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Oscillations of mixed neutral equations
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1. Introduction and preliminaries

A first order functional differential equation in which the present value of
x(t) is expressed in terms of both past and future values of x is said to be of
“mixed” type. A first order equation in which the expression for x(t) involves
x(z(t)) for some 7(t) # t is said to be of “neutral” type. So, when both of these
characteristics are present, the equation is of mixed neutral type or a neutral
equation with mixed arguments or simply a mixed neutral equation. See
Driver [6].

Consider the neutral differential equation

¥ L Lx0) + exte = 1]+ Thoy pix(t —2) = 0

where ¢, r, p;, T;, i = 1, ..., k are real numbers.

Observe that when ¢ =0 or r =0 the above equation reduces to a non-
neutral equation whose oscillatory character has been studied by several au-
thors. See for example the papers by Ladas and Stavroulakis [22, 23], Arino,
Gyori and Jawhari [1], Hunt and Yorke [16] and Fukagai and Kusano
[7]. Also in the case where p; =0, i =1, ..., k equation (*) reduces to

d
a?[x(t) +cx(t—r)]=0

and there exists a (nonoscillatory) solution of the form x(t) = ¢, ¢ a constant.
Thus we will assume that

c#0, r#0, and p,#0 foralli=1,...,k.

The following (duality) lemma is easily established (cf. [11, Lemma 5]).

LEMMA 1.1. Suppose that c #0 and p; #0,i =1, ..., k. Then x(t) satisfies
the neutral equation () if and only if x(t) satisfies the neutral equation

d 1 1
2;[ 0 +=x(t - (—r))] + 2Tk pixlt — (5 =) = 0.
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Ifc<Oand rp;<0orif¢c>0,rp;>0and p;1;,<0,i=1, ..., k then it is
easily seen that the characteristic equation of (%)

A+cle™ + Yk pe*i=0

has a real root and therefore Eq. (x) has a nonoscillatory solution.

On the basis of the above observations in order to obtain sufficient condi-
tions which guarantee the oscillation of all solution of Eq. (*) we need only to
consider Eq. (x) for all quadruplets (c, 7, p;, t;) such that rp;, >0 or ¢ > 0 and
pit; >0, ce(—0,0uU(0, 0), re(—o0,0)u(0, ), p;e(—o0,0) U (0, ) and
7;€R, i=1, ..., k. Using the (duality) Lemma 1.1 and arguments similar to
those in [13] we see that it suffices to consider the following cases only

(cH ceR—{0} and r>0, p;>0, 7,>0, i=1,...,k,
and
(C) ceR—-{0} and r<0, p;<0, 1,<0, i=1,...,k.
These two cases correspond to the neutral differential equations of the retarded
0] —[x(t) +oex(t =]+ Yo pix(t — 1) =0
and the advanced type
d k

() 2 X0 +ext + 1] =iy pix(t + 1) =0
where condition (C*) is satisfied.

Thus in this paper we develop oscillatory results for the above neutral

equations (1) and (2). We also combine them to obtain oscillation results for
the solutions of the neutral equations of mixed type

€) %[x(t) +ex(t — ]+ Yk pix(t — ) + Yi=y gix(t + 0) =0
and

@ e+ extc 4 9] — Ty pix(c +7) — Ty 6t — 0) =0
where

ceR, re(0, o), p;,q;e0,0) and
©)
7, 0;€[0,00) fori=1,....,k; j=1,...,¢.
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To the best of the author’s knowledge this is the only paper at the present time
dealing with oscillation of mixed neutral equations.

In the special case where k = 1, Ladas and Sficas [21] studied the asymp-
totic and oscillatory behavior of the solutions of Eq. (1) when ce [—1, 0], and
then Grammatikopoulos, Grove and Ladas [10] investigated the other possible
cases ¢ < —1 and ¢>0. In this special case Sficas and Stavroulakis [26]
obtained a necessary and sufficient condition for the oscillation of all solutions
of Eq. (1) in terms of its characteristic equation, and then Grove, Ladas
and Meimaridou [13] extended this result for Eq. (x). Kulenovic, Ladas and
Meimaridou [19] proved that all solutions of Eq. (1) oscillate if and only if the
characteristic equation

5 A+cle™ + Yk pe*i=0

has no real roots. For some oscillation results concerning Eq. (1) or some
special cases of it see also Ruan [17], Gopalsamy [8] and Gopalsamy and
Zhang [9].

Our aim in this paper is to obtain sufficient conditions, involving the
coefficients and the argument only, under which all solutions of (1), (2), (3) and
(4) oscillate. The advantage of working with these conditions rather than the
characteristic equations associated with the equations under consideration is
that they are explicit and therefore easily verifiable, while determining whether
or not a real root to the charactristic equation exists may be quite a problem in
itself. Furthermore our technique is given in such a way that it can be
extended in a straightforward manner to the case of equations with variable
coefficients.

The problem of asymptotic and oscillatory behavior of solutions of neutral
differential equations is of both theoretical and practical interest. Note that
equations of this type appear in networks containing lossless transmission
lines. Such networks arise, for example, in high speed computers where lossless
transmission lines are used to interconnect switching circuits (see [3, 27]).

It is to be noted that, in general, the theory of neutral differential equations
presents complications, and results which are true for delay differential equa-
tions may not be true for neutral equations. For example, see [3, 4, 14, 15, 27,
28].

Let T = max {r, t,,..., 7). We say that x(¢) is a solution of (1) provided
there exists t, € R such that x € C([t, — T, ), R), x(t) + cx(t — r) is continu-
ously differentiable for ¢t = t, and (1) holds for t = t,. Solutions for (2), (3) and
(4) are defined analogously. See Driver [5, 6], Bellman and Cooke [2] and
Hale [15] for questions of existence and uniqueness.

As is customary, a solution is called oscillatory if it has arbitrarily large
zeros and nonoscillatory if it is eventually positive or eventually negative.
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In the sequel all functional inequalities that we write are assumed to hold
eventually, that is for all sufficiently large t.
Also, for convenience, we will assume without loss of generality that

T << T

A solution x of (1) [(2), (3) or (4)] may not be differentiable. However, as
the following lemma inidicates, from every solution of (1) [(2), (3) or (4)] we can
construct auxiliary solutions with some “nice” asymptotic properties. Given a
solution x of (1) [(2), (3) or (4)], set

(6) 2(t) = x(t) + cx(t —r)
and

7) w(t) = z(t) + cz(t —r)
in the case of equations (1) and (3), while set

(8) 2(t) = x(t) + cx(t + 1)
and

9 w(t) = z(t) + cz(t +r)

in the case of equations (2) and (4). Then the following lemma is easily
established by using arguments similar to those in [10] and [21]. See also
Lemma 1 in [19] and Lemma 2 in [12].

LeEmMA 1.2. Let x(t) be an eventually positive solution of (1) [(2), (3) or
4)]. Then

(a) z(t) is a differentiable solution and w(t) is a twice differentiable solution
of (1) [(2), B) or 4L

b) c# —1;

(¢) if —1<cin Eqgs(1)and (3) or c < —1 in Egs (2) and (4), then

(10) wit)>0, wit)<0, w)>0 and lim,,  w(t)=0=Ilim,,, w(t);
(d) if c< —1inEgs(1)and 3) or —1 < c in Eqs (2) and (4), then
(11) w(it)>0, wit)>0, wit)>0 and lim,, , w(t)= oo = lim,,, w(t).

Combining results due to Ladas and Stavroulakis [22, 23] and to Hunt
and Yorke [16], the following lemma is derived.

LeMMA 1.3. Consider the inequality with retarded arguments

(12) X(8) + Yioy pix(t — 1) <0
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and the inequality with advanced arguments
(13) x(t) — Z?=1 pix(t+1)20

where p; and t;, i = 1, 2, ..., n are positive constants. Then any of the following
conditions

n 1
(14) Zi=1 piti > PE
or
1
(15) I p 1k ) > >

implies that (12) and (13) have no eventually positive solutions.

It is easily seen, see also [16], that the above conditions (14) and (15) are
independent. They are also sharp in that the lower bound 1/e cannot be
improved.

2. Retarded arguments

In this section we study the neutral equation (1) and we obtain sufficient
conditions under which all solutions of (1) oscillate.

THEOREM 2.1. Consider equation (1) under condition (C). Assume that
i —-l<c,r<rty,

or
(i) c<—-1Lr>r1.

Then any of the following conditions

1 1
(16) 1+c Lipni—1) > P
or
1 1
17 m[nLl p:]"* (Zi“=1 (t;— 1) > "

implies that all solutions of (1) oscillate. Moreover if
(i) —1<ec<0

then any of the following conditions
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(19) bt >
or
(19 ([T P (Sker ) >

implies that all solutions of (1) oscillate.

Proor. Assume, for the sake of contradiction, that Eq. (1) has an even-
tually positive solution x(¢f). Then, by Lemma 1.2,

(20) W(t) + ew(t —r)+ Y5, pw(t —1,)=0.

Consider now the following cases:
() —l1<candr<rt;. In this case (10) holds and therefore

Wit —r +owt—r)+ Yk, pwit—1)<0

or

W) + - Sl powle = (5= 1) <0.

But, by Lemma 1.3, any of the conditions (16) or (17) implies that the last in-
equality can not have an eventually positive solution. This is a contradiction.
(i) ¢< —1andr>r1,. In thiscase (11) holds and so (20) yields

W(t —r) + cw(t —r) + Y i, pow(t — 7)) <O.

Hence

1
Wit —r) + 1+e Lapw(t—1)>0

or

1
w(t) — <-m> Lipwt+(r—1)>0

which, as before, leads to a contradiction.
(iii) —1<c<0. Then (10) holds and therefore

cw(t—r)>0.
From (20), we have

w(t) + Yk pw(t — 1) < 0.
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This is a contradiction since by Lemma 1.3 any of the conditons (18) or (19)
implies that the last inequality can not have an eventually positive solution.
The proof of the theorem is complete.

3. Advanced arguments

In this section we obtain sufficient conditions under which all solutions of
the neutral equation (2) oscillate.

THEOREM 3.1. Consider equation (2) and assume that condition (C) is satis-
fied. Under the hypotheses of Theorem 2.1 all solutions of (2) oscillate.

Proor. Assume, for the sake of contradiction, that Eq. (2) has an even-
tually positive solution x(t). Then, by Lemma 1.2,

(20y wt) +ewl(t+r) =Y, pw(t +1,)=0.

Consider now the following cases:
() —l<candr<rt,. Inthiscase (11) holds and therefore

Wt +r)+owit+r) =Yk pw(t+1)>0

or

. 1
w(t) — 1T+ &i=t pw(t+ (t;—1) >0

which, in view of Lemma 1.3, leads to a contradiction.
(i) ¢c< —1andr>r1,. In this case (10) holds and therefore

wit+r)+ew(t+r) =Y, pwit+1)>0
or
WO) + = Ty pwle — = 7)) < O
1+c¢

and again we are led to a contradiction.

(i) —1<c¢<0. Then (11) holds and therefore

cw(t+r1r)<0.
From (20), we have
wit) =Yk, pwt+1,)>0

which again leads to a contradiction.
The proof of the theorem is complete.
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4. Mixed arguments

In this section we employ the oscillatory character of retarded and ad-
vanced differential equations to obtain sufficient conditions under which all
solutions of certain mixed neutral equations are oscillatory. To the best of the
author’s knowledge this is the only paper at the present time dealing with
oscillation of mixed neutral equations.

THEOREM 4.1. Consider equations (3) and (4) and assume that condition (C)
is satisfied. Under the hypotheses of Theorem 2.1 all solutions of (3) and (4)
oscillate.

Proor. First we consider Eq. (3) and assume, for the sake of contradic-
tion, that it has an eventually positive solution x(t). Then, by Lemma 1.2,

W(t) + ot —r) + Yk pw(t — 1) + Yoo gw(t + 6) =0

or
W(t) + ew(t —r) + Yk pw(t — 1) <0

since w(t) is eventually positive. From the last inequality we are led to a
contradiction as from equation (20) in the proof of Theorem 2.1.

Consider now Eq. (4) and assume that it has an eventually positive solution
x(t). Then, by Lemma 1.2,

W(t) + ot +1)— Yk pw(t + 1) — Y iy gw(t —a) =0

or
W(t) + ew(t + 1) — Yk, pow(t + 1) >0

since w(t) is positive. From the last inequality we are led to a contradiction as
from equation (20) in the proof of Theorem 3.1.
The proof of the theorem is complete.

5. Summary and examples
Combining the above results into a single statement we have the following.

THEOREM 5.1. Consider the neutral equations

(1) & 1x0) + ext )] + Thoy prxe — 1) =0,

@ ST + extt + 1] = Thoy pix(t +7) = 0,
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3) %[x(t) +ex(t — ]+ Yk, pix(t — 1) + Yoy gx(t + 0) =0,
and

@ %[x(t) +ex(t+n]— Yk pix(t+1)— Y g;x(t—0)=0,
where

ceR, re(0,o©), p;,q;e(0,00) and
©)
1,0;€[0,00) fori=1,...,k;j=1,...,¢.

Then in any of the following cases all solutions of (1), (2), (3) and (4) oscillate:

(i) c=-1
(i) —1<cr<torc< —1,r>1, and furthermore
1 1
16 k p(r, — Z
( ) 1+C i=1 pl(‘cl r)>e
or
(17) ([Tt PO (s (= 7)) >
1 +c i=1 Vi i=1 i e

is satisfied;
(i) —1<c<0and

1
(18) LipTi>—

e
or

1
(19) (HLI Pi)l/k(Z;;l ;) > .
is satisfied.
Observe that

(1) A+ Adce™™ + Yk pe =0

is the characteristic equation of (1) and (2), and
(22) A+ dce™™ + 3¢ peti+ Y1 qeti=0

is the characteristic equation of (3) and (4). As a corollary of Theorem 5.1 we
can obtain sufficient conditions under which the characteristic equations (21)
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and (22) have no real roots something that cannot be so easily determined by
investigating directly the exponential equations (21) and (22).

COROLLARY 5.1.  Assume that condition (C) is satisfied. Then in any of the
following cases:

(i) e= -1
(ii) —1<e¢ r<ty or ¢c< —1, r>1, and furthermore (16) or (17) is
satisfied;

(iii) —1 <c <0 and (18) or (19) is satisfied,
the characteristic equations (21) and (22) have no real roots.

ReMARK 5.1. In view of the above corollary and the Theorem in [19]
the conclusion of Theorem 3.1 is obvious. Indeed, under the hypotheses of
Theorem 2.1 the characteristic equation (21) has no real roots. But this is also
a sufficient condition for all solutions of Eq. (2) (associated with the charac-
teristic equation (21)) to oscillate.

ExaMpLE 5.1. In the following mixed neutral equation

%[x(t)—x(t—g>]+x<t—§;>+x(t+7t)=0,

¢= —1; and by Theorem 5.1 all solutions of this equation oscillate. For
example, sin t and cos ¢ are oscillatory solutions.

The following examples illustrate that the above conditions (16) and (17)
for oscillations are independent. They are chosen in such a way that only one
of the two conditions (16) and (17) is satisfied. As we have already mentioned,
conditions (18) and (19) are also independent. Furthermore in all these condi-
tions (16), (17), (18) and (19) the lower bound 1/e cannot be improved.

ExaMpLE 5.2. (Only condition (16) is satisfied.) For the equation

d 1 T 1 Sn
E[X(t)'f‘ﬁ)((t—E)] +WX(I_ n)+x<t —7> =0,

1 1000 1 = 1
_ _ M= -
1+ec [pi(ry = 1) + pa(z, — 1)] 1001 [103 3 + TC] > .

that is, condition (16) is satisfied. Therefore, by Theorem 5.1, all solutions of
this equation oscillate. For example, sin ¢ and cos t are oscillatory solutions of
the above equation. Note, however, that condition (17) is not satisfied.

ExaMPLE 5.3. (Only condition (17) is satisfied.) Consider the equation
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d 1 5 1
a;[x(t) — 2x(t + 3)] ——Zx<t +§) —§x(t +1)=0

Observe that

5 1
1+c\/P1P2[(T1_" +(‘52—r)]-—ﬁ>—

that is, condition (17) is satisfied. Therefore all solutions of this equation
oscillate. Note, however, that condition (16) is not satisfied.

ExaMmpLE 5.4. (None of the conditions is satisfied.) The equation
d 1
ﬁ[x(t) + x(t — 1)] + —x(t —4) + x(t —-2)=

~*, while the equation

has the nonoscillatory solution x(t) = e
d
;l—t[x(t) —3e3x(t —3)] +ex(t — 1)+ e3x(t — 2) =

has the nonoscillatory solution x(f) = e’. As expected none of the conditions of
Theorem 5.1 is satisfied for these equations.

6. Generalizations

In this section we generalize our results to differential equations with
variable coefficients of the form

ay L0x0) + ext = )] + They POXE — 1) =0,
) ——[x(t) +ex(t+n] =Y, POx(t+1)=
O S0x0 + extt — N1+ Thoy POTE — ) + Tiey Q0( + ) =0,

@ %EX(t) +ex(t + 1] = Yk POx( + 1) — Yo Q0)x(t — 0) =

where

ceR,re(0, o), t;,0€[0,00) and
©y
P, Q;e C([ty, ©), R*) for i=1,..,k;j=1..,°7¢.
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The following lemma is the variable coefficient analogue of Lemma 1.3 and
it can be derived by combining results in [16, 18, 22, 23].

LEMMA 6.1. Consider the inequalities

(12y X(t) + Yoy POx(t — 1) <0
and
a3y X(t) = Yi=y P(O)x(t + 1) 20

where t; are positive constants and P, are positive and continuous functions for
i=1,...,n Then any of the following conditions

. 1
(14y lim inf,, o Y7oy @, Pi(t) > -
or
t 1/n 1
(15y [H;’=1 (27=1 lim inf, , j Py(s) ds)] > -
t—1;
implies that (12) and (13) have no eventually positive solutions.
The proofs of Theorems 2.1, 3.1 and 4.1 are given in such a way that they
can be extended in a straightforward manner to the case of differential equa-
tions (1) -(4)'.

The following theorems provide sufficient conditions for all solutions of (1),
(2), (3) and (4)' to oscillate.

THEOREM 6.1. Assume that —1 <c¢ <0. Then any of the following con-
ditions

23) lim inf,_, Y'X, ©,P(t) > é

or

t 1/k
(24) [ b (Z};l lim inf, , J Py(s) ds)] >%
t—t;

implies that all solutions of (1), (2), (3)' and (4)' oscillate.

Proor. We present the proof for Eq. (1y. The proof for equations (2),
(3) and (4)' can be treated in a similar fashion. To this end suppose that there
exists an eventually positive solution x(t) of (1). Set

z(t) = x(t) + cx(t —r).
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Then, by (1),
40 = — Yk PlOx(t — ) <O

which implies that z(t) is decreasing and, as in Lemma 1.2, we can easily show
that z(t) is eventually positive. Furthermore z(t) < x(t) and therefore

2(t) + Yo Pi(2(t — 1) < 0.

In view of (23) or (24) and Lemma 6.1, the last inequality cannot have an
eventually positive solution. This is a contradiction and the proof is complete.

In the sequel we will assume that there exist p; >0, i =1, ..., k so that
Py(t) = p; eventually.

THEOREM 6.2. Assume that ¢ < —1 and r > t,. Then any of the following
conditions

@s) —lim i (T = PO > -

or

1 t+(r—t;) 1/k 1
(26) _Z[ ;;1( k_ lim inf,_,, J P,-(s)ds)] >
t

implies that all solutions of (1), (2), (3) and (4) oscillate.

Proor. We present the proof for Eq. (2). The other cases can be treated
in a similar way. To this end suppose that there exists an eventually positive
solution x(t) of (2). Set

z(t) = —[x(®) + cx(t +1)].
Then, by (2),
2(t) = = Y= POx(t +1,) <0

which implies that z(t) is decreasing and as in Lemma 1.2, we can show that z(t)
is eventually positive. Moreover

zt) = —x(@t) —cx(t+r)<(—=c)x(t + 7).

From this inequality and Eq. (2)', we find that eventually
1
(1) + <_—C> =1 PO)z(t — (r — 7)) <O

and, in view of (25) or (26), we are led to a contradiction.
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THEOREM 6.3. Assume that —1 <c, r<7t, and P, Q; for i=1, ..., k;
j=1,...,¢ are r-periodic. Then any of the following conditions

1
o X AP 1
@7) ——liminf,_, (N (6= R@) >+
or
1 . . . . t 1/k 1
(28) 1+ec [ i=1 (Zj=1 lim inf, ., _[—(r,—.) Py(s) ds>:| > .

implies that all solutions of (1), (2), (3) and (4) oscillate.

Proor. We present the proof for Eq. (3Y. To this end suppose that there
exists an eventually positive solution x(t) of (3). Set z(t) and w(t) as in (6) and
(7) and observe that since P, Q; are r-periodic it follows that z and w are
continuously differentiable solutions of (3)" and w(t) > 0, w(t) > 0. Thus

Ww(t) + ew(t — 1) + Yk, POWwt — ) + Y.y Q(0w(t +0) =0
or
W(t) + ew(t —r) + Y&, P(w( — 1) <0.
Since w(t) is increasing the last inequality yields
Wt —r)+cw(t—r)+ Y, Pwit—1)<0

or

WO+ They BOW( — (5~ 1) <0.

In view of (27) or (28) and Lemma 6.1, this is impossible and the proof is
complete.

THEOREM 6.4. Assume that ¢ < —1, r>1, and P, Q; for i=1, ..., k;

j=1,..., ¢ are r-periodic. Then any of the following conditions

(29) _ 1 lim inf, ., (3%, ( )P.(2)) > L
1+ t—o0 \ 2i=1 F — 7))L e

or

(30) e (e tming [ Pas)| s
{+c i=1 j=1lmmink_,, ) ,(s) ds >e

implies that all solutions of (1), (2, (3) and (4) oscillate.
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Proor. In this theorem we present the proof for Eq. (4f. To this end

suppose that there exists an eventually positive solution x(t) of (4). Set z(t)
and w(t) as in (8) and (9) and observe that z and w are solutions of (4) and
moreover w(t) > 0, w(t) > 0. Thus

or

W(t) + cwlt + 1) — Yhoy POW(E + 1) — Yoy Qw(t — o)) =0

w(t) + ew(t +r)— Y5, P@Ow(t +1,) >0

and since w(t) is increasing

w(t) + <—ﬁ;) i POW(E — (r —1,)) <0

which in view of (29) or (30) leads to a contradiction. The proof is complete.
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