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1. Introduction
The boundary value problem
x' =f(t, x), teJ =[a,b] (1.1
F[x] =0, (1.2

where x and f(t, x) are n dimensional vectors and F is an operator from C(J)
into R", C(J) is the space of all real n vector functions continuous on J, has
been the subject of many recent investigations [1, 2, 5, 8, 13-15, 20]. These,
in particular include the existence, uniqueness of the solutions and the
convergence of the Picard’s and Approximate Picard’s iterative schemes. The
purpose of this paper is to provide a priori sufficient conditions so that the
Quasilinear and Approximate Quasilinear iterative methods for (1.1), (1.2)
converge to its unique solution. Since the introduction of the term
Quasilinearization by Bellman and Kalaba [7] in the year 1965, also see
[4, 6, 9], quasilinear methods have been extensively used to construct the
solutions of nonlinear boundary value problems. Therefore, the obtained
results in this paper are of theoretical as well as of computational
importance. To make the analysis widely applicable all the results are proved
component-wise. The significance of such a study for systems is now well
recognized from the fact that it enlarges the domain of existence and uniqueness
of solutions, weakens the convergence conditions and provides sharper error
estimates, e.g., see [1-3, 5, 10-12, 16-20].

2. Notations and Assumptions

Throughout, we shall consider the inequalities between two vectors in R"
component-wise whereas between two n x n matrices element-wise. The
following well known properties of matrices will be used frequently without
further mention.

1. For any square matrix A, lim A™ =0 if and only if p(A4) < 1, where p(A4)

m-— o
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denotes the spectral radius of A. °
2. For any square matrix A4, (I — A)~! exists and (I —A4)™'= ), A" if
m=0

p(A) < 1, where I denotes the unit matrix. Also, if A >0, then (I — A)~!
exists and is nonnegative if and only if p(4) < 1.

3. If0<B<A and p(4) <1, then p(B) < 1.

If A >0 then p(34) = 3p(4) <1 if and only if p(2A(I — A)~ ') < 1.

5. (Toeplitz Lemma). For a given square matrix A >0 with p(4) <1 and
a sequence of vectors {d™}, we define the sequence {s™}, where s" =

»

m— oo

Y A™7id';m=0,1,.... Then, lim s" =0 if and only if d" — 0.
i=0
For x(t) = (x,(t),...,x,(t))e C(J) we shall denote by
[x@] = (Ix1@)I,...,|x,@®)]) and |x] = (Suyle(t)l,...,suflxn(l)l)-
te. te.

The space C(J) equiped with this norm is a ‘generalized normed space’ [6]. If
x€eR", then obviously xe C(J) is a constant function, and hence |x| = || x| =
(Ix4ls...,1x,]). The same notations will be used for the n x n matrix valued
functions.

Consider the linear differential system

x'=A(t)x + ¢(¢), teJ 2.1
together with
L[x] =¢, 2.2)

where A(t) is an n X n continuous matrix on J, ¢(t) is an n x 1 continuous
vector on J, L is a linear operator mapping C(J) into R", i.e., /eR".

In what follows, we shall denote by Y(¢) as the fundamental matrix solution
of the homogeneous system

y' = A@)y (2.3)

such that Y(a) = 1. Let G = L[Y(t)] represent the n x n matrix whose column
vectors are L[y'(t)], 1 <i <n where y(t) is the i-th column vector of Y(t).

LemmaA 2.1. [15] If the matrix G is nonsingular then the boundary value
problem (2.1), (2.2) has a unique solution x(¢f) and it can be represented as

x(t)= H'[¢(t)] + H*[¢], (2.4)

where H! is the linear operator mapping C(J) into C(J) such that
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H'[$()] = Y(t)f Y N (s)p(s)ds — Y(I)G_lL[Y(t)Jt Y_I(S)¢(S)ds]
and H? is the linear operator mapping R" into CY(J) such that
H[¢]= YOG '¢. (2.5)

DEFINITION 2.1. A function x(f)eC'V(J) is called an approximate
solution of (1.1), (1.2) if there exist 6' and 6 nonnegative vectors such that
x'(8) — f(t, x(8))|| <! and ||F[x]| < &2, i.e., there exist a function #(t) and
a constant vector #! such that x'(t) = f(t, x(¢)) + n(t) and F[x] = ¢! with
In(t)] < 6* and |£!| < 82.

With respect to the boundary value problem (1.1), (1.2) each result we
shall prove will require some of the following assumptions.

(c;) There exists an approximate solution x(f).

(c;) There exists an n x n continuous matrix A(t), teJ and a linear operator
L mapping C(J) into R” such that if Y(¢) is the fundamental matrix
solution of (2.3), then G = L[Y(t)] is nonsingular.

Since the problem (1.1), (1.2) is the same as

x'=A(t)x + f(t, x) — A(t)x
L[x] = L[x] — F[x]

if the condition (c,) is satisfied then from Lemma 2.1 it follows that (1.1),
(1.2) is equivalent to the equation

x(t) = H'[f(t, x(t)) — A()x(t)] + H?[L[x] — F[x]]. (2.6)
Similarly, if (c,) and (c,) are satisfied then
x(t) = HI[f(t, x(8)) + n(t) — A()x()] + H*[L[x] — F[x] + ¢']. (27)

(c;) There exist nonnegative matrices M' and M? such that |H'| < M! and
IH?|| < M2,

(c,) The function f(t, x) is continuously differentiable with respect to x in
J x R" and f(t, x) represents the Jacobian matrix of f(t, x) with respect to
x; F[x] is continuously Fréchet differentiable in C(J) and F,[x] denotes
the Fréchet derivative of F[x], which is a linear operator maps C(J)

" into R".

(cs) There exist nonnegative matrices M* and M*, and a positive vector r
such that for all teJ and xeS(x,r)= {x(t)eC(J): |[x — x| <r},
£t x) — A@®) | < M? and ||F,[x] — L] < M*.

(c¢) For all teJ and x, yeS(x, r)

1@ %)= fty) = L& NE=DI<P-lIx—yl-lIx—yl,
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where P = (p;;,) is a symmetric tensor of the third order with nonnegative
components. (Obviously, if f is twice continuously differentiable with
respect to x for all (¢, x)eJ x S(x,r) and all the second derivatives

*f; . o . .
——f'— are bounded there, then this condition is satisfied, with
0x;0x,

1 0%f,
Pijﬂ - — Sup f; .
2 @l xsEn | 0x;0x,

(c;) For all x, yeS(x, r)
IFIx]—FIyl = F.yllx =yl < Q- Ix =yl - lIx—yl,

where Q = (g;;,) is a symmetric tensor of the third order with nonnegative
components.

3. Quasilinearization method

For the boundary value problem (1.1), (1.2) quasilinear method leads to
the construction of the sequence {x™(t)} generated by the iterative scheme

" @) = £, x™(@) + fele, x™(0) (™) — x™(2))

3.1
F[xm] + Fx[xm] [xm+1 - xm] = 0’ m= Oa 1,...,

where x°(t) = x(t). In the following result we shall provide sufficient
conditions so that this sequence {x™(f)} indeed exists and converges to the
unique solution of (1.1), (1.2).

THEOREM 3.1. With respect to the boundary value problem (1.1), (1.2)
we assume that the conditions (c,)—(cs) are satisfied. Further, let p(3K) < 1,
where K = M*M3 + M?M* and r! = (I — 3K)"*(M'6* + M?6%) <r. Then,
the following hold
1. the sequence {x™(t)} obtained by (3.1) remains in S(X, r')
2. the sequence {x™(t)} converges to the unique solution x*(t) of (1.1), (1.2)
3. a bound on the error involving the matrix K* = 2K (I — K)™! is given by

[x™ — x*|| < (K*"(I — K*) 7' x! — x| (3.2)
< (K*™(I — 3K)"}(M*'6' + M?6%). (3.3)
ProOF. First we shall show that {x"(t)} < S(x, r!). For this, on C(J)
we define an implicit operator T as follows
Tx(t) = H'[f(t, x(2)) + fu(t, x(8) (Tx(t) — x(2) — A() Tx()]

: (3.4)
+ H?[L[Tx] — F[x] — F,[x][Tx — x]]
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whose form is pgtterned similar to that of (2.6) for (3.1)._
Since x(f)eS(x, r'), it suffices to show that if x(t)e S(x, r'), then Tx(t)e
S(x, r'). For this, let x(f)eS(%, r'), then from (2.7) and (3.4), we have
Tx(t) — x(t) = H'[f(t, x(0)) + fi(t, x(0)) (Tx(8) — x(t)) — A(£) Tx(2)
—f(t, X(®) — n() + A@)x()]
+ H?*[L[Tx] — F[x] — F,[x][Tx — x]
— L[x]+ F[x] —¢']
= H'[f(t, x(t)) — f(t, X(t)) — A(t) (x(t) — X(2))
+ (6, x(2)) — A@0) (Tx(t) — x(2)) — n(1)]
+ H?[—(F[x] - F[x] - L[x — x])
— (Fy[x] = L)[Tx — x] = ¢*]

1
=H' [f LAt X(2) + 6, (x(8) — x(1)) — A1) (x(2) — x(t)) dO,
0
+ (fx(t, x(®)) — A@)(Tx(1) — x(1)) — n(t)}

+ H? [— f [F.[% + 0,(x — ] — L] [x — %]d6,

0
— (Fy[x] = L)[Tx — x] — /‘] (3.5

and hence it follows that
[ Tx — x| < M*[M3||x — X|| + M3|| Tx — x| + 6]
+ M?*[M*||x — %|| + M*|| Tx — x| + 6*]
< M'[2M?||x — x| + M?|| Tx — X|| + 6']
+ M2[2M*||x — x| + M*|| Tx — x| + 6%]
=2K|x — x| + K| Tx — x| + (M*é* + M?6?),
which is the same as
[Tx — x|| <2K(I — K)"*||x — x| + (I — K)"*(M'6* + M?5?).
Thus, we find that
| Tx — x| <2K(I — K)" (I — 3K)"}(M*6! + M?6?)
+ (I — K)"} (M + M?5?)
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— (I — K)"'[2K(I — 3K)~' + I](M'6" + M?8?)
= (I —K)"'(I - K)(I — 3K)" " (M'6' + M?8?
— (I — 3K)" 1 (M6 + M26?).

Therefore, || Tx — x|| <r! follows from the definition of r!.

Next, we shall show the convergence of the sequence {x"(t)}. From (3.1),
in view of (3.4), we have

X" TH(E) — x™()) = H'[f (¢, x™(0) + £ilt, x™(0) (<"1 () — x"())
= A@Ox" 1)) — f&, x" 7)) — felt, X" (O) ("(0)
—x"71() + A@)x"(1)]
+ H?[L[x™"'] = F[x™] — F,[x"][x""" — x™]
— L[x™ + F[x™ ']+ F.[x" " '][x" — x""']1]
= H'[f(t, x"() — f(t, x"~'(t)) — A@) ("(0) — x" 1 (1))
+ (felt, x™(0) — A@®) ("1 (1) — x™(2))
— (flt, x"71(1) — A@®) (™)) — x™ 71 ()]
+ H2[—(F[x"] — F[x™ '] — L[x™ — x™1])
— (F[x™] — L)[x™* = x"]
+ (F[xm™ '] = L) [x™ — x™"1]] (3.6)
and hence, as earlier in (3.5), it follows that
[xmt — xml < MAIM? xm = xm = 4+ M3 — x4+ M3 — xm ]
+ MA[M* X" — xm |+ M3 X — x4 M4 — x| ]
= 2K x™ — x| + K[ x™ "t — x™,
which is the same as
™+t — X < 2K( — K) 7 xm — xm
Thus, by. an easy induction, we get
I+ — x™| < QKU — K)7'"Ixt — x| (3.7)

However, since 3p(K) < 1 implies that pQK(I — K)™') < 1, from (3.7) it is
clear that {x™(t)} is a Cauchy sequence, and therefore converges to some
x*()eS(x, r'). This x*(t) is the unique solution of (1.1), (1.2) can easily be
verified.

The error bound (3.2) follows from (3.7) and the triangle inequality
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p—1

”xm+p_xm|| < Z “xm+p—i_xm+p—i—1”
i=0

p—1 .
< ) (K¥mrPTi Xt — x|
i=0

p—1
= (K*" Y (K| x' = %|

i=0

< (K*H"(I = K*H7Hx! — x|

and now taking the limit as p — oo.
Finally, from (3.5) we have

x*(t) — x(t) = H'[(ft, (1)) — A@®) (x" (1) — £(0)) — n(1)]
+ H?[—(F,[x] - L)[x' — x] = ¢']
and hence
Ix! — x| < M'[M?||x" — x|l + 6'] + M?[M*|x' — x| + 6],
which is the same as
[x' — x| < —K)"'(M** + M?6%). (3.8)

Using this inequality in (3.2) and the fact that (I —K*)"!(I—K) '=(I-3K)™ !,
the required estimate (3.3) follows.

THEOREM 3.2. Let in addition to the hypotheses of Theorem 3.1, suppose
the conditions (cs) and (c,) be satisfied. Then, the following holds

Xt — x| < H o flxm = x| = xm (3.9)

where H=(I — K)"'(M'P + M2Q) is a tensor of the third order with
nonnegative components.

Proor. From (3.6), we have
X" — x™() = H'[f(t x™(0) — f(t, x"7 (1)) — filt, x™ () (x™(2)
= x"7H(e) + (filt, x™(1) — A@®) (x™ (1) — x"()]
+ H?[—(F[x"] = F[x" '] = F,[x" '] [x" — x"~1])
—(F[x"] — L) [x™*" — x"]].

Thus, on using the given hypotheses and the fact that {x"} < S(x, r'), we
obtain

X = X < MEEP- fxm = xm - flxm — xm |+ M = ]
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+ M2[Q- [ x™ — X" - x™ = X"+ MA X = x7]
=(M'P+ M?Q) - [|x™ — x" 71| - | x" — x" 1|
+ KX —xm,
which is the same as (3.9).

ReEMARK 3.1. In view of (3.7) and (3.8) the inequality (3.9) can be written
as
I xm*t —x™| < H-[(K¥""'(I — K)"'(M'8' + M?8%)]-
[(K*¥™ 1(I - K)"Y(M'6* + M?5%)]. (3.10)

4. Approximate quasilinearization method

In Theorem 3.1 the conclusion 2 ensures that the sequence {x™(f)}
generated by the quasilinear method (3.1) converges to the unique solution
x*(t) of the problem (1.1), (1.2). However, in practical evaluation this sequence
is approximated by the computed sequence, say, {y™(t)}. To find y"*'(t) the
function f is approximated by f™, and the operator F by F™. Therefore, the
computed sequence {y™(t)} satisfies the recurrence relation

YR = HILf™(@ y(©) + L7 y" @) ") — y™(0)
—A@y" (0] + H*[LDy"* '] - F"[y™]
- FDymMDmt —ym]
YO =x°() =x(); m=0, 1,....

@.1)

With respect to f™ and F™, we shall assume that the following conditions

are satisfied.

(d;) For all (t, x)eJ x S(x, r) the function f™(t, x) is continuously differen-
tiable with respect to x, and || f™(t, x) — A(t)|| < M3. Also, for all teJ
and y™(t) obtained from (4.1) the inequality

Lf@ y™ @) — ™ y"O) < M| £ (&, y™(®))] (4.2)

holds, where M® is an n x n nonnegative matrix with p(M%) < 1.
(d,) For all xeS(x,r), F"[x] is continuously Fréchet differentiable and
| F?[x] — L|| < M*. Also, for y™(t) obtained from (4.1) the inequality

IF[y™] — F"[y"1ll < M®| F[y™| (4.3)
holds, where M® is an n x n nonnegative matrix with p(M°) < 1.

Inequalities (4.2) and (4.3) correspond to the relative error in approximating
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fand F by f™ and F™. Further, since p(M?), p(M®) < 1 these inequalities
provide that

L& y" )] < (I — M?)7H f™(t, y™ ()] (4.4)

and

IFD™ I < — MO~ HIF"[y™]. (4.5)

THEOREM 4.1. With respect to the boundary value problem (1.1), (1.2)
we assume that the conditions (c,)-(cs), (d,) and (d,) are satisfied. Further,
let p(K) < 1, where

K=(I—-K)"'[2K + M'M3(M? + || AQ0)||) + M2MS(M* + | L|)]
and
r?=( - K)"}(I — K)"'[M'6" + M?6% + M'M5(I — M%)~ £, x(0)) ||
+ M2Me(I — M)~ FO[x]|]1 <

Then, the following hold

1. all the conclusions 1 — 3 of Theorem 3.1 hold

2. the sequence {y™(t)} obtained from (4.1) remains in S(x, r?)

3. the sequence {y™(t)} converges to x*(t) the solution of (1.1), (1.2) if and

only if lim p™ = 0, where

m—

pr =y — HULA@ Y™ (0) + £t ym @) 7)) — ym(0)

4.6
—A@y"" (0] - H*[L[y"* '] — F[y"] — F.Iy"1D™** — y"11I “9
and, also
Ix* =y < — K)"' M MP(I — MP)~1| f™(, y™(0)) |
4.7

+ M2MO(I = MO F Y™ + 2K [ly™*t = 7]

Proor. Since K >2(I — K)™ 'K, p(K)<1 implies pQK(I — K)™!) < 1,
which in turn implies p(3K) < 1, and obviously

2> [1—2K(I — K)'17'( — K)"'(M'6" + M?8?)
= (I —3K)"{(M'6" + M?5%) =r*

the conditions of Theorem 3.1 are satisfied and conclusion 1 follows.
To prove 2, we note that x(t)e §(x, r?), and from (2.7) and (4.1) we find

YHO—x@=H'[fO@t x@)— [t XO)+ (£t @) —AO) ' O)—x())—n(®)]
+ H?[—(F°[x] - F[x]) - (FY[x] — D)D" —x] — /']
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and hence
Iy' =%l < MIIMPIf(5, X)) + M3 || y! — x| + 6]
+ M2[MC|F[x]| + M*|y* — x|l + 871,
which in view of (4.4) and (4.5) implies that
Iy' =%l < — K)"'[M'6' + M?8* + M'M>(I — M®)™1| fO(t, x(1))
+ MM — M%)~ F°[x]|]
<ri.

Now we assume that y™(t)eS(X, r?) and will show that y"*1(t)e S(x, r?).
From (2.7) and (4.1), we have
y"THE) — x() = H' L™ y"(0) — £t y"(0)
+ @& y"(®) — (&, x(2)) — A@R) (™) — x())
+ (" ") — A@) ") — X(1))
= (@ ym () — A@) ") — x(2)) — n(1)]
+ H[—(F"[y"] - FIy™])
—(FDy™ = F[x] - Ly" — x])
—(FRy" - L™ = 1]
+(FYY™ = Ly™ —x]1 - ¢"]
and hence
Iy™* !t — x| < MM\ f(t, y"O)| + M> | y™ — x| + M| y™* ' = X||
+ M3 ym — x| + ']+ MP[M®| F[y]||
+ MAy" — x| + MHymtt = x|+ M* | y" — x| + 67].

However, since
If@ y" @) < 1f @ y™(@®) — f(& %) — A@ (™) — x(®)]

+ 1/ ()] + 1A y™() — x(@)]
SM3ym =X+ = MA)TH L0 ) + 1A [y — X1l

and, similarly
IFDy™II < M*|ly™ — %Il + (I — MO~ [ FO[x1]l + [ LI y™ — %]

it follows that
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I =K)Iy""' = x| < M'[M*(M? + [ A@®) ) + 2M3] |l y™ — % ||
+ MM — M) £, ()] + 6']
+ M2[M®(M* + || L|) + 2M*]|ly" — X||
+ M2[MS(I — M®) ™| FO[x]]| + 6]
<( - K)Kr* + (I - K)UI — K)r?
= - K)r*.
Thus, ||y™*! — x|| <r? and this completes the proof of conclusion 2.

Next we shall prove 3. From the definitions of x™*!(t) and y™*'(¢) in
(3.1) and (4.1), we have

X" — y" ()
= —y"" ) + H'[f( Y1) + fx(t, y" @) ™1 (@0) — y™(2)
—A@Qy" ' ()] + H*[LDY™ '] - FDy"]1 — F.y1D™ ' —y™1]
+ HI[f(t, x™(8)) — f(t, y"(©) — A@Q)(x™ () — y" (1)
+ (fx(t, x™(2)) — A@®) (™1 (1) — x™(2))
— (fu(t, y"(©) — A@) O™ (1) — y" ()]
+ H?*[—(F[x"] — F[y"] = L[x™ — y"])
— (F.[x™] = L) [x"** — x"]
+(F. -t -y

and hence

m+1 m+1“

llx y
<P+ MUMP X" — 7+ M3 X — x|+ Myt — ]
+ MZIM* | x™ — y™ || + M* [ x™ " — x™ | + M* | y™*t — 7]
<P+ K[ x™ =y + K| xmt = x|
+ K™t =X+ X=X+ (X = ),
which implies that
fxm et —ym < (= K)7Tp™ 4 K*[[x™ — " + K*[[ X" — X7
Thus, from (3.7) we find that
Jxmt =y < [ = K) T (KAt = x0T+ KX X — ym.

Using the fact that ||x° — y°|| = 0, the above inequality gives
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Jxme = ymr < Y (KA - K) T (KX - X0,
i=0

Thus, from the triangle inequality, we have

Ix* — y™* ) < i (K*" (I = K)™'p + (m + DKH™ [ x! = x°
e 438)
+ [[x* — x™+1.
In (4.8) Theorem 3.1 ensures that ,,1.1—1»130 |x* —x™*1|| =0, and since
p(K*) <1, lim [(m + 1(K*™+1||x! — x%||]=0. Thus, the condition "}1_{1:0 p™
=0is nece:sag;y and sufficient for the convergence of the sequence {y™(f)} to

x*(t) follows from the Toeplitz lemma.
Finally, we shall prove (4.7). For this, we have

X*(t) — y" () = HILf (8, x*(8) — £, y"(0) — A@®) (c*(©) — y™(0))
+ 1@ y" @) — @ ym ()
= (£, y" () — A@O)™ (O — y"(9)]
+ H*[—(F[x*] — F[y"] — L[x* — y"™])
—(Fy™1 = F"[y™)
+(FYD™ - L™ -y
and hence
[x* — y™ 1 < MUIMP || x* — y™ || + M3(I = M3)™ | f™(t, y" (@)l
+ M3 ymth =y T+ MPIMA | x* -y
+ MO — MO FLy™]I + M* | y™*t = y™1]
S K|x* =yt + MIM3(I — M3 f™( y™ ()
+ M2MO(I = MO F[y"]] + 2K |y™*t =y,
which is the same as (4.7).

In our next result we shall need the following conditions.
(d,y Condition (d,) holds with inequality (4.2) replaced by

Lf(& y™(®) = [, ym ) < 13, (4.9)

where r3 is a nonnegative vector.
(d,) Condition (d,) holds with inequality (4.3) replaced by

IFLy™] — F"Dy"1l < r¥, (4.10)
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where r* is a nonnegative vector.

Inequalities (4.9) and (4.10) correspond to the absolute error in
approximating f and F by f™ and F™.

THEOREM 4.2. With respect to the boundary value problem (1.1), (1.2)

we assume that the conditions (c;)—(cs), (d,) and (d,) are satisfied. Further,
let p(3K) < 1, and

P = (I — K% (I — K)" (MU + 84 + M2 r* + 6%) <.

Then, the following hold

1. all the conclusions 1-3 of Theorem 3.1 hold

2. the sequence {y™(f)} obtained from (4.1) remains in S, r’)

3. the condition lim p™ = 0 is necessary and sufficient for the convergence

m-=* oo

of {y™(#)} to the solution x*(z) of (1.1), (1.2) where p™ are defined in (4.6);
and

lx* = y™* I < (I = K)"HM'r® + M?r 4 2K [y™* 1 — y™).

Proor. The proof is contained in Theorem 4.1.

5. An example
The following example illustrates the importance of our results.
ExaMpLE 5.1. The boundary value problem

W t+u+u—1>=t+01

(5.1)
u(—1)=-09, u(l)=1.1
is due to Urabe [14], and it has also appeared in [1, 8, 20].
In system form (5.1) is the same as
Xy =X,
xp=—x;—(x;, =t +t+0.1 (5.2)

For (5.2) we choose x(t)=(t + 0.1, 1)T so that 6! =[0, 1073]T and 6% = [0, 0]7.
Next, we take

01 10 (=1 00 (1
o[ o[ T

so that
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cos(t+1) sin(t+1 1 0
Y(t)=[ os(t 1) sin ’J,G{ | ]
—sin(t+ 1) cos(t+ 1) cos 2 sin 2

and

H'[¢(0)] =J H{(t, s)¢(s)ds,

where
sin 2 H(t, s)
|: sin(1 —t)cos(1 +s) —sin(l —sin(l + s)]
—cos(l —t)cos(l + s) cos(l —f)sin(l+s) |, —1<s<t<l1
[ —sin(1 + t)cos(1 —s) —sin(1 + ¢)sin(1 — s):l
—cos(l +t)cos(1 —s) —cos(l +¢)sin(l —s) |, —1<t<s<l

Thus, it is’ easy to compute

1
IH'| < ’U |H(t, s)| ds
-1

- 1 [2 2sin1——sin2]
T sin2] 2 2 sin? 1

2.2001 0.8657
< =M?';
2.2001 1.5822

117 11
1H?| = IIY(t)G‘llls.L[ 31.10005[ ]=M2,
sin2] 1 1] 11

and for (t, x), such that te[— 1, 1], xeS(%, r)

0 0 0 0
< = M3;
l [3(361(0 —t)? 0] [3(0.1 +ry)? 0]

M*=0.

I/, x) — A@D)|| =

Therefore, we find that

25971 0

K=M'M3 =|:
47466 0

](0.1 +r).

Hence, the conditions of Theorem 3.1 are satisfied provided
0=3x25971(0.1 +r)*> <1 (5.3)
and

0.8657 x 1073

o, S<n (5.4)



Quasilinearization method for nonlinear boundary value problems 539

also

411(0. 2
10‘3[1.5822 + %] <r,. (5.5)

Inequality (5.3) implies that 0 <r; < 02582572, whereas (5.4) gives
0.94035 x 1073 < r, < 0.257654925.

Thus, for r; =0.1 both the inequalities (5.3) and (5.4) are satisfied.
Further, for this value of r;, from (5.3) and (5.5) we get § = 0.311652 and
0.001822 < r,.

Therefore, in conclusion the sequence {x™(f)} generated by (3.1) for the
problem (5.2) has the following properties.

L {x"(6)} = 8(x, r) = {(x;, x))T: |x; — (t + 0.1)] < 0.1, |x, — 1] < 0.001822},
2. x™(t) » x*(t), which is the solution of (5.2),
3. the error estimate (3.3) reduces to

|x™(t) — x*(0)| < (0.23186)"(1.2577 x 10~3)
|x2() — x5(0)| < (0.23186)"(4.2013 x 10~3).

Further, with this choice of r, = 0.1, we have

1If0 0] 00
P=- , 0=0.
21012 0 | 00

- 11593 0 | 0 0]
2021188 0 | 0 0]

Hence, the error bound (3.9) gives

Thus, it follows that

|xT+l — x™| < (0.57965)|x7 — x7 1|2 (5.6)
[x2+l — x7| < (1.0594) |xT — xT 1|2, (5.7
Since from (3.8), we have
|x} —x9] <0.9661 x 1073 (5.8)
|x} —x9| <1.7656 x 1073 (5.9
inequality (5.6) easily determines
[xm+l — x™ < (0.57965)|x1 — x91)*" (1.7252)

(5.10)
< (0.56 x 1073)2"(1.7252).



540 Ravi P. AGARWAL

Finally, using this estimate in (5.7), we obtain
[x7+! — x7| < (0.56 x 1073)2"(3.1532). (5.11)

We also note that for this particular example the error bound (3.10)
reduces to

[xm*1 — x™|| < (0.23186)>™~2 x 1076(0.55, 0.99)". (5.12)
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