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Abstract

One of our aims in this note is to give an extension of a result of Hardy-Littlewood
[3, Theorems 40 and 41] for holomorphic functions on the unit disc. In fact we
show that a polyharmonic function u on the unit ball B satisfies Holder’s condition
of exponent «, 0 < o < 1, if and only if

|grad u(x)| £ M(1 — |x|?*~ ! for any xeB

by appealing to a mean-value inequality for polyharmonic functions.
Next we discuss removable singularities for polyharmonic functions u satisfying

[Dlu(x + y) + Diu(x — y) — 2D7u(x)| £ M|y|*™*

for all xeG, y with x + yeG and j with |j| = k, where G is an open set in R" and
k is the nonnegative integer such that k<a <k+ 1. Our goal is to derive a
generalization of the recent result of Ullrich [12, Theorem 1].

1. Introduction

Let G be an open set in R". An infinitely differentiable function u on
G is called polyharmonic of order m in G if 4™u'=0 holds in G; we say that
u is polyharmonic in G if it is polyharmonic of order m in G for some positive
integer m. In case 0 <o <1, if a continuous function u on G satisfies

(1) lu(x) — u(y)| < M|x — y|*  whenever x, yeG

for some constant M, then we say that u satisfies Holder’s condition of

exponent o in G
In this paper let M denote various constants, whose value may change
from one occurrence to the next. We denote by B the unit ball of R”".
Our first aim in this paper is to prove

THEOREM 1. Let u be a polyharmonic function on B and 0 < o < 1. Then
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u satisfies Holder’s condition of exponent o in B if and only if
2 Pu(x)| < M(1 —|x|>*"!  for any xeB,
where V denotes the gradient and M is a positive constant.

This is an extension of Hardy-Littlewood’s result [3, Theorems 40 and
41] for holomorphic functions on the unit disc (see also [2, Theorem 5.1]). It
is easy to show that Theorem 1 is true for harmonic functions u on
R". Further, as noted in section 15 of Krantz [7], harmonic functions can
be replaced by solutions to any second order uniformly elliptic homogeneous
partial differential equation.

We say that a continuous function h on the interval [0, c0) is a measure
function if h(0) =0, h(r) > 0 for r > 0, h is nondecreasing on [0, co) and

h(2r) £ Mh(r) for any r > 0.

Let H, denote the Hausdorff measure with a measure function h. If h(r) = r?,
then we write H, for H,.

Let 1<p=<o and 1/p+ 1/p*=1. We use B(x, r) to denote the open
ball centered at x with radius r. For a measure function h and a locally
integrable function u on G, we define

Un(x) = sup T inff [u(y) — v(y)| dy,
v JB

where the supremum is taken over all open balls B = B(z,r) such that
x€B < G, and the infimum is taken over all functions v polyharmonic of order
m in B. Consider the set S, (u) of all points xe G such that

lim sup r'zm_”j lu(y) — v(y)|dy >0
B(x,r)

for any function v polyharmonic of order m in a neighborhood of x. Note here
that if u is polyharmonic of order m in a neighborhood of x, then x ¢ S,,(u).

Now we state a result of removability for polyharmonic functions, as a
generalization of the results of Kaufman-Wu [6] and Mizuta [8] for harmonic
functions.

THEOREM 2. Let G be a bounded open set in R" and let h be a measure
function. For a given locally integrable function u on G, suppose U, e L*(G).

(i) If p<oo, lim,,or "h(r)= o0 and H,(S,(u)) < o, then u can be
corrected on a set of measure zero to be polyharmonic of order m in G;

(ii) if p>1 and H,(S,(u) =0, then u can be corrected on a set of
measure zero to be polyharmonic of order m in G;
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(i) if p=1 and H,(S, () =0, then u can be corrected on a set of
measure zero to be polyharmonic of order m in G.

For a positive number «, let k be the integer such that
k<aZk+1.

We denote by A,(G) the Holder space of all functions fe C*(G) such that in
case a < k + 1,

|DIf (x) — DIf(y)| £ M |x — y|*~* whenever x, yeG and |j| = k;
in case a =k + 1,

|D’f(x + y) + D’f(x — y) = 2D'f (x)| < M | y|
whenever xeG, x £ yeG and |j| =k,
where DJ = (8/0x) = (0/dx,)*---(8/0x,)y" for j = (ji,...,j,) and x = (xq,...,X,).

As a special case, Theorem 2 implies the following result, which gives a
generalization of the recent result of Ullrich [12, Theorem 1 (i)].

THEOREM 3. Let K be a compact subset of G, and let u be polyharmonic
of order m in G— K. If ued,(G), 2m—n<a<2m and H,,,_ ,,(K)=0,
then u can be corrected on the set K to be polyharmonic of order m in G.

2. Proof of Theorem 1
For a proof of Theorem 1, we prepare two lemmas.

LemMaA 1 (see Krantz [7, Theorem 15.7]). If u is a differentiable function
on B satisfying (2) with 0 < a £ 1, then u satisfies (1).

LemMA 2 (cf. [9, Lemma 2.2]). If u is a polyharmonic function on B(x, r),
then ‘

[Viu(x)| = Mkr_""‘f lu(y) dy
B(x,r)

for any nonnegative integer k, where V, denotes the gradient iterated k times,
that is,

k! 12
[V u(x)]| =< Y ,—,ID’u(X)IZ> -
lil=k J*

Lemma 2 is well known in the harmonic case (see e.g. Stein [11, Appendix
C.3]).
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Proor oF LEMMA 2. For a function v and r > 0, set

1
A (v, x, 1) = J v(y)dy,
' 1B(x, )| J 5

where |B(x, r)] denotes the volume of the ball B(x, r). Further, for each
positive integer i, define

1 r .
Aig1(0, x, 1) = mf Aiv, x, 1)ty
r 0

inductively. Suppose 4™u =0 on B(x, ry). Then, in view of Théoréme 1 in
[10], u is of the form

u@) = Y 1y —x2"20(),
j=1
where v; are harmonic in B(x, r,); note here that u(x) = v,(x). Consequently,
Ay, x,r)=nY br¥ ?v,(x)
j=1

J

with b; = 1/(n + 2j — 2). We integrate both sides repeatedly and obtain

m
Ai(u, x, r) =n Z cj,ir21—2vj(x),
j=1

Where cj,i=bj.bj+1'“bj+i—l' HenCC

Al(u, X, r) C2,1 cm,l
1 Az(u, X, r) Ca2 © Cmy2 .
vy(x) = — with
nc e “ee “ee e
Am(u, X, r) CZ,m Cm,m
C1,1 C2,1 Cm, 1
Ci,2 €22 " Cmpo2
c= # 0,
Ciom C2m " Cmm

so that u is of the form
u(x) = Z c;A;(u, x, 1)

i=1

for 0 <r <ry, where c; are constants. It follows that
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3) [u(x)| < MA,(lul, x, r) whenever 0 <r <r,.

For simplicity, let D; = 0/0y;. Since 4™(D;u) =0 on B(x, ry), we find
Diu(x) =Y. ¢;A;(Du, x, t)
j=1

for 0 <t <ry,. Noting that

Xi — Vi
A Di s ,t = dS 5
P D= ) L(x,,) RUPETE
we have
1
|D;u(x)| = M, (J lu(y)|dS(y) + t_lj |u(Y)|dy>-
[B(x, )| \Js. B(x,1)

Hence, multiplying both sides by t"*! and integrating them with respect to
t, we have

|Dju(x)] éMzr‘"‘lj lu(y)| dy.
B(x,r)
This proves also
J IDiu(y)IdyéMsr_lf lu(y)ldy
B(x,r) B(x,2r)
for 0 <r <ry/2. Using this repeatedly, we establish
j ID‘u(y)Idyé(Msr_‘)'“J lu(y)dy
B(x,r) B(x,2!41r)
for any multi-index 4 and any re(0, 27!*lr,). Hence (3) gives
IViu(x)] < M(i)r~"A,(Jul, x, r)

for 0 < r <ry, where M(i) is a positive constant independent of x and r. Thus
Lemma 2 is proved.

Proor OF THEOREM 1. First assume that (1) holds. For fixed xeB,
consider the function

u(-) — u(x),

which is polyharmonic in B. Applying Lemma 2, we have

Vu(x) = Mr""lf lu(y) — u(x)|dy

B(x,r)
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whenever B(x, r) < B. If we take r = (1 — |x]|)/2, then (1) gives (2).
The if part follows from Lemma 1, without assuming the polyharmonicity.
ProrosITION 1. Let u be a polyharmonic function on B, 0 <a =1 and
1=Ssp<o. If
1 1/p
4) (-J IVu(y)l”dy) < Mr*7!
|Bl Jp
for any open ball B = B(x, r) < B, then u satisfies Holder’s condition of exponent
o in B, where |B| denotes the n-dimensional Lebesgue measure of B.
In fact, we have only to see that (4) implies (2) on account of Lemma 2.
In view of the proof of Theorem 1, we can establish

PROPOSITION 2. Let u be a polyharmonic function on B and 0 < a < 2.
Then

) lu(x + y) + ulx — y) — 2u(x)| < M |y|*

for all xeB and y with x + yeB
if and only if
(6) [V u(x)| < M(1 — |x|?)*"2  for any xeB.

In fact, if (5) holds, then we apply Lemma 2 with k = 2 and the function
v(y) =u(x + y) + u(x — y) — 2u(x) on B(0, 1 —|x|) to establish (6). For a
proof of the implication (6)=>(5), see Krantz [7, Theorem 15.7].

3. Proofs of Theorems 2 and 3
For the proofs of Theorems 2 and 3, we need the following lemma.

LemMMA 3 (cf. [4, Lemma 3.1], [11, p. 174]). Let {B(x;, r)} be a finite
collection of open balls such that {B(x;, r;/5)} is mutually disjoint. Then there
exists a family {Y;} = C3 with the following properties:

(a) v, =0 outside B(x;, 2r;);
b ¥, 20 on R";

)  Y.¥:=s1 on R";

@ Xivi=1 on U; B(x;, r));

(e) |IDY <M1 on R" for any multi-index j.

ProoF OF THEOREM 2. First we are concerned with the case (i). Now
suppose U, €L?(G), p < o, lim,,or "h(r) = co and H,(S,,(u)) < A < . Let
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0 <e < 1. By the definition of Hausdorff measure, there exists a countable
covering {B(x;, )} of S,(u) such that

() 2 hr)< 4
and, since lim,_q 7 "h(r) = o,
(8) Yri<e.

For each ze G — §,,(u) take r(z) > 0 and a function v, polyharmonic of order
m in B(z, 10r(z)) such that

J lu(y) — v,(y)|dy < er(z)"**".
B(z,10r(z2))

Let ¢ € C$(G) and denote the support of ¢ by K. Since K < (U; B(x;, 1;))
U(U.e6 -s,. B(z, 1(2))), we can find a finite family {B,} < {B(x;, r)} U{B(z, r(2));
zeG — §,,(u)} such that K < UB,. By a covering lemma we can choose a
mutually disjoint subfamily {B,} such that K < U5B,; here 5B = B(x, 5r)
when B=B(x, r). Now take {y,} for {5B,} in Lemma 3. If B, = B(z;, r(z;))
for z; eG — S,,(u), then

fu(y)[d’"(w ?)(y)] dy‘ = l J [u(y) — v, MI[4" W, 0) (y)]dy

< Mer(z,)"

since v,, is polyharmonic of order m in B(z;, 10r(z;)); similarly, if B, =
B(xin, riu), then

YeB(xi»,riv)

J M(Y)[A'"(ilfﬂp)(y)]dy’éMr?/"h(r,w)”"' inf ~U,(y)

1/p
< Mh(ry)''"" <f U.,,(y)”dy) .
B(xir,ri”)

Hence it follows from Holder’s inequality that

> f u(y) (4™, 9)(¥)] dy’

Iz

ju(y) [A"‘q)(y)]dy, =

< Msz r(z;))" + MA””'(J

UirB(xin,rin)

1p
Un(v)? dy) .

Since Zi, r(z;)" £ M|G| and |;» B(x;-, ry-)] < Me by (8), this shows that
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) J u(y)[4™o(y)1dy = 0.
In case of (i) we replace (7) by
(7) Y hr)<ce
and obtain
1/p
fu(y)[d'"cp(y)]dyléMslGl+M£‘“"<j Um(y)"dy> :
G
Thus (9) follows.
In case of (iii) we establish
ju(y) [4"¢(y)] dyl S Me|Gl+ M Un(y) dy.
UirB(xin,rir)

Instead of (7), we need to note
Z | B(x;, 1:)| < Me,

so that (9) also holds.

Since (9) implies that 4"u =0 on G in the distribution sense, one sees,
from the regularity for the Laplace operator, that u is equal almost everywhere
to a function polyharmonic of order m in G.

For a proof of Theorem 3, we note the following result, which is a part
of alternative characterization of the space 4,.

LEmmA 4 (cf. [5, Proposition 3 and Theorem 2 in Chapter III]). Let G
be a bounded open set in R". If ue A,(G), then for any open ball B of radius
r with closure in G, there exists a polynomial Py of degree at most [o] such that

lu(y) — Ps(y)| £ Mr*  for all yeB.

Let u be as in Theorem 3, and consider the measure function
h(r)=r"**"2m In the present case, p= oo and p* =1. It follows from
Lemma 4 that U,eL*(G). Further note that S,,(u) < K. Therefore (ii) of
Theorem 2 for p = oo yields the required conclusion of Theorem 3.

Finally we discuss the converse of Theorem 3.

PROPOSITION 3. Let o« <2m < n+ k and K be a compact set in R" such
that H,,,_;m(K) > 0. Then there exists ue A, (R") such that u is polyharmonic
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of order m in R" — K but u is not polyharmonic of order m in all of R".
One should compare this result with an example given by Uy [13].

ProoF OF ProposiTION 3. Let R,, denote the Riesz kernel of order 2m
(see [11]). In view of [1, Theorem 1 in Section II], we can find a nonnegative
measure ¢ on K such that u(K)=1 and

(10) u(B(x, r)) £ My+e—2m for any xeR"” and any r > 0.

Case 1: 2m <n or 2m > n and n is odd. Consider the potential

R, u(x) = JRzm(x — y)du(y).

If |j| = k, then we have for ze R" and r > 0,

J ID'Roym(x + z — y)ldp(y) = M Ix +z — y>" =¥ 7" du(y)
B(x,r)

B(x,r)

=M |x +z =y "du(y) + M |x — yPP"= 7" du(y).

B(x+z,r) B(x,r)

With the aid of (10) we find

r

j lx — yP" " "du(y) = p(B(x, r))r*m~* " + f w(B(x, t))d(— ¢2m=k=m
B(x,r) o

—k
= MrTF,

so that
f ID'R,,(x + z — y)du(y) £ Mr**;
B(x,r)
here recall that k <o < k + 1. Further, letting » = 2|z|, we see that

J IDIRop(x + 2 = y) + D'Ryp(x — z — y) — 2D/Ry(x — y)ldp(y)
R"— B(x,r)
éMrZJ |x =y =" " 2 du(y)
R"— B(x,r)

< Mr? j u(B(x, t))d(— t?m~"7k=2)
< Mrek,

In case o < k + 1, we obtain
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j ID'Rym(x + 2 — y) = DRy, (x — ) dp(y)
R"—B(x,r)

éMrf [x — yP" =" ¥ tdu(y)
R"— B(x,r)

< Mrk,

Thus it follows that R,,,ue A*(R"). Now it is easy to show that R,, u satisfies
all the required conditions.

Case 2: 2m=n and n is even. In this case, D’R,,(x), |j| =k, is of the
form

D'R,,(x) = a;log |x| + b;

with constants a; and b;. Now we need to modify the measure u given as
above. Since u has no point mass by (10), the support of u contains at least
two points. Hence we can find two disjoint compact subsets K,, K, of K
such that u(K,) >0 for £ =1, 2. Define

s Kk,

u(Ky)  u(Ky)

and consider

R2mv(x) = JRZm(x - J’)d"(y),

where ulg, denotes the restriction of u to K,. If |j|=k, xeR" and r >0,
then, writing

D'Ry,v(x) = — g jIOg r/1x — yl)dv(y),
we have by the above considerations

< Mu(B(x, r)) < Mr*™*

f log (r/|x + z — y|)dv(y)
B(x,r)

for any zeR". The integration over R"— B(x,r) with r=2|z| can be
estimated in the same way as in Case 1. Thus R,,v has all the required
properties.
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