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ABSTRACT. Measure theoretic characterization of the duality mappings of the space
L*(Q) and its product spaces L*()" is investigated. The duality mapping of
X =L®(Q) (resp. L*(2)") is a multi-valued mapping from X into its dual space
X* = ba() (resp. ba(2)") which assigns to each ve X a weakly-star compact convex
subset of X* defined by F(v) = {f € X* : v, f> = |[v]|*> = || f|I*}. The structure of the
values F(v) is discussed in terms of their extremal points. The extremal points are
characterized by means of the Jordan decomposition, Yosida-Hewitt decomposition and
the use of 0-1 measures in ba(22). The structure theorems are obtained through the full
application of Banach lattice theory, duality theory for general Banach spaces and
Yosida-Hewitt theory. It is also shown that the results presented in this paper are
applicable to the study of the dissipativity of quasilinear diffusion operators in function
spaces of L® type.

0. Introduction

The purpose of this paper is to discuss a measure theoretic characterization
of the duality mapping of the Lebesgue space L*(Q) of essentially bounded
measurable functions over an open domain € in RY. Although the Banach
space L*(Q) is neither seperable nor reflexive, it is significant to study its
precise geometric structure and topological properties. First it is a Banach
lattice with respect to the natural ordering. Second it is the dual space of a
separable Banach space L'(2). Third its dual space ba(2) is an extremely
large space of finitely additive bounded measures on the Lebesgue class .# in
Q. 1t is therefore significant to study the precise geometric structure and
topological properties of the spaces L*(£2) and ba(2). Our approach to these
“bad” Banach spaces is based on the effective use of the duality mapping of
L*(Q) and it is expected that the results obtained in this paper will be applied
to general problems arised in nonlinear functional analysis as well as systems of
nonlinear partial differential equations which can be naturally formulated in
these important spaces.

The duality mapping of a Banach spaces X is a possibly multivalued
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mapping from X into its dual space X* which assigns to each v in X a subset of
X* defined by

Fo)={feX": <o, f> = [loll* = I£1*},

where (v, f) stands for the value of f € X* at the point ve X. The mapping
F is well-defined on all of X by the Hahn-Banach theorem and it is well-known
([1], [2], [21]) that F(v) is weakly-star compact convex in X* for each ve X,
and that F is weakly-star demi-closed in the sense that if v, converges strongly
to vin X, f,eF(v,) and f is a weak-star cluster point of the sequence
(f,:n 1 o) then f € F(v). As treated in Diestel’s book, the duality mappings
not only play an crucial role in studying the geometry of Banach spaces, but
also they are powerful tools to treat significant classes of nonlinear operators
formulated in general Banach spaces.

In this paper we investigate the structure and detailed properties of the
duality mapping F of the Lebesgue space L*(Q) under the assumption that Q
is a bounded domain in R? such that the Lebesgue measure of the boundary
022 is zero. This assumption is essential in connection with the representation
theorems for the space C(Q) of continuous functions over the closed domain Q
in R? and the fine properties of finitely additive bounded measures in ba(R).
These problems are arised both in the investigations of quasilinear differen-
tial operators and in the study of weak-star derivatives of strongly absolutely
continuous functions which take their values in the dual Banach space L* ().
The results obtained in this paper suggest not only intrinsic properties possessed
by the dual mappings of general non reflexive Banach spaces but also in-
teresting applications to systems of nonlinear partial differential equations such
as quasilinear reaction-diffusion systems.

Our work is mainly devoted to three problems. The first aim is to
characterize the structure of the values F(v),v € L*, by means of 0-1 measures
on the Lebesgue class . in Q. The second purpose is to treat the duality
mappings of product spaces L*(2)" equipped with the maximum norm.
Thirdly we make an attempt to illustrate the use of such duality mappings by
considering certain linear and quasilinear differential operators. In fact, our
results will be applied to a broad class of reaction-diffusion systems formulated
in a product space L® ()" subject to natural boundary conditions in the forth
coming paper [18]. Since the dual space L®(Q)" is identified with the space
ba(Q) of finitely additive bounded measures on .# which vanish on the sets of
Lebesgue measure zero, it is necessary to apply fully the integration theory with
respect to finitely additive measures and characterize the structure of the values
F(v), ve L*(Q), in terms of finitely additive measure theory.

Three means are employed to treat the dual space ba(2) and investigate
the duality mapping F of L®(Q). Since ba(f2) is also a Banach lattice, we
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fully apply the lattice structure. The first means is the Jordan decomposition
of measures in ba(£2). A measure 1 in F(v) is represented as ||A||A = ||AT||vT —
|A~|lv=, where A =A% — 1" is the Jordan decomposition of A and v*, v~ €
ba(Q)" are such that v=v* —v~ in L®(Q), vF e F(v*) and v~ e F(v),
respectively. Hence our problem is reduced to the consideration of the value
of F for nonnegative elements v € L*(2)*. The second means is the Hewitt-
Yosida decomposition theorem which states that any measure 1€ ba(Q) is
decomposed as the sum of a countably additive measure A, and a purely finitely
additive measure 4,. By means of this decomposition, detailed properties of
elements in F(v) can be discussed along with various types of measures, their
total variations and scalar products <{v,1). The third means is the use of 0-1
measures. A 0-1 measure (resp. 0-(—1) measure) is a fundamental type of
measure which assumes only two values 0 and 1 (resp. —1). The extremal
points of the weakly-star compact and convex set F(v) are characterized in
terms of 0-1 (resp. 0-(—1)) measures and the set ext F(v) of extremal points
is represented by means of extF(vt) and ext F(v™). In consequence, the
structure of F(v) is completely determined through the celebrated Krein-
Milman theorem by 0-1 and 0-(—1) measures belonging to F(v).

In the following sections it is shown that the above-mentioned fine
properties are particularly useful in dealing with various nonlinear operators in
L*(Q) and studying the geometry of the dual space ba(f2). It is, however,
interesting to note that there are substantial differences between the case of
L*(Q) and the L*-space /® = L®(N) over an atomic measure space. In the
case of [®, the Yosida-Hewitt decomposition is equivalent to the Dixmier
decomposition, since ba(N) is regarded as the third dual of the space co of
sequences converging to 0. Therefore it is seen that the countably additive
parts A. correspond to elements in /! of absolutely summable sequences and
purely finitely additive parts 4, are understood to be annihilators of the closed
subspace ¢y of [®. However, in the case of L®(Q), it is shown that any 0-1
measure is purely finitely additive. This is a contrast to the fact that a 0-1
measure A in ba(N) is countably additive if it is regarded as an element of /!.
The unit surface $*(0,1) of the dual space ba(£2) is much more complicated
than that of ba(N), since the predual L!(£2) does not have the Radon-Nikodym
property. In order to overcome this difficulty we connect the dual space
rca(Q) of C(Q) to ba(R) via the Hahn-Banach theorem and interpret 0-1
measures in ba(Q) as “point masses’” in a generalized sense.

Furthermore, in this paper, we make an attempt to characterize the duality
mappings of product L® spaces. This can be done by applying the results
obtained for the case of the duality mapping of L*(£2) and the extremal points
of the values of the duality mapping of L®(Q)" are completely represented
as n-dimensional vectors of 0-1 measures in ba(Q2). These characterization
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theorems are useful for treating systems of nonlinear partial differential
equations as shown in the subsequent sections.

Section 1 contains some basic facts on the dual space ba(2) which is a
Dedekind complete Banach space. In section 2 the duality mapping F and
normalized duality mapping Fy of L*(Q2) are introduced. We here review
basic facts on the Jordan decomposition of measures in ba(2) and briefly
review the Hewitt-Yosida theory. In section 3 we discuss 0-1 measures in
rca(R2) and ba(RQ) and give fundamental results which play an important role in
the subsequent sections. It is shown here that any 0-1 measure is purely
finitely additive. Section 4 concerns the geometric structure of the normalized
duality mapping Fy of L®(Q2). Here extremal points of the values Fy(v)
are characterized in terms of the Jordan decomposition and 0-1 measure.
Moreover, in this section, we exhibit how the characterization theorems may be
applied to quasilinear partial differential operators. Section 5 deals with the
duality mapping F of the product space L®(2)". We here give character-
ization theorems for the values F(v),v = (v1,...,v,) € L®(Q) and extF(v) in
terms of F(v;) and ext F(v;). Finally, we treat a typical quasilinear differential
operators in L*()" by applying the characterization theorems.

1. The dual space of L*(£2)

Let 2 be an open bounded set in RY such that Q2 is Lebesgue measure
zero, namely m(0Q2) = 0. It should be note that here the above assumption
allows us to identify L* () with L* (). Let .4 be the class of all Lebesgue
measurable subsets of Q. We denote by ba(£2) the set of all finitely additive
bounded measures on .# which vanish on sets of Lebesgue measure zero. In
this section we focus our attention on the Lebesgue measure space (Q, .#,m)
and outline the main points of the duality theory for the L* space over

(2, M,m).

1.1. Properties of ba(£2)

Basic to the duality theory for L* spaces is the following representation
theorem:

REPRESENTATION THEOREM FOR L*®(Q) [2, p. 296]. There is an isometric
isomorphism between L*(Q)* and ba(2) such that the corresponding elements
pe L*(Q)" and A e ba(Q) satisfy the identity

@y = | uian, forueL=(@)
Q

where the right hand side is Radon’s integral.
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In this subsection we first investigate that the space ba(2) is a Dedekind
complete Banach lattice and then apply the Hewitt-Yosida theorem to ba(Q).

The space ba(L2) is a linear space over R in the sense that (ag)(E) = ag(E)
and (A+ u)(E)=AE)+u(E) for Aueba(Q), «eR and Ee /. Also,
ba(Q) is partially ordered in the sense that 4 > u if and only if (A — u)(E) =0
for any Ee .#. Given A,uc€ ba(Q) the join and the meet of 1 and u are
defined by

(AAp(E)=inf{A(T)+u(E\T): T<Eand T € 4},
(4 v u)(E) = =((=4) A (-p))(E).

These elements are well-defined in ba(2) and it is shown in [4, p. 7] and [2,
p. 162] that the system (ba(R2), A, v) is a Dedekind complete lattice as stated
below:

ProrosiTioN 1.1.1. (a) For wu,v,weba(Q), (uvv)Aaw=(uArw)v
(vAaw)and unv)yvw=(uvw)A (vvw). (b)Every subset of the partially
ordered collection of additive scalar valued set functions on a field which has a
upper bound (lower bound) has a least upper bound (greatest lower bound).

We next define the positive part, negative part and the absolute value of an
element A in ba(R2) by

AF=Av0,A=(-4) v0 and |i=41v (-4),
respectively. Then for A € ba(Q),
(1.1.1) A=AT =, AT AL =04 =AT+ 1"

The first relation in (1.1.1) is nothing but the Jordan decomposition of

4. Hence AT and A~ are the positive and negative variation of 4, respectively.

For E € ., the total variation of v(4,E) of A on E is defined by v(4,E) =

AT(E)+ A~ (E). Moreover, the total variation v(4,Q) is defined to be the

norm ||A|| of A€ ba(RQ). Clearly, A,u€ ba(R) and |A| < || imply ||| < |lul-
Combining these facts, one can formulate the following

THEOREM 1.1.2. The space (ba(Q),| ||, A, v) forms a Dedekind com-
plete Banach lattice.

Finally, the set {A: 1€ ba() and 1 > 0} is called the positive cone of
ba(R) and denoted by ba(22)*.



94 Joseph Jude PErRrIS

1.2. Decomposition of measures in ba(£2)

In the space ba(Q2) there are two kinds of measures. A measure A € ba(Q2)
is said to be countably additive if any pairwise disjoint sequence of sets
{4,322, in A the relation A({JZ ,4,) =32 A(4,) holds. On the other
hand, A € ba(Q) is said to be purely finitely additive, if any countably additive
measure o € ba(R2) satisfying 0 < o < v(4,-) is identically zero.

Henceforth we write c.a. measure for countably additive measure and p.f.a.
measure for purely finitely additive measure. On c.a. and p.f.a. measures in
ba(Q), some of the basic facts are listed in the following

PROPOSITION 1.2.1. Let py, py, A€ba(Q) and let A= A" — A" be the
Jordan decomposition of A. Then:
(@) If u; and p, are c.a. and p; < A < p,, then so is A.
(b) If u, and u, are both c.a. (resp. p.f.a.), then the following elements are all

ca. (resp. pfa.) uy+ph, oy, py Vv Hy, and gy A
(c) If A is pfa. then both J* and A~ are p.fa.

For the proof we refer to Hewitt-Yosida [20]. We now state the Hewitt-
Yosida decomposition theorem which plays a central role in our argument.

THEOREM 1.2.2.  Any u € ba(Q) is uniquely decomposed as the sum of a c.a.
measure ji, and a p.fa. measure w, in the sense that p = u. + w,.

1.3. Decomposition of Variation of A in ba(£2)

In this section we give a decomposition theorem for the total variations of
elements A € ba(2) by means of the Hewitt-Yosida decomposition. To this
end we need the following lemma.

LemMma 1.3.1. If A€ ba(Q) is represented as A = 1) — A, for some Ay, Ay €
ba(Q)" satisfying A A Ay =0, then 2" = 4 and A~ = Ay.

Proor. It is known ([4]) that the relation A+ v=A41 A v+ 4 v v holds for
any A,veba(Q). This fact implies AT =Av 0= (4 —4) vO= (4 v i) —
Ja =2 — (A1 A A2) =A;. Hence 4; = A*. Similarly, we have ,, =4". [

The aimed decomposition theorem is stated as follows:

THEOREM 1.3.2. Let A€ ba(R) and let A= A.+ 4, be its Yosida-Hewitt
decomposition.  Then ||A|| = ||Ac|| + || 45]|.

ProoF. The proof is given in the same way as in [10, p. 75]. Let e
ba(RQ) and let A=A —A~. Applying Theorem 1.2.2. to AT and A~ respec-
tively, we get the decompositions of A" and A~ as ¥ = A7 + A7 and A~ = A +
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4,. Hence we can write 1= (AF + 4,) — (4. +4,). Rearranging the terms
in the right-hand side, we get 1= (47 — 4;) + (4, — 4,). Now we prove the
terms (A7 — ;) and (45 —4,) are Jordan decompositions of i* and A7,
respectively. Clearly A;L,Ac ,F and l; are non negative. Since l:' < A* and
A7 <47, we have 0<if A A <A" AA”=0. This implies A7 A A, =0.
Similarly /1;’ A 4, =0. Then by Lemma 1.3.1 we obtain the desired
result. O

2. The duality mapping of L®(£2)

The so-called duality mapping of L* () is a multi-valued mapping from
L°°(Q) into ba(R2) which assigns to each ue L*(Q) the subset F(u) of
ba(Q) defined by F(u) = {Aeba(Q): u,A> = ||lul|® = ||A||*}, where (u,A) =
Jo u(x)A(dx).
Since F(0) = {0} in ba(R2), we mainly treat the normalized duality mapping
Fy of L*(Q2) which is defined by Fy(0) = S*(0,1), the unit surface of ba(R2),
and

Fo(u) = {A€ba(Q) : <u, 4> = |lul|, [|Al =1}  for u #0.

The aim of this section is to discuss the precise structure of the values Fy(u),
ue L*(Q), and topological properties of the normalized duality mapping Fj.
To this end, we begin by treating the Jordan decomposition of the scalar
product {u, A).

2.1. Jordan decomposition of {u,1)

We here discuss the Jordan decompositions of scalar products {u,4i) for
ue L®(Q) and A€ ba(2). Our first result in this section is the following.

THEOREM 2.1.1. Let ue L*(Q)\{0} and A€ Fy(u). Let u=u* —u" and
A=At —1". Then we have

(2.1.1) Cugp, Ay = Cut yg, AY) + <u"xg, A7) for Ee M.
If in particular, E = Q, then
(2.1.2) <u*, A7 = AT = Nl 14T, <um, 475 = Nl [[HIAT ] = flull 1A7]]-
Moreover, if ||u|| < ||u|| then A* =0, respectively.
Proor. We first prove the following identity.

(2.1.3) Suxg: 4> = |ulxg,v(4,-)> = |lullo(4, E), forany E e 4.
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In view of the definition of Fy, we can write |ju|| = {u,A) = uyg, 4>+
<uX.Q\E’ A>. Hence <uXE7 A< <|u|XEa U('l, )> < <”u”XE, D(}., )> and <uXQ\E’ A<
Julxa\g v(4,-)) < {llullxg\g,v(4,-)>. Since ||A]| =1, these estimates together

imply
lull = <u, 4> = <uxg, 4> + <uxe\g, 4>
< Julxg, v(4,-)> + lulxa\g, v(4,)> < llullxg, v(4, )> + lullxo\g, v(4,)>
= |lullo(4, E) + [lullv(4, Q\E) = [lul|lv(4, 2)
= [l [|All = [ull-

Comparing the corresponding terms in this estimate, we obtain the desired
identity (2.1.3). Since u=u* —u~ and A= AT — 1", we have

(2.14)  Cupp, A> = g, A7) — g, A — g, A + g, A7)
But from (2.1.3) we see that
Suxg, Ay = |ulxg, v(4,-)>
=(u" +u )y, AT+ 47
= Qu g, AT+ g, A7 A g, AT + U g, A7),

Comparing the right hand sides of these two relations yields (u*yg, A~ >+
{u"xg, A »=0. Hence from (2.1.4) we obtain the first assertion (2.1.1).
Putting E = Q in equation (2.1.1) gives <u,A) = ||u|| = <ut,ATY + <u, A7),
Since Cut, A*> < [t |4+, w™, 47> < [l || |47 and 4% + 147] = 4] = 1,
we have

Qu, Ay = |lul| = <™, A7) + <u™, 27>
< Nt AN+ U AN < el AT+ el A7)
< Nl QAT+ 147D < Yl

Comparing the corresponding terms of this series of estimate we obtain
(2.1.2). Finally, suppose |ut| < |u| and [AT]|>0. Then [u*|[A"] <

[l 127]]. But from (2.1.2) [lu*|| |27 = [lull|A7]l, and so [lull[|A7]| <
lul| |IA*]|. Since ||u|| > 0, this is a contradiction. Hence we obtain the last
assertion. (]

The following immediate consequence of Theorem 2.1.1 deduces a remarkable
property of Fo(u).
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COROLLARY 2.1.2. Let ue L®(Q)\{0} and let A Fy(u). If ue L*(Q)*,
then 2>0. If —ueL®(Q)", then 1 <0.

ReMArk 2.1.3. This result states that the duality mapping Fy(u) is order
preserving in the sense that u, —u; € L* ()" implies Fo(up — 1)) < ba(2)".

We now state the main result of this subsection.

TueOREM 2.1.4. Let ue L*(Q2)\{0}, A€ Fo(u), and A=Ai" —A". Then
A is written as A= ||AT||vt —||A7||v", where v* e Fy(ut), v- € Fo(u™) and
A%l A A7 ]lv™ = 0.

Proor. First we prove the result for the case A = 0 and then discuss the
general case. Since ||| =1, we have ||A7||=1 and <u~,A") = |u|| by the
second identity in (2.1.2) this shows that A~ € Fy(u~). Therefore, putting v~ =
A~ and taking any element vt of Fy(u'), we obtain a desired representation
for A. Similarly, in the case of A~ =0, we obtain a desired representation
by setting v+ = A* and choosing an arbitrary element v~ of Fo(u~). Now we
assume both At and A~ are non zero. Let vt =Ai"/||A"|| and v~ =47/

[A7||. From Theorem 2.1.1 we infer that (u*,v*) = |ut| and v* € Fy(u?),
respectively. Now [[A*[[v* A [[A7[v= = [AT[AF/IIA) A 12717 /1271) =
AT A A7 =0. This completes the proof. O

2.2. Hewitt-Yosida decomposition of {u,1)

In this subsection we give a decomposition theorem for the scalar product

{u, ).

PROPOSITION 2.2.1. Let ue L*(Q)\{0} and, 1€ Fy(u) and let 2 = A.+ 4,
be the Hewitt-Yosida decomposition of A. Then we have

@) lull = <u, 4> + <u, 4p),

(b) Sy Aey = Jul,v(Ae,-)> = Ilull [| 2],

© <y dpy = Jul,v(Ap,-)> = llull [|2p]l.

Proor. Since, |[Ac|| + ||45]l = [|A]| by Theorem 1.3.2, we have |u| =
Cu, Ay = Cude+ Ay < Clulyo(Ae, V> + <l o(p)> <l el + el 1] <
llul| (1 Acll + 11 4p]]) < |lufl. Using the same idea as in the Theorem 2.1.1 the
desired equalities are obtained by comparing the corresponding terms in the
above series of estimates. O

3. 0-1 measures in C(2)* and L*(2)"

Our objective here is to show that 0-1 measures in ba(Q2) are all p.fa.. To
this end we consider the space rca(2) of regular countably additive set
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functions defined on Q. We denote by C(R) the space of set of all continuous
functions defined on Q. Since @ is compact, it is known that there is
an isometric isomorphism between rca(2) and the dual space of C(R)* as in
the case of ba(Q).

REPRESENTATION THEOREM FOR C(Q)* ([2, p. 265]) There exists an iso-
metric isomorphism between C(2)* and rca(Q) such that the corresponding
elements ¢ € C(Q)* and Aerca(Q) satisfies the identity

{p,u)y = L) u(t)A(dt) forue C(Q).

Through out this section we denote the class of all Borel measurable sets in Q
by 2(RQ).

3.1. 0-1 measures in rca(2) and ba(Q)

In this section we introduce the notion of 0-1 measures on .# and that of
0-1 measure on %#(R22). In what follows, these 0-1 measures play an essential
role.

DeFiniTION 3.1.1.  Let (S, X, 1) be a measure space. A measure on X is
said to be a 0-1 measure, if either A(E) =1 or A(E°)=1 for any E€ X.

We generically denote by 6 and w 0-1 measures in rca(2) and ba(Q),
respectively. In order to discuss the 0-1 measures, we introduce two sets %(d)
and #(w) defined by

BO)={E€B(Q):0(E)=1} and M (w)={Ee M :w(E)=1}.
We first need the following lemma.

LemMma 3.1.2.  The class M (w) and %B(J) form the bases of ultrafilters in M
and B(Q), respectively.

Our first result is stated as follows:

THEOREM 3.1.3 (a) For any 6 € rca(R2) there is a unique point a € Q such
that for all neighbourhoods U of a, UNQ € B(5) and (\B(5) = {a}. (b) For
any € ba() there exists a unique point a € Q such that for any neighbourhood

Uofa, UNQe Mw), (M (w)={a}, and (M (0) = &, where M(w) = {4 :
Ae Mw)}.

ProoF. (a) Let § be a 0-1 measure in rca(2). Since Q is bounded in R?
there exists a closed cube C; which contains 2. Hence §(2N C;) =6(2) = 1.
Divide C) into 2¢ = numbers of closed cubes by using planes parallel to planes
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spanned by two coordinate axes, where the diameter of any cube is one half of
the diameter of C;. Since J is 0-1 measure we should have one and only
one cube, say C,, which contains the support of &, namely, §(C;NQ) = 1
and diam(C,) =1 diam(C;). Now we divide C, into 2¢ numbers of closed
cubes in the same way as before and find a cube, say C;, with diam(Cs3) =
1 diam(Cy) and (2N C;3) = 1. Continuing this process one find a sequence of
closed cubes {C,},2, such that C, 2 C,4; and diam(C,) = 27"*! diam(C;) for
all n. By Baire’s category theorem, ()72 ,C,# & and ()C, is a singleton
set such that ()2 C,={a} for some aeR’. Now we demonstrate that
any neighbourhood of U of a, UNQ is in %(5). Suppose U is any open
neighbourhood of a, then by the construction of cubes we should have at least
one cube contained in U. Thatis, C,N2 < UNQ and 6(C,NR) = 1. Hence
s(UNQ)=1. To show that (#(5) = {a}, we proceed as follows: Let {U,}
be a sequence of open neighbourhoods of a with ﬂ:;lU,, = {a}. Then it
follows from the previous result that U,NE e #(5) for any E € #(6) and
n>1. Since J is countable additive, 6({a} N E) = lim,_ ., d(U,NE) =1, and
so aeE and {a} e #(5). Thus we have ()%#(5) = {a}, this completes the
proof of assertion (a). In the same way as in the proof of (a), we may prove
the first half of assertion (b). So, it suffices to show that (.#(w) = &. Let
ae Q. Since the Lebesgue measure of a singleton set {a} is zero, w({a}) = 0.
Therefore Q\{a} € #(w) for any aeQ and (\M(w) < (),.o(R2\{a}) =
&. This completes the proof of (b). |

DermNiTION 3.1.4. To any 0-1 measure 6 € rca(2) or w e ba(Q2) there
corresponds a unique point a € Q. The singleton set {a} is called the essential
support of 6 or w.

We now give a remarkable result on p.f.a. measures in ba(Q).
THEOREM 3.1.5. Any 0-1 measure in ba(R2) is purely finitely additive.

ProOF. Let B, denote a closed ball in R? with center at origin and radius
n, where n is a positive integer. Let w be any 0-1 measure in ba(2) and
o € ba(R2) a countably additive measure in ba(2) such that 0 < ¢ < w. Choose
no such that w(2NB,)=1. The essential support of w lies in Q. Let a
be the point determined by Theorem 3.1.3. Then w(UNQ)=1 for any
neighbourhood U of a. Referring to the proof of Theorem 3.1.3, we consider
the closed cubes C,, such that diam (C,) =27"*!diam(B,,), o(C,NQ2) =1
and (\C, = {a}. Let 2,=C,NQ and N, =Q\2,. Then o(N,) = 0(2) —
o(Q,) =1—-1=0. Further N, 1 as n — o0 and (JN, = 2\{a}. Since 0 <
o(N») < w(N,) =0 for any n and ¢ is countably additive, we have o(| ) N,) =
Jim o(N,) =0. Now Q\{a} =N,cQ implies that ¢(Q)=>a(|JN,) >
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a(Q2) — a({a}). Since a({a}) =0 this gives 6(Q) >0 > o(Q). It follows that
() =0. This means that @ is p.fa. O

3.2. Hahn-Banach Extension

In the previous section we have discussed some typical properties of 0-1
measures in ba(2) and rca(Q). In this section we make an attempt to treat
0-1 measures in the spaces via the Hahn-Banach Theorem. We first refer to
the following theorem in [20] which is very useful for constructing new 0-1
measures.

THEOREM 3.2.1. Let & be a subfamily of # which has the measure
theoretic finite intersection property: For any finite family E\, E,,....E, of &,
the intersection is not Lebesque measure zero. Then there exists a 0-1 measure
w on M such that w(E) =1 for any E€é.

THEOREM 3.2.2. If Q is compact and w is a 0-1 measure in ba(Q), then
wlc(ﬁ) =J,, where a is the essential support of w.

Proor. Let a be the point given by Theorem 3.1.3 and consider
a decreasing sequence {C,} of closed cubes such that diam(C,)=
2-mldiam(B,,), o(C,NR2) =1 and (\C, = {a}. Let ue C(Q). Then

J_ u(s) do(s) = Jc . u(s) dow(s).

Q

Since u is continuous over Q we have

lim J u(s) dw(s) = u(a).
GNe

n—00
This shows that
0| o) = da- O
Of concerning above theorem we have following remark.

REMARK 3.2.3. It should be noted that the Hahn-Banach extension of any

point mass d, on C(Q) to L®(RQ) is not always a 0-1 measure. Infact for
ae Q, Define two families o/ and % of open rectangles in R? by

s {(o-2a)enz1) @ {(aasd) ozl

where a——l-a —ﬁ a--—la- and aa+—1— ~f[ a'a~+1 Then
n7 - 1 na 1 ) n - 1y %1 n .

i=1 i=1
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define &1 and &, as
E1={QNA:Ae A}, é”2={fzﬂB:Be?/3}.

Then both &; and &, have the measure theoretic finite intersection property
mentioned in Theorem 3.2.1. Therefore one finds w; and w, € ba(Q2) such that
w1 (Ey) =1 for any E; € & and w(E,) =1 for E; € §,. Further, it is obvious
that @1 # w2 and wil¢gG = @2l =da Let @ =27" (w1 + ). Then [lof| =
1 and oclc(é) =J,, but a is not a 0-1 measure. O

The following is already given in [20, p. 60], although it is a useful fact for
the treatment of nonlinear operators in L® spaces.

THEOREM 3.2.4. Let w € ba(R) be a 0-1 measure in ba(Q2). Then w is
multiplicative in the sense that

{uv, ) = {u,w){v,®) u,ve L*(Q).

4. Geometric structure of the duality mapping

In this section we discuss the precise structure of the values Fy(u),u € L*®.

4.1. Extremal Points of Fy(u)

In this subsection we make an attempt to characterize the extremal points
of Fy(u) in terms of 0-1 measure and discuss the precise geometrical structure of
the convex sets Fy(u),u € L*(Q).

Our first result is the following characterization theorem for the extremal
points of the values Fy(u),u € L®(Q).

THEOREM 4.1.1. Let ue L*(Q)* and 1€ Fy(u). Then, A is an extremal
point of Fo(u) if and only if A is a 0-1 measure.

Proor. Suppose first that 4 is a 0-1 measure. Let o, >0,a+f=
1, 40,41 € Fo(u) and let A = ado + 4. We note that 1o >0 and 4; >0 by
Corollary 2.1.2. Now let E be an arbitrary element of .#. If A(E) =0, then
J(E) = A1(E) =0. Assume that A(E)=1. If 0<Ao(E) <1, then |4] =
M(E) =711 —ado(E)) > B (1 —a) =1, which contradicts the fact that
|[41]l = 1. Hence Ag(E) must be 1 and 4;(E) =1 in a similar manner. This
means that A = 49 = 4; and so that A is an extremal point.

Conversely, suppose that A is an extremal point of Fy(u). To the con-
trary, we assume that there is Ey € .# such that 0 < A(Ep) < 1. Since u > 0,
we infer from Corollary 2.1.2 that 41 > 0. We then define two bounded
additive set functions 4; and 1; on .# by
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M(E) = MENE,) and Jy(E) = A(ENES),

where E is an arbitrary element in .#. Then 4;,42 > 0. Since E = (EN E)U
(ENEf) for any set E in .# we have A(E) = A(ENEy) + A(ENE§). That is
ME)=M(E)+ 12(E) for Ee #. Since A >0, we have ||A| = ||Ai]| + ||42]| =
L. Set, vi = A1/|lA1]| and v2 = 45/||42||. Then v1,v2 >0, [[vi]| = vz =1 and
A= [lArlvi + ||A2]lv2. - Since [jul] = <u,A> = <u, i+ Aoy = u, iy +<u,do)y <
ALl el + || A2l ll#ll < ||u||. Comparing the corresponding terms of the above
estimates we get ||| |lu]l = (A1,u) and |4 ||u]| = <A2,u). Namely |u| =
Cuy Al = <, Aol A2l ™'y, Hence |ju| = <u, v, for i = 1,2. This implies
that v; € Fo(u) for i=1,2. Since A is an extremal point and A = ||4;||v; +
|[A2]|v2, we should have the relations v; =v, = A. Therefore 0 < A(Ep) =
vz(Eo)IMZII—Ii(EoﬂEOC) =0, which is a contradiction. This implies that A
cannot take any values between 0 and 1 and so that A is a 0-1 measure. []

The above theorem states that for ue L®(Q)", the extremal points of
Fo(u) consists of only 0-1 measures. In order to treat the general case u e
L*(2)\{0}, we need a fundamental theorem in functional analysis.

4.2. Krein-Milman Theorem

The celebrated Krein-Milman theorem is fundamental in the subsequent
discussions.

THEOREM 4.2.1 (KREIN-MILMAN). If K is a compact subset of a locally
convex linear topological space X and E the set of its extremal points, the closed
convex hull ¢o(E) of E contains K. If K is convex, ¢o(E) = ¢o(K) and ¢o(E) =
K.

Given a subset K of ba(2) = L*(2)"*, we denote by extK the set of all
extremal points of K.

THEOREM 4.2.2. If ue L®(Q)*, then Fy(u) contains at least one 0-1
measure, and Fy(u) is a weakly-star convex hull of the 0-1 measures in Fy(u).

Proor. Since Fy(u) is a convex and weakly-star compact subset of ba(Q),
it is a weakly-star convex hull of extFy(u) by Krein-Milman’s theorem.
Theorem 4.1.1 then implies that ext Fo(u) the consist of 0-1 measures. This
completes the proof. d

Now we prove the result for general case. Let ue L®(Q), u=ut —u",
and assume that ||u*| >0 and [[u~| > 0. Moreover, let Ej = {¢: u(f) > 0},
Ey ={t:u(t) <0}, E* ={t:u(t) >0} and E- = {tr:u(t) <0}. Clearly, Ej
and E; are disjoint. Employing these sets, we have the following lemma.
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LemMma 4.23. If vt € Fo(u*) and v= € Fo(u™), then v (Ef) =v (Ey) =1
and vt(E™)=v (Et)=0.

ProOF. Let ¢' eextFy(u™) and ¢~ eextFyo(u~). We first show that
#*(E) = ¢~ (E;) = 1. Suppose ¢*(Ef) = 0. Then [u*]| = (u*,¢") =
<u+an~,¢+> =0. This is a contradiction. Similarly, it is impossible to
assume that ¢~ (Ey) = 0. It follows that " (E*) = ¢ (E") =1 and ¢"(E™) =
¢ (Et)=0. Now let vt € Fy(u") and v~ € Fy(u~). Then, by Theorem 4.2.3,
there exist generalized sequences {¢;} and {¢;} such that ¢, e colext Fo(u")],
¢p € colext Fo(u™)] and {¢+} and {¢s} converge, respectively, to v* and v~
in the weak-star topology of ba(2). Hence we have <XE§)¢:> =¢r(EF) =
1, g, 9p> = ¢;(E5) = 1, and consequently, v*(E*) = (yg,v') =
limgQEg,qS;’) =1 and v (Ej) = limg @5 (Ey) = 1. Thus, the first assertion is
obtained. The last assertion follows from the additivity of v*, v~ and the fact
that vH(Q) = v (Q) = 1. O

PROPOSITION 4.2.4. Let ue L®(R2), u™ #0 and u= #0. If vt e Fp(u")
and v~ € Fo(u™), then vt Av- =0 and {ut,v= ) =u " ,vt) =0.

Proor. Let E € .#. Then by the definition of the meet v A v~ and
Lemma 4.2.3, we have

I

(vt AVT)(E) inf {(vI(T)+v (ENT)}

TcE,Te#H

I

: + + —-(T° ~
Tc)lsr,l;eﬂ{v (TNEF)+v (T°NENE;)}.

But the right side turns out to be 0 if we take 7= ENE;. Thus the first
assertion is obtained. The last assertion follows from Lemma 4.2.3 and the
relations

(4.2.1) v =utyp-,v =0
and (4.2.1) with u* and v~ replaced respectively by = and v*. O

Using the result obtained above, we obtain a converse of Theorem 2.1.4.

THEOREM 4.2.5. Let ue L®(Q)\{0}, u=ut —u~, vF € Fo(u™), and v- €
Fo(u™). Let a, B be any nonnegative numbers satisfying « + =1 and o|ju™|| +
Bllu~|| = ||u|l, and define A = avt — Bv=. Then L€ Fo(u) and, in this case, A" =
oavt and A~ = pv-.

Proor. Let v € Fo(u™) and v~ € Fy(u~). Then vt A v~ =0 by Propo-
sition 4.2.4. We here observe that if A,veba(Q)" and A Av=0, then
ol A Bv=0 for o, >0. If we define A =av" — fv~ then by Lemma 1.3.1
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avt — Bv~ gives the Jordan decomposition of A, namely, A* = av* and A~ =
Bv=. Hence ||A|| =«|v*||+B|lv-]|=1. On the other hand, we see from
Proposition 4.2.4 and the restriction on o,f that <{u,A> = alut,vt)+
Bu=,v=) = ||ul|]. This shows that A e Fy(u), and the proof is complete. []

Combining Theorem 4.2.5 with Theorem 2.1.4, we obtain the main result
of this section.

THEOREM 4.2.6. For ue L®(Q)\{0}, we have

(4.2.2) Fo(u) = [oFo(u™) + BFo(—u7)),
B

where the union is taken over all o,f >0 satisfying o+ =1 and ofu*| +

Bllu~|| = ||u|l. Therefore we have:

(i) If ||lu|| < ||lull then Fo(u) = Fo(u™).

(ii) If |lut)| < ||lu|| then Fo(u) = Fo(—u™).

(i) 1f ]l = Nl | = lull, then Fou) = colFo(u*) U Fo(—u~)] and ext Fo(u) =
ext Fo(u™) Uext Fo(—u™).

Proor. Theorem 2.1.4 states that any element A of Fy(u) lies in the set
|AT | Fo(ut) + || A~ ||Fo(—=u~), and so Fy(u) is contained in the right-hand side of
(4.2.2). The converse inclusion follows from Theorem 4.2.5. We now prove
(i) through (iii). If ||u~| < ||u|| then only « =1 and =0 must be taken;
hence Fy(u) coincides with Fy(ut). Similarly, if |ju'|| < ||u|| then Fo(u) =
—Fy(u™) = Fo(—u~). However in the case of ||u*|| = ||u~|| = ||u||, we can take
any non-negative numbers o,f with a+f =1. This implies that Fy(u) =
co[Fo(ut)U Fy(—u~)]. To get the last assertion of (iii) we first observe that the
set of extremal points of the set W = Fy(u™)U Fy(—u~) is exactly the set of
those of Fy(u') and Fy(—u~), namely

(4.2.3) ext W = ext Fo(u™) Uext Fo(—u™).

In fact, it is clear that ext W < ext Fy(u™)Uext Fo(—u~). Conversely, suppose
that ¢ is an extremal point of Fy(u') and that ¢ is written as ¢ = al + v for
some o, > 0 with « + =1 and some A,ve W. First, both 4 and v can not
belong to Fo(—u~) by Lemma 4.2.3. Next let A€ Fo(u"), ve Fo(—u~), and
let Ef be the sets specified as in Lemma 4.2.3 then (ad + Bv)(E;) = —f <0
by Lemma 4.2.3. This contradicts the fact that ¢ is a 0-1 measure. Con-
sequently, both v and A must belong to Fy(u*). But, in this case, A=v=
¢ since ¢ eextFy(ut). Thus, extFo(ut) cext W. Similarly, ext Fo(—u~) <
ext W and so we have (4.2.3). We then show that ext W = ext[co W]. Since
both the set W and its weakly-star closed convex hull are weakly- star compact,
the extremal points of co[W] are points in W by [2, p. 440]. From this we see
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that ext[co W] < ext W. Conversely, let A eext W. Then (4.2.3) states that A
belongs to ext Fo(u™) or ext Fo(—u~); we may assume without loss of generality
that A € Fo(u'). Suppose now that A = ad; + (1 — a)4, for some a« € (0,1) and
some Aj,4; ecoW. Then we must have A, € Fo(ut). In fact, if A; ¢ Fo(u™),
then Ay = oy + (1 — a;)v; for some o € [0,1) and u; € Fo(u™) and some v, €
Fo(—u™), while A = oty + (1 — a2) v, for some a; € [0, 1], 4, € Fo(u™) and v, €
Fo(—u~). Let E; be the set specified as in Lemma 4.2.3. Then Lemma
4.2.3 yields that A(E;) = —a(l —oy) — (1 —a)(1 —a2) <0. This contradicts
the assumption that i€ Fo(u'). But, A€ Fo(u™); hence it follows that A=
A1 = 4. This means that 1 € ext[co W]. Consequently, combining the above-
mentioned shows the last assertion of (iii). O

4.3. Typical examples: 4,44

In this subsection we exhibit how the duality mapping Fy of L*(£2), where
€ is a domain with smooth boundary, may be used to prove the dissipativity of
some typical linear and quasilinear diffusion operators. To this end, we need
the maximum principle stated in Gilbarg and Trudinger [5].

THEOREM 4.3.1. (STRONG MAXIMUM PRINCIPLE). Let ue W'%(Q) and
assume that Au > 0 in Q, where A is the Laplacian operator in Q. Then, if the
closure of a ball B is contained in Q and supgu = supp u > 0, then the function u
must be a constant in Q.

LEMMA 4.3.2. Let ue WY“P(Q) for some p > d and Aue L*(Q). If u has
nonnegative maximum at some a € £2, then there exists a 0-1 measure w € ba(Q2)
concentrated at a such that {Au,w) < 0.

PrOOF. Let B be a ball in Q with center at a. Let ¢ >0 and define
E,={xeB:A4u<g¢}. First we prove that m(E;) >0. To this end, we
suppose that du > ¢ a.e. in B. We then select a ball B’ in B with center at a
whose compact closure is contained in B. Since the point a at which u takes

nonnegative maximum is contained in B’, we have sup u = sup u >0 and
xeB’' xeB
Adu >0 a.e. in B’. From Theorem 4.3.1 one can conclude that the function u

must be a constant function in B. Hence 4u =0 in B. But this contradicts
our assumption that Au >e. Therefore m(E,) >0. Let & = {E,:¢> 0}.
Then it is easily seen that the intersection of any finite subcollection of & is a
Lebesgue non null set. By Theorem 3.2.1 one finds a 0-1 measure w with
the property that E€ & w(E) =1 for any E€ &. Then {du,0) = [, dudw =
fE@ Audw < & Since this is true for any ¢ > 0, we have {du,w) < 0. Hence
the proof is complete. O
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In view of this result, we show that A4 is dissipative in L®(2) under
Dirichlet boundary conditions.

THEOREM 4.3.3. Let p>d. Let D(A) = {ue W>?(Q): due L®(RQ) and
u|;o =0} and define Au= Au for ue D(A). Then A is dissipative in L* ().

Proor. To show that A4 is dissipative we have to prove that for any pair
u,v € D(A), there exists A€ Fy(u —v) such that {4u — Av,A) <0. Let u,ve
D(A4). Then Au,4v e L*(Q) and u,v|;o =0. Therefore u — v =0 on 2. We
then assume that u — v # 0 in 2. Hence |u — v| must have positive maximum
at some interior point of 2. Suppose u(a) — v(a) is the maximum of |u — v|
for some a € Q. (Otherwise change the role of u and v and exploit the fact
Fo(v—u) = —Fy(u—v).) Then by Lemma 4.3.2 there exists a 0-1 measure
in ba(R2) concentrated at a such that {4(u —v),w) <0. Since u—ve C(Q)
and w|c(f—2) = d4, We have w e Fy(u — v). O

REMARK 4.3.4. Although 4 is dissipative in L®(Q), it is not strongly
dissipative in L ().

To show this we set @ = [—1,1] and the differential operator (d/dx)? in
L*(Q) subject to the Dirichlet boundary condition. We then consider the
function u(x) on [—1,1] defined by

x4(=2 +sinZ +2, x#0
u(x): ( x)
0, x=0.

It is easy to see that u takes its maximum at 0. Then it follows from Theorem
4.3.2 that there is w € Fy(u) such that {4u,w) < 0. But the second derivative,

. ! .
u"” behaves like sm;. Hence using Theorem 3.2.1 we can construct 0-1

measures w; and w; in Fy(u) such that {4u,w;)> < 0 and {du,w,) > 0. This
means that 4 is not strongly dissipative in L®(Q).

As a second example we consider a quasilinear diffusion operator f4. In
order to formulate the operator we impose the following three conditions.

(i) BeC(R xR?) and there exists ¢ > 0 such that §>c on @ x R%.
(ii) ae C'(0RQ) and a >0 on 0Q.
We then define D(A) to be the set,

{ve L*(R):ve WHP(Q) for p > d, B(-,Vv)dve L*(RQ),
dv/dv + av = 0 on 0R}

and formulate a quasilinear diffusion operator
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Av = p(-,Vu)dv ve D(A4),

where d/dv is the derivative with respect to the outward normal direction.
Applying Theorem 4.3.3 and Theorem 3.2.4 one can show that A4 is
dissipative in L* (). More precisely, we obtain the following.

THEOREM 4.3.5. The operator A is m-dissipative in L*(Q) and the
resolvent (I — AA)™" is order-preserving in L®(Q) for 1> 0.

PrOOF. Let u,ve D(A4). Suppose u#v. Since u—ve C(Q), |u—v|
must have the positive maximum. We may assume that there is a € Q such
that u(a) — v(a) is the maximum of |u —v|. (Otherwise change the role of u
and v.) Now the boundary condition for the operator A4 prevents the point
a from belonging to 092, and so ae Q. Then Vu(a) =Vv(a) and, by the
argument in the proof of Theorem 4.3.3, there is a 0-1 measure w, € Fo(u — v)
which has the essential support at a and satisfies (4(u —v),w,) <0. From
this and Theorem 3.2.4 it follows that {Au— Av,w,) = {B(-,Vu)du,w,) —
B, Vv)dv,w,) = Pla,Vu(a)){du,w,) — B(a,Vv(a)){dv,w,> = B(a,Vu(a))
{d4(u —v),w,) <0. Hence A is dissipative in L®(Q).

In order to prove that A is m-dissipative in L®(Q), it suffices to show that
R(I — 24) = L* () for some A >0. To this end, we find a sufficiently large
A>0 and a solution u € D(A4) of the equation u — Af(x,Vu)du =v for any
ve L®(Q). This equation is transformed into the equation u = I',u, where

. _ -1 u—v
Tou=(I—+id) (u + —_‘_\/Iﬁ(-,Vu)>'

For an appropriate o € (1/2,1) we introduce a space Y = D((—4)%). Then it
is shown that for a sufficiently large A > 0 the mapping I, maps Y into itself
and the Schauder fixed point theorem is applied to solve u = I'yu. For the
precise proof we refer to [18, Theorem 5). Therefore the resolvent (I — 14)~"
exists for A >0. We then show that each (I — 14)™' is order-preserving.

Let f,ge L*(2) and A > 0. Then there exist u,v € D(4) such that u—
AMu = f and v — A4v =g¢g. Suppose that f > g in L*(£2). Suppose that there
is a point b e Q such that

v(b) — u(b) = sup{v(x) —u(x) : xe 2} >0

Just as the discussion for the dissipativity of 4 we see that there is a 0-1
measure wjp € ba(f2) centered at b such that

{Av — Au,wpy <0
Since {(u —v,wp)y <0, we obtain

f—g,op) =u—AAu — v+ Av,p) < A{Av — Au,wpy < 0.
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This contradicts the assumption that f >g. Therefore (I — A4)7! is order
preserving. O

5. Duality mappings of L*(2)"

This section is devoted to the precise study of the duality mappings of
product L® spaces. Let X* denotes the dual space of a Banach space X. For
ve X and f € X* the value of f at v is written as {v, f). In this section we
give a representation theorem for X* the dual space of the product space

X=X X X2 x---xX,, where X;, for i=1,...,n are given Banach spaces.
We represent a generic element v of X as (vj,vz,...,v,), Where v; € X; for
i=1,...,n. The following result is basic to the subsequent discussions.

THEOREM 5.1.1 (REPRESENTATION THEOREM). Let veX and ||| =
Vi lvill. Then for any heX* there exists unique f = (fi,/fs ..., f,)€
X x XS x--- X such that

(o,hy = <oi, £
i=1

for any v=(vi,...,v,) €X. Moreover |h|| =3 [,|lf:ll and X* =X x
XS x--x X

5.1. Properties of the duality mapping of L*(£2)"

Let X=X;xX;x---xX, be a Banach space and X* its dual
space. The duality mapping F(v) is defined by

Fo)={feX": (o, f>= o’ = fI’}, veX,

and the normalized duality mapping Fy of X is defined by F,(0) = S$*(0, 1), the
unit surface of X, and

Fo(v) = {f X" : <o, f) = [loll, IFl = 1}, veX\{0}.

Now we give a proposition of nontrivial result which we use later extensively.
The following three product spaces are isometrically isomorphic. Also, for the
product spaces X x ¥, X x Y x Z, we employ the max norm ||(x, y)| = [|x]| A
12N, NG, v, 2l = l1xIl A Iyl A liz]| for xe X, ye Y and ze Z. Also, for the
product spaces X* x Y*, X* x Y* x Z* we employ the norms by ||(f,g)| =
A1+ gl 11Cf 9 mI = 1A+ llgll + llA|l for fe X*, ge Y™ and heZ".

ProrosiTION 5.1.2. Let X,Y,Z be Banach spaces and let X*,Y*,Z* be
their respective duals. Then we have followings:
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(i) XIXxYXZ)2XXxY)xZ~Xx(YxZ),
i) AXYXZ)"'~XxY)"'xZ*"2X*x(YxZ)"~X*xY*xZ*

Let X be a product Banach space with the maximum norm. Then Fy has
the following basic properties:

ProposiTiON  5.1.3. Let feFo(v), v=(v1,v2,...,0,) and f=

(i fz, ' ,fn) Then <v;, fi) = vl |I£ill and |[vi|l < |lvl| implies f; =0 for
i=1,..

Proor. From the definition of the normalized duality mapping it follows
that

QWM=@J>=X}%ﬁ>SEJMMMWSC%MD(ENﬁD-
i= i=1 i=1 i= i=1

Since Y /L, ||fill = 1, the above estimates together imply <v;, ;> = | fill ||vi|| for
i=1,...,n. Next, let |v;]| <|v]| and suppose that f; #0. Then, by the
definition of Fy, we have

ol = <o, f> =3~ <o fi> < D llwill 1A < llo])-
i1 i=1

This is a contradiction, and we must have f; =0. O

REMARK 5.1.4. (i) Suppose that |v;]| =||v|| and |lvj|| < ||v|| for j #i.
Then, by Proposition 5.1.3, f;=0 for j#i Hence, |v|| = |vil| = <o, f) =
Soii<vi, fi> = vi, f;>, which implies ||v;]] = {v;, ;> and || fj]| = 1. This means
that f; € Fo(v;). Hence Fo(v) = (0,...,Fo(vi),...,0) if ||v|| > ||vj|| for j #i.

(i) Tt is also clear from Proposition 5.1.3 that if f; # 0 then ||vi] = ||v].

Proposition 5.1.3 and its Remark 5.1.4 leads to following

LEmMMA 5.1.5. Let v= (v1,02,...,00) and f = (f1, /5, f,) € Fo(v).
@) If llyll < |lvll for j # i then Fo(v) = (0,...,Fo(v;),...,0).

Gi) I [loll = ol for all i then Fo())= U  (a1Fo(vr),2Fo(v2),. -,
OC,,F()(U,,)). ocl,zazh...,a,,_zlo

Proor. Assertion (i) is already verified in Remark 5.1.4. We then prove
the second assertion (ii) by induction. First we show the result for n = 2. Let
f =" 1a), v=(v,v2) and (f}, f>) € Fo(v1,v2). Then by the definition of Fy
we have ||Ul|| = ”1’2” = [[(v1,02)]| = <(UI,UZ)7(f17f2)> =, fiy + (v, fo) <
ol AN+ o2l Al < Nloxll = llvz2f]. - From this we have <y, f;) = [loi]| 1.1l
and <v, o) = llall 12l Let fi=£/Ifill and f3= £/l /o Then fie
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Fo(v1) and f3€ Fo(v2). Set a=|f| and B=|f5, then a+pf =1, and
so  (af1,Bf3) € U  (aFo(v1),BFo(v2)). This means that (f,f;)€

o,$>0,a+p=1
U  (aFo(v1),BFo(v2)). Hence
o, f>0,a+p=1
(5.1.1) Fy(vy,v2) = U (Fo(v1), Fo(v2)).

o, f>0,a+p=1

We next prove the reverse inclusion (5.1.1) as follows. Let (f7,f3)€

U  (aFo(v1),BFo(v2)). Then there exists «,f such that f]= af],
o, f>0,a+p=1

fieFo(v), fy=Pf freFo(v2). Then {((v1,v2),(f1,f3)> = <(v1,v2),
(af1,B13)> = vi,af 1> + <va, Bf3> = alvr, f1) + BLva, f30 = |loall (= |lvzll)
which gives {(v1,02), (f1, f2)> = (o, 02)|l, |11l + I f2]l = 1. Therefore we

have (f},f,) € Fo(vi,v2), which shows that U (aFo(v1), BFo(v2)) =
o, f=0,a+p=1
Fyo(v1,v2). Combining this with (5.1.1), we have Fy(vy,v2) =
o,f>0,0+p=1

(«Fo(v1), BFo(v2)). Hence the proof is complete for n = 2.

Now we assume that the assertion (ii) for n = p. To prove that the
Assertion (ii) is also true for n = p + 1, we employ the following notation. Let
X' = X; X X3 X -+ X Xj, and write an element in X’ as v’. Then we can write

v=(v",0p11) and Fo(v) = Fo(v',vp41).
Applying the result for the case of n =2, we have

Fo(v) = U (@Fo(v'), BFo(vp+1))
o B2 0,0+p=1

= U ol U (uFo(vr),02Fo(v2), ..., apFo(v:)), BFo(vp+1))
o,f20,0+p=1 Z.in“"':l

;>0

_ U ( U (aoch()(U]),O(OQF()(UZ),---aaapFO(vi))’BFO(UP+1))
af200+p=1 $7F 4=

o; >0

U (a1 Fo(v1), oz Fo(v2), . . . , acty Fo(v;)), BFo(Up+1))
o, f20,0+p=1 ZLI ai=1

;>0

U ((a;FO(Ul), aéFO(UZ)a ey O(;F()(D,‘)), a1/;+]F0(vp+1))a
S et

a/ 20
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where o; = ao; for i=1,...,p and o ; = B. Hence the result is true for n =
p+ 1. By the induction principal we obtain the desired result. O

We can now state the above theorem in a more general setting:
THEOREM 5.1.6.

Fo(v)= | (uFo(v1),...,%Fo(vn)),
Z::lui:l
a;>0,iel
a,—=0,i¢1

where I = {i: ||v]| = |jvill} ={1,2,...,n}.
Finally, we prepare the following lemma:

LemMMA 5.1.7. Let f, ge Fo(v). If f; #0 for any i, then of;, + g; # 0 for
any o > 0.

Proor. By Proposition 5.1.3, <v;, f;> = |lvi|| | fill and <vi,g:> = ||lvill ||g:l|-

Hence <v;,of; + gi> = alvi, f;) + <{vi, ;) = ||vill(«]| ;]| + |lgi]|), which implies
of; +gi #0. This completes the proof of the Lemma. |

5.2. Extremal Points in Fo(f)

In this subsection we make an attempt to give a characterization of the
extremal points of Fo(v)). First we prepare the following which plays a major
roll in the following.

PROPOSITION 5.2.1.  For any f e extFo(v), f = (f1, f5,---,f,) has only one
nonzero component.

PrOOF. Suppose f has two or more non-zero componenets. Then by
Proposition 5.1.3, ||v;|| = ||v||, for the corresponding v/s. Now by Lemma 5.1.5
for these i's (0,...,f;...,0) € Fo(v;). Without lost of generality suppose
Ilf]l # 0. Then,

S =IANGAANL O, -, 0) + (1= LAIDO, £2/(1 = 1A,
S/ =NAD, - £/ A= 1LAID)-

Since  (fi/IIAll0,-..,0),(0, /(X = LAID, 35/ A = [I£1lD, - -, £/ (X = I/i]])) €
Fo(v) by
Theorem 5.1.5 and f is an extremal point of Fo(v) we have

f=U/AL0,--,0) = 0,4/ = LA, // A = AN -, fu/ (L= IAID)-

Thus f =0, and this gives a contradiction. Hence the proof is complete.

d
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PROPOSITION 5.2.2. Let v = (v1,v2,...,0,) €X. Then we have:
(i) ext(0,...,Fo(vi),...,0) =(0,...,extFo(v;),...,0),
) et \@GuFo(01), 35 Fo(02), ., S Foltn))}

= U\ 1 (01 ext Fo(v1), 52,extFo(vz) ., Onj €Xt Fo(vy))

Proor. (i): Without loss of generality we may assume that i = 1. Then
we show that ext(Fy(v1),0,...,0) = (extFy(v1),0,...,0). Let (f,0,...,0)€e
ext(Fp(v1),0,...,0). Assume that there exist o € (O, 1) and f}, f, € Fo(v;) such
that (f,0,...,0) = a(f],0,. )+(1—a)(f2, ,.-.,0). Since (f},0,...,0),
(£5,0,...,0) € (Fo(n),0,..., ) and (f,0,...,0) e ext(Fy(v1),0,...,0), we have
(f,0,...,0) = (£,0,.. ) (/2,0,...,0) whlch implies f = f; = f;. This
shows that f € extFo(ul), and as that (f,0,...,0) € (ext Fo(v1),0,...,0). Next
let (f,0,...,0) € (ext Fy(v1),0,...,0), which means that f eextFy(v;). Sup-
pose that there exist «(0,1) € (0,1) and (f;,0,...,0), (/,0,...,0) € Fo(v1)
such that (f,0,...,0) =a(f;,0,...,0) + (1 —a)(f>,0,...,0). This gives that
f=/fi=1/,, and also we have f, f, € Fo(v;). Since f € extFy(v;), we have
f=fi=/f, and (f,0,...,0)=(f;,0,...,0) =(f,,0,...,0). Thus we have
(f,0,. )eext(Fo(vl) 5 0).

(11). Since (Fo(vl),O,...,()),(0,F0(vz),0,...,0),...,(0,...,0,F0(v,,)) are
subsets of the union U;:l(61jF0(v1),(52jF0(v2),...,(5,,jF0(v,,)), for any ie
{1,...,n}, we have by the first result (i)

ext{ Q 51]F0 vl 52JF0(02) ,5,,jF0(Dn))} n {0 (v,) 0)

cext{0,...,,Fo(v;),...,00} = (0,...,ext Fo(vy),...,0).

Therefore

ext{U((SljFo(v,-) §njF0 l)n } U (SIJF() 1)1 52]F0(172) ,5njF0(l),,))
j=1 =

c U(é]j ext F()(v]),ézj ext F()(Dz), .. ,5,,j CXtF()(v,,)).
=1

From this it follows that

C=

ext{ O(éljFo(vl), e ,6,,]-F0(v,,))} c |J(O1jext Fo(vy),. .. ,0n ext Fo(vn)).
j

i~

J

To show the inverse implication

C:

ext{ 0(51JF0(D,) ,5,,jF0(v,,))} (511 eXtFo(v|) . ,(5,,1- extFo(v,,)),
J

Jj=1



On the duality mapping of L* spaces 113

let ie{l,...,n} and (0,...,f,...,0)e(O0,...,extFy(v;),...,0). Suppose
then that there exist ae(0,1) and h=(hi,...,h,), g=1(91,-.-,9n) €
Uj."zl((SIjFo(vl), .+ +,0nFo(vy)) such that (0,...,f;,...,0) = ah+ (1 —a)g. This
implies that h; = g; = 0 for i # j and f; = ah; + (1 - oc)gi. Since f; € extFo(v,-)
we have f, hi = g;. Therefore (0,...,f. eext{U}" (61 Fo(vi), - .

OniFo(vs)}. Since i is arbitrary, we conclude that U (01 ext Fo(vn), -

Onjext Fy(vy)) < ext{U (0 Fo(vr), ..., OniFo(vn))}- Thus we obtain the
desired assertion (ii). O

THEOREM 5.2.3. Let v= (vy,...,v,) € X. Then the set of extremal points
of Fy(v) is characterized by

extFo(v) = |J (GyjextFo(v1),...,0n ext Fo(vy)).
llojll=llvll

Proor. Using the Theorem 5.1.6 we can write

Fo(v) = U (alFo(vl),...,oz,,Fo(v,,))

where I={i:|v||=|vll} ={1,2,...,n}. For simplicity in the proof we
assume here that

Fov)= |J (uFo(v1),-..,anFo(vn)).
z:i=|°"'=l
0<a;<1
Therefore U;;l(éljFo(vl),észo(vz),...,6njF0(v,,)) < Fo(v). Hence

n

eXtF()(U) n {U(éljFO(Ul)» . ,5,,jF0(vn } c ext{gj 511F0 1)1), . ,5,,1-F0(v,,))}.

=1

Combine this with Proposition 5.2.2 gives

ext Fo(0) N { UL, GyFo(vn), -, 8 Fo(un) }
c U (01 ext Fo(v1), . .. ,0n ext Fo(vn)).

Then by Proposition 52.1 we have extFy(v)c U;;l(&lj ext Fo(v1),. ..,
Onjext Fo(v,)). To get reverse inclusion, let (f,0,...,0) e (ext Fo(11),0,...,0).
Suppose that there exist a € (0,1) and (f}, /3., /0): (91,92,--.,9n) € Fo(v)
such that (f,0,...,0) =a(f}, f5,-..,f) + (1 —)(g1,92,-..,9n). This gives
f,0,...,0) = (afy + (1 —a)g2, 0/, + (1 —a)g2,...). From Lemma 5.1.7 it
follows that f;,g; =0 for 2 <i<n. Hence f =of; + (1 —a)g;. Since fis an
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extremal point of Fy(v1), f = fi =g1. Therefore (f,0,...,0) eextFo(v). In
the same way as above we can prove if (0,...,f;,...,0) € (0,...,ext Fp(vs),. ..,
0) then (0,...,f;,0,...,0) e Fo(v). This shows that U;;l(éljextFo(vl),...,
Opj ext Fo(v,)) < ext Fo(v), and the proof of the theorem is complete. O

5.3. A typical example in L*(Q)*

We here illustrate the use of Theorem 5.2.3 by considering a quasilinear
diffusion operator in L®(R)>. In order to formulate the operator we impose

the following conditions:

(i) B;e C(2 xRY) and there exists ¢ > 0 such that f§, >c on 2 x R? for
i=1,2,3

(ii) a;e C'(02) and a; >0 on 02 for i=1,2,3.

We then define D(&/) to be the set
D(«) = {v = (1) e L®(RQ)* : v;e WP(Q) for p>d, Bi(+,Vv)dv; e L*(Q),

%+aiui =0 ondQR,i= 1»2’3}’
ov

and formulate a quasilinear diffusion operator
v = [B,(-,Vv1)dv1, By (-, Vv2) Ava, B3 (-, Vv3) Av3).
Then we have following theorem.
THEOREM 5.3.1. o is dissipative in L®(Q)>.

ProoF. We must prove that for any pair of u,ve D(2/), there exists
f € Fo(v) such that

(A (u) —L(v),f><0.

Let u= (u1,up,u3) and v = (v1,v2,v3). Without loss of generality we may
assumme that |u; —v;| = |lu —v||]. Now consider the first component of the
left-hand side {B,(-,Vu1)4du; — B;(-,Vv1)4v;). Then by Lemma 4.3.2 there
exist a 0-1 measure f; € Fo(uy —v;) such that <{B,(-,Vu)du; — B,(-,Vuvr)
Av;) <0. Then since this measure is an extremal point of Fy(u; — vy),
Theorem 5.2.3 implies that (f;,0,0) € Fo(u — v). This implies {2/ (u) — & (v),
(01,0,0)) < 0. Since (f],0,0) € Fo(u — v), it follows that &/ is dissipative.

REMARK 5.3.2. Finally, we would like to add the following comment.
Theorem 3.1.5 remains valid in the case where Q is unbounded and w has its
support at infinity.
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