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Invariance principle for a Brownian motion with large drift in a
white noise environment
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AsstrAcT. This paper discusses an invariance principle for a Brownian motion with
drift coefficient x/4 in a white noise environment under the assumption that x is
large. Our method clarifies the relation between the environment-wise invariance
principle discussed in [7] and the present result (the invariance principle in random
environment).

Introduction

Let W be the space of continuous functions on R vanishing at 0 that is
equipped with the Wiener measure P. For an element w € W let us denote by
w, the element of W defined by wi(x) = w(x) — (xx/2) where x is a given
positive constant. For we W, P, denotes the probability measure on Q =
C[0, 00) such that X, = {w(?),#>0,P,} is a diffusion process with generator

Uoern @ —weyn 4
,?w-—ze (X)EG (x)dx)

starting at 0, where (f) is the value of a function w(e 2) at time 7. We
regard w(t) as a process defined on the probability space {W x Q, %2} where
P(dwdw) = P(dw)Py,(dw). Then symbolically

do(t) = dB(t) + g dt — %w’(w(t)) dt,

where B(t) is a standard Brownian motion independent of the white noise
{Ww'(x)}. We call the process X = {w(t),?# > 0,2} a Brownian motion with
drift in a white noise environment; in [2] [6] [7] it is called a diffusion process in
a Brownian environment with drift. The present authors obtained some limit
theorems for X in [2] (see [8] for further results; see also [6] for a brief survey
on related problems), which are analogous to those of [3] and [5]; however,
some problems remain open. The present paper is a continuation of [7] and
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discusses the central limit theorem, or more precisely speaking, invariance
principle in random environment in the case x > 2.
We set

x y
M, (=M(x)=2 J dy J e" )2 gz x e R,
0 —0

u(t) = the inverse function of {M,,x e R}, e R,
T.(= T(x)) =inf{t > 0: w(?) > x},x > 0.
We use also the following notation:
@(t) = max{w(s) : 0 < s < t},0(?) = inf{w(s) : s > t}, (w € Q),
y=@E-1)/2,m=4/(k—-1)=2/y,
A=64(k - 1) (k-2 = 16y72(2y - 1),
B=64k-1)" (k-2 =82y -1)7,
C=A+B=64(x—1)(x—-2)"" =82y +1)y 32y -1)"L.
The following theorem was proved in [7].

THEOREM A (Environment-wise invariance principle, see [7]). When k > 2,

we have the following:
(1) For almost all we W with respect to P, the process

Ty — M), }
——= x>0,P
{ VAL Y

converges in law to a Brownian motion as A — oo (in the sense of convergence of
probability measures on the Skorohod space).
(ii) For almost all w, the process

w (A1) — p(Ar)
{ vVm=34A 120, Pw}

converges in law to a Brownian motion as A — oo (in the sense of convergence of
probability measures on C[0,0)). The same is true when w(At) is replaced by
either of @(At) and w(Ar).

Our main theorems are the following (x > 2 is assumed throughout).

TeEOREM 1. (i) The process

M,lx—imx }
T 7 xeR,P
{ VBA

converges in law to a Brownian motion as A — oo.
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(i) The process

u(At) — Am't
{W”ER’P

converges in law to a Brownian motion as 1 — o0.

THEOREM 2 (Invariance principle in random environment). (i) The process

T — Amx }
= x>0,2
{ VvCA

converges in law to a Brownian motion as A — o0.
(i) The process

w(At) — Am~ 't
{W’ 207
converges in law to a Brownian motion as A — oo. The same is true when w(At)
is replaced by either of @(At) and w(At).

As in [7] we introduce a one parameter family of measure preserving
transformations 6,, teR, on (W,P) defined by (8,w)(x)=w(x+t) —w(t),
xeR. Clearly 6,0, = 0,,s and {6,} is ergodic. Set

0
(0.1) folw) = J_ 0 gy

Then 6, fy = fo(6,w) = fim e*<(0-w) ds and we have the following (see [7]):

X

(02) Ew{Tx} =M,=2 JO ayﬁ) dy;

the first equality of (0.2) holds for x > 0 and the second one holds for x € R.

X

(0.3)  Var,{T,} =8 J O,gdyforx >0 (g(w)= J(i e (0, 1)* di).

0

(04) E{fo} =y L E{f5} =22y - 1)7".
(0.5) E{Var,(T,)} = Ax for x > 0.
(0.6) Var{M,} = Bx + O(1),x — oo, (Var = variance).

It was also observed in [7] that

0.7) do,fo = 0.fo dw(t) — (6.fo — 1) dt,
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so 6,fo is a stationary diffusion process obtained as the unique stationary
positive solution of the stochastic differential equation (0.7). Therefore

t

Osfodw(s) — A L 0, f ds,

t

(0.8) Oufo — fo = j

0
where f =fo —y L.

1. Proof of Theorem 1
For the proof of Theorem 1 we need some lemmas.
Lemma 1 ([7)). ¢ 2 max{6:fy:|s|] <t} - 0ast— oo.
LemMmA 2 ([7]). For any positive constants c;,
My, — M, = mu(1 +0(1)) +o(V4), |f|<cd, ueR,
where o(1) represents a general term that tends to 0 as A — oo uniformly in (t,u)

such that |t| < ciA and ueR, for almost all w; o(\/A) is a term that can be
expressed as o(1)V/A.

- To prove (i) of Theorem 1 it is enough to consider [; 6, f dy by virtue of
(0.2). Making habitual use of ¢ to indicate time we write

At At
an [ era=— [ o - @k -5)
By the ergodicity of {6} and also by (0.4) we see that the quadratic variation
of the stochastic integral term in (1.1) tends to Bt/4 as A — oo, a.s., so the
stochastic integral term itself converges in law to {(B/4)"/?w(t),t>0,P} as
A — oo. The second term of the right hand side of (1.1) is negligible
by Lemma 1. Therefore X; = {A‘l/z j(;u 0sf ds,t > 0} converges in law to
{(B/4)1/2w(t),t >0}, so does X; = {a~12 fo_'u 0;f ds,t > 0} because of the
reversibility of the diffusion 6,f. Now the assertion (i) of Theorem 1 follows
from the fact that X;" and X[ are asymptotically independent as 1 — .
To proceed let £ = Am and put

(12)  Bu(t) = (BA)A(My — dmr), () = (m™>BE) 2 (u(&t) — Em™").

Then the assertion of (ii) of Theorem 1 follows immediately from the following
Lemma.

LemMA 3. For any t9 >0 and ¢ > 0

lim P{ sup |B,(2) + B, (1)] > s} =0.

1<t
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ProoOF. From the second equality of (1.2) we have Amt=
M (At + B;(tym~1v/B2) and hence

(BA) A M (At + B, (1ym™ " VBI) — M(A0)} = —B,(1),

so an application of Lemma 2 yields f;(¢)(1 +o(1)) +o(1) = —B,(¢), where
o(1) is a term tending to O uniformly on each finite -interval as A — oo,
a.s. This implies the lemma.

The following observation will lead to another proof of (ii) of Theorem
1. If v(¢) denotes the inverse function of [} 6, fo dy, then v(f) = u(2f) and the
derivative V/(¢), which equals to 1/6,y fo, is a stationary diffusion process
obtained from 6;fy by changing time and scale.

2. The proof of Theorem 2

We give the proof of the part (i). Taking an arbitrary positive sequence
{Zn,n=1,2,...} tending to oo, we denote by P® the probability law of
the process {A;'/*(T),x — 4mx),x > 0,2}. Note that P(® is a probability
measure on the Skorohod space D = D[0, ). For the proof of the part (i) it
is enough to show that P" converges to the probability law of the process
{VCw(x),x > 0 ,P} as n— c0. We first prove that the sequence {P™,n > 1}
is tight. If Qw denotes the probability law of the process {4, 1 Z(T,L,x - M %)
x>0,P,}, then Qw — Q1(P-a.s.) by Theorem A and hence 0" = fQ P(dw)
also converges to Q; as n — oo where Q; is the probability law (on D) of the
process {vV/Aw(x),x > 0,P}. All the convergence here is to be understood as
the convergence of probability measures on D. Therefore for any & > 0 there
exists a compact set K; < D such that OM(Kf) < & for all n>1. We then
have P{L,} <¢ where L, = {w: (K‘) >el={w: oy (K1) <1-—¢}. We
also introduce, for each fixed w, an element ¢,(w) of 2 which is defined to
be the function /1,1,/ >(Mj,x — 4amx) of x. Then Pog;! —» Q, as n— o by
Theorem 1 where Q, is the probability law (on ) of the process {vBw(x),
x>0,P}. We can thus find a compact set K, = Q such that Po ¢;!(K%) <&
for all n>1. We now put K ={w; +wy:w; € K;,w, € K;}. Then K is a
compact subset of D. Since

Tl,.x l,,mx Tl x Ml,,x Ml,.x - l,,mx

we have
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PY(K) = J j Lx (Wi -+ g, (w)) O (dwr) P(dw)
> U 1, (91) Ly (9 (#)) O (1) P(dw)

=j 01 (K1) P(dw)
0;1(Ka2)

v

J (1 —&)P(dw) = (1 —¢&)(1 — 2¢),
o (K2)NLS,

which proves that {P™ n > 1} is tight. Therefore, for the proof of Theorem 2
it is enough to show that

(2.1) tim [ 0P ) = [ [ 701+ w2) @1 (cor) Qa(a),

for any function f of the form

k
fw) = CXP{\/—_I > “jW(tj)},
=1

where ¢jeR and >0, 1 < j <k. For such an f the left hand side of (2.1)
equals

tim {7001+ 20)) 0 (wr )

h—0o0

— tim [ L] ron)@@mn) } 7o) ptam)

n—oo w

= Jf(W1)Q1(dW1) Jf(wz)Qz(dWZ)

which also equals the right hand side of (2.1). This completes the proof of (i)
of Theorem 2.

The part (ii) of Theorem 2 can be proved in a way similar to the above by
making use of Theorem A and Theorem 1.

3. Supplement to the proof of (i) of Theorem A

The proof of Theorem A was given in [7]; however, some details in the
proof of the part (i) were omitted. It will be worth supplementing them.
The proof of Theorem A given in [7] proceeds as follows. Let 7 =
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Tk — Tx—1, Tx =t — Ex{tt}, k = 1. Then it was proved that, for almost all
w, {Tx,k = 1,P,} is a sequence of independent random variables satisfying the
Lindeberg condition. Therefore the central limit theorem holds for 7, with
respect to P,, for almost all w. Note that E,{T,} = M, and Var,{T,} ~ 4n
as n — oo (P-a.s.). Now the rest of the proof, whose detail was omitted in [7],
is given as follows.

Let tw = Var,{t}/Var,{T,}, {u = (An) "V {Tp — My}, 1 <k <n, and
two = {0 = 0. For each fixed w we construct a piece-wise linear function &,(x),
0<x<1, with vertexes (Zj’;o i Cuk)s, 0<k<n We regard {&,(x),
0<x<1,P,} as a process with time parameter x. Then by Theorem 3.1
of [5], for almost all w, the process {&,(x),0 <x <1, P,} converges in law to
a Brownian motion as » — co. We now modify &,(x) slightly, namely, we
consider a piece-wise linear function #,(x) with vertexes (k/n,{u), 0 <k <n.

Then #,(x) can be represented as 7,(x) = &,(¢,(x)) where ¢,(x) is the piece-
k

wise linear function with vertexes | k/n, Y t,; }, 0 <k <n. On the other hand
=0

it is easy to see that, for each fixed x, (p,f——» x as n — oo for almost all w. This

combined with the fact that ¢ is increasing implies that ¢, — x uniformly as
n — oo (P-a.s.). Therefore

(3.1) the process {7,(x),0 < x <1, P,} converges in law

' to a Brownian motion as n — oo for almost all w.
We finally prove that the process {(A4A)™V*(Ty — M), x€[0,1],P,}
converges in law to a Brownian motion as 4 — oo for almost all w; the time
interval [0,1] can be replaced by an arbitrary interval [0, #] with a minor
modification of the proof. Given x e (0,1] and an integer n > 1 we take
the integer k such that (k—1)/n<x<k/n. Then T,y — My > Ti_1—
My > \/1—4; ,,(x) — T — My where my = M, — Mj,_,. Similarly Ty — M, <
vV Any,(x) + tx + my and hence

VA, (x) — (tk +mi) < Tpx — Muy < VAnn,(x) + (T + mg).
This implies that for x € [0, 1]

(3.2) VA, (x) — (0 4 tn) < Ty — My < VAR, (x) + (20 + 1),

where £, = max{tx :1 <k <n} and M, = max{my : 1 <k <n}. Next, given
A>0 let n=n(A) be the integer such that n—1<A<n Then T, )—
M;, < T)y — M, < Tyx — M;,, which combined with (3.2) implies
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VA =D, (x) = (Bn1 + Ptn_1) = (Miax — Mn_1)x)
< T — My < VAnn,(x) + (Tn + Btn) + (Mux — My).

Since M, — M(,_,)x and M,, — M,, are dominated by 27,, we obtain

n—1\"2
(3.3) (—T) o (0) — (AD) V(2 + 3riy) < (AR)VA( T — M)

1/2
< ("7) 7a(%) + (A2) "2 (8, + 31h1y).

On the other hand we can prove that for almost all w

(3.4) P, {lim t,/vi=0} =1,
(3.5) lim 7y /v/n = 0.

In fact, it is easy to see that {rx,k > 1,2} is stationary and ergodic. Since
n

t? is integrable we have n~! } 172 — const. as n— oo (£-a.s.) and hence

n~172 — 0, namely, n~1/2z, — 0 (?Q-a.s.). This implies n~1/2%, — 0 (#-a.s.) and
hence (3.4). (3.5) can be proved in a similar manner. By virtue of (3.1), (3.4)
and (3.5) the processes of the leftmost and rightmost hands of (3.3) converge in
law to a Brownian motion as 4 — co. Therefore (3.3) implies the assertion for
(Al)_l/Z(Tgx — M;,) that we wanted to prove.
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