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Introduction

The time behaviour of one-component isotropic isothermal fluid is usually
described by a Navier-Stokes system (cf., [5], [6], [14]). In contrast to the
classical point of view, the balance of angular momentum must be taken into
account if the stress tensor is not assumed to be symmetric (cf., [3]). In this
case the angular momentum can be decomposed into external and internal
parts. The internal part represents the rotational motion of the fluid
particles. If the fluid does not accompany any intrinsic motion, the stress
tensor is symmetric (cf., [2]). However this situation is relevant for only
fluids comprising spherical molecules or those characterized by very low mass
density and, in general, the antisymmetric components cannot be neglected.

In this paper we consider the general case and treat the two-term
representation of the total stress whose components stand for the scalar
equilibrium stress as well as viscous stresses. This setting leads us to an
equation of angular momentum balance of the form

0.1) w,—(c,+c)dw—(co+ci—c)Vdivo+u-Vw+4v,w=2v,curl u+g(h),

where w = (w,, w,, w;) denotes the angular velocity vector of the constituent
fluid particles, g represents the momentum density of exterior forces, positive
constants v,, cq, C4, ¢, are viscosity coefficients associated with the non-
symmetricity of the stress tensor. In particular, the rotational viscous motion
of the fluid may make both internal and external friction effects. These effects,
together with the heat conduction and convection, yield variation of
temperature 6. The energy is understood to the the sum of internal energy
and kinetic energy. For the viscous flows under consideration, we employ
the energy balance equation

0.2) 0, — kA0 +u-VO = d(u, ) + h,

where the positive constant x is the heat conductivity, & denotes the heat
source and @ is a dissipation function. The dissipation function can be written
in the following form which is derived from the energy balance:
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M

(0.3) b= b,
i=1
where
1 3 [(0u, 0u;\?
. (0} = — d _J
04 1) 2v,-,,-z=1<6xj+ax,.> ’
1 2
(0.5) D,(u, w) = 4v,<§ curl u — w> ,
0.6) D, (w) = co(div w)?,
2
0.7) Py(w) = (¢, + ¢a) Z ( 3 )
i,j=1 x
2 0w; 0w,
0.8) Ds(w) = (c; — ¢,) 1 ,Zl 87 g

In the case that the stress tensor is nonsymmetric, the mechanical motion of
the fluid is governed by the equation of linear momentum balance

0.9) u—@V+v)du+ w-V)u+Vp=_2v,curlw + (),

where u denotes the velocity vector, v the usual kinematic Newtonian viscosity
and f stands for the volumetric force. Mass density p of the fluid does not
explicitly appear in equations (0.1)—(0.9). This is because p can be regarded
as a constant function so far as the variation of # remains small. We here
assume that p = constant = 1. Then, it is natural to assume that the fluid is
incompressible and the mass balance is formulated as

(0.10) divu =0.

Equations (0.1), (0.2), (0.9) and (0.10) constitute a Navier-Stokes system
describing the motion of viscous, incompressible, isotropic and heat convective
fluids with nonsymmetric stress tensor (cf. [13]). Thus, an initial-boundary
value problem can be formulated for the system (0.1), (0.2), (0.9) and (0.10)
under the initial and boundary conditions

Uli—o = thy, Ulge =0,
Ol=o = Wy, ®sg =0,
0li=0 =065, Olsa=0,

where Q is a bounded domain in R® with smooth boundary 02. In what
follows, the problem for (0.1), (0.2), (0.9) and (0.10) is simply called Problem (P).
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Yukaszewicz [10] discussed the initial and boundary value problem for
(0.1), (0.9) and (0.10) in the case where f and g do not depend upon 6. He
gave a sufficient condition for the existence of global solutions of the problem
(0.1), (0.9) and (0.10). If equations (0.1), (0.9) and (0.10) are coupled with
temperature 6, the dissipation function @ must be taken into account in
equation (0.2). FLukaszewicz and Walus [12] treated the stationary problem
of (0.1), (0.2), (0.9) and (0.10) and proved the existence and uniqueness under
the assumptions that f, g are bounded and v, ¢, + ¢; are sufficiently large.

Our objective here is to treat the nonstationary problem for the system
(0.1), (0.2), (0.9) and (0.10) and discuss the existence and uniqueness of strong
solutions of Problem (P). In the theory of weak solutions of the Navier-Stokes
equations usual energy estimates are given in terms of L2-estimates for u and
Vu. However, the dissipation function & contains quadratic nonlinearity of
Vu and Vw as stated in (0.4) through (0.8), and so we also necessitate estimating
the second order derivatives of u and w. Therefore only strong solutions are
considered in our argument. Using these a priori estimates, we show the
local existence of strong solutions via the Banach fixed point argument. The
Navier-Stokes equations in three space dimension admit only strong solutions
in a local sense for general initial data. Our result corresponds to this
well-known state. If we restrict ourselves to small initial data, we can obtain
the global existence of strong solutions for the Navier-Stokes equations in
three space dimension. In a way similar to this argument, we also discuss
the global existence of strong solutions of Problem (P).

The present paper consists of six sections. In Section 1 we introduce the
notion of strong solutions of Problem (P) and state our main results. In
Section 2 we discuss the linearized problem for (0.9) and (0.10). In Sections
3 and 4 we treat equations (0.1) and (0.2) for w and 6, respectively. In Section
S we prove the existence theorem of strong solutions of Problem (P). Finally,
in Section 6, we show the uniqueness of strong solutions.

The second author is indebted to Dr. G. Lukaszewicz for turning her
attention to the subject of this paper. The authors are grateful to Professors
N. Kenmochi, T. Miyakawa and S. Oharu for their valuable comments and
advice.

1. Main Results

We begin by introducing function spaces (functions from  into R® and
those from Q into R) and notation which are used in this paper. The usual
L? space is denoted by L* = LP(Q) and the norm is denoted by |-|,. The
closure of C§(£2) with respect to the norm | - ||, =|V-|, is denoted by H}
and the dual of the space Hy is denoted by H~!. The symbol H? = H?(Q)
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stands for the usual L? Sobolev space of order 2 with norm | - ||,. We write
H and V for the closures of {ueC§(Q)*;divu=0} in L*> and Hjy,
respectively. Given a Banach space X with norm | - ||y, we write LP(0, T; X)
for the space of functions v on (0, T) with values in X such that the real
valued function ¢— |v(f)||x belongs to LP(0, T). The space of continuous
functions from [0, T] into X is denoted by C(0, T; X). We do not distinguish
between the spaces of scalar functions and those of vector functions if there
is no confusion. By (.,.) and ((.,.)) we mean the inner products on L?
and H}, respectively. The dual pairing between H} and H ! is denoted by
{+,+>. Furthermore, we define the trilinear form

b(u, w, v) = (u-Vw,nv).
We often use the Gagliardo-Nirenberg inequality (cf. [4])
(1) juls < CI7 ul3ul3,
the Sobolev inequality (cf. [4])
(1.2) luls < C|Vul,
and Poincaré’s inequality (cf. [1])
(1.3) 101, <d 0],

where C means various positive constants depending only on 2 and d is the

diameter of Q.
On the functions f, g and h, we put the following conditions: there exist

positive constants M, and M, such that
(1.4) 1f(0,) — f(0)] < My[0, — 0,1, 19(0,) — g(02)] < M6, — 6,]
for 6,, 0,€R,

and
heL?(0, T; L?).

Furthermore, we suppose that the initial values ug, w,, 6, belong to the
following function spaces

ueV, wyeH}, 6,el?.

We now introduce a notion of strong solution to Problem (P).

DErFINITION. A triple of functions (u, w, 6) is called a strong solution, if
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it satisfies
uelL>(0, T; V)nL*(0, T; H?), u,eL?(0, T; H),
(1.5) wel>(0, T; HY)nL*0, T; H?), w, € L*(0, T; L),
0eL*(0, T; L*)nL*(0, T; HY), 0,eL*(0, T; H™ Y,
the initial conditions
(1.6) u0) =uy, w0 =w, 60)=7~0,,
the identities

T

(L7 fr(u,—(v+ v,)du, @)dt + J‘

0 0

T
b(u, u, @)dt = J 2v,curl w + f(6), ¢)dt,
0

T

IT(w,, Y)dt — (c, + ¢,) J‘T(Aa), Y)dt — (co + ¢4 — ¢,) J‘ (V div w, Y)dt
0 0

0

(1.8) T T T

+ j b(u, w, Y)dt + 4v,f (w, Y)dt = J Q2v,curl u + g(0), ¥)dt
i 0 0 0
(1.9)

T T T T
j {0,, ¢ dt + KJ‘ Ve, veo)dt + f w-Vo, ¢p)dt = j (D(u, w) + h, P)dt
0 0 0 0
for o L*(0, T; H), yeL?*(0, T; L?) and ¢eL?(0, T; H}).
By condition (1.5) and standard interpolation theorems (cf. [8]) it is seen

that ue C(0, T; V), we C(0, T; H}) and §e C(0 T; L?). Hence, condition (1.6)
makes sense. We now state our main results.

THEOREM 1.1. (i) For each triple of initial values (uy, wq, 0,) there exist
a positive number T, and a unique strong solution (u, w, §) to Problem (P) on
[0, T, 1, where T, depends only on v, v,, c,, ¢4 Co, K, My, My, 2, (ug, g, 05)
and h.

() If v,, My, My, (uy, wo) and h are sufficiently small, the strong solution
(u, w, 0) exists on all of [0, o0).

2. Existence and uniqueness for the linear momentum equation

In this section we deal with the following problem which is a linearized
version of (0.9) subject to (0.10).

PROBLEM 1. Given u,eV and FeL*(0, T; L?), find u satisfying
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ueC(, T; V)nL*(0, T; H?), wu,eL*©, T; H), u(0)= u,

and
T T

2.1 J‘ (u, — (v + v,)du, @)dt = f (F, o)dt  for e L*(0, T; H).
0 0

For this initial-boundary value problem we use the following existence
and uniqueness results (cf. [10]).

PROPOSITION 2.1.  Problem 1 admits a unique solution satisfying
1
v+v)

where the operator A is defined on (H?)*nV by A= — Pod and P is the
orthogonal projection of L? onto H.

(2.2) ”u”é‘(O,T;V) +(+v) IIAul|12,2(O,T;L2) < lluol} + “FHIZ.Z(O.T;LZ)’

Proor. The existence and uniqueness results for Problem 1 are obtained
directly by applying the Faedo-Galerkin approximations and energy estimates
for linear parabolic equations (cf., [7], [15]). We then show a priori estimates
(2.2) (cf., [10]), which are derived through the approximation argument.

Let u be a solution to Problem 1. By (2.1) we have the identity

(2.3) U, — (v +v,)4u, ) = (F, ¢)

for all pe H in the sense of distributions on (0, T). To show (2.2), we put
@ = Au(t) as test function in (2.3). Then the identity

(2.4) (u, — (v + v,) du, Au) = (F, Au)

holds in the sense of distributions on (0, T). Since

1d
(uu Au) = E ‘E ”u”f and —(V + vr)(Au, Au) = (V + vr)lAulg

for all ue H>n'V, we get

1 d 2 1 v+v,)
— —ullf+ (v +v,)|Aul3 < F3 + "|Aul3,
2dt|| 7+ ( )| Aul; 2(v+v,)l I3 | Aulz

and, consequently,

|F3.

d 2 2
2.5) E“unl +(V+Vr)|Au|zS(v+Vr)

The desired estimate (2.2) follows immediately from (2.5). This completes the
proof.
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3. Existence and uniqueness for the angular momentum equation

In this section we study the initial-boundary value problem for w. For
this purpose, we introduce the operator L:

Lo=—(c,+c)dw—(co+cg—cy)Vdive  for we(H?) n(HY)3.
The operator L is strongly elliptic and satisfies
|L'?w|3 = (Lo, ) > ¢|V o|?
and
C !YLwl|, < |lo|, < C|Lw|,,

where ¢ = min(c, + ¢4, ¢o + 2¢,) and C is a positive constant depending only
on c¢g, ¢, ¢y and Q.
We now pose the following problem for the angular momentum equation.

PROBLEM 2. Given woeH}, ueC(0, T; V)NL2(0, T; H?), @eC(0, T; H})
NL20, T; H?) and 8eC(0, T; L)nL*(O, T; HY), find o satisfying we C(0, T
HY)NL2(0, T; H?), w,e L*(0, T; L?), w(0) = w,,

'[T(w,, Y)dt + JT(Lw, Y)dt + 4v,JT(w, Y)dt
0 0 0

3.1)

T

= JT(ZV,curl i+ g0, y)dt — J b(i, &, ) dt

0 0
for all yeL?(0, T; L?).

PROPOSITION 3.1. There exists a unique solution w of Problem 2. This
solution satisfies

ILY 20|20, 7;02 + I Lo || 20, 7:12)
(3.2) < |L1/2w0'% + C(T”a”(ZJ(O,T;V) + T”é”é(o,T;U)
+ T2 al|Eo, 7,0 I L'2®|lco, 1,03 | Lo lL20,7:L2)
where C > 0 is a constant depending only on v,, ¢, ¢,, ¢4y M, and Q.

Proor. The existence and uniqueness results for Problem 2 follow directly
from the general theory of linear parabolic equations (cf., [7], [9]). Therefore,
it remains to show the estimate (3.2).

Let w be a solution to Problem 2. By (3.1),

(3.3) (w,, v) + (Lo, v) + 4v,(w, v) = 2v,curl u + g(0), v) — b(u, w, v)
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for all ve L? in the sense of distributions on (0, T). To show (3.2), we take
v = Low in (3.3) as test function. Then,

(3.4
‘%IL”Zwli + |Lw|? < 2v,|(curld, Lo)| + |(9(0), Lo)| + |b(d, &, Lo)|.

N | =

We estimate the right-hand side of (3.4) term by term: The first term is
estimated as

[(2v,curla, Lw)| < CvZ|ul|? + éle@,
the second term can be estimated as
60), Lo) < Clg@) + ¢ILol < CMZIAE + | Lol
and the Gagliardo-Nirenberg inequality (1.1) implies
|b(i, &, Lo)| < |ils|V &l3|Lol, < Cllall, IL*6 32 | Loy | Lol,

1 _ _ -
< glelﬁ + Cluli|IL?al, |Lal,.

We thus obtain
d 2 2 =12 n12 ~112 1/2 ~ bl
7 loli + Lol < C(lully + 1612 + ull{| L o|,|Lol,),

and (3.2) follows. The proof is complete.

4. Existence and uniqueness for the energy balance equation

In this section we consider the following initial-boundary value problem
for 6.

PROBLEM 3. Given i€ C(0, T; V)nL*0, T; H?), @eC(0, T; H)nL*(0, T;
H?),0eC(0, T; L>)nL*(0, T; H}), 6, L? and he L*(0, T; L?), find 0 such that

#eC(0, T; L) nL*(©0, T; HY), 6,eL?0, T; H™ 1Y), 6(0)=0,,

T T
J {0, ¢>dt + xJ Ve, vdo)de
0

4.1) °

= jr(rp(a, @), p)dt — JT(a- Vo, ¢)dt + jr(h, $)dt
0 0 (o)
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for all $eL*(0, T; H}).

ProrosiTION 4.1. Problem 3 admits a unique solution 6. This solution
satisfies

16120,7;L2 + KH0||12,2(0,T;H},)
6d?
<165 + o ||h||12,2(0,T;L2)
4.2) + C(T* || a)&0,1:v) 1 Al 20,7302 + TN L2 0E 0, 7512
+ T2 L2 0 120,700 | L& |l 200, 7512
+ T2 a0, 1.m é”C(O,T;L2) I é”LZ(O,T;H(’)))s
where C is a positive constant depending only on v, v,, ¢, ¢4, ¢4, K and Q.
We first show the following
LEMMA 4.2. Let ¢ be a positive number. Then the inequality
(P, ®), )| <el@lli+C(v+v})ull}|Aul,+ C;(v} L 2 0l3 + | L2 03| Lol,)
holds for ue(H*)*nV, we(H>*n(H})® and @eH}. Here C, is a positive
constant depending only on ¢ and Q, and C; is a positive constant depending
only on &, cq, C,y cq and Q.
Proor. Recall that

D(u, w) = i D,
i=1

with

1 3 ou;, 0u;\?
o) =3v Y ( ”‘+ﬁ> :

=1 \0x; 0x;

1 2

D,(u, w) = 4v,<§curlu - w) ,
D,(w) = co(divw)?,

3 ow: 2
¢4(w) =(ca+cd) Z (E’l> 5

ij=1 6Xj

Do) =(ca—cy 3 2000

ij=1 éxj 6xi

Thus,



352 Yoshiyuki KAGEI and Maria SKOWRON

5
(4.3) (P, w), @) < Z [(Pi(u, »), ¢)I,

i

and so it suffices to estimate each term of the right-hand side of (4.3). Since
the inequality

v, < Cldvl,

holds for all ve(H?)3>nV with C >0 depending only on £, we apply the
Sobolev inequality (1.2) and the Gagliardo-Nirenberg inequality (1.1) to obtain
the estimate

(P (), )] < VJIVulzlwldx

<viul[Vulslels

< Cvllulli? ol |Auly

€
Sg lellf + Cv2{luli|Aul,
with C, = C,(e, 2). We also have
(D, (u, w), ¢)| < V,J(qulzlcol +|of*|ol)dx

&
=0 lolt + CovZllulli|Aul, + v,lol; ol ¢l

€
<2 lollF + Cov? fulilAuly + Cv d* L 2w
with C,= C,(e, 2) and C;= C/(s, ¢y, ¢,, ¢4, 2). Here we have used the

Gagliardo-Nirenberg inequality (1.1) and the Poincaré inequality (1.3).
Similarly, the other terms can be estimated as

(®3(w), 0)] < g lol2 + CL 203 |Lol,,
(®y(w), O)] < g lol? + CILY 203 | Lol,,

&
[(®5(w), 0)| Sgll(/)llf + C/|IL"? )3 | Lol,

with C] = C,(g, cq, ¢4 €4, ©2), and hence. Lemma 4.2 immediately follows. This
completes the proof.
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ProoF oF PropoOSITION 4.1. The existence and uniqueness for Problem
3 follow directly from the general theory of linear parabolic equations
(cf., [71, [9]). It remains to show the estimate (4.2).

Let # be a solution to Problem 3. For all ve H}, (4.1) implies that

(4.4) {0, vy + K(V 0, Vv) = (D, @) + h, v) — (- V8, v)
in the sense of distributions on (0, T). Take v = 6(t) in (4.4) to get
$6,,0>+ kWO, VO = (D@ o) +h, 0 —@-ve,Ho).

Taking ¢ = k/6 and ¢ = 0 in Lemma 4.2, we then have

d o _ _
I 1613 + k10117 < (@@, @), O)] + |(h, O)] + |-V 6, 6)|

N | =

K 3d? -
< Eﬂellf + —K—|h|§ +|u-Vo,0)

+ C(lla 3| Aul, + |L'*a)3 + | LY @13 | Lo|,).
Since

@-78,0)=1@-V6,0) <lls101,101; < Cllal; 101, 101171813

sgllﬁllf + Clali ol 101,

we have

d 6d?
@5  —105+«l601} <—1Ihl3
dt K
+ Cllal3|Aal, + |LY2 o4 + |LY2 03 | Lal, + a3 161, 161,).

Inequality (4.2) immediately follows from (4.5). This completes the proof.

5. Proof of Theorem 1.1
We here prove Theorem 1.1 via the Banach fixed point argument.

PROOF OF THEOREM 1.1. Let ugeV, wye H} and 6, L?>. For M > 0 and
T>0, we denote U = (u, w, )e (M, T) if U = (u, w, 6) has the following
properties :

ueC@, T; V)nL*0, T; H?), weC(0, T; H)nL* 0, T; H?),

(1)
0eC(0, T; L*nL*O, T; H});
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(i) l U“'Z = ||“”é(o,T;V) + | Ll/zw”é(o,T;LZ) + ”Hné(O,T;LZ)
1

+ v+ vl Auliz0,r00 + 1 Lo |20, 1,02 + K”9||12,2(0,T;H(’,) <M;
(iii) u(0) = up, ©(0) =y, 6(0)=06,.

We fix M > 0 so that

64>
luolli + ILY2wgl3 + 16,15 + P ||hl|z2(o,T;L2) <M/2.

For each U = (1, @, ) #(M, T), we define a map I" by I'(U) = U, where
U = (u, w, 0) satisfies the system

u(0) = uy, ©(0) =w,, 6(0) =80,

T T
j (w, — (v + v,)4u, @)dt =J 2v,curl @ + f(0) — u-Va, p)dt,
0

0

jT(w,, Y)dt + IT(Lw, Y)dt + 4V,JT(a), Y)dt
o 0 0

T

=fT(2v,curlli+g(é), lﬂ)dt—f b(i, &, Y)dt

0 0

and

T T

(D@, @) + h, p)dt — J -V, p)dt

0

r(ﬁt, $)dt + xr(m, Ve)dt = f

0 0 0

for all peL?(0, T; H), yeL?(0, T; L?) and all ¢€L*(0, T; H}). As it follows
from Propositions 2.1, 3.1 and 4.1 for each U = (&, o, 6), there exists exactly
one triple U = (4, w, 8) such that ue C(0, T; V)nL?*(0, T; H?), weC(0, T; H})
NnL20, T; H?), 60eC(0, T; L)nL*©, T; H}) and U satisfies the above-
mentioned system.

Let F=2v,curl® + f(f) —u-Vi. Then we have the estimate (cf., [10])

IFI3 <1297 @ I} + 31£(O)13 + Cllali|al,
< C(ILV?@13 + 1013 + (a3 | Adly).
This together with (2.2) yields
lulldo, 70 + (v + v) | Al E20,7:12)
(5.1) < Juol + CTIL" @ 0,22 + T8I0, .12
+ T2 @) 20,70y 1l 120, 732)-

It follows from (3.2), (4.2) and (5.1) that if Ue.% (M, T), then the inequality
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M
Ul < > + C(M*TY?2 + MT+ M?T)

holds for some constant C >0 depending only on v,v,, ¢, ¢, ¢4, kK and
Q. Thus, there exists a small T, >0 such that I' maps (M, T;) into
£ (M, T;,). We next show that I’ is a contraction map on ¥ (M, T,) for
sufficiently small T, > 0. For this purpose, we consider U, = (u;, @;, 0, €
LM, T),i=1,2 SetU;=IU),U=0,—-U, and U="U, —U,. Then,
by the same argument as in Sections 2-4 (cf., Section 6), we obtain
lulldo,zivy + v+ v) Il Al 20,7512
< C(T|LY?*® 20,1, + T”é”(zj(O,T;LZ)
+ T2 @&, 7,0 | Aty [l 20,702 | 1 llcco, 73w
+ T2 iy i 0,130 | Al 200,722 | # 0. 73005
I Ll/zw“é(o,T;Ll) + || Lo ||22(O,T;L2)
< C(Tlalléo rwy + TN01E0,7;12
+ T2 20,7, 1 LDy 200,750 | LY @4 llc 0,752

+ T2 a, “(2,‘(0,T;V) | Lo || 20,7512 | Ll/za_)“C(O.T;LZ))

and

| 9“(2,'(0,T;L2) + x| 0"22(0,T;H$)
< C(Tl/z I 'z”é(O,T;V) | é1 ||L2(0,T;H3) | 91 ”C(O,T:L2)
+ T2z €0, mm) é”LHO,T;Hé} 101, 7:
+ T2\ 4l ¢, 10 18y + %3 llco, 730 | Ay + #2) [l 120,712
+ T LY@ &0, 1503 | LY (01 + @2)1E0,7;12
+ T2 L2600, 7,10 | L2 (@1 + @) llcio,7ien | LADy + @) IL20,7:12)-
It follows that if U,e # (M, T), then
U < C(T+MTY? + MT)||TJ|>.

Hence, I is a contraction map on (M, T,) for sufficiently small
T, > 0. Therefore, if T, = min(T;, T,), the Banach fixed point theorem implies
that mapping I has a fixed point U in & (M, T,) which solves our problem
(P). The proof of (i) is complete.

We now prove the assertion (ii). In view of the proof of (i), it suffices
to give a priori bounds for (4, w, ) which satisfies the system

(5.2) u,+ (v +v,)Au + Pu-Vu = PQ2v,curlow + f(6)),
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(5.3) o+ Lo+ u-Vo+ 4v,0 =2v,curlu + g(0),
(5.4) 0, — k40 +u-VO = d(u, w) + h,
u(0) = ug, w(0) = wo, 6(0) = .
Taking the scalar product of (5.2) with Au, we obtain
1d
(5.5 > lull? + (v + v,)|Au|? = — (u-Vu, Au) + 2v,(curl o, Au) + (f(6), Au).

By the Sobolev inequality (1.2) and the Gagliardo-Nirenberg inequality (1.1),
we can estimate the right-hand side of (5.5) from above by

< Cllulli ull3?Auly + 2v, @l [Aul, + £ (6)], | Aul,
< Cllull3?|Aul3 + 2v, | @l |Aul, + M[]0],| Aul,

+, sy M242
<! lAuI%+C[ L S L P
4 v+v) v+, v+,

where C is a positive constant depending only on ¢y, ¢,, ¢; and 2. Thus, we
have

d 3(v+v,) llull$ vz M?24?
— Jlull? + l4ul} < C L+ ILY 2wl + —L— 11613
dt 2 v+v,) v+, v+,

with C > 0 depending only on ¢, ¢,, ¢, and 2, and so

3 t
lu(@)|? + (”;"')f | Au|2 ds
0

(5.6)

fOulg v %
Slluollf+C1J < 13+ " |LMwld + L1611} )ds
o\(v+v,) v+, v+,

with C; > 0 depending only on c, ¢,, ¢, and . Similarly, we obtain

3 t
|[LY2w(t)|3 +§f |Lw|?ds
(5.7) N
< |LVagl? + czf (1l + [LV20[S + v2 [ul? + M2 013)ds
0

with C, > 0 depending only on ¢y, c,, ¢, and Q. Taking the scalar product
of (5.4) with 6, we have

1 d
5 I 1017 + x1101I} = (P, ), 6) + (, ).
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It is easy to see from Lemma 4.2 that for any ¢ >0 and any 5 >0, the
inequality

(5.8)
(P (u, w), O)]

2

4 4

VASE SR 1 Y

r ull?+——2|L”2a)|§+ s IL”Za)I‘Z‘)
nK K

[
ex?

K € n
<3 o1 +5|Au|§ +51Lwl§+C<

holds for some constant C > 0 depending only on ¢, ¢,, ¢, and Q2. On the
other hand,

Koo 2d*
(h, O)I < |hl;10]; < d|h| 0], < 3 1017 + o lhl3.
This together with (5.8) implies that

d 3k 442
— 16013 + = 101I} < elA4ul3 + n|Lw|; + — |h|3
dt 2 K

4, 4 2

v+ 1 v;

+ cs< )+ — L 2wl§ + 0 IL1/2wI‘2‘>,
&K ni K

where C; is a positive constant depending only on ¢, ¢,, ¢, and Q. From
this it follows that

(5.9)

3k (* t t 442 (t
1613 +—J Ilellfdsslﬁol§+6f lAu|§d8+'1f |Lw|3ds + —j |h13 ds
2 Jo 0 0 K Jo

tyt 4yt 1 y2
+C3J ( e+ g+ L 2wl ) ds.
o\ &K nK K

We take ¢ > 0 and n > 0 so that

2¢ (C M3 ) v+, 211<C1M} 2) 1
Ll e M) =, S 2 M2 ) =
3x<v+v,+ 2 4 3k\v+v, 2 4
Then (5.6), (5.7) and (5.9) together imply
S(v+ v, S(c,+ ¢
lu@1 + 12200 + 20 g 4+ 2D

C M?
< llugll} + L2 wol3 + —f(v—Jr’— + Mﬁ)wo!%

r
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M2
(5.10) +C—;‘< +fv +M2>f |h)2 ds

t
fllull dS+v1j IL”Zwl?dS*-sz IL'2 w3 ds
0

+ CJ (v, Jul? + |L“2w|§>ds,
0 v+,

where the constants p,, y,, y, are defined by

1 3/ M? 2
p1=C4<1+ +(v+v')< S +M2>>

v+v)? k* v+,

1 M3 2
=Cu(1+— L+ M2) ),
reaieu ()

Cyvi ([ M}
=— + M|,
V2 K2 <v+v, g

and C, > 0 is a positive constant dpending only on ¢, ¢,, ¢; and €. Since
there exist positive constants c; = c¢1(22) and c; = c5(co, €45 €45 £2) such that

lull, < cilAul, for ue(H?3nV
and

|L'?w|, < ¢j|Lw|,  for we(H?)?*n(H})?,

we can conclude with the aid of (5.10) that if

(5.11) c4c;2v2<¥ and Coepv:<’tV
then
t t
llu(t)ll§+lL”2w(r)|§+(v+v,)j IAuléds+f |Lwl|3ds
0 0
C,([ M?
slluon%+lL”2wol§+—“< J +M§>Iﬁol§
K \V ;
(5.12)

C M2 t
+—;‘< A +M§>J|h|§ds
0

K°\v+v,

t t t
+ Plf lull$ds + }’IJ |IL'2 w3 ds + VzJ |IL'2 0|3 ds.
0 0 0o
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Now, assume that

C M2 @
Huo!lf+IL”2woi§+—;‘< L +M§>J [hl3dt < c,
K V+Vr 0

C, M} )
- + M? 116,12 < cs,
K <V+Vr g I 0|2 3

(5.13)

v+,
2pycf?

1/2
where ¢; = 47 min(c}, c}), ¢y = < > and cj is a positive root of y,y?

+ 7,y —1/(2¢}?) = 0. Then,
(5.14) lu@ |2 + Il o)) < 4¢,  for all t.

Indeed, | u(t)||? + |L'?w(t)|2 is a continuous function of ¢, and hence we have
(5.15) lu@ll? + |LY? ()3 < 4c, for small ¢.

On the other hand, we can show that
t t
(_v+_v,)J‘ | Au(s)|3 ds — ij llu(s)l|$ds >0
2 0 0
and
1 t t t
EJ |Lo(s)|3ds — VxJ [LY 2 w(s)|$ ds — Yzj ILY?w(s)|3ds > 0
0 0 0
whenever ||u(s)||? + |L'?w(s)|3 < 4c; for all 0<s<t These inequalities

follow from the estimates

v+, v+,
QT—? AU — py ()¢ =

Son 1O = o)1
1

v+,
12
2c¢y

= H“(S)ilf( — o1 llu(s) |]‘1‘> >0

and

%:Lw(sn% — L 0(s)[S — 72l L P os)

2 . IO = nIL @l — 2 L ool
€2

1
= IL”ZCO(S)I%(EF - v1IL”Zw(S)l‘%—VZIL”Zw(S)Ii) >0.
2

Thus, we deduce from (5.12) that
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C
lu@IF + L2 0@ < llugllf + [LY? w3 + 4< s MZ)J k|3 ds
v v,

C./ M?
+ —“(—L + M;>|90|§ <2ec,
K \V+v,

provided that ||u(s)||? + |L*?w(s)|3 < 4c, for all 0 < s <t. This together with
(5.15) implies (5.14). We thus obtain the desired a priori bounds from (5.9),
(5.12) and (5.14) provided that (5.11) and (5.13) are satisfied. This completes
the proof.

6. Uniqueness of strong solutions to Problem (P)

We here prove the uniqueness of strong solutions to Problem (P) we
constructed in the previous sections.
Our uniqueness theorem is stated as follows.

THEOREM 6.1. A strong solution (u, w, ) of Problem (P) is unique.

Proor. Let (u;, w;, 8,), i = 1, 2 be two solutions of Problem (P) with the
same initial value. For simplicity in notation, we put

U=u; —U,, O=w,—0,, =0, —20,.
In terms of these new variables we get the following inequality
6.1)

1
— —ullf + (v + v,)|Au
2dll I3+ ( )| Aul3

< |b(u, uy, Au)| + |b(u,, u, Au)| + |(2v, curlw, Au) + |(f(0,) — f(6,),

We then estimate the right-hand side of (6.1) term by term. Using the
Gagliardo-Nirenberg inequality (1.1) and Sobolev inequality (1.2) we have

v+,
62) b, uy, Ay < OV 4 " Aulz + Clul? fuy I,y | Aus s
V)
63) by, u, Ay < T 0wl + C g 4 .

Standard calculations under the assumption (1.4):
[f(O)) — f(0)], < My10; — 0,1,

give the estimates



Nonsymmetric fluids with thermal convection 361

(6.4) [2v, curlw, Au)| < (v _; v |Aul3 + C|LY?w|3
and

v+v) 5 5 2
(6.5) I(/02) = £(62), Aw)] < = Aul} + M|613.

Inequalities (6.1) through (6.5) together imply
Ll + 0+ vl Aul
dt 1 r 2

S C(lul? Nug o | Augly + 1wl luz it + 1013 + L2 0l3).
As in Sections 3 and 4, and by the assumption (1.4)
1g(61) — g(0,)|, < M0, — 0,,,

we see that the functions w and 6 satisfy
d
allll/zwl%+'Lwl%SC(II“”%lLl/zwllzlellz+ lu IFIL 2 wl3 + [[ulf +1013),
and
d 2 2 .
(6.6) Eiﬁlz +xl0l1 <|(H, 0,

where
H = (u ) V02’ 9) - ¢(u1’ wl) + ¢(u25 wZ)'

In view of (0.4) through (0.8) which define &, the right-hand side of (6.6) is
estimated in the following way:

- V0,, O)l = |(u-V0, 0,)| < |ulg|V0|;10,l5
< Clull 101, 110,1137216,13'?

K
Sﬁllgllf + Clull} 10,1110,12,

(D (u) — Pi(uy), O)] < CJ WullV(u, + uy)||6]
Q
S ClVul, |V (uy + uy)l316le

K
=5 161F + Cllul |V (uy + u)l3
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K
< I 1617 + Cllullf lluy + uzlly |4, + uy)l,,
(Py(uy, @) — Dy(uy, ), 0)|

< C(Puly |V (uy + uy)l3 10l + o3|V (uy + uy)l, 1606
+ oy + @,y]3Vuly10]6 + o)y |w; + 0,]510]6)

K
< E“e”% + C(ulld Ay + ux)ly lluy + uy |13 + (L2013 luy + uy |13

+ LY (0, + @)} [ull} + LY 0} | LV (0, + ,)13),

4
Y N @i(w,) — Di(w,), O) < CJ VollV(w, + wy)|6]
i=3 Q

< ClVol,|V(w, + w,)l310]6

K
< 3 1617 + CILY 2wl | LY (w0, + wy)l; | L(w, + w))l,,

and

[(®s(wy1) — Ps(@,), O)]
< C<J VollVw, 0] + f IVwIIsz!|0|>
Q Q

K
< T 1012+ CILY?w|3 (|ILwy |, |L 2wy |+ | Loy, LY 0,],).

Finally, combining the above estimates gives

d
E(Ilullf +IL 2 ol3 +1013) < SOulf + L' wl3 +1013),

where S(t) is an integrable function on [0, T]. Now the application of
Gronwall’s inequality implies

lu@ll, = lo@l; =16()], = 0.

This completes the proof.
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