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ABSTRACT. We have already determined the X+-local types of the real projective

spaces RPn and the stunted real projective spaces RPn/RPm in [11] and [12]. The

purpose of this note is to determine the X#-local types of the smash products of

these two projective spaces.

0. Introduction

Given a ring spectrum E with unit, a C ̂ -spectrum X is said to be

quasi £„,-equivalent to a CVΓ-spectrum Y if there exists an equivalence h: E A

Y-• E A X of E-module spectra. A map f:Z-+X is said to be quasi £*-

equivalent to a map g.W^Y if there exist equivalences h:E A Y->E A X

and k:E AW^E A Z oi £-module spectra such that the equality (1 Λ f)k =

h(l A g):E A W^E A X holds. In this case the cofiber C(f) is quasi £*-

equivalent to the cofiber C(g). In particular, a map / : Z -• X is said to be E+-

trivial if it is quasi /^-equivalent to the trivial map, thus 1 Λ / : E A Z -•

E A X is trivial. Let KO and KU be the real and complex K-spectrum,

respectively, and Sκ denote the ^-localization of the sphere spectrum S.

Recall that two CW-spectra X and Y have the same X^-local type if and

only if X is quasi Sx#-equivalent to Y (see [3] or [6]). In [9] and [10] we

determined the quasi KO^-equivalent types of the real projective spaces RPn

and the stunted real projective spaces RP^+ί = RPn/RPm, and then in [11] and

[12] we established to determine completely the A^-local types of these projec-

tive spaces after investigating the behavior of their real Adams operations

ΨR. The purpose of this note is to determine the K#-local types of the smash

products of these two projective spaces, which allows us to compute implicitly

their J-groups as well as their XO-groups (see [16] for the computation of

their XO-groups with
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According to [12, Theorems 2.7, 2.9 and 3.8] we have

THEOREM, i) The stunted real projective space Z^RPfsΐΓ has the same

K^Ίocal type as the small spectrum XΛtS tabled below when s = 4k — 1 or 4k

and the smash product XnyS A C(η) when s = 4fc + 1 or 4k + 2:
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ii) The stunted real projective space ΣίRP^+n has the same K^-local type

as the small spectrum YΛfS tabled below when s = 4k or 4k + 1 and the smash

product YnyS A C(η) when s = 4fe + 2 or 4k + 3:

s\n =
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odd

= 0 1

MPA,

jpt.s

2

ylm+i

3

VJ1rn+ί

4

vls

m+

L Pm+1

Here we set m = [n/2] and t = s + m + 1 in boίft cases.

See the beginning parts in 1.1, 2.1, 2.2 and 3.1 for the construction of

the small spectra C(η), Xns and Yns appearing in our theorem. In the above

table the small spectra Vm9 F Λ C yJ^, P* + 1 , VP^+U Is

m+1, vΓm+1, VM%S

+1 and

vJPΪs

+ί may be replaced by Um A C{η\ M<m, Όfm A C(η), Σ2s+ίCs A 'M'S A

C(η)9 Σ
2s+1Cs A 'M-\ Σ2s+1Cs A 'J~\ Σ2s+ίCs A V'J-\ MV^ and J i * ^ Λ C{η\

respectively, where C 4 r = C 4 r + 1 = Σ° and C 4 r + 2 = C4r+3 = C(η). Moreover

MP^S

+1 A C(η) and vMP^s

+ί may be also replaced by MP^. For our pur-

pose it is sufficient to study the K^-local types of the smash products Xm A Yn

or KJ/^;S. These small spectra Xm and 1̂ , are constructed as the cofibers of

certain maps f:Z0^Zx and g:W0-+Wί. If either of the maps / Λ 1: Z O Λ

Yn-+Zί A Yn and 1 A g: Xm A Wo ̂  Xm A Wt is Sx*-trivial, then the smash

product Xm A Yn admits a K^-local splitting. Even if it is not so, the smash

products Zf Λ 7B (i = 0, 1) or Xm A W( (i = 0,1) admit suitable X^-local split-

tings in most cases. According to our plan we use these splittings so that

either of the maps / Λ 1 and 1 Λ g is replaced by a simpler map h, whose

cofiber has the same K^-local type as the smash product Xm A Yn.

In § 1 and § 2 we give X^-local splittings of the smash products SZ/2m A

SZ/2n (m < n and n > 2), 5Z/2m

 AVn(mφ n), Vm A Vn (2 < m < n) and 5Z/2m Λ

MJ, Vm AM'n (m< n), SZ/2m Λ MP£\ Vm A MP** (m < n and n > 2). In §2

and §3 we construct several small spectra concerned with the smash products
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Mx

m A SZ/2\ Mx

m A Vn (m < n), M£, A Ml 'NPm A M« (m < n) as well as Jx

m A

SZ/2", vrm AVn (m < n\ ^ Λ SZ/2", fm A Vn (m < n), J£ Λ AfJ,' ^ Λ Ml

Jin Λ ί?> ί/ ̂m Λ ί?j c/̂m Λ c/ ί? a n d s o o n In §4 we establish to detetmine the

X^-local types of the smash products Xm A Yn by using the small spectra

constructed in §2 and §3 where Xm9 Ym = SZ/2m, Vm9 Λ C 'ΛC J^, ^

Ίx

m or γJx

m. For the small spectra appearing in our main results (Theorems

4.1-4.4) we can easily study the Xl/-homologies with φc a n ( l the KO-

homologies with ψ^ by routine computations (see [16] for details). Similarly

this can be done for the remaining smash products involving MP^S, MI^S,

JPmS, JImS and KJ/J;S. But we shall omit to describe them explicitly in this

note.

1. Splittings of the smash products SZ/2m A VΛ and Vm A VU

1.1. Let SZ/2m be the Moore spectrum of type Z/2m (m > 1), and

i:Σ°-+SZ/2m and j : SZ/2m-+Σ1 denote the bottom cell inclusion and the

top cell projection. It is well known [2] that the identity map 1: SZ/2m ->

SZ/2m is of order 2m when m > 2 and of order 4 when m = 1. This implies

that

(1.1) SZ/2m A SZ/2n = ΣίSZ/2m v SZ/2m if m < n and n > 2.

In fact there exist maps

(1.2) φ : SZ/2m A SZ/2n -> SZ/2m and φ : Σ1SZ/2m ^ SZ/2m A SZ/2n

for any m <n and n > 2 such that φ(l A i) = (1 Λ j)ψ = 1, φ(i A 1) = π,

( Λ 1)^ = π, ijφ = j A π: SZ/2m A SZ/2n -> Γ 1SZ/2"-m and φij = i A π:

SZ/2n~m -• SZ/2m A SZ/2" where π's are the obvious maps. Moreover there

hold the relations ijφ = 1 Λ j + j Λ 1: SZ/2n A SZ/2n -+ Σ1SZ/2n and φij = 1 Λ

i + i Λ 1: 5Z/2n ^ SZ/2" Λ 5Z/2n when m = n>2 (see [2]).

For the stable Hopf map η\Σι^Σ° there exists its extension

η:Σ1SZ/2m^Σ° and its coextension ή:Σ2^>SZ/2m. Set f;1>w = (η A \)φ:
Γ 2SZ/2 -• 5Z/2" and fyn>1 = φ(ή A 1): Σ2SZ/2n -> 5Z/2 for any n > 2. Using

these maps we consider the following cofiber sequences

ΣιSZ/2 Ϊ*Σ°±> C(η) Λ i72SZ/2, Σ2 Λ SZ/2 Λ C(//) Λ Γ 3 ,

Σ2SZ/2, ΣxSZj2m~1 % SZ/2 %V^%> Σ2SZ/2,

η-±^ SZ/2m+ί ^Um^ Σ3SZ/2,

Σ2SZ/2m+1 ^ ^ S Z / 2 ιXυ'm%>Σ3SZ/2.

Since ηίtm+ί = (η A l)φ and ηm+1Λ = φ(η A 1) we can choose maps λ: C(η)-
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Σ° and A : Σ3 -• C(ή) satisfying ϊλ = 4, λj = 4 and Ti = jλ = 4 (see [13]). Then

the small spectra Vm, V^, Um and \J'm are exhibited by the following cofiber

sequences

Σ° • C(η) ̂ >Vm%> Σ1, Σ^Ciή) 1Σ2 ^V^^ C(ή),
(1-3) , w l T ,

(η) Σ3 > C(η) -• V'm -> Γ 4 .

Since ήλ: Σ2C{η) -» SZ/2, A Λ >/: Z^Cp?) Λ SZ/2 -> Γ° and 1 Λ ή: Γ 5

C(f/) Λ SZ/2 are trivial, there exist K^-equivalences

(1.4) e: C(η) -+ Σ~3C{η\ e: C(η) A C(η) ~> Γ ° a n d e:Σ6^ C(ή) Λ

satisfying je = I, î = A, e(l Λ ΪT) = e(ί A 1) = A and (1 Λ J)β = (j Λ l)e = A.

Hence we notice that Σ~3C{fj) has the same K^-local type as C(η), and all

of Σ~2Vή A C(rj), Um A C{η) and Σ~3U'm have the same K^-local type as Vm

(cf. [11]).

It is easily computed that [C(rj\ C(f/)] ^ Z φ Z/2 with generators 1 and

ϊvjj, IΣ^Ciηl C{η)~] s Z/2 with generator η A 1 and [C(fj), Γ 1 ^ ) ] = 0, and

moreover that \_C(η\ Vn~] s Z/2n+1 © Z/2 with generators iv and iFiv/7 in the

n > 2 case and lUn9Σ
1C{η)'] ^ Z/2W+1 0 Z / 2 with generators Λ; and ϊvjί/V in

any case where v: Σ3 -> Γ° is the stable Hopf map. Let α: SZ/2 Λ SZ/2m -^

Σ1 denote the adjoint map to the obvious map π: 5Z/2-• SZ/2m with

α ( l Λ i ) = j , and ω:Vm^Vn and ω:Um-+Un the obvious maps. Then it

follows immediately that

(1.5) i) [SZ/21, C(η) A SZ/2n] ^ Z/2n*Z/2ι with generator ϊ A π; lC{η) A

SZ/21, SZ/2W] ^ (Z/2Π * Z/21) © Z/2 © Z/2 with generators A Λ π, ivα(/ Λ 1) and

π] A vj; and [C{η) A SZ/2m, C{η) A SZ/2"] ^ Z/4 0 Z/2 © Z/2 or (Z/2W * Z/2W)

φ Z/2 φ Z/2 φ Z/2 according as m = n = 1 or otherwise, which is generated

by 1 Λ π, 1 Λ iηj, i A πj A vj and (i A ί)voc(j A 1);

ϋ) [Km, FJ ^(Z/2 w + 1 *Z/2 m + 1 )φZ/2 with generators ω and ίvivjjv for

any n > 2; and [ ί / m , l / J ^ ( Z / 2 " + 1 * Z / 2 w + 1 ) φ Z / 2 with generators ω and

(v Λ \)iυπjυ.

Here A*B stands for the torsion product Tor (A, B). By means of (1.3) and

(1.5) we observe that

(1.6) i) Vn A SZ/2m = Σ1SZ/2m v (C(η) A SZ/2m) and Un A SZ/2m = (

SZ/2m) v 5Z/2m whenever m < n; and

ii) Vm A SZ/2n = Σ1Vm v Vm and Um A SZ/2n = Σ1Umv Um whenever

m<n.

Consider the four cofiber sequences
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SZ/2" '-5 Vn ̂  Vn_m

 ιk ΣxSZβm

9

A SZ/2m^i Vn.m

ωΛVn% C(η) A SZ/2m,

C(η) A SZ/2m ^Un^ Un_m^>ΣxC(η) A SZ/2m,

Σ-χSZ/2m H Vn.m ^Un^ SZ/2m

for any m < n where ω/s are the obvious maps. Since ω2co1 = 2m and

ω 4 ω 3 = 2m, we get maps

φv: Vn A SZ/2m -> C{η) A SZ/2m, φv: ΣxSZβm -> Vn A SZ/2m,
(1.8)

φv:UnASZ/2m^SZ/2m and ψ^.Σ^iη) A S Z / 2 m - Un A SZ/2m

satisfying φv(l A i) = πv, (iv A j)φv = ωί A j , (1 Λ j)φv = ιVπ» ΨvVv = ωi Λ U
φv(l A ϊ) = πU9 ίujψu = ω3 A j , (1 Λ j)ψv = π'v and ψυ(jυ A ϊ) = ω^ A I The
maps φv and φυ may be chosen to satisfy (jv A l)ψv = 1 and φυ{iυ A 1) = 1.
Moreover we can verify by means of (1.5) that the maps φv and φu may be
chosen to satisfy φv(iv A 1) = 1 and (jv A l)φu = 1.

We next consider the two cofiber sequences

(1.9) V^SZ/l-^U^^hΣ^ Un_mhc(η)ASZ/2-SΛvm^hΣ1Utt_m

for any m < n. It is easily checked that nviυπ = 2m~ί(i A 1) and πvπ'v =
2n~m~1(λ A 1). Hence we get maps

φ'v : Vm A SZ/2n ^Vm, φ'v:Σ
ίVm-^VmA SZ/2\

(1.10)
I^Un.m and φ'υ:Σ'Un.m^ Un.m A SZ/2n

satisfying <p'v{iv A 1) = π'Vj iuivΨv =Jv Λ iuπ> Uv Λ Wv = πv> ΦvWJυ = (h Λ

I)τrt7, <Pu(iv A 1) = iVπ, ^/i/^ί; = π'κ(/ϋ Λ 1)» (7c/ A l)^ί/ = πv and ιAt/̂ 7κ =
iυ A πv. Since [Γ 1 , F J = [l/m, i7 0 ] = 0 it follows immediately that the
equalities φ'v{\ A Ϊ) = 1 and (1 A j)φ'υ = 1 hold. Note that [KM, C(ϊ/)] ^ Z/2
with generator ivvjjv and [211C(^)5 C/m] ̂  Z/2 with generator (v Λ l)ivπj.
Then we can observe by means of (1.5) that the equalities (1 Aj)φ'v = 1 and
φ'υ{\ A ϊ) = 1 hold, too.

1.2. Choose maps vc:Γ
3C(ϊ/)-> Σ° and y:272SZ/2-> C{fj) A C(η) with

vci = v and (1 Λ j)y = i A 1. The map y satisfies γiη = (i Λ i)v because of

eγi = η2 :Σ2 ^> Σ° for the ^-equivalence e:C(η) A C(fj)^Σ° given in (1.4).

Then it is easily shown that [27°, C(η) A C(η)'] ^ Z with generator i A i,

lΣ2SZ/2, C(η) A C{ηy] ̂  Z/4 with generator y, [C(^) Λ C{η\ Γ ° ] s Z 0 Z/2 0

Z/2 0 Z / 2 with generators β, vc Λ J[/, jj A VC and v2(j/ Λ jj)9 and [C(//) Λ C(η),

Σ2SZβ~\ ^ Z/2 0 Z / 2 with generators vj/ ΛJ and Λ vjj. We moreover

choose a map vc:Σ
5SZ/2^> C(η) with y'vc = v Λ 1, which is contained in the
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Toda bracket <i,η,v A 1) (see [7]). Since <J\, v Λ 1, ίη} = v2 in [ Γ 6 , Γ ° ] s

Z/2, this map vc satisfies vci>y = ϊv2. Hence we get immediately that

(1.11) [C(η\ C(η) A C(i/)] ^ Z 0 Z/4 with generators I Λ Ϊ and y/; and

[C{η) A C(η), C{ηy\ ̂ Z@Zβ® Zβ © Z/2 0 Z/2 with generators ίe, ίvc Λ jj,

j] Λ ίvc, vcj A jj and j/ Λ vcj.

Since [C(τ/), 272C(f7) Λ SZ/2] = Z/2 with generator i AJ we may assume

that the equality i A 1 = 1 Λ i + y]: C(η) -• C(η) A C(η) holds. On the other

hand, the map I Λ 1: C(η) A C(η) -• C(η) is written to be ie + avcj A jj + bjj A

vcj for some a, be Zβ because λi = 4 and ι'Λ = 4. In this case I Λ 1: C(η) A

SZβ -> 5Z/2 is also written to be aj A vj + bvjj A 1 + cj A ηfj for some c e Zβ.

Note that vλ = 4vc: Σ
3C(η) -> Γ° because of 4(v Λ 1) = 4ίvc e [Γ3C(fy), C(^)].

Using this equality we see that λ AVJ = 0: Σ2C(η) A SZβ -» Σ° and η2 A j =

ΰ : C(ί ) ^ SZ/2. Now it is easily verified that a = b = 0 and c = 1. Thus

we get the equality λ A 1 = ie and similarly 1 Aλ = iein [C(η) A C(fj), C(ϊ/)].

From (1.11) it follows immediately that [C(ϊ/), C(η) A FJ S Z/2"-1 © Z/4

with generators 1 Λ iκi and (1 Λ iκ))7 in the n > 2 case, and [C(fy) Λ Un9

ΣιC{η)] ^ Z/2""1 © Z/2 © Z/2 © Z/2 © Z/2 with generators 1 Λ λjv, ϊvc A jjU9

jj Λ ™ciu> vcj Λ jjv and jj A vcjυ in any case. On the other hand, it is

easily computed that [2Γ1, C(η) A VJ = 0 and \C{η) A Un, Σ°] ^ Z/2 © Z/2 ©

Z/2 © Z/2 φ Z/2 because lΣιC{η) A C{η\ Γ ° ] ^ [Γ3SZ/2 Λ C{η\ Γ °] s Z/2

© Z/2 © Z/2 © Z/2. Further it is shown that [C{η) A Un, C(ϊ/)] s Z/2 φ Z/2

with generators ijvv(j A 1) and iσ(jj Ajjv) because [ΣίC(η) A C(η)9 C(η)'] =

Z/2 with generator iσ(jj A jj). Here σ: Ση -> Σ° is the stable Hopf map and

vv:Σ
3SZβ A Un-*SZβ is a map satisfying v^l Λ iυ) = V Λ 1 . Using the

equality vλ = 4vc we notice that the composite map λvc:Σ
5SZβ-> Σ° is

trivial. By these computations we immediately get that

(1.12) i) [Vm9C{η)Λ Vn\^{Zβn-1*Zβm-1)®Z/A for any n > 2, which is

generated by (1 Λ ivπ)πv and (1 Λ ϊv)yjv; and

ii) [C{η) A Um, l/J ^ (Zβ"-1 * Z^"1"1) © 0 Z/2 , which is generated

by π'v(l A ππv) and nine elements of order 2.

Here the maps πv: Vm-• C(ϊj) Λ SZ/2"1"1, πυ\Um-+ SZβ1"-1 and πi;: C(f/) Λ

SZ/2"-1 ^ C/Π are given in (1.7).

Set ^ „ = ( 1 Λ rj)φv: Σ2SZβ -> 1̂ , for any n > 2, and then write Fί/1>lt =

ω + ajyivj for some αw e Z/2. Since ω/V = 2""1 :Vn-+Vn9 we get the equality

2"-1ivvc = anίviv
2j, which asserts that α2 = 1 and αn = 0 if n > 3. Moreover

this implies that i A 1: Vn -• C(^) Λ ί̂  has order 2""1 whenever n > 3, but

2(i Λ 1) = i Λ iv*vJJv '• Vi ~* C(ϊy) Λ F2. Notice that the composite map ivjjv:

Vn -> C(η) is always S^-trivial because [C(η\ Sκ~\ £ Z and [27x, 5K Λ C(^)] = 0.
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Hence it is observed that

(1.13) i) VmAVn = ΣxVm v (C(η) A VJ if m < n and n > 3, and the smash

product on the left side has the same X^-local type as the wedge sum on

the right side even if m = n — 2; and

ii) UmΛUn = (Σ'Ciη) A Um) v Um if m < n and n > 2.

For the maps πv : Vn -• C(η) A SZ/2n~m, nv:Un^ SZ/2n~m and π'υ: C(η) A

SZ/2n~m -+ Un t h e r e h o l d s t h e f o l l o w i n g e q u a l i t y 2 m ~ 1 ( ϊ Λ 1 ) = ( 1 Λ i v π ) π v : Vn -•

C(η) A Vn when m ^ 3 and 2m~1(λ A 1) = π'v(l A πv): C(η) AUn^Un when

m > 2. Hence we get maps

φ^:Σ1Vm^VmAVn f o r 3 < m < n , and
(1.14)

φ'ύ:UmAUn-+Um for 2 < m < n

satisfying (jv A l)ψγ = ω, ψy(iv A j) = iv A ivπ, φ'{j(iv A 1) = ω and {jυ A ϊ)φ'{j

= JuAπu- If m < n w e c a n verify that the equalities (1 Ajv)ψy = 1 and

φ'ύ(l A iυ) = 1 hold. Even if m = n the maps φy and φ'ύ can be taken to

satisfy the same equalities because they may be replaced by φy + iviv A ίvπjv

and φ'ύ + iuπ^u(Ju Λ 1) C>n the other hand, it is evident that there exist maps

Φϊr:ΣίV2->V2AVn forn>3 and φ'{J:U1 A Un^Uγ for n > 2

with (1 Λ jv)φy = 1 and φ'{j{\ A iυ) = 1. These maps are also taken to satisfy

(jv A \)φy = ω and φf{j{iυ A 1) = ω because they may be replaced by φy +

iyjy A iyiv and φtί + iuπ^u(Ju Λ 1)T where T denotes the twisted map.

Denote by Xm and Xnm the cofibers of the maps {ϊ A ϊ)vjjv: Vm -* C(η) A

C(η) and (i A ivi)vjjv: Vm->C(η) A Vn. These spectra are related by the fol-

lowing cofiber sequence

in which ix: C(η) A C(rj) -> Xm denotes the canonical inclusion. Since the map

ivjjy is S^-trivial, there exists a map φχ-Σ1Vm-*Sκ A Xm with (1 Ajx)φx =

ικ A 1 for the X^-localization map ικ:Σ°-• Sκ in which jx:Xm^Σ1Vm

denotes the canonical projection. Recall that 2(ί A 1) = (ί A ivί)vjjv e \_V2,

C(η) A V2~\. This implies that X2t2 = V2 A V2 and the map ρx: V2 A V2-*

Σ1C(fj) satisfies px(iv A 1) = 1 A j v and 2(1 Λ ϊ)px =jv A (i A i)vjjv. In this

case we can assume that the equality 1 Λ j v =jv A 1 + ivpx holds since ρx

may be replaced by px + j v A ivjjv. Setting

ΣίV2->SκA V2 A V2,

it satisfies (1 Λ j v A \)φy = ( 1 Λ 1 Λ Jv)Ψv — ικ Λ 1 because of (jv A l)ωx =jx.



308 Zen-ichi YOSIMURA

2. Spectra derived from M'm and 'Ml

2.1. Let us fix an Adams' K^-equivalence Λs: Σ8sSZ/m(4s) -• SZ/m(4s)

for s > 1 such that the composite map jAsi: Σ*8"1 -• Σ° is exactly the genera-

tor ρs of order m(4s) in the J-image. Set ρs =jAs:Σ
8s~ίSZ/m(4s) ->Σ° and

ps = X s i : 278s -• SZ/m(4s), whose cofibers C(ps) and C(ps) have the same K+-

local type as 27° and Σ8s+1, respectively. Consider the map k:Σ2C(ή)-+

Σ° of order 2 with ki = ηrj, which admits an extension k:Σ2C(ή) A SZ/2m -•

Σ° satisfying k(i A 1) = rj A η and ik = 0. As in [14] (or [11]) we now intro-

duce the following maps of order 2 (cf. [1]):

μs = ηA.i: Σ8s+' -> Σ°9 μ.s = ηis: ̂ 8 s + 1 C ( p s ) -> Σ°9

ks = fe(l Λ Asi): i ; 8 s + 2 C(^) -> Γ°, k_s = k(l A is): Σ-8s+2C(ή) A C(ps) -+ Σ°

in which is: C(ps) -• iΓ855Z/m(4s) is the bottom cell collapsing. For conve-

nience' sake we put μ0 = η : Γ 1 -• 2Γ° and k0 = fc: Γ2C(/j) ^ 27°. The cofibers

of the maps μr and kr are denoted by P 4 r + 1 and P 4 r + 3 . Since 2(1 Λ fj):

ΣιP* A SZ/2-+P* is S^-trivial, there exists a X^-equivalence βp . F Λ C{fj)^

Sκ A P* with ep(l A i) = 2(ικ A 1). This gives rise to a X^-equivalence

βP > w: P* A Vm -> Sκ A F A SZ/2m. Thus we observe that

(2.1) P* A C(η) has the same A^-local type as P\ and P* A Vm has the same

1^-local type as J* Λ SZ/2m for any m > 1.

Denote by M^ and F M ^ for t = 4r 4- 1 the cofibers of the maps ΐμr and

ίκ(μ r Λ 1) composed with i: Γ ° -* SZ/2m and ϊ κ C(η) -> Vm9 and dually by 'AfJ,

and ^/M^ for ί = 4r -f 1 those of the maps μrj and μ r(l Λ jv) composed with

j:SZ/2m -> Z 1 and jv:Vm^> Σ1. Use the map fcr instead of the map μΓ to

construct small spectra denoted by the same symbols for t = 4r + 3. By

virtue of (2.1) it is easily seen that vM
x

m and γMx

m have the same K^-local

types as M^ and 'M.%

m A C(η), respectively (see [15, Theorem 3.1]). The spectra

Mx

m and 'MJ, are related to Px by the following cofiber sequences

(2.2) ^ - ^ P ' ^ A l i ϊ ί i : 1 and Σ2t-1Ct**'MtJ*Έ*^Σ7'tCt

in which iP:Σ°->Px and j P : Px-+ Σ2xCt denote the canonical inclusion and

projection, respectively. Here C 4 s + 1 = 27°, C 4 s + 3 = Σ~3C(ή), C_ 4 s _ 3 = C(p s + 1 )

and C_4 s_! = Γ"3C(/y) Λ C(p s + 1 ) for s > 0.

Since [271, S x Λ F ] ^ Z or Z/m(ί - 1) depending if t = 1 or not, the

composite map iPη :ΣX -+ Px is at least divisible by 4 in [271, S κ Λ P*]. This

implies that the map ίP A iη : Σ1 ^ Px A SZ/2 is S^^-trivial. By virtue of (2.1),

(2.2) and this fact it is immediately observed that
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(2.3) i) Mx

n Λ SZ/2m = Σ1SZβm v (P A SZ/2m) and 'Mx

n A SZ/2m = (P Λ

SZ/2m) v {Σ2t~ιCt A SZ/2m) if m < n and n > 2, and the smash products on

the left sides have the same X^-local types as the wedge sums on the right

sides, respectively, even if m = n = 1; and

ii) M\ A Vm and 'Mx

n Λ Vm have the same X^-local types as the wedge

sums ΣxVm v(P Λ SZ/2m) and {P A SZ/2m) v (Σ2t~ιCt A Vm\ respectively,

whenever 2 < m < n.

When m < n we have the following cofiber sequences

ΣTιSZβm AP'^h Mx

n.m

 ω-*Mx

n

λΛ SZ/2m A P,
(2.4)

Σ-1SZβm APtλΛ 'Mx

n °% χ _ m -^H SZβm A P\

where M o and 'MQ stand for Σ2tCt and Σ°, respectively. According to (2.3)

there exist maps

(2.5) φM : SZβm
 Λ M ^ S ^ Λ SZβm

 A P\ φM : ΣίSZβm
 -+SKA SZβm

 A M*m

υφM:UmAM^SκASZβmAF and υψM:Σ'Um^Sκ A Um A M<n

for a n y m <n satisfying φM(l A lM) = ι κ A 1 Λ 1, ( I Λ I Λ hM)ψM = Ίκ A 1,

U<PM(1 Λ ' M ) = ep,m and ( I Λ I Λ hM)vψM = / χ Λ l where β P > m : Um A P* -+ Sκ A

SZβm A P* is a K^-equivalence with ePm(iv A 1) = ικ A i A 1. A s is easi ly

seen, we can find maps / :Σ 1 SZβ m -• Sκ A SZβm A P and fu:Σ
ίUm-^SκA

SZβm A P* such that φM(i A 1) = ικ A λM + ./iftM and υφM(iυ Λ 1) = ^ Λ ^u +

fuhhM' Hence the maps φ M and ^φj^ are chosen to satisfy φ M (ί Λ 1) =

UVMUU Λ 1) = ικ A λM. Similarly the maps φM and Ό φM are chosen to satisfy

( I Λ J ' Λ 1 ) ^ M = ικ A ίMπ and (1 Λ j v A l)υψM = ικ A (1 Λ I ' M ) ^ for the canon-

ical inclusion iM: 5Z/2" -• M£. In fact we may take φM = (1 Λ Ϊ M ) ^ if m < n

and n > 2, and υ^M = ( 1 Λ iM)^c7 if m < n where φ and ^ are given in (1.2)

and (1.10).

2.2. Note that λ A η = 0 and hence I Λ k = 0 since [Σ^iη) A SZβ, 27°] =

0. Choose maps ζP: P -> Γ°, F C P : f* -> C ( % ^ : P Λ C(q) -• 2Γ°, £ P : 27 2 f Q ->

F , vξP: Γ 2 ί Q -^ F Λ C(q) and ^ξp: Γ 2 ί Q Λ C(f/) ^ P r satisfying ζPiP = 2,

κCpfp = U uCp(ip Λ 1) = I, 'pξp = 2, (;*p Λ l ) F ξ P = 1 Λ Ϊ and jPUξP = 1 Λ I

The cofibers of the maps 2n"1Cp, 2 " " V C P , 2 W " 1

1 7 C P , 2 n - ^ p , 2 n " V ^ and 2n~ι

υξP

are denoted by Pn', VP^9 VP^, 'P^, γPx

n and Ji*, respectively. For the map μr

we can suitably choose its coextensions μΓ, F μ Γ , /̂ϊ,. and its extensions μ r,

K/IΓ, vμr so that their cofibers coincide with Pι

n, vP
x

n, υP
x

n, 'Px

n, γPx

n and ύPx

n

(ί = 4r 4- 1), respectively Similarly this can be done for the map kr (t = 4r + 3).

By means of (2.1) we observe that vP
x

n A C(η) and υP
x

n have the same X^-local
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type as Pw

r, and dually that v'P
x

n and yPx

n Λ C(η) have the same K^-local type
as 'Px

n. Moreover we notice that 'P[ and P[ have the same K^-local types
as C(η) and Σ2ΐ+1Ct A C(η), and more generally 'Px

n and Px

n have the same
K^-local types as Σ2tCt A M~1X and Σ2t+1Ct A 'M~1X A C{η\ respectively (see
[15, Theorem 3.1]).

Using the maps lM, hM and λM in (2.2) and (2.4) we consider the following
mixed maps

(2.6) (iμr9 iμs A j): Σ8r+ίDrtS A SZ/2n - SZ/2m v Σ8r~Ss+1SZ/2\

(vμr A i, iμs A ]v): Σ*'+1D,fS A Vn -+ (C(η) A SZ/2m) v Σ*'-*s+ίSZ/2\

((iμr A 1)(1 Λ λM\ iμs A hM): Σ»r+1Dr,s A Mi -* (SZ/2m A P«) V ΣSr~8s+1SZ/2\

(μr Λ Λ lM) v iM(μs A j): (Σ*'Dr A SZ/2m A P«) V (Σ*s+ίDs A SZ/21) ^ Afl

whose cofibers are denoted by 'PΛίy,,, yPAftfi,., fPMM^n and
for (ί, p) = (4r + 1, 4s + 1), respectively. Here we set Ds = Γ°, D_s_! = C(ps+1)
for 5 > 0 and Drs = Σ°, C(ρ.r% C(ρ_s) or C(ρrs) depending if Min {r, 5} > 0,
r < 0 < s , s < 0 < r or Max {r, s} < 0. In addition the maps μr, vμr and μs

are the composed ones with a suitable X^-equivalence εr:Drs-• Dr or ε s:D r s-•
Ds as given in [15, (1.3)]. When iμr or μr A j is replaced by iμr + μr AJ, we
substitute "P for rP or P in the above notations. Next we use the maps fcs,
fcr, κfer and kr as well as μs, jΰΓ, FμΓ and μΓ to construct small spectra denoted
by the same symbols for the other pairs (£, p) of odd integers.

Denote by MP%1 and VMP^X for ί = 4r + 1 the small spectra constructed
as the cofibers of the composite maps

iMμr:Σ
Sr+2Dr-+M« and iMVμr:Σ*'+2Dr ^VM«

in which iM's are the canonical inclusions (see [8] or [12]). Use the maps
kr and vkr instead of μr and vμr to construct small spectra denoted by the
same symbols for t = 4r + 3. Evidently these spectra are exhibited by the
following cofiber sequences

(2 7)

By means of (2.1) and (2.7) we observe that γMP*1 has the same K+-local
type as MP**. Moreover it is immediately shown that

(2.8) MP*' A SZ/2m = (Σ1Pt A SZ/2m) v (Pq A SZ/2m) if m<n and n > 3,
and the smash product on the left side has the same X^-local type as the
wedge sum on the right side even if m = 1 and n = 2.
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Note that [_Σ3MPq>\ KO A MPq>Ί s Z © Z/2""1 and ψi behaves as

on ( Z 0 Z / 2 " " 1 ) ® Z[l/fe], because there exists an isomor-
\k — 1/2 1

phism J V P : [ Γ 4 ? ' , KO Λ MP*-'] ^ LΣ3MPq>\ KO A MJ* f ] . Since η2 A 1:

Σ2MPqt-+MPqt becomes KO#-trivial, we can easily check that it is divisible

by 2 in [Σ2MPq>\ Sκ A MPq>1] whenever n > 3. On the other hand, we recall
/ \/k2q θ\

that [Σ2Pq

9 KO APq]^Z®Z and \j/k

R behaves as kq+1 ί χ _ £2f/2Jk2« χ j
 o n

(Z®Z)® Z[l/fe]. Then it is also checked that η A 1: ΣιPq -• J* is divisible

by 2 in [ Γ 1 ^ , S* Λ /*] and η A iPMP: Γ 1 ^ -• MPqt is divisible by 4 in

[iΓ1!*, S* Λ MPy~\ under the assumption that n = 1 or 2. Hence it follows

that 1 Λ η2j:ΣιMP**t A SZ/4^MPqJ is divisible by 2 in [Σ^Py A SZ/4,
Sκ A MPy~\ if n = 1 or 2. Consequently we verify that 1 Λ η2j: Σ^-MPZ'* A

SZ/2-• MPqt is always S^-trivial. Therefore there exists a K+-equivalence

eMP:MPqt A C(η)-+ Sκ A MPqt satisfying eMP(l A i) = 2(ικ A 1), which gives

rise to a K^-equivalence eMPm:MPqft A Vm^>Sκ A MPqt A SZ/2m. Thus we

observe that

(2.9) MPqt A C(η) has the same iC^-local type as MPqt, and MPqt A Vm and

MPqt A Um have the same K^-local type as MPqt A SZ/2m for any m > 1.

3. Spectra derived from J^ , u^m*? 'Jm* a n ^ v̂ m*

3.1. We now use the following maps

pr: Σt'-'D, - , Σ° and n'r :Σ*'+3 C(η) -> D^ r + 1

introduced in [14] where Ds = D's = Γ 0 , D_ s_! = C(p s + 1) and DLS-X =

Z'" 8 s ~ 9 C(p s + 1 ) for s > 0. These maps p r and n̂  represent generators of

LΣ8r'\ 5K] s Z/m(4r) and [Γ 8 r + 3C(f;), S x ] s Z/m(4r + 2), respectively. The

cofibers of the maps αpr and αn'r (α > 1) are denoted by J 4 r ' α and

j4r+2,α Consider the following maps

α(pr A ϊ): ΣSr~ιDr -+ SZ/2m, α(pr A j): Σ8r~2Dr A SZ/2m -* Σ°,

α(pr A iy): Σ8r~1Dr A C(η) -> Vm9 α(pr A j v ) : Σ*r~2Dr A Vm -+ Σ°,

α(pr A tΌ): Σ8r-χDr -+ Um, α{pr A j v ) : Σ8r~2Dr Aϋm^ C(η)

whose cofibers are denoted by J^α, 'J^α, vJ^α, v

rJ^α, ΌJJiα and v

fJ^α (α > 1) for

t = 4r φ 0, respectively. Use the map n̂  instead of pr to construct small

spectra denoted by the same symbols for t = 4r + 2. Note that vJ^α and

κ 'J£α have the same K#-local types as υJ^α A C(fj) and v

fJ^α A C{η\

respectively.
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The spectra J£β, vJ^a and vJ^a are exhibited by the following cofiber

sequences

(3.i)

Ct A CWl^^Vj^^uW^Σ'q A C(η)

in which C4r = Σ°9 C 4 r + 2 = Df

2r+1 and i3: Ct -> J ί β denotes the canonical inclu-
sion. By means of (1.5) and (1.12) it is evident that

(3.2) i) JJ β A SZ/2m = {Σxq A SZ/2m) v {Jua A SZβm) and „ # " Λ Um =

(ΣιCt A C(η) A Um) v (J''α Λ Um) if m < n and n > 2; and

ii) j r Λ l / ^ ^ C Λί/Jv^Λί/J and uJ
t

n>
aASZ/2m = (Σ1C'tA

C(η) A SZ/2m) v (Jta A SZ/2m) if m < n.

When a = m(ί)/2 we shall drop the superscript V in Jha

9 J^a, 'J^a, υJ^a,

v

fJ^a and so on for simplicity. We are only interested in the small spectra

Jx

m9 Ίx

m, uJln and γJx

m as treated in the introduction. Choose a map ζj'.J1^ Ct

with ζjij = 2, whose cofiber I[ has the same X^-local type as Σ2t+1Ct with

C4 r = Dr and C 4 r + 2 = C(fj). Then there exists a map α t: Γ
2 ίC t -• Ct A SZ/2

whose cofiber coincides with I\ where α 4 r and α 4 r + 2 are coextensions of apr

and αn̂  with a = m(t)/2. Denote by /£ and K/J+1 (n > 1) the cofibers of the

composite maps (1 Λ π)α, :Σ2tCt -+ Ct A SZ/2n and (1 Λ ivπ)δίt :Σ
2tCt^> C[ A

VH+ί. By means of (1.7) we can show that Vn and vPn+1 have the same

J^-local types as Σ2t+ιCt A 'J^ and Σ2t+ιCt A JJ~\ respectively (cf. [12,

Lemma 1.4]).

The spectra Pn and KJ£+1 may be regarded as the cofibers of the

maps 2n~1ζJ\Jt-^Ct and 2n~1(ζJ A ή.f^Q A C{η), respectively. Similarly

to MP*' and yMP** in (2.7) we construct small spectra MI«>\ VMI^U JP**\

yJP**, Jllx and yJlliγ as the cofibers of the maps 2n"1(ip Λ £,):J t-^Pq A Q,

2n~1(iP AζjAΪ):Jx^P*A q A C(η), 2"-1(iJ Λ ζP) :CqAPx^ 3\ 2n'1(iJ A vζP):

Cq A Px-+Jq A C{η\ 2n-\ij A ζj):Cq A Jx-+Jq A q and 2 / l ' 1 ( ΰ Λ ( J Λ i):Cq A

Jx -+ Jq A q A C(η\ respectively. By means of (2.1) it is easily shown that

vMIq^ and vJPqX have the same K^-local types as M/^i and JPqX A C{η\

respectively.

3.2. Consider the maps πV9 π'υ and πv given in (1.7) and (1.9) for m <n,

and then set π F = (l Aπ)πv:\i^C{η)ASZ/2H'1^C{η)ASZ/2m

9 π'υ = π'υ{\ AK)\

C(η) A SZ/2m - C(η) A SZ/2"-1 -+ Un and πv = ππv: Vm -* SZ/2m+ί -+ SZ/2n in

case m>n. We denote by SJ^\ vSJ^a

n'
b, υSJ^h and wSJ^b (α, b > 1)

for (ί, p) = (4r, 4s), respectively, the small spectra constructed as the cofibers

of the following mixed maps
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(apr A π, bips A j): Σ8r~ιDrtS A SZ/2n - SZ/2m v Σ8r~8s+1SZ/2ι,

(apr A πV9 bips A j v ) : Σ8r~ιDr SAVΆ^ (C(η) A SZ/2m) v Σ8r'8s+1SZ/2\
(3.3)

(apr A ivπ, bϊuPs A j): Γ8 '"1/)^ Λ SZ/2n ^Umv Σ8'-8s+ίUl9

(apr A ω, bϊuPs A ]v): Σ^D^ AVn-+Vmv Γ8'-8s+1l/z.

Use the maps n'r and ris as well as pr and ps to construct small spectra

denoted by the same symbols for the other pairs (ί, p) of non-zero even

integers.

Compose the map λM: Ml -> SZ/2n A Pq given in (2.4) before the obvious

map π Λ 1: SZ/2n A Pq -• SZ/2m A Pq and denote it again by λM: MJ -*

SZ/2m A Pq. Using the maps ΛM and ΓM in (2.2) we consider the following

mixed maps

(apr A λM, bips A hM): Σ^D^ A Mq ^ (SZ/2m A Pq) v Σ8r~8s+1SZ/2ι

9

(apr A λM9 bίuPs A hM): Σ*'-*Dr9M A Mq - (SZ/2m A Pq) v Σ8r'8s+1Uh

(aipr A VM9 bps A (1 Λ πj/ί,): Σ^D^ A 'Mq

(3.4)
-+(SZ/2m A Pq) v (r 8 ' - 8 s + 2 «- 1 C 9 Λ SZ/21),

/^, bps Λ (1 Λ i^π);^): Γ 8 - 1 ^ , , Λ 'Mq

-+(SZ/2m A Pq) v (Σ8r-8s+2q-χCq A Ut)

whose cofibers are denoted by SJM^q

n'
a'b9 OSJM^{^h

9 JS'M^tf** and

vJS'Mtfi*;** (α, b > 1) for (ί, p) = (4r, 4s), respectively. Use the maps n'r and

ris as well as p r and ps to construct small spectra denoted by the same symbols

for the other pairs (ί, p) of non-zero even integers.

For any m <n there exist the following cofiber sequences

Σ'xSZ/2m A J«>a-l!% j * L

a

m % J*>a i i SZ/2m A Jq>

Σ-1sz/2m A j*>ai^U vj
qLa

m+1 'Φvj ϊί υ^sz/2m A
(3.5)

Σ-Hjm A J*'»^C(η) A JqLa

m

υ^vJ
q>a^ Um A Jq>\

y-lTT A TQ,a W J O P Λ 1 ) τq,a v\j τq,a U*J JJ jq,a

λ Um A JHt • VJn-m+l "* Λ + l ~> Um Λ J

in which υλ'j = (iv A \)λj and Jg'a stands for Σ2qCq. Using the maps hj9

υhj and vlj in (3.1) and λ5: Jq>a -+ SZ/2n A Jq>a and υλ3: υJ
q>a -> SZ/2"- 1 Λ

we consider the following mixed maps
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((iμr A 1)(1 Λ λj\ iμs A hj): Σ8r+1Dr,s A J*>°

->(SZ/2W Λ J«'α) v (Σ8r~8s+1SZ/2ι A Cq\

((iμr A 1)(1 Λ vλj\ iμs A υhj):Σ8r^Dr,s A vJy

(3.6) ->(SZ/2m A Jq>a) v (Σ8r~8s+1SZ/2ι A Cq A C(η)\

ij(\ Λ μΓ Λ ) v (μs A j A lj):

(Σ8r+ίCq AD,A SZ/2m) v {Σ8sDs A SZ/21 A Jq>a) -• J«'α,

ΰ(l A υμr A j) v (μs A j A vlj):

(Σ8r+1Cq Λ D Γ Λ C(η) A SZ/2m) v (Σ8sDs A SZ/21 A Jq>a) -> υjy

in which i/s are the canonical inclusions. These cofibers are denoted by

TMJ^;2'α, ύPMJ^]qta, J'MPl'j k* and t7J
/MPJ?;^ί'fl (a > 1) for (ί, p) =

(4r + 1,4s + 1), respectively. Use the maps fcr, kr9 kr and f̂c,. as well as μr,

μr, μr and ^ to construct small spectra denoted by the same symbols for

the other pairs (ί, p) of odd integers.

Next we take the maps λ3: Jq*b -+ SZ/2n A Jq>b, υλ3: OJ^\ -> SZ/2n A Jq'b,

vλj: JπVi ->UnΛ Jq'b and wλ3: ΌJ*h -+UnA Jq>b given in (3.5) and then com-

pose them before the obvious map π Λ 1: SZ/2n ΛJ ί i b -* SZ/2m Λ J ί ) b or ω Λ

l:Un A Jq'b -+Um A Jq'b. This compositions are again denoted by the same

symbols λj9 vλj, vλj and wλj. Using the maps hj9 lj9 υhj and υ\3 in (3.1)

we consider the following mixed maps

(apr A λj9 cips A hj): Γ8 '"1/)^ Λ Jq>b -> (SZ/2m A Jq>b) v (Σ8'-8s+ίSZ/2ι A Cq\

(apr A υλ'j9 ciuPs A hj): Γ 8 ^ 1 ^ , , Λ J*>b -+ (Um A Jq>b) v (Γ 8 r - 8 s + 1 (/ z Λ Cq\

(aρr A uλj, cips A vhj): Σ^^D^ A vJ
q>b

->(SZ/2m A Jq>b) v (Σ8r~8s+ίSZ/2ι A Cq A C{η)\

(apr A wλj, cίvps A vhj): Σ^^D^ A vJ
q>b

^ (Um A J*>b) v (Σ*'-*'+1Ut Λ C Λ C{η)\
(3.7)

(apr A ij(\ A π)) v (cps Λ J Λ / , ) :

(Σ^D, Λ C Λ SZ/2m) v (Σ8s~2Ds A SZ/21 A Jq>b) -• Jq>b,

(apr A ij(\ A πv)) v (cps A j v A lj):

(Σ8'-^, A Cq A Vm) v (Σ8s'2Ds Λ ^ Λ Jq>b) - Jq>b,
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(apr A ij(l Λ π'v)) v (cps Λ J Λ vlj):

(Σ8'-^, Λ C; Λ C(η) Λ SZ/2m) v (Σ^D, A SZ/21 A J«'*) -> vJ« b,

(apr A ij(ί A ω)) v {cps A j v A vlj):

(Σ8^Dr Λ C; Λ [7J v (Σ*°~2DS Λ ^ Λ J* b) -+ vJS'b

whose cofibers are denoted by SJJtf « a c b, SυJJt^ι\1;a'c'b, SJvJ^n "'c'b,
C J Jt,p,q,a,c,b y τoq,p,t,b,c,a jr jς<q,p,t,b,c,a jr jς<q,p,t,b,cta ~n(i jr jvq,p,t,b,c,a (n L

c>\) for (ί, p) = (4r, 4s), respectively. Use the maps n'r and n̂  as well as pr

and ρs to construct small spectra denoted by the same symbols for the other

pairs (ί, p) of non-zero even integers.

3.3. Denote by M*tl and wM*tl the cofibers of the maps iηj: SZ/21 -•

SZ/2" and ΪV^/F : ^ -• ^n^ and by AfiSί/ίί and wMSjtf£ (a > 1) with t = 4r

those of the following mixed maps

(apr A π) v »{/: (Σ^D, A SZ/2m) v SZ/21 -> SZ/2\
(3.8)

(αpr Λ ω) v iυηjv: (Σ^D, AUJVV^ Un,

respectively. Use the map n'r instead of pr to construct small spectra denoted

by the same symbols for t = 4r + 2. By definition it is evident that

(3.9) SZ/2 A SZ/2 = Mί > l 5 J[a A SZ/2 = MS\χx and vJ^a A UX has the same

K^-local type as wMS\^i\.

Choose maps kM :ΣX - • M ^ , kf

M:Mi9t-^Σ1

9 wkM:Σ1C(η)-^wM^ι and

atisfying jMkM = i,_2ιkM = iMiηL k'MiM = ; , 2nfc^ = ηjjM9

^i^η, w^M^'iυ and 2n-1λwk
f

M = η]vjM in which

ΐM's and 7M's are the canonical inclusions and projections. Then the small

spectra M*tl and wMlΛ are exhibited by the following cofiber sequences

which give rise to the following cofiber sequences

Jl° *Λj<n<°"^MSι

n;ti-+ΣiJta',
(3.10)

jt,a' wJjJ Jt,a" . %jrσl,t,a yl jt,a'
VJl ~^ UJn ^ Wm\,l,m ~> ^ KJi 5

respectively, where a' = Max {α, 2m"πα} and α" = Max {α, 2n"mα}.

Denote by L^z, K L ^ and ^ L ^ the cofibers of the maps k^Aήη:

Σ-3C(fj) A SZ/21 ^ SZ/2", 2kω: ^ ~> Fπ and 2 k ω : I/, -• l/w, and by LS,J///m and

wLS£tΊ'£ (a > 1) for ί = 4r those of the following mixed maps
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(apr Λ π) v 2k~ί(λ Λ π): (Σ^D, A SZ/2m) v (C(η) A SZ/21) -» SZ/2\
(3.11)

(apr Λ ω) Λ 2kω : {Σ^Dr A VJ V VX -> Vn9

respectively, where k = Min {n, /}. Use the map n'r instead of pr to construct

small spectra denoted by the same symbols for t = 4r + 2.

The small spectra VL\Λ and υL\Λ are also obtained as the cofibers of

the maps 2*"1(i7 Λ π ) : S Z / 2 ' - C(η) A SZ/2" and 2fc"1(X Λ π): C(f?) Λ SZ/21 ->

SZ/2n

9 respectively. Therefore we observe that K L ^ Λ C(η) and j/L;^ have

the same K^-local type as L\Λ. By definition it is now evident that

(3.12) the smash product Vn A SZ/2n has the same K^-local type as L^ A

C(rj)9 and vJΪ* A SZ/2n = LS^;a

n and #' AVΆ = WLS^

More generally there exist the following cofiber sequences

(3.13)

γt,a' w^J Γ*(Zi\ A Jt,a" __. T o l , ί ,α . yl jt.a'

in which α' = Max {α, 2m~nα} and α" = Max {α, 2n"mα}.

Using the maps ηj9 wηj9 π3 and wπ3 given in (3.10) and (3.13) we consider

the following maps

ηj Λ ij: Ji>a' Λ q -* J^ 0" Λ J*'b, ^ ^ Λ 0 : VJ\>*' A Cq - l7JΠ

t'β" Λ J^'b,

πj Λ 0 : ̂ J/ ' Λ C; - „ # « " Λ J«'b, ^ 7 Λ ij: J/ fl' Λ C; -> C(ίj) Λ J ^ " Λ J 9 ' b ,

ifj Λ j j : Σ-1 Jl>a' A Jq>b -+ Σ2*-1^ A CQ9

(3.14)
A jj: Σ~\Jla> A J«>b - , Γ ^ - ^ J ^ " Λ Cq,

πj A jj: Γ-^J/^ ' Λ J«>b -+ Σ2*-1^-*" A Cq9

wπj A jj : Σ'1 Jla' A J«>b -+ Σ^-'Ciη) A Jι

n>
a" A Cq

whose cofibers are denoted by MSJϊ;f;*a*\ wMSJϊ;ϊ;£a*h

9 LSJl'ι

t;*'a b

9

T στl,t,q,a,b r\*aq,l,t,b,a j**vq,l,t,b,a rj aq,l,t,b,a --A jr σq,ί,t,b,a (n ί, > 1 \

respectively.

4. ^-local types of some smash products

4.1. The X^-local types of the smash products SZ/2m Λ SZ/2 Π , Vm A

SZ/2n and Vm A Vn have been determined in (1.1), (1.6), (1.13), (3.9) and (3.12).

On the other hand, the determination of K^-local types of M^ Λ SZ/2",

Mι

m A Vn9

 rAPm A SZ/2n and 'APm A Vn is established by (2.3) and the following

result and its dual.
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THEOREM 4.1. The smash products M^ A SZ/2n and Mx

m A Vn have the

same K^-local types as 'PMt£mn and vPMl£mtn9 respectively, if m <n.

PROOF. Use the splitting maps φ : SZ/2m A SZ/2n -• SZ/2m and φv: Vn A

SZ/2m -* C(fj) A SZ/2m given in (1.2) and (1.8) for m<n. Then the maps iμr A

1: Σ8r+ίDr A SZ/2n -• SZ/2m A SZ/2n and iμr A 1: Σ8r+1Dr A Vn -» SZ/2m A Vn

are rewritten to be (μr A π, iμr A j): Σ8r+1Dr A SZ/2n -• SZ/2m v Σ1SZ/2m and

(μr A πv, iμr A j v ) : ΣSr+ίDr A Vn -• (C(η) A SZ/2m) v ΣιSZ/2m, respectively, when

m < n. In this case we may assume that the maps μr A π and μr A πv are

quasi ^-equivalent to the composite maps ίμr and vμr A i, respectively.

Therefore our result for t = Ar + 1 is immediate from (2.6). Use the map

kr: Σ8r+2C(ή) ADr^Σ° instead of μr in case t = Ar + 3.

The determination of the 1^-local types of M*m A Ml, 'M^ A Ml and

'Mx

m A 'Ml is established by the following result and its dual.

THEOREM 4.2. The smash products M^ A Ml and 'M^ A Ml have the same

K^-local types as 'PMM%£n and MPrMlιl^m9 respectively, if m <n; and they

have the same K^-local types as "PMMx£^m and M"P'M^x^m, respectively, if

m = n.

PROOF. Use the splitting maps φM: SZ/2m A Ml -• Sκ A SZ/2m A Pq and

ψM:ΣίSZ/2m^Sκ A SZ/2m A Ml given in (2.5) for m<n. Then the maps

iμr A l:Σ8r+1Dr A Ml^SZ/2m A Ml and μr AJ A ί:Σ8rDr A SZ/2m A M « -

Ml may be, respectively, rewritten to be {{ϊμr Λ 1)(1 Λ λM), iμr A hM): Σ8r+1Dr A

Ml - (SZ/2m APq)v Σ^Zβ"1 and (μr Λ J Λ lM) v iM{μr A j): (Σ8rDr A SZ/2m A

Pq) v (Σ8r+1Dr A SZ/2m) ^ Ml when m < n, and to be the ones we obtain by

substituting iμr + μr A j for iμr or μr A j when m — n. Combining these facts

with (2.6) we get our result for ί = 4r + 1. Use the map kr instead of μr in

case t = Ar + 3.

When Xm = J£β, vJ^a, fJ^a or v

fJ^a, the determination of the X^-local

types of the smash products Xm A SZ/2n and Xm A Vn is established by (3.2),

(3.9), (3.12) and the following result and their duals.

THEOREM 4.3. The smash products J^a A SZ/2n, J£α Λ Vn, υJ^a A SZ/2n

and υW A Vn have the same K^-local types as SJ%£n

a, vSJ%£n

a, vSJ^a;n

a and

wSJmX'ϊ* respectively, if m<n.

PROOF. Consider the maps ipr A 1: i : 8 ' " 1 ^ Λ SZ/2n -+ SZ/2m A SZ/2n,

ipr A 1:278r~1l>r Λ Vn -> SZ/2m A Vn, ϊvpr A 1: Σ8r~ιDr A SZ/2n -> Um A SZ/2n

and iΌpr A 1: Σ8r~xDr A Un -*> Um A Un when m <n. By use of the splitting

maps φ : SZ/2m A SZ/2n -> SZ/2m, φv:VnA SZ/2m -• C{η) A SZ/2m and φ'υ :

Um A SZ/2n^>Um given in (1.2), (1.8) and (1.10) the first three of them can
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be rewritten as the first three maps in (3.3) with a = b=l9r = s and m = I <n9

respectively. On the other hand, the fourth map is rewritten to be (pΓ A ω,

hPr Λ Ju) '• ΣBr~xDr

 Λ Un^Umv (Σ1^ Λ C(η)) by use of the splitting map φ'ύ:

Um Λ Un-+ Um given in (1.14). Therefore our result for t = 4r is immediate.

Use the map nf

r:Σ
8r+3C(η)-^Df

2r+i instead of pΓ in case t = 4r + 2.

4.2. Choose maps

ψj: SZ/2m A rn

a-»SZ/2m A JUa

9 ψj:ΣXQ A SZ/2m-> # f l Λ SZ/2m,
(4.1)

. Λ ^ - I / . Λ / - and wφj:Σ'Ct A Vm^Sκ A yJ^ A Vm

satisfying (pj{\ A ls) = 1, (hs A l)φj = 1, wψj{ί A υlj) = 1 and (1 Λ vhj A 1)

WΦJ = ϊj[ Λ 1 Λ 1 when m < n and n > 2, and moreover

υψj: SZ/2" Λ „ # * -> SZ/2m Λ J^,

(4.2) ^ ^ Q Λ C(fl) Λ 5Z/2m - ^ A SZ/2m

9

UmAj^-^UmAJ^ and vψ'j'.Σ'QAUn^JΪΆUn

satisfying Όψj(\ A υlj) = 1, (vhj A l)Όψj = 1, υφ'j(\ A IJ) = 1 and (ft, Λ

1 when m <n. For these maps φj9 wφj9 υψj and υφ'3 we can find

maps f:ΣxSZ/2m A C[ -> SZ/2m Λ JUa, fw :ΣίUmA C[ A C(η) -+UmA Jta, fυ:

Σ1SZ/2m A C; Λ C(η) -• SZ/2m Λ Jua and β :ΣίUmA Ct -+UmA Jua such that

ψj(i A 1) = λj 4- /(i Λ hj\ wψ^ϊu A 1) = ^λj + /^(ΪV Λ yftj), vq>j(i A 1) = ^ +

/u(i A t /ij) and υφ'j{iv A 1) = ̂ j + /̂ OV Λ ftj) in which the maps λ3:

ft* -> SZ/2m Λ J'^, wλj: ̂ ^ -• ί/m Λ J*-; υλj: ̂ e -* SZ/2W Λ J''a and ^ :

Jπ

ί>β-• l/m Λ Jua are given in (3.5). When m > 2 our assertion is easily

verified. Note that the map λ A 1: C(η) A U1 -> L̂  is factorized as the com-

posite map i^ f l Λ ] V ) for some 0 e \_ΣιC{η) A C{η\ Γ 0 ] s Z/2 φ Z/2 φ Z/2 φ

Z/2 because of I Λ 1 = 1 Λ I : C(η) A C(fj) -+ C(fj). When m = 1 it follows

that 2λj = 2Λ"1(Ϊ>/ Λ ijhj) = 0, 2 ^ = 2n~2(iη A (ίj A l)υhj) = 0, λ A wλ3 =

2n-1(ίuθ A ij)(l A Tvhj) = 0 and λ A υλ'j = 2n-2(iuθ A ij)(l A (i A \)hj) = 0.

By means of this result we can easily show that our assertion is also valid

even if m = 1. Consequently the maps φj9 wφj9 υψj and υφ'j are chosen

to satisfy ψj(i A 1) = λj9 WΨJ^U A 1) = wλj9 uψjii A 1) = vλj and uφrj{iυ A 1) =

υλ'j. On the other hand, the maps φj, wφj9 υφj and vφj may be taken

to be the composite maps (i3 A 1)(1 Λ φ), (1 Λ vίj A 1)(1 Λ φv)9 (vij A 1)(1 Λ

1 Λ φv) and (is A 1)(1 Λ φ'v), respectively, where φ: ΣιSZ/2m -• SZ/2" Λ SZ/2m,

^ : Σ ι C { η ) A SZ/2m ->UnA SZ/2m

9 φ'υ: Σ
xUm -^ 5Z/2Π Λ Um and ̂ :Σ 1 V m -+

SKAVnA Vm are given in (1.2), (1.8), (1.10) and (1.14). Therefore they

satisfy (1 Λ ; ) ^ = i7(l Λ π), (1 Λ 1 Ajv)wφj = ικ A vij(\ A ω"), (1 Aj)vφj =

υij(\ A π'u) and (1 AJV)^J = ij(l Λ Tπt;) where ω" = ω + ΪVIV7 O Γ ω de-

pending if (m, n) = (1, 2) or not.
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When Xm = J^a, vJ^a, 'J\f or yJ^, the determination of the K#-l

types of the smash products Xm A Mq and Xm A fMq is established by the

following result and its dual.

THEOREM 4.4. i) The smash products J^a A Mq, υJ^a A Mq, J^a A 'Mq and

. Λ Λ 'MJ have the same K^local types as SJM^y, ^ J Λ I ^ Λ JS'M%>m

q

:r

and uJS'Mlf S *, respectively, if m<n; and

ii) the smash products Mx

m A Jq>a, Mx

m A vJ
q>a, 'Mx

m A Jq>a and 'Mx

m A vJ
q>a

have the same K^-local types as 'PMJ^ Ϊ, ^PMJ^, J'MPq%x;° and

vJ
fMPq;^, respectively, if m <n.

PROOF, i) Use the splitting maps φM: SZ/2m A Mq -• Sκ A SZ/2m A Pq

and uψM: Um A MJ -• Sκ A SZ/2m A Pq given in (2.5) and their dualized split-

ting maps φ'M: SZ/2m A 'Mq -> Sκ A Σ2*-χSZ/2m A Cq and vφ'M: Um A 'Mq -+

Sκ A Σlq-χVm A Cq for m < n. Then the maps ipr A 1: Σ8r-χDr A Mq ->

SZ/2m A Mq, iυPr A 1: Γ 8 ^ 1 / ) , Λ Mq -+ Um A Mq, ipr A 1: Σ9r'xDr A 'Mq -*

SZ/2m A 'Mq and ivρr A 1: Σ8r~xDr A 'Mq -+UmA fMq may be rewritten as in

(3.4) with a = b = 1, r = s and m = I <n, respectively. Our result is now

immediate.

ii) Use the splitting maps φ3: SZ/2m A Jq>a -• SZ/2m A Jq>a, υψj: SZ/2m A

ujy ^ SZ/2m A Jq>\ ψj: Γ x q Λ SZ/2m -+ jy A SZ/2m and uφj: ΣxCq A C(η)

A SZ/2m -+ υJ
q>a A SZ/2m given in (4.1) and (4.2) for m < n. Then the maps

ίμr A 1 :27 8 r + 1 D r Λ Jq>a -> SZ/2m A Jq>a, ίμr A 1 : Σ8r+ίDr A vJ
q>a ^ SZ/2m A

vJy> μrAJA\: Σ8rDr A SZ/2m A Jq*a -> Jq>a and μr A j A 1 : Σ8rDr A SZ/2m A

υJ
q*a -* ΌJ*a are rewritten as in (3.6) with r = s and m = I <n. Our result

is now immediate.

When Xm9 Ym = J^a, vJ^a, Ίx^a or v

fJ^a, the determination of the 1^-local

types of the smash products Xm A Yn is established by the following result

and its dual.

THEOREM 4.5. i) The smash products J^a A Jq>b, vJ^a A vJ
q>b, 7£ f l Λ J« *

and v'J^a A vJ
q>b have the same K^-local types as SJjχ£ϊ>a>b, S^J^^t'^

J'JSilm/m'"'* and wJ'JSΐX'm0'0* respectively, if m<n and n>2, and they

have the same K^local types as MSJl;[\q{a-b

9 wMSJϊ;[\q{a>b, JMSx{f\y>b and

wJMSx^\qia'b A C(η), respectively, if m = n= 1; and

ii) ' the smash products υJ
x^a A Jq>b, J^a A υJ

q>b, ^ a A Jq>b and Ί^ A vJ
q>b

have the same K^local types as SM!£r>\ S J ^ ^ ^ vJ'JSq;W>a and

uJ'JSVm,'m'a'a> respectively, if m < n, and they have the same K^-local types as
L'&Jm,m,m > WLl^Jm,m,m Λ ^\Ίh WJLt^mfm,m a n a JLl&mtm,m ' respectively, IJ

m = n.
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PROOF, i) Use the splitting maps φs: SZ/2m A J«-b -• SZ/2m A Jq-b, wφ3:

Um Λ υJ«>b -+UmΛ J« *, φj I ^ Λ SZ/2m -> J« * Λ SZ/2m and ^ : ΣxCq A
K n " * ^ Λ F ̂ I?'& Λ Kπ given in (4.1) for m < n and n > 2. Then the maps

ipr A 1: Σt'-'D, A J«>b -> SZ/2" Λ J*», ϊ ϋ Λ Λ 1: Σ^D, A vJ*>b ^ Um A υJ*>b

and ρr AJ A 1 \Σ8r~2Dr A SZ/2m A J*'b-+J!}'b are rewritten as the first, forth

and fifth maps in (3.7) with α = c = 1, r = s and m = I <n, respectively.

On the other hand, the map ρr A jv A 1: ΣSr~2Dr Λ Fm Λ vJ«*b -• vJ«*b may

be rewritten to be (ρr A vij(l A ω)) v (ρr A jv A vlj): (Σ8r~1Dr A Cq A Vm) v

(Σ8r-2Dr Λ Fm Λ Jq>a A C(η)) -> yJ*>b. Hence the first half of our result is

immediate. When n = I = m = 1 in (3.10) the map r\j may be taken to be

2: J{>Λ -> J{'Λ and the map ^ j may be replaced by the map I Λ 1: C(^) Λ

υJ
x{a -• ί/Jί'0 if κ J ί f l is replaced by C(η) A ^JJ^. Therefore the latter half of

our result is now obvious.

ii) The first half of our result is similarly shown as i) by use of the

splitting maps υψj, υφ'j, vψj and υ\j/'j given in (4.2). When n = I = m in (3.13)

the maps π3 and wn3 may be taken to be 2 m : vJ^a -• vJ^a and 2m~1(i A 1):

J£α -> C(f/) Λ J^'fl, respectively. Therefore the latter half of our result is now

obvious.
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