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condition for certain pluriparabolic equations
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ABSTRACT. The present paper is devoted to a proof of the existence and uniqueness

of a strong solution for a mixed problem with nonlocal condition for certain pluripara-

bolic equations. The proof is based on an a priori estimate and on the density of

the range of the operator generated by the studied problem.

1. Statement of the problem

In the domain Q = (0, b) x (0, ΓJ x (0, T2), with 6< oo, 7i < oo and T2 <
oo, we consider the one-dimensional pluriparabolic equation

(1.1) &v = dv/dt1 + dυ/dt2 - d(a(x, tί9 t2)dv/dx)/dx = /(x, ί1? ί2),

where a(x9tl9t2) satisfy the following assumptions:
HI. c0 < α(x, tίLt2) < cί9 da(x, tί9 t2)/dx < c2, da(x, tl9 t2)/dtp < c3, p = 1, 2,

(x9tl9t2)eQ.
H2. d2a(x,tl9t2)/dt2

p < c±, d2a(x, ί l 9 t2)/dx2 < c5, d
2a(x,tί9t2)/dtpdx < c6,

p= 1, 2, (x,ί!,ί2)eβ.
We pose the following problem for equation (1.1): to determine its solution

v in Q satisfying the initial conditions

(1.2) ^υ = v(x, 0, ί2) = Φx(x, ί2), (x, ί2) 6 β2 = (0, b) x (0, T2),

(1.3) /2t; = υ(x, tl9 0) - Φ2(χ, ίj, (x, ίj 6 ̂  = (0, b) x (0, 7\),

the Neumann condition

(1.4) 3ι?(0, ί l 5 ί2)/5x = μ(tl912\ (tl912) e (0, Tt) x (0, Γ2),

and the integral condition

P v(x9tί9
Jo

(1.5) Φc,ίι,f2)d* = £(fι,f2), (ίι,ί2)e(0, ΓJ x (0, T2).
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Where Φ^x, t2), Φ2(x,tι), μ(tl9t2), E(tl9t2)9 a(x,tl9t2) and /(x9tl9t2) are
known functions.

The data satisfies the following compatibility conditions:

3ΦΛO, t2)/dx = μ(0, ί2), Γ Φ^x, ί2)dx = £(0, ί2),
Jo

Φ2(x,f1)dx = JE(ί1,
o

and

This type of problems is propounded in the mathematical modelling of

technologic process of external elimination of gas, practises in the refining of

impurities of Silicon laminae. In this case, v(x9tί9t2) is the distribution of

impurities in the lamina {0 < x < b} at the time t{ and at the temperature

ί2, Φι(x, ί2) is the distribution of impurities at the initial time and at the

temperature ί2, Φ2(x, ίj is the distribution of impurities at the time t1 and

at the initial temperature. The condition (1.4) means that the flow of diffusion

throughout the left boundary is equal of μ(ίl5ί2), and the condition (1.5) is

the total mass of impurities in the lamina {0 < x < b}.

The first investigation of mixed problems with integral conditions goes

back to Cannon [8] in 1963. The author proved, with the aid of integral

equation, the existence and uniqueness of the solution for a mixed problem

which combine Dirichlet and integral conditions for the homogeneous heat

equation. Kamynin [14] extended the result of [8] to the general linear

second order parabolic equation in 1964, by using a system of integral

equations.

Along a different line, mixed problems for second order parabolic equa-

tions which combine local and integral conditions were considered by lonkin

[13], Cannon-van der Hoek [9], [10], Cannon-Esteva-van der Hoek [11],

Lin [16], Kartynnik [15], Benouar-Yurchuk [1], Shi [17] and Yurchuk [18].

Recently, mixed problems with only integral conditions for parabolic and

hyperbolic equations have been treated in Bouziani [3] and Bouziani-Benouar

[5], [6].
In this paper, the existence and uniqueness of a strong solution of problem

(!.!)-( 1.5) is proved. The method in the present paper is further elaboration

of that in Bouziani [2], [4] and Bouziani-Benouar [7].

To achieve the purpose, we reduce the non homogeneous boundary condi-

tions (1.4), (1.5) to homogeneous conditions, by introducing a new unknown

function u defined as follows:
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I|(X, t l 9 t2) = Ό(X9 t i 9 t2) - «(X, tl9 t2)9

, tl9 12) = μ(tl9 t2)x + 3x2/b* E(tl9 12) - μ(ίlf ί 2 ) ,

Then, the problem can be formulated in this way:

(1.6) &u=/-&&=f9

(1.7) ^u = u(x9 0, ί2) = Φx(x, ί2) - t& = φι(x9 ί2),

(1.8) f2u = u(x9 tl9 0) = Φ2(x, ίj - /2« = φ2(x, t,\

(1.9) 3ιι(0,ί1,ί2)/dx = 0,

(1.10) P
Jo"*' ' 1 ' '

Here we assume that the functions φp9 p = 1, 2, satisfies conditions of
the form (1.9), (1.10), i.e., δφp(0, )/d* = 0, J^ φp(χ, 0)dx = 0, and such that

Instead of searching for the function t;, we search for the function u.
So, the strong solution of problem (1. !)-(!. 5) will be given by: v(x9 tί9t2) =

2. A priori estimate and its consequences

The problem (1.6)-(1.10) is equivalent to the operator equation

Lu = #",

where Lu = (£?u,tlu^2u\ ^ = (/, ψι,φ2). The operator L acts from B to
F, where B is the Banach space of functions u e L2(Q\ satisfying (1.9) and
(1.10), with the finite norm

\\Su/dx\\lfQ + sup | |u(x,τ1,ί2)| |g f Q 2+ sup ||ιφc, tl9 τ2)||§§Ql
O^τ^Ti 0<τ2<Γ2

and F is the Hubert space of vector- valued functions 3F — (/, φί9 φ2\ obtained
by completing the space L2(Q) x L2(Q2) x L2(Q^) with respect to the norm

Let D(L) be the set of all functions ueL2(Q) for which du/dtl9 du/dt2,
du/dx, d2u/dx2, d2u/dxdtί, d2u/dxdt2e L2(Q) and satisfying conditions (1.9)-
(1.10).
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THEOREM 1. // the assumptions HI are satisfied, then for any function

u e D(L\ we have

(2.1) \\u\\B <c\\Lu\\F

where c > 0 is a constant independent of u.

PROOF. Taking the scalar product in L2(βτ) of equation (1.6) and the

operator

Mu = 2(b - x)[3x(δw/3ίι + du/dt2) - a(x,tlί t2)du/dx],

where Qτ = (0, b) x (0, τ j x (0, τ2) and 3xg = fog(ξ, tl9 t2)dξ, we obtain

(2.2) (Jίfti, Mw)0 Q = 2 I (b - x)du/dt, - ^(du/dtjdxdt^
J<2<

+ 2 (b - x)du/dt2 - 3x(du/dt2)dxdtldt2

JQτ

+ 2 (b - x)du/dtl - ^(du/dt^dxdt^
JQτ

+ 2 (b - x)du/dt2 - 3x(du/dtί)dxdtidt2

JQτ

- 2 (b - x)d(a(x, tl9 t2)du/dx)/dx-3x(du/dt2)dxdt1dt2

JQτ

— 2 (b — x)a(x, tl9 t2)du/dx-du/dtίdxdtldt2

JQτ

- 2 (b - x)a(x, tl9 t2)du/dx- du/dt2dxdt1dt2

JQτ

+ 2 (b - x)d(a(x, tί9 t2)du/dx)/dx
JQτ

- a(x, ί1? t2)du/dxdxdt1dt2.

The successive integration by parts of integrals on the right-hand side
of (2.2) are straightforward but somewhat tedious. We only give their results

(2.3) 2 (b - x)du/dtp - ^X(du/dtp)dxdtldt2

JQτ

= \ (3x(duldtp})2dxdt,dt2, p = 1, 2,
JQ<
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(2.4) 2 (b -x)du/dt2 3x(du/dt,)dxdt,dt2

JQ

= 2 I Sx(du/dt2) 3x(du/dt1)dxdt1dt2
J Qτ

- 2 I (b- x)3x(du/dt2) du/δtίdxdtjtt,
J Qτ

(2.5) -2 I (b-x)d(a(x,tl9t2)du/dx)/8x 3xdu/dtίdxdtίdt2

a(x, τ1 ? t2) (ιι(x, τ l 9 t2))2dxdt2 - a(x, 0, ί2H<Pι(*> t2))2dxdt2

JQ? J<2'2
2

— Ba(x, ί l 5 t2)/dtί -U2dxdt1dt2

JQτ

— 2 da(x, ίi, t2)/dx - u - ^x(du/dtΛdxdtΛdt2

JQ<

H- 2 (b - x)a(x, tl9 t2)du/dx-du/dtίdxdt1dt2,
J Qτ

(2.6) - 2 (b - x)d(a(x, t1, t2)du/dx)/dx - 'Sx(du/dt2)dxdtldt2

JQτ

a(x, tί9 τ2)-(u(x9 tl9 r2))2dxdit - a(x9 ί l 5 0) (φ2(x, t^dxd^
JQ\l JQϊ

- da(x, tί9 t2)/dt2 - U2dxdt1dt2

JQτ

- 2 da(x, tl9 t2)/dx - u - 3x(du/dt2)dxdtΐdt2
J Qτ

+ 2 (b — x)a(x, tί9 t2)du/dx du/dt2dxdt1dt2,
J Q*

(2.7) 2 I (b-x)d(a(x,t1,t2)du/dx)/dx a(x,t1,t2)
Jδ'

= I (a(x,tlίt2))2(du/dx)2dxdt1dt2.
J Qτ

Substituting (2.3)-(2.7) into (2.2), we obtain
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(2.8)

Γ , Γ(S^du/dti) + 3x(du/dt2))2dxdtίdt2 + a(x, τί9 f 2 ) (w(x, τ l 5

J Qτ J Qτ

2

2

+ a(x, ί l 5τ2)(w(x, ί1,τ2))2ί/xdί1 + (a(x,tΐ,t2))2(du/dx)2dxdt1dt2

JQ\I JQ<

= (Jίfti, MM)O>QI - 2 δα(x, tl9 t2)/dx u (3x(du/dtl) + 3x(du/dt2))dxdtldt2
J Qt

+ α(x, 0, i2)-(^(x, t2))2dxdt2 + α(x, ί1? 0) (φ2(x, tl))2dxdtl

Jβ2

2 JQV

+ (δα(x, ί l 9 ί2)/δί! + δα(x, ί l 9 t2)ldt2)u2dxdtιdt2.
Jv

We estimate the first term on the right-hand side of (2.8) by applying
the Cauchy-Schwarz inequality and the Cauchy inequality

(2.9) (J2ΐι, Mw)0,Qt < 2b2 f2dxdtldt2 + 2b2/c0 - (a(x, ί l f t2))2f2dxdtίdt2

JQτ JQτ

+ Co/2 I (du/dx)2dxdtldt2

J<2<

+ 1/2 (3x(du/dtt) + 3>x(du/dt2))2dxdtιdt2.
J Qτ

The remaining integral throughout Qτ on the same side of (2.8) can be
estimated as follows

(2.10) -2 da(x, tl9 t2)/dx- u-(^(du/dtj + :
JQτ

<2\ (da(x,t1,t2)/dx)2u2dxdtίdt2

J Qτ

: ί 'JQ<
+ 1/2 (^(du/dti) + 3x(du/dt2))2dxdt1dt2.

By virtue of (2.9) and (2.10) and the conditions HI, we can transform
(2.8) into (2.11)

(2.11) c0/2\\du/dx\\lQ, + c0||ιφc, TI, i2)llo,Q? + CD!!«(«. *ι. ̂ ίllj.̂ !

< 2ft2(l + C?/C0)||/||gfC +
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We eliminate the last term on the right-hand side of (2.11). To do that
we use the following Lemma:

LEMMA 1. ///ι(τ1,τ2), / 2(τ l 5τ 2) and /3(τ1,τ2) are nonnegatίve functions
on the rectangle (0, 7\) x (0, T2), /ι(τl5 τ2) and /2(τ l 5τ2) are integrable, and
/3(τ1? τ2) is nondecr'easing in each of its variables separately, then it follows from

(2.12) Γ f ' 2/l(il,t2)<Mt2+/2(tl.*2)
Jo Jo

a Γ2 \
f2(tl9 τ2)dt, + f2(τl9 t2)dt2 + /3(τl5 τ2)

3 Jθ /

that

Γ τ ι Γ τ 2

(2.13) A(tl9t2)dtidt2-^f2(τl9τ2)<Qxp(2c(τ1 + τ2)) /3(τ1? τ2).
Jo Jo

PROOF OF LEMMA 1. We write (2.12) in the form

(2.14) Tfl+f2<Kf2+f39

where

and

Tfι= Γ Γfι(tι,t2)dtldt2
Jo Jo

= Γ 1/2(ίι,τ2)Λ 1+ Γ2/2(τι,
Jo Jo

Since /! is nonnegative function, (2.12) gives rise to

(2.15) /2<<*/2+/3

Obviously the operator K preserves the inequality. If we apply it to
(2.15) and multiply the result by c, we obtain

cKf2 < c2K2f2 + cKf3.

Hence

Continuing this process, we obtain

7Y _L f ^ ~n + lΊ
ίjl+h^C

It is easy to see that
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cn+1Kn+1f2<cn+12n+1/(n+ l ) l - ( τ l + τ2)
π+1 sup/2,

which implies that the first term tends to zero as n -> oo, while the second

term on the right-hand side is majored by the function exp (2c(τ± + τ2))

/3( τι> τ2) The proof of Lemma 1 is complete. Π

Returning to the proof of Theorem, we denote the first term on the
left-hand side of (2.11) by /ι(τ1,τ2), the sum of the three first terms on the
right-hand side of (2.11) by /3(τ l5τ2), and the last term on the same side of
(2.11) by K/2, by Lemma 1 we obtain

\\du/dx\\2

0ίQΐ + \\u(x, τ l 9 f2)||* f Q ? + ||ιφc, tl9

where

CΊ = 2/c0 max (2ί>2(l + c?/c0), c x) exp (2(c2 + c3)(Γ1 + T2)).

The right-hand side here is independent of (τ1,τ2), hence replacing the
left-hand side by its upper bound with respect to τp from 0 to Tp, p = 1, 2,
thus obtaining (2.1), where c = c\12. Π

PROPOSITION. The operator L from B into F is closable.

PROOF. Suppose that un e D(L) is a sequence such that

(2.16) "n^r° inB

and

(2.17) £".— -̂  = (/,?ι, Φ2) in F,

we must prove that / = 0, φ1 = 0, and φ2 = 0.
Since un - ̂ 0 in B, thenn M _» ,v~, '

(2.18) "n^^?° i

By virtue of the continuity of derivation of 3>'(Q) in ®'(β), (2.18) implies

(2.19) ^"»-^r° in ®'(0

But, since &un-^f in L2(Q), then

(2.20) ^"πv^/ in (̂β).

By virtue of the uniqueness of the limit in @'(Q), we conclude that / = 0.
Moreover, by the fact that

(2.21) Ί«.τ^?Φι in L2(Q2)
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and the canonical injection from L2(Q2) into &(Q2) is continuous, (2.21)
implies

(2.22) /ιW π >φ< in ®'(Q2\V / I n Π->QO *rl V^2/

Moreover, since

wM-^0 in β

and

IIΊκJlo,fl 2 < IkU Vn

then, we have

(2.23) ^un >0 in L2(β2),
\ f J. ft „ _» QQ ^*-S^J

consequently

(2.24) AMn _» > 0 in ^'(62)-

By virtue of the uniqueness of the limit in @'(Q2\ (2.23) and (2.24) imply
that φί = 0. The reasoning is similar for proving that φ2 = 0. Π

Let L be the closure of the operator L with domain of definition D(L).

DEFINITION. A solution of the operator equation

Lu = ίF

is called a strong solution of the problem (1.6)-(1.10).
By passing to limit, inequality (2.1) extends to strong solutions, i.e., we

have the inequality

(2.24) \\u\\B£c\\Lu\\p9 VweD(L)

Inequality (2.24) leads to the following results:

COROLLARY 1. // a strong solution of (1.6)-(1.10) exists, it is unique and
depends continuously on ̂  = (/, φl9 φ2) e F.

COROLLARY 2. The range R(L) of the operator L is closed and equals
to R(L).

Thus, to prove the existence of a strong solution of the problem (1.6)-
(1.10) for any 3F e F, it remains to prove that the range R(L) of the operator
L is dense in F.
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3. Solvability of the problem

THEOREM 2. Suppose the conditions of Theorem 1 are satisfied. Assume

that a(x9 tl9t2) satisfies the conditions H2. //, for some function ωeL2(β)
and for all u e D0(L) = {u/u e D(L): ^u = 0, f2u = 0}, we have

(3.1) (JSftι,ω)oiβ = 0

then ω. vanishes almost everywhere in Q.

PROOF. Relation (3.1) holds for any function u of DQ(L\ using this fact

we can express it in a special form. First define gp by the relation:

Γ*P, = g?ω,=
Jίp

gp = 3*ωp = ωpdτp9 p = 1, 2.
Jίp

Let du/dtp be a solution of the equation

(3.2) -α(σ, ί l f f2)3J((£ - x)du/dtp) = gp9 p= 1, 2,

where σ is a fixed number belonging to [0, b~\ and 3*g = $b

xg(ξ9 t)dξ.

And let

0 < tp < sp

P = 1, 2.
ι/dτldτ2dτldτ2 sp<tp< Tp

)*2

We now have

(3.4) ω = X^=1 3*-lg, = Σ J-i 3(α(σ, t t , t2)3*(« - x)du/dt,))/dtr

LEMMA 2. 77ιe function ω defined by the relation (3.4) is in L2(Q).

PROOF OF LEMMA 2. Let the inequality

(3.5) ί b (3*((ξ - x)du/dtp))2dx < b*/U - ί ' (du/dtp)
2dx.

Jo Jo

Indeed, the Cauchy-Schwarz inequality gives

- x)du/dtpdξ < (ξ - x)2dξ\ £ (du/dtp)
2dx

p

<(b-xf/3-b(du/dtp)
2dx.

o
-{
J

Therefore, we have
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Γ (3*(« - x)du/dtp))2dx < 1/3 f * (du/dtp)
2dx '({b(ξ- x)*dξ]

Jo 3o \Jo /

\
Jo

(du/dtp)
2dx.

By virtue (3.5) and by the fact that the conditions HI are satisfied, we

deduce that da(σ,tl9t2)/dtp 3*((ξ-x)du/dtp) is in L2(β).
It remains to prove that α(σ, tl9 t2)3*((ξ - x)d2u/δt2

p) belongs to L2(Q).
For this, we use ί-averaging operators pε of the form

(peg)(x, t) = 1/ε ω(s - t/ε)g(x9 s)ds,
J —oo

where ω e Q>(0, Γ), ω(ί) > 0, Jί^ ω(ί)Λ = 1.
Applying the operators ρc and d/dtp to equation (3.2), we obtain

(3.6) a(σ, t, ,

= -da(σ, tlt t2)/dtp pε3*((ξ - x)du/dtp) - d(pεgp)/dtp

+ d(a(σ,tltt2)pt3*((ξ-x)du/dtr)

- pea(σ, tlt ί2)3*((ί - x)du/dt,))/dtr.

It follows from (3.6) that

||α(σ, t1( t2)θ(p.3*(({ -

< 3cil|A3*(« -

+ 3||δ(β(σ, t l f ί2)A3*((ξ - x)du/dtp)

- pεa(σ, t,, t2)3*(« - *)θ«/δg)/δg|§>β.

Using properties of ρε introduced in [12], yields

||β(σ, t l 5 t2)δ(A3*((ί - x)θtt/3ί,))/θtp||g.β < cβ(||a«/at,||S.β + \\dgp/dtp\\lQ\

where

c8 = max (c|ί)4/4, 3).

Since pεg-^g in L2(ρ), and the norms of α(σ, t l s t2)δ(A3*(({ - x)du/δtp))/δtp

in L2(β) are bounded, we conclude α(σ, ίt, ί2)θ(3;((ξ - x)δu/δtp))/dtpe L2(Q).
The proof of Lemma 2 is complete. Π

Returning to the proof of Theorem 2, replacing ω in (3.1) by its represen-
tation (3.4), we have
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(3.7) (du/dtlt d(a(σ, t,, ί2)3*((ί - X)du/δt1))/dt1)0ιQ

+ (Su/dt,, δ(a(σ, tlt ί2)3*((ξ - x)δ«/δt2))/5t2)0>fl

, ί l 5 t2)3*((ί - x)δ«/3t1))/δt1)o,β

l 9 ί2)3*((£ - x)du/dt2))/dt2)0,Q

- (d(a(x, tlt t2)du/dx)/dx, d(a(σ, tlt t2)3*((ξ - x)5u/at1))/aί1)0,e

- (β(α(x, ί l f ί2)δu/3x)/δx, δ(β(σ, t1; t2)3*((ί - x)δ«ι/at2))/δt2)o>β = 0.

Integrating each term of (3.7) by parts with respect to £, we obtain

(3.8) (δu/dt,, d(a(σ, tlt t2)3*((ξ -

= 1/2 α(σ, s1( t2)(3*(δ«(x, s l f r2)/δί1

Jθ2«2

- 1/2 I aα(σ, ί l 5 ίzVati (3*(δίi/at1))2

Je,

(3.9) (δM/

= 1/2 β(σ, T15 t2)(3*(δu(x, Γ1( t2)/dt2))2dxdt2I β(σ, T15

JQ2S2

-1/2 ί
J(

(3.10) (3u/δί2, a(fl(σ, t,, t2)3*(({ - x)δM/δt1))/θί,)o.fl

= 1/2 f β(σ, t t, T2)(3*(au(x, tlt Γ2)/5ί1))2dxΛ1

J(2ιsι

-1/2 I da(σ,tl,t2)/dt2 (3*(du/dt1))2dxύt1dt2,
JQs

(3.11) (δ«/δt2, 3(α(σ, ί l s ί2)3*(« - x)du/dt2))/dt2)0,Q

= 1/2 fl(σ, t l s s2)(3*(δu(x, t l s s2)/dt2))2dxdt1

Jβ l s ι

-1/2 f da(σ,tί,t2)/dt2 (^*(du/dt2))2dxdtίdt2.
JQ*
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(3.12) -(3(fl(x, tl9 t2)du/dx)/dx9 d(a(σ, tl9 t2)3*((ξ - x)Su/dt1))/dtί)^Q

a(x9 tl9 t2)a(σ, tl9 t2)(du/dt1)
2dxdt1dt2

JQS

+ 1/2 da(x9 T19 ί2)/δf1 a(σ9 Tl9 t2)(u(x9 Tl9 t2))2dxdt2

JQ2S2

- 1/2 (62a(x9 tl9 t2)/dt2-a(σ, tl912) + da(x, tl9 ί2)/δί1

JQS

-da(σ9 tl9 t2)/dti)u2dxdtidt2

- S2a(x, tl9 t2)/dxdtι - a(σ9 tl9 t2)u^(du/dt1)dxdtldt2

JQS

- 1/2 f d2a(x, tl9 t2)/dx2 -a(σ9 tl9 t2)(yχ(du/dt,))2dxd^dt2.
JQS

(3.13) -(δ(fl(x, tl9 t2)du/dx)/dx, d(a(σ, tl9 t2)3*((ξ - x)du/dt2))/dt2)0tQ

= a(x,t1,t2)a(σ,t1,t2)(du/dt2)
2dxdt1dt2

JQS

+ 1/2 da(x9 T19 t2)/dt2-a(σ, tl9 T2)(u(x, tl9 T2))2dxdt,
Jβιsι

- 1/2 (d2a(x, tl9 t2)/dt2

2 - a(σ, tl912) + da(x9 tl9 t2)/dt2

JQS

-da(σ9 tl9 t2)/dt2)u2dxdtldt2

- d2a(x, tl9 t2)/dxdt2 -a(σ, ί l 9 t2)u^*(du/dt2)dxdtίdt2

JQs

- 1/2 f d2a(x, tl9 t2)/dx2 a(σ9 ί l 9 t^^du/dt^dxdt.dt^
JQS

By virtue the conditions of Theorem 2, we obtain

(3.14) c0/2- f (3*(διι(x, sl9 t2)/dt1))2dxdt2

JQ2S2

<c3/2'\ (^(du/dt^dxdt^
JQs

+ (du/dtl9 d(a(σ, ί l 9 ί2)3*((€ - x)διι/δί1))/5ί1)0ffi,
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(3.15) c0/2 ί (3*(du(x,Tl,t2)/dt2))2dxdt2

JQ2,2

<c3/2 ί (3*(dM/dt2)
JQ,

+ (du/8tlt d(a(σ, ί l5 t2)3*(tf - x)du/dt2))/dt2)0tQ,

(3.16) co/2 ί (3*(dιι(x, t l f T2)/dt1)^ίdxdt1

JQ,,,

<c3/2 ί (Wdu/δtjfdxdt^
JQ,

+ (du/dt2, d(a(σ, tίt ί2)3*(({ - x)

(3.17) co/2 f (3 (att(x,t1,s2)/3t2))2Λcdt1

JQ2S2

<c3/2 ί φXdu/dtj
JQ,

, δ(α(σ> ί l5 12)3*(({ - x)3«/at2))/θf2)o.β,

(3.18) eg ί (du/dttfdxdt^t + c0c2/2 \ (u(x, Tlt t2))2dxdt2

JQ, JQi,}

< (3c?/4 + cf/2 + d/4) I u2dxdtίdt2

JQ,

+ (cf/4 + ct/4 + cl/2) ί (3ί(δu/at1))2dx</ίlίit2

jQs

, t!, t2)8u/dx)/dx, d(a(σ, t l f t2)3f((ί - x)δu/a

(3.19) eg I (5M/aί2)
2dxdί1dί2 + c0c2/2 | («(x,ί1,Γ2))2dxdt1

Jβs J(22S2

< (3c2/4 + cl/2 + cl/4) I u2dxdtίdt2

JQ,

+ (c?/4 + cf/4 + c2/2) ί (^(du/dt^dxdt^
JQ,

- (d(a(x, tlt t2)du/dx)/dx, d(a(σ, tlt ί2)3*(({ - x)du/dt2))/dt2)0,Q.

Combining the relations (3.14)-(3.19) and using (3.7), this yields
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(3.20) Hdii/θt! \\l,Qs + ||5«/5ί2lϊo.c. + ||3J(3u(x, t1; T^dtjfa^

, Sl, taVδtJIIg,^ + ||3*(διι(x, t l f s2)/δt2)||S.βuι

, 7i, t2)/dt2)\\2

0,Q2,2 + ll«(x, ti, T2)||gtfluι

+ ||u(x,7i,t2)||gfe2.2

< c9(||3*(δu/θt1)||§.β. + ||3*(d«/dt2)||§>β. + ||«||g,Qs),

where

c9 = max (c3/2, 3c?/4 + c|/2 + c*/4, (cf + cf + ci)/4)/min (eg, c0/2, c0c2/2).

Inequality (3.20) is basic in our proof. In order to use it, we introduce

the new function

ΛΓ, ΛΓ2

, t l f t2) = u,,̂ ! + uτι

Jίl Jί2

0(x

Then

u(x, Γ1; ί2) = 0(x, Sl, t2\ M(X, ί1; Γ2) = θ(x, tlt s2),

8u(x, ίt, T2)/5t! = δ0(x, t j, s2)/δt1, δu(x, Tls t2)/dt2 = 5θ(x, s1; t2)/dt2,

du(x, s1, t2)/dt1 = -1/2 30(x, Sj, i2)/3i!,

2ι/(x, ί1; β2)/at2 = - lβdθ(x, tlts2)/dt2.

Then (3.20) becomes

(3.21)

ιβs + ||5u/θί2||^βs + (1 - 3c9(Tj - s1)/4)\\3*(dθ(x, s1; ί2)/θί1)||g)Ql>ι

||3*(δβ(x,t1,s2)/at1)||gtβϊM2

O 'ix, /"T^ c W^.\ I I ^XfΆflί v c f \lr\t Ml 2
— J C g ^ J j — oj^ ^/*τ^ || θjC^ι/ι/^Λ? Λ I J ^ 2 / / ^ ^ 2 / I I 0 Q

)Ho.c,. + U - 3c«(T2 - s2)/4)H0(χ, ίi,

iιg f f l. + \\β\\2

0,Qs).

Hence if sPo > 0 satisfies 1 - 3c9(Γp - sPo)/4 = 1/2, p = 1, 2, (3.21) implies
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(3.22) Hdu/Sf! ||o.fl. + l|SM/0ί2llo.fl. + H3?(3β(x, *ι, i2)/^i)llo,Q l s l

+ \\3*(dθ(x, tl9 s2)/dt1)\\lQ2m2 + ||3*(30(x, 5l, ί2)/3ί2)||gffl2βa

, tl9 s2)||g.Qlβι

< 3c9/2 (||3*(30/3ί1)||giQβ + ||

for all (sl5 s2) 6 [7ί - slo, TJ x [T2 - s2o, T2].
We denote the sum of three terms on the right-hand side of (3.22) by

y(sί9s2). Hence, we obtain

\\δu/dt,\\lQs + \\duldt2\\lQs - (d/ds, + d/ds2)y < 3c9y/2.

Consequently,

-(8/dsl + d/ds2)(y .exp (3c9(si + s2)/2)) < 0.

Taking into account that y(Tί9 T2) = 0, we obtain

(3.23) (};.exp(3c9(s1+S2)/2))<0.

It follows that ω = 0 almost everywhere in QT-SO- Proceeding in this
way step by step, we prove that ω = 0 almost everywhere in ζλ Therefore,

the proof of Theorem 2 is complete. Π

THEOREM 3. The range R(L) of L coincides with F.

PROOF. Since F is a Hubert space, we have R(L) = F is equivalent to

the orthogonality of vector W = (ω, ω1? ω2) e F to the set R(L), i.e., if and

only if the relation

(3.24) (&u, ω)0,Q + (Aw, ω1)0,Q2 + (^>w> ^2)0,^ = 0

where u runs over B and W — (ω, ω l 9 ω2)eF, implies that W = 0.

Putting weD 0(L) in (3.24), we obtain

(J^w, ω)0,Q = 0

Hence Theorem 2 implies that ω = 0. Thus, (3.24) takes the form

Jo.Q, + (/2"> ω2)0,Ql =0, M E D(L).

Since the quantities AM, /2M can vanish independently and the range of

the operators A » A are dense in L2(Ql) and L2(Q2\ respectively, the last

equality above implies that ω^ = a>2 = 0. Hence W = 0. The proof of Theo-

rem 3 is complete. Π
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REMARK. We can prove that our results remain in force for the case of
multidimensional time:

Σl-i du/dtm - d(a(x, tl9t29...9 tn)du/dx)/dx = f

with the appropriate initial conditions

Smu = u\tm=0 = φm(x9tl9...9tm-l9tn+ί9...9tn)9 m= 1, ..., n. D
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