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An integral representation and fine limits at infinity for
functions whose Laplacians iterated m times are measures
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ABSTRACT. Our aim in this paper is to discuss the behavior at infinity of functions
u for which 4™u = 0 on R" in the weak sense. For this purpose we give a representa-
tion of u by means of modified Riesz kernels of order 2m.

1. Statement of results

A function u is called polyharmonic of order m in an open set G = R"
if A"u =0 on G, where 4 denotes the Laplace operator, or Laplacian.

We study the existence of fine limits at infinity for functions u on R”
such that A™u is a nonnegative measure. To do so, we first consider a
condition for polyharmonic functions to be polynomials, and establish an
integral representation for u, as a generalization of Riesz decomposition theo-
rem for superharmonic functions.

For a multi-index j = (j,,...,j,) and a point x = (x4, ..., x,), we follow
the usual notation:

1= dy 4+
=gtk

xF = xft x -+ x xin

o (-G - )

Consider the Riesz kernel of order 2m

and

R, (x) = |x|?m" if 2m < n or if 2m — n is a positive odd integer,
27 Ux > " log (1/|1x|)  if 2m — n is a nonnegative even integer
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and its remainder term of Taylor’s expansion
xi
Rom, (%, y) = Rym(x — y) — Z -—'[DJRZm](_—Y)’
L

where £ is a nonnegative integer. Letting B(x, r) denote the open ball centered
at x with radius r, we consider the function

R, (x—y) when y e B(0, 1),

K =
m ) {Rm,,(x, y)  when ye R — B(, 1)

(cf. Hayman-Kennedy [3]).
Here note that R,,, is polyharmonic of order m outside the origin and
1) A™R,,, = ¢ 716,

with the Dirac measure J, at x and a constant ¢ # 0. As will be seen later,
K, .(-,y) is also polyharmonic of order m outside y for any fixed y e R".
For a nonnegative measure u on R", we define

K, cu(x) = J Ko, (X, y)dp(y).
Rn
We first give a condition for this potential to have a meaning.

THEOREM 1. Let u be a nonnegative measure on R" and £ be a nonnegative
integer such that £ 22m —n. If

2 I (1 + [y)*™ "= tdu(y) <
Rn

holds, then

3) L" |Km, (%, y)|dp(y) € Li,(R").

Moreover, in case 2m < n, (2) is equivalent to (3).

Next we give an integral representation for functions u such that A™u
is a positive measure on R", as a generalization of Riesz decomposition
theorem.

THEOREM 2. Let u be a function on R" such that py= A"u =0 in the
weak sense. If there exists a nonnegative integer £ such that £ = 2m — n and

4 limsup r /™" J |u(x)|dx < oo,
B(O,r)

r—oo
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then u is of the form
ulx)=c Ln K, (%, y)du(y) + P(x),

where c is the constant in (1) and P is a polynomial of degree at most £.

In case 2m < n, we consider the usual Riesz capacity of order 2m, which
is defined by

Cam(E) = inf p(R")
for a set E = R", where the infimum is taken over all nonnegative measures
1 on R” such that

R, p(x) = JRZm(x —ydu(y) =1 whenever x € E.

In case 2m = n, we ‘define the logarithmic capacity
G,(E) = inf u(B(0, 1))

for a set E = B(0, 1), where the infimum is taken over all nonnegative measures
u on B(0, 1) such that

2
JIOng y|du(y) =1 whenever x € E.

Finally we are concerned with the fine limits at infinity for the generalized
potentials K,, ,u.

THEOREM 3. Let £ be a nonnegative integer, 2m <n and 0 <a 1. If
It is a nonnegative measure on R" satisfying

©) f (L + yD)*™ ™" *dp(y) < oo,
R"

then there exists a set E — R" such that

lim  |x|77°K,, ,u(x) =0

|x}]=00,xe R*—E

and E is 2m-thin at infinity, that is,

8

(6) Com(EY) < 0,

i

where E; = {x:272 < |x| <27, 2""?x e E}.

The case m =1 was proved in [4, Theorem 1].
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REMARK 1. In case 2m < n, (6) may be replaced by

277ImC,,,(E;) < oo,

e

I
-

13

where E; = {x € E:2' < |x| < 2*1},

2. Polyharmonic functions

Let us begin with a condition under which polyharmonic functions are
polynomials. In fact we show the following result.

THEOREM 4. Let u be a polyharmonic function of order m on R". If
there exists a =0 for which

(7 lim inf r~a~" f u*(x)dx = 0,
r—wo B(O,r)

then u is a polynomial, where u* denotes the positive part of u, that is, u*(x) =

max {u(x), 0}.

For the harmonic case, see the book of Hayman-Kennedy [3]. If u
satisfies two sided inequalities:

lu(x)] = M(1 + |x]),
then the conclusion of Theorem 4 is clearly true by considering the Fourier
transform of 4™u. We also note that Theorem 4 was essentially proved by
Armitage [1]; in fact, his theorem states that a polyharmonic function u is
a polynomial if

r—+o

®) lim 7ot J ut(x)dS(x) =0
5(0,1)

for some a = 0, where S(0, r) denotes the spherical surface 0B(0, r).
In this paper, we use the symbol M to denote an absolute positive
constant whose value is unimportant and may change from line to line.

ReMARK 2. If (8) holds, then

lim r““"J ut(x)dx = 0.
r—o B(0,r)

We know a mean-value inequality for polyharmonic functions:

LEMMA 1 (cf. [6, Lemma 2]). If u is polyharmonic of order m in B(x,r),
then
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IV u(x)| < Mr=*" J lu(y)|dy,
B(x,r)

where M = M(k, m) is a positive constant independent of x and r, and V*
denotes the gradient iterated k times.

LEMMA 2. If u is polyharmonic of order m in R", then

9 lim r~"7* f u(y)dy =0
B(0,n)

r—oo
whenever k > 2m — 2.

This is an easy consequence of finite Almansi expansion (cf. [2, Proposi-
tion 1.3]), which states that u is written as

ux) = 3 1x22u,(x)

with harmonic functions u;. By the mean value property, we have

f u(x)dx = J <J u(t@)d@) t"tdt
B(O,r) 0 0B(0,1)

J (f ui(t@)dQ) t2im24n gy
1Jo dB(0,1)

[Mu,(O)] Jr t2i—2+n—1dt
0

I
M

]
M=

i=1

Miui(o)rZi— 2+n,

Il
-

Il
Ma

which proves (9).

PrOOF OF THEOREM 4. Since |u| = 2u* — u, Lemma 1 gives

[P u(x)| < Mr"'"‘f lu(y)|dy

B(x,r)

< Mr Tk I lu(y)ldy
B(0,2r)

=2Mr "k J ut(y)dy — Mr—"* j u(y)dy
B(0,2)

B(0,2r)

=1, -1
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for x € B(0,r). By our assumption,

lim inf I, = 0

for k = a. On the other hand, in view of Lemma 2,

when k> 2m — 2. Thus, if k > a + 2m — 2, then
|F*u(x) =0  for any x e R",
which implies that u is a polynomial.
REMARK 3. In view of Lemma 2, (7) may be replaced by

lim inf 27" |u(x)|dx = 0.
row B(O,r)

REMARK 4. Professor Suita kindly informed the author that Theorem 4
can be proved by the use of the expansion into spherical harmonics, instead
of our Lemma 1.

3. Proof of Theorem 1

First we prepare some lemmas, as generalizations of the corresponding
lemmas in [4] concerning the case m = 1.

LEMMA 3. For r> 0, R,,, [rx,ry) =r*"""R,, /X, ).
LeMMA 4. If T is a rotation about the origin, then
Km,{(Txa T}’) = Km,l(xs y)
Proor. For t >0, let f(t) = R,,(tx —y). Then note that
Rom, 0%, y) = f(1) = f(0) — -+ — (¢)7}f0).
If T is a rotation about the origin, then |tTx — Ty| = |tx — y|, so that
R2m(th - Ty) = R2m(tx - y)

Hence it follows that R,,, ,(Tx, Ty) = R,,, ,(x,y). Now the required assertion
is proved.

LEMMA 5. If 2m < n, then there exists 6 > 0 such that
A =lim inf( inf "KL, A(x, ry)l) >0
r—o y € B(x, d)

for any x € R" with |x| =1, where A does not depend on x.
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Proor. Let x € R” with |x| =1 be fixed. For ¢t > 0 and y e R", let f(t) =
f(t; y) = R,,(tx — y). Then we have by Lemma 3
2R (%, 1Y) = 7R, (EX, Y)
=IO - £0) - = @) O0)]
S[¢+ D700

uniformly for y € B(x, 1/2) as t 0. Note that f(t; x) = R,,(tx — x) = |1 —t|*™™"
when 2m < n and f(t; x) = —log |1 —t| when 2m = n. Hence we see that

lir% 2R (% £71X)
t—'

is a non-zero constant. Therefore there exists 6 > 0 such that

A =1lim inf< inf rTImHOMYR, L (X, ry)|> > 0.

r—o y € B(x, )

In view of Lemma 4, we see that A does not depend on x, and the required
assertion now follows.

The following lemma can be derived by the use of mean value theorem
(cf. [4] and [5]).

LEMMA 6. Let £ =22m—n. If |y|=1 and |y| = 2|x|, then
| Ko, (X, y)| = M |x|‘H|y|2mmet,

ProorF oF THEOREM 1. First suppose (2) holds. For R > 1, write

[ Ko, ol u(x) = f | K, 0, y)|dus(y) + f | Ko, o(x, )| du(y)
) B(0,2R)

R"-B(0,2R
= ug(x) + vg(x).

In view of Lemma 6, ug(x) is bounded on B(0, R). On the other hand, since

xJ )
S ‘[ |[D’R2m](—y)ldp(y),
J* 1 JB(©,2R)-B(0, 1)

vr(X) éj |Rym(x — y)ldu(y) + 3,
B(0,2R) lils¢
we see that vg is locally integrable on R". Thus |K,, ,/u is integrable on
B(0, R). Since R is arbitrary, (3) follows.
Next let 2m < n and suppose (3) holds. Then there exists x, # 0 such
that

f - | Km, £(X0, ¥)|dpu(y) < .
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In view of Lemma 5, we can find 6 >0 and R > 1 such that
| Ko, o(x, )| Z M|y|*"™""“"1  whenever |x| =1, |y| > R and y/|y| € B(x, 9),
so that Lemma 3 gives
| K, (X0, V)| = 101> " | K, (Xo/|Xols ¥/IXa)| Z M| x| p|?m =471

whenever |y| > R|xq| and |y/|y| — xo/|%oll < 6. Hence we have

o > f 1K o500 )] du()
I'(xo,8)—B(0, Rixo|)
= M|xo|*! j Iyl duy),
I'(xo,8)—B(0, R|xg|)
so that
f [yl "= "tdu(y) < oo,
I'(xq,0)—B(0, R|xc|)

where I'(xo, 8) = {y:1y/ly] — Xo/Ixoll < &}. Since K,, ,p is finite almost every-
where on B(0,2) — B(0, 1), we can find a finite family {x;} = B(0, 2) — B(0, 1)
such that

0B(0, 1) = U B(x;/|x;l, 6)
and

I [yl tdu(y) < .
F(xj,é)—B(O, 2R)

Thus (2) is seen to hold.

4. Proof of Theorem 2

We need the following properties of K,, ,, which are found in [5, Lemmas
1 and 3].

LEMMA 7. For each yeR" the function x —» K, ,(x,y) is polyharmonic
of order m in R" — {y}; in fact,

A"Ko, (Y) = A"Ryp(- — y) = ¢4,
with the constant c in (1).

For this, it suffices to note that
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o= 3 ;.‘f[DfRzm](—y) with f(f) = Ryn(tx — )

i
!
is a polyharmonic polynomial for any nonnegative integer k and any fixed
y # 0 (cf. [3, Lemma 4.4.1]).
LEMMA 8. Let £22m—n. If 1 <|y|<2|x| and |x — y| = 27! |x|, then
| Ko, 0%, Y)I < Mx|*|y|*™~"~* log (4xI/|y1)-
LEMMA 9. If |y| =1 and |x — y| <271 |x|, then
[ K, /0%, )| < M|x — ™" in case 2m < n,
| Ko, /(6 Y| £ MLIXPP™™" + |x — y[>" " log (Ix|/|1x — y)]  in case 2m Z n.

Suppose u = 4A™u is a nonnegative measure on R” and (4) holds. Let ¢
be a nonnegative function in CJ(R") such that ¢ =1 on B(0, 1) and ¢ =0
outside B(0,2). For r >0, set ¢,(x) = ¢(r"'x). If r is large enough, then we
have

(B, 1) = f(p,(x)du(x)
= fu(x)A"'%(x)dx

< Mp2m f [u(x)|dx
B(0,2r)

é Mr—2m+ /+n’

so that

o0

Ln (1 + Iy du(y) = f H(B(O, r))d(—(1 + r)*" ") < o0.

0

Thus (2) is satisfied, and hence we can consider the potential K, ,u. For
R > 0, write

Km, /#(X) = f

B(0,2R)

Km,{(x’ ,V)d#(,V) + J‘ Km,[(x, y)dﬂ(y)
R"—B(0,2R)

=k (x) + ky(x).
Then, in view of Lemmas 6 and 7, k, is absolutely convergent in B(0, R) and

A"k, =0  in B(O, R).
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By Lemma 7, we have
A"k, =c'u  in B(0, R).
Hence it follows that 4™K,, ,u=c 'u. Now, letting
P(x) = u(x) — cKp, (),
we see that
A"P=A"u—pu=0,

which implies that P is polyharmonic of order m in R".
Let r > 2. We have by Lemma 6

f K, (X, )] dx < M|yPP"="=¢= min {p+1, |yjr+e+ty
B(0,r)NB(0, |y|/2)

when |y| = 1. If 1 <|y| <2r, then it follows from Lemmas 8 and 9 that

4
K., /(x, )l dx < Mr™*¢|y[2m=m=¢ Jog —

f B(0,r)~B(0, y)/2)~ By, y)) |yl

and

2
(14 b= v t0g 22 s

f [ Ko, (%, y)ldx = M
B, yD |x — yl

B(y,lyD

< M|y
since |K,, (%, y)| < M|x|*"™" when |y|21 and 27'|x| <|x — y| <|y| on ac-
count of Lemmas 6 and 8. Hence we establish

f | K, (X, y)|dx < Mrm+ott|y|2mmn=it
B(0,r)

when |y| = 2r, and

4
I [ Ko, (X, p)Idx < Mrm+e|y|2m=n=¢ log —
B(0,r) [yl

when 1 <|y| <2r. If |y| <1, then

f | Ko, (%, y)dx £ f lx — yI*™™"(1 + |log |x — y||)dx < Mr*™logr.
B(0,r) B(O,r)

Consequently we derive
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f | Ko, (%) dx < f ( J IKm,/(x,y)Idx)du(y)
B(0,r) B(0,r)

§ Mrn+/+1j |y|2m—n—(—ld”(y)
R"—-B(0,2r)
n+¢ 2m—n—¢ 4r
+ Mr |yl log —du(y)
B(0,2r)—B(0,1) [yl

+ M[r*" log r]u(B(0, 1)),
so that (2) implies that
lim r=¢717" J | K, ott(x)|dx = 0
r—oo B(0,r)
because 2m —n — ¢ — 1 < 0. Using assumption (4), we establish
(10) lim r"'l‘"J |P(x)|dx = 0.
r—o B(O,r)

Now Theorem 4 implies that P is a polynomial. We also see from (10) that
the degree of P is at most 7.

REMARK 5. In view of Lemma 1, (10) implies that

lim |x|7‘7!|P(x)|dx = 0.

|x| 00
5. Proof of Theorem 3
For |x| > 1, write
Ko, ott(x) = J Ko, (x, y)du(y)
R"—B(0, 2)x]|)

+ j Ko, (%, y)dp(y)
B(O, 2|x])—B(, +1/2)

+ J Ko, o(x, y)du(y)
B(x,1x1/2)
= U;(x) + U,(x) + Us(x).

By Lemma 6, we have

U ()] = M|x|"* J Ly~ d(y),
R"—B(0, 2|x])
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which together with (5) gives
lim |x|~"*U,(x) = 0.

Ix| =
By Lemma 8, we find
|U,(x)] £ M|x[>"™"[1 + log |x|1u(B(0, 1))

+ Mlxl’j IyI?™="= log (Ix|/lyl)du(y).
B(0, 2|x)~B(0, 1)

Since a > 0, we derive for [x|> R > 1,

[Uy(x)| < M[|x[>™™" log |x|]u(B(0, 1))

+ MIXI{J Y127~ log (IxI/Iydn(y)
B(0, R)—B(0,1)

+ M|x|*® J |y~ " du(y).

B(0, 2|x|)—B(0,R)
Consequently it follows that
lim sup |x|~7*|U,(x)] = M ly1Pm =" du(y),
|x]—=o0 R"-B(0,R)
which proves

lim |x|7/7°U,(x) = 0.

|x| =0

Finally we are concerned with the fine limit of U, at infinity. For this
purpose, note from Lemma 9 that

|Us(x) = M |x — y|*™ "du(y) in case 2m <n,
B(x,Ix//2)

lUs(x)| = M log (Ix]/|x — yDdu(y)  in case 2m=n

B(x, |x|/2)

for |[x| 2 1. By (5 we can find a sequence {a;} of positive numbers such

that lim a; = co and

i—o0

a£2—i(n—2m+l+a)”(Bi) < 00,

e

(11)

i=1

where B, = {x:2""! <[x| <2"*2?}. Consider

E; = {x - i < |x| < 2i+1’ |U3(x)| > ai—12i((+a)}‘
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In what follows, we treat the case 2m = n only, because the case 2m < n can

be treated similarly. If x € E;, then B(x, |x|/2) = B;, so that

a4 < |Uy(x)) = M J log (27%/1x — yl)du(y)
B;

=M J log (2/1272x — 27 2y])du(y).
B;

Hence, setting E; = 27""2E,, we have
Con(E}) S Ma27“*Ou(B)),

which together with (11) gives

8

Com(E}) < 0.
i=1

13

Il

If we set

E= Ei,

Cs

i=1

then E is seen to have all the required properties.
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