¢’ tpue1vemds < ' Yo o )11 Cmds
t* t*
= 7" Uamer(] O
y(1%)

©
é S @ )[fZ"'_l(u)]-l/(Zm)du’ t g t*'
y *

This leads to a contradiction because of (4.4) and (4.5). Consequently, there is
no positive radial entire solution of (4.1).

To completé the proof it suffices to observe that, when (C,) and (C;) hold,
the relation (4.6) is also satisfied by any possible radial entire solution of (4.1).

We now turn to the higher dimensional case of (4.1). The result below is
formally weaker than Theorem 4.1 in that a stronger assumption is needed with
respect to f(u).

THEOREM 4.2. Let m=2 and n=3. Suppose that either {(C,), (C;)} or
{(C,), (Cj)} is satisfied. In addition to the same conditions on p(t) and f(u) as
in Theorem 4.1, assume that there exists a constant k>0 such that

(4.13) fwyzk  for ue(0, )
in case {(C,), (C3)} holds, or

(4.14) fwyzk  for ueR
in case {(C,), (Cs)} holds, and that

(4.15) Sw 1py(f)dt = oo.
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Then, in the case of {(C,), (C;)}, (4.1) has no positive radial entire solution, and
in the case of {(C,), (Cs)}, (4.1) has no radial entire solution.

PrROOF. A sketch of the proof is given only for the case where {(C,), (Cj)}
is satisfied. Suppose to the contrary that there is a positive radial entire solution
u(x)=y(|x|) of (4.1). Integrating (4.1), we have in view of (4.13)

(4.16) Lm=iy(t) 2 ¢o + PP f (V) (1) 2 ¢ + kPpy(1), 120,

where ¢, is a constant. Since ®p,(t)—»> o0 as t—-oo by (4.15), (4.16) implies the
existence of a constant ¢, such that L™ !y(f)=c,>0 for all large ¢, and hence,
there is a constant ¢>0 such that

4.17) y(@) = ct?m2 for all large 1.
Successive integration of t~*(t"~ (L™ 1y)'(t))’ = L™y(t) and use of (4.17) show that
(4.18)  Lmiy(t) = at* 2 + P(t) + ®fLmy(1), t2T, 1Sism,

provided T> 0 is sufficiently large, where a;>0 are constants, P(t) are continuous
functions such that P(t)=o0(t?'~2) as t— 0, and @; is the operator defined by

& h(t) = S;sl‘" S;r"‘lh(r)drds, t>T, heC[T, »).

It can be shown that y”(t)>0, Liy(t)>0 and (L'y)'(t)>0, 0<i<m—1, for ¢
sufficiently large, say t =1, (see Step 2 of the proof of Theorem 4.1).

We now proceed similarly to Step 4 of the proof of Theorem 4.1 starting with
the inequality

(4.19) (YL 1y)Y (@) 2 7 Ipk()f (D), t2 1.
Namely, we multiply (4.19) by "~ 1y’(¢), integrate on [t,, t] and use the nonin-
creasing nature of t~?p,(t) to obtain

UL y) () ey () 2 t“’p*(t)g: SO fI(V()y ()ds, 12 1.

Since (4.8) also holds in this case, it follows from the above that
(Lm=1y) (D) - 2(=Dy'(t) 2 C2~Dp () fi(y(1), t2t,,

for some constants C;>0 and ¢, >t,. Next we integrate the above multiplied
by y’(t) and transform the resulting inequality by using the decreasing nature of
t79p,(t) and (4.8) again. Continuing in this manner, we arrive at (4.12), from
which a contradiction follows as before.

ReMARrk 4.1. (i) If condition (4.13) [resp. (4.14)] is deleted from
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Theorem 4.2, then we assert that, in case {(C,), (C3)} [resp. {(C,), (C3)}] holds,
(4.1) has no radial entire solution which is bounded below by a positive constant
[resp. bounded below] in R", n=3. In fact, if such an entire solution u(x)=
y(Ix]) exists, then it satisfies f(y(t))=k, =0, for some constant k>0.

(ii) Moreover if conditions (4.13) [resp. (4.14)] and (4.15) are deleted from
Theorem 4.2, then we assert that, in case {(C,), (C5)} [resp. {(C,), (C;)}] holds,
(4.1) has no radial entire solution u(x)=y(|x|) satisfying (4.17) for any ¢>0.
Especially, (4.1) has no strongly increasing radial entire solution.

Nonexistence criteria given in Theorems 4.1 and 4.2 can be slightly improved
if (4.1) is specialized to the inequalities

(4.20) A™u = p(|x|)u?, xe€ R",
(4.21) A™u = p(|x|)e*, xe€ R*,
where m>2, y>1, and p: [0, 0c0)—(0, 00) is continuous.

COROLLARY 4.1. Suppose that there is a continuous function p,: [0, c0)—
(0, o0) satisfying (4.2) and (4.3). Moreover (4.15) is added for n=3.
(i) If

(4.22) gw [P*(t)]1/(2m)[qn(t)](7—1)/(2m)"dt = for some 86(0, %),

where
q,(t) = >"2logt, q,(t)=1t""2  for nZ3,

then (4.20) for n=2 has no positive radial entire solution, and (4.20) for n>3
has no radial entire solution which is bounded below by a positive constant.

G If
(4.23) Sm [px()]1/ 2™ exp [cq,(t)]dt = oo forall ¢>0,

then (4.21) for n=2 has no radial entire solution, and (4.21) for n=3 has no
radial entire solution which is bounded below.

Proor. If u(x)=y(|x|) is such an entire solution of (4.20) or (4.21), then
y(t) satisfies (4.12) (specialized to the case f(u)=u” or f(u)=e") for some C>0
and t*>0 (see Remark 4.1-(i) for n=>3).

(i) Rewriting (4.12) (with f(u)=u?) as
y'(©) 2 Clpx()]YCm[y(]-D/Em=e[y()]1*e, t 2 t¥,

and using the fact that y(t)=C,q,(t), t 21, for some C, >0 and 7= t*, we have
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[y®O1172y'(1) 2 C,[p£()]Y/C™ g, ()]0~ D/Gm=e, 1 2 4,

where C,>01is a constant. Integrating the above from 7 to ¢ and letting t— oo, we
obtain a contradiction to (4.22).
(i) We rewrite (4.12) (with f(u)=e") as

V(1) = CLpa()]V/Cme(/CGm=e)y() . gex(d) | ¢ > t*,

where ¢€(0, 1/(2m)), and use y(t)=C,q,(t) for t=% with some C,>0 and 7=>1*,
to obtain

o0y 2 Colpa01/em exp((5h; —2)Cua). 127,
which upon integration yields a contradiction to (4.23). This completes the proof.

Finally, we derive conditions which guarantee the nonexistence of entire
solutions for the equation

(4.24) A™u = g(x, u), x€R",

where g(x, u) is continuous either on R” x (0, o0) or on R"*!. In what follows
I denotes either (0, o) or R.

THEOREM 4.3. Let m=2 and suppose that

9(x, u) 2 pu(IxDNf(w)  for (x,u)eR" x I,

where py: [0, ©0)—(0, o) is continuous and f: [-(0, ) is continuous, ron-
decreasing and convex. Suppose moreover that (4.3), (4.4) and (4.5) are satisfied.
Then the following statements hold:

(i) If n=2 and I=(0, o), then equation (4.24) has no positive entire
solution.

(ii) Ifn=2 and I=R, then equation (4.24) has no entire solution.

(iii) Ifn=3 and I=(0, ), and if (4.15) and (4.13) with some k>0 hold, then
equation (4.24) has no positive entire solution.

(iv) Ifn=3 and I=R, and if (4.15) and (4.14) with some k>0 hold, then
equation (4.24) has no entire solution.

PrOOF. Suppose that n=2 and I=(0, o). Let u(x) be a positive entire
solution of (4.24). Let #(t) denote the mean value of u(x) over the circle |x|=¢,
t=0:

2n
() = ﬁ&lxl:t u(x)ds = 5L go u(t cos, ¢ sin 0)do.

By taking the mean value of the inequality
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Amu(x) Z px(Ix)f(u(x)), xeR?

over |x|=t and using Jensen’s inequality, we see that i(t) satisfies the differential
inequality

Lmu(t) = px()f(a(1), t>0,
and the initial condition
(Liu)(0) =0, 0i<m—1,

which means that #(|x|) is a positive radial entire solution of an inequality of the
form (4.1) in R2. This, however, is impossible in view of Theorem 4.1, proving
the truth of (i). The remaining statements are proved similarly.

ExaMPLE 4.1. Consider the equations
(4.25) A™u = ¢p(x)u’, xe€ R",
(4.26) A™u = P(x)e*, xe€ R",

where m=2, y>1 and ¢: R"—(0, o) is continuous. Assume the existence of a
positive continuous function p,(?) satisfying ¢(x)=p,(|x]) for xe R* and (4.3).
Assume moreover that (4.15) holds when n=3. Combining the proofs of
Theorem 4.3 and Corollary 4.1, we have the following statements:

(i) If (4.22) holds, then (4.25) for n=2 has no positive entire solution, and
(4.25) for n = 3 has no positive entire solution which is bounded below by a positive
constant.

(ii) If (4.23) holds, then (4.26) for n=2 has no entire solution, and (4.26)
for n=3 has no entire solution which is bounded below.

REMARK 4.2. From the proof of Theorem 4.3 we see that the same conclusion
holds for a more general equation

Am™u = g(x, u, Au,..., 4" u), xeR", n=2,
if g(x, ug, tg,..., U,,— ) is a continuous function such that
g(x, tg, Ugyeees Upy—1) = Pa(IX)f(ug) on R™ x I x R™ 1,
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