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On punctured 3-manifolds in 5-sphere
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ABSTRACT. Let M be a closed connected orientable 3-manifold with H\ (M\ Z) torsion
free. In this paper, we classify up to isotopy the embedding maps of the punctured
3-manifold M° = M — IntD3 into the 5-sphere S5 in terms of the Euler classes of their
normal bundles together with a certain kind of Seifert linking forms associated with such
embeddings. It will be shown that the set of isotopy classes of all such embedding
maps forms a finitely generated abelian group which depends only on the cohomology
ring of M. We also discuss similar classifications for higher dimensions.

1. Introduction

Let M be a smooth closed connected orientable 3-manifold and set
M° = M — IntD3. It is known that M can always be smoothly embedded
into S5 and hence M° as well (for example, see [Wl]).

Let us first consider the smooth embeddings of the closed 3-manifold M
into S5. When M is diffeomorphic to the standard 3-sphere, such embeddings
are called 3-knots and have been studied to some extent (for example, see
[Le]). However, when the 3-manifold M is not diffeomorphic to the 3-sphere,
such embeddings have not been studied so much. Nevertheless, for those
embeddings whose complements have the infinite cyclic fundamental group,
some systematic studies have been possible, which are similar to those of
simple 3-knots (see [Le]). For example, in [Sal, Sa2, Sa3], the isotopy classes
of such embeddings have been studied by using the Seifert linking matrices
associated with simply connected 4-manifolds in S5 bounded by the embedded
3-manifolds. Note that the normal bundle of a smooth embedding of M into
S5 is always trivial.

Let us now consider smooth embeddings of the punctured 3-manifold M°
into S5. Note that their complements in *S5 are always simply connected (for
details, see Lemma 3.3 of the present paper), but that their normal bundles may
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not necessarily be trivial in general. For lower dimensions, codimension two
embeddings of punctured manifolds into spheres are not interesting so much:

in fact, for each punctured 1- or 2-dimensional manifold, its embeddings are
unique up to isotopy (for example, see [Ti]). However, for dimension three,

it is surprising that, in most cases, there exist a lot of isotopy classes of
embeddings of a given punctured 3-manifold, even if we restrict ourselves to
those with trivial normal bundles.

Our purpose of this paper is to completely classify the embedding maps of
M° into S5 up to isotopy for M with H\(M\ Z) torsion free. It will be shown
that the set of isotopy classes of all such embedding maps forms a finitely
generated abelian group which depends only on //2(M;Z) and the intersection
form μM : H2(M; Z) x H2(M; Z) x H2(M', Z) -> Z of M.

The strategy of our classification is as follows. In §2, we will define a
skew symmetric bilinear linking form U on H2(M-,Z) when there exists a
trivialization τ of the normal bundle. This linking form depends on the choice
of the trivialization τ in general. However, we will show that the difference
between two such forms is always given by the inner product of an element of
//2(M;Z) and the intersection form μM of M (Lemma 2.2). This enables us
to define an invariant of the isotopy class of an embedding map with trivial
normal bundle as an element in the additive group /\ H2(M\ Z)* of all integral
2-forms on H2(M',Z) modulo the subgroup IM generated by the inner products

of μM. Note that the abelian group f\^H2(M;ZY JIM depends only on the
intersection form μM of M, or equivalently on the cohomology ring of M, and
that this group can easily be calculated, once the intersection form μM of M is
given (see Lemma 4.9).

In §3, we will show that this invariant is in fact complete and gives
a bijection between the set of isotopy classes of the embedding maps of M°
into S5 with trivial normal bundles and the finitely generated abelian group

/\2#2(M;Z)*//M (Theorem 3.1).
In §4, we consider the general case where the normal bundle may not

necessarily be trivial. If the normal bundle is not trivial, then we will see that
its Euler class is always an even multiple of an element of /f2(M;Z) (Lemma
4.1). In this case, we will twist the given embedding so that the resulting
embedding has trivial normal bundle and that we can define the linking form
as above. As a result, we will show that the set of isotopy classes of the
embedding maps of M° into S5 is in one-to-one correspondence with the

finitely generated abelian group #2(M;Z) φ (f\2H2(M;Z)*/IM), where to
each such embedding map corresponds one half of the Euler class of its normal
bundle together with the linking form of the twisted embedding (Theorem
4.5). As a corollary, we will show that the isotopy classes of such embedding
maps are unique if M has the same integral homology groups as *S3, and
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correspond bijectively to the set Z of the integers if M has the same integral
homology groups as Sl x S2 (Corollary 4.10).

In §5, we will consider embeddings of (n — 2)-connected stably paral-
lelizable (In — 1)-dimensional punctured manifolds M° into S2n+l (n > 3) (with
trivial normal bundles if n = 3) and will give a complete classification similar
to the three dimensional case. In fact, we will consider a classification up to
an equivalence relation seemingly weaker than the isotopy (see Definition
5.3). We will see that for such higher dimensions, the effect of the intersection
form disappears, and thus the set of equivalence classes of the embedding maps
(with trivial normal bundles for n = 3) are in one-to-one correspondence with
the finitely generated free abelian group /\ //rt(M;Z)* if n is even and to
O2#«(M;Z)* if n is odd, where Q2Hn(M',Z)* denotes the set of all integral
symmetric bilinear forms on Hn(M;Z) (Theorem 5.4).

Throughout the paper, all manifolds and maps are of class C°°. The
homology and the cohomology groups are with integral coefficients unless

otherwise indicated. The symbol "^" denotes a diffeomorphism between
smooth manifolds or an appropriate isomorphism between algebraic objects.

The author would like to express his thanks to the people at the University
of Liverpool for their hospitality during the preparation of the manuscript.

2. Seifert linking forms for embeddings with trivial normal bundles

Let M be a smooth closed connected orientable 3-manifold and set M° =
M - IntD3. Recall that every closed orientable 3-manifold embeds smoothly

into S5 (see [Wl]), so that M° also embeds into S5. Let / : M° -> S5 be a
smooth embeddings. In this and the next sections, we assume that the normal
bundle of/is trivial. We define the Seifert form of/as follows. We first fix
an orientation of S5. By our hypothesis, we can extend / to an embedding
τ : M° x D2 -> S5 such that τ\M° x {0} = /, where we identify D2 with the

unit disk in C. In the following, we call τ a trivialίzation of the normal bundle
of f. Set TV = τ(M° x D2) and define iτ : M° -> dN by iτ(x) = τ(x, 1)
(xeM°). Then we define the bilinear form

Lτ : H2(M) x H2(M) -* Z

by Lτ(α,/?) = Ik^α, %β), where Ik denotes the linking number in S5 and we
naturally identify H2(M) with H2(M°). Note that in general, Lτ depends on
the choice of the trivialization τ of the normal bundle of /.

LEMMA 2.1. The bilinear form Lτ is skew symmetric.

PROOF. Define jτ : M° -> dN by jτ(x) = τ(x, -1) (* e Af °). Then for
all a,βeH2(M), we have
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= -ik(/> j;/

where the fourth equality follows from the fact that iτ and jτ are isotopic to
each other as embedding maps from M° into S5 - f(M°). This completes the
proof. ||

We call Lτ the Seifert form of / associated with the trivialization τ. We
then have to clarify the changes on the Seifert form when we change the
trivialization τ of the normal bundle of/.

Fix an orientation of M°. Note that by Poincare duality, we have
Hι(M} ^ Hl(M). In the following, we identify these two groups by such an
isomorphism.

Let

μM : Hl(M) x H\M) x H\M) -> Z

be the intersection form of M defined by μM(α,/?, γ) = <α ̂  β ̂  y, [Λf]>,
where [M] e H^(M) is the fundamental class of M corresponding to the fixed
orientation. Note that μM is a skew symmetric 3-form on Hl(M) = Hι(M}
(for example, see [Su]).

Fix an embedding τ : M ° x D2 — > S5 which is a trivialization of the
normal bundle of /. Then the other such trivializations correspond to
homotopy classes of smooth maps φ : M° — » Sl(= dD2) up to isotopy. More
precisely, the map φ corresponds to the isotopy class of the trivialization τ'
given by τ'(x,z) = τ(x,φ(x)z) (z e D2 a C,x e M°). Thus the isotopy classes
of embeddings M ° x D2 — > S5 extending / are in one-to-one correspondence
with the homotopy classes of maps of M° to S1, which in turn are in one-to-
one correspondence with the elements of Hl(M) = //2(M).

LEMMA 2.2. Let τ' : M° x D2 -> S5 be the embedding extending f which
corresponds to the element u e Hl(M) = H2(M) in the above correspondence.
Then we have

for all x,β e Hl(M) = H2(M).
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PROOF. We can represent the homology classes u,u.,βeH2(M) by
smoothly embedded oriented surfaces U,A and B in the interior of M°
respectively. We may assume that U and B intersect transversely. Let N(U)
be a sufficiently small closed tubular neighborhood of U in the interior of M °
and θ : U x I -> N(U) (I = [-1, 1]) a diffeomorphism such that 0(jc,0) = x for
all x e U. Define the continuous map φ : M° —> Sl by

J l (xeM° -IntN(U))
φ(X}~\pop2oθ-l(x) (xeN(U))9

where p2 : U x / — » 7 is the projection to the second factor and p : I — > Sl is
the map defined by p(t) = exp((f + l)πv^T). Note that the trivialization τr

corresponds to φ.
Then we have

Set / = UΓ\B, which is a finite disjoint union of simple closed curves in M°,

and set />(/) = τ(J x I>2)(ί= τ(M° x Z>2)), which is a finite disjoint union of
embedded solid tori in S5. We may assume that N( U) Π B = Θ(J x 7) by
isotoping B if necessary. Then, by the construction of φ, we see that, with an
appropriate orientation for /)(/),

iϊβ-ilβ=[dD(J)],

where [3D(/)] e H2(S5 - f(MQ)) is the homology class represented by dD(J).
Thus we have

Lτ'(*,β] - Lτ(*,β) = lk(/Λ [dD(J)])

= -μM(u,oc,β),

where (/*α) /)(/) denotes the intersection number in S5, which is equal to the
intersection number of α and / in M. This completes the proof. \\

Let us denote by /\ H2(M)* the finitely generated additive group of all
integral 2-forms on HI (M). We set

IM = [i(u)μM e /\2H2(MΓ : u e #2(M )},
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where the inner product i(u)μM of u and μM is defined by i(u)μM(a.,β) =
μM(u, α,/?) (oc,β eH2(M)). Note that IM is an additive subgroup of

/\2H2(M)* and hence that /\2H2(M)*/IM forms a finitely generated abelian
group.

For a smooth embedding / : M° —» S5 with trivial normal bundle, we
define the element L(f) e /\ H2(M)* /!M as the class corresponding to Lτ for
some trivialization τ. By Lemma 2.2, this element is independent of the choice
of τ. In particular, L(f) is an invariant of the isotopy class of /. We call
L(f) the invariant Seifert form of /.

3. Classification of embeddings with trivial normal bundles

In this section, we prove the following.

THEOREM 3.1. Let M be a smooth closed connected orientable 3-manifold
with H\ (M) torsion free. Then the isotopy classes of smooth embedding maps

f : M° — > S5 with trivial normal bundles correspond bijectively to the finitely
generated abelian group f\ H2(M)*/IM by the correspondence f ι-> L ( f ) .

PROOF. First, let us prove the surjectivity. It is known that there exists a
4-dimensional handlebody W = h° U h\ U h\ U - U h2

r with dW ^ M, where λ°
denotes a 0-handle and h] denotes a 2-handle (/ = 1,2, . . . , r) (for example,
see [Li, Theorem 3]). Furthermore, we may assume that W is spin; i.e., the
second Stiefel-Whitney class w2(W) e H2(W\2l2) of Evanishes (for example,
see [Ka]). In the following, we identify M with dW. Consider the following
exact sequence of homology of the pair (W,dW}\

H3(W,dW) -> H2(M) -» H2(W) -+ H2(W,dW).

Note that Hι(W,dW} =0 and that the other groups above are all finitely
generated free abelian groups. Thus we may assume that H2(M] is a sub-
group of H2(W). Then, we see that H2(M] is a direct summand of H2(W] by
the above exact sequence.

Fix an orientation for W. Given an element L of /\ H2(M)*, let L be a
bilinear form on H2(W) which extends L on H2(M) such that

for all α,/? e H2(W), where α β denotes the intersection number of α and β in
W. Such a bilinear form L exists, since the intersection form of W is of even
type and the intersection form of W restricted to H2(M) is the zero form.

Then using a method of Kervaire [Ke, Chapitre II, § 6], we can construct
an embedding / : W — » S5 such that its Seifert form coincides with L (for the
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definition of a Seifert form, see [Le], for example). Then the embedding
/ =f\M° (M° c M = dW) has trivial normal bundle and satisfies Lτ = L for

some trivialization τ : M° x D2 -> S5 such that τ(M° x [0,1]) = τ(M° x D2) Π
f(W). Thus every element of /\ H2(M)*/IM can be realized by some
embedding / : M° —»S5 with trivial normal bundle as its invariant Seifert
form. Note that for the surjectivity of the correspondence, we do not need the
assumption that H\(M) should be torsion free, as the proof shows.

Let us prove the injectivity of the correspondence />->£(/). Suppose
that / and g : M° —> S5 are smooth embeddings with trivial normal bundles
such that L(f) = L(g)ej\2H2(M)*/IM. Set f(M°)=K and g(M°) = K'.
By Lemma 2.2, there exist trivializations τ and τ' : M° x D2 —» S5 of the
normal bundles of/ and g respectively such that Lτ = U . Let W be a 4-
dimensional handlebody as in the first paragraph of the proof of Theorem 3.1.

LEMMA 3.2. There exist smooth embeddings f and g : W —> S5 such that

f\M° = f and g\M° = g.

For the proof of the above lemma, we need the following.

LEMMA 3.3. The complements S5 — K and S5 — K' are simply connected.

PROOF. Let ψ : S1 —> S5 - K be an arbitrary continuous map. Since S5

is simply connected, there exists a continuous map φ : D2 —>*S5 such that
φ\dD2 = ψ. We may assume that φ is smooth and that it intersects K
transversely. Then the intersection of φ(D2) with K consists of finitely
many points. Then by a homotopy of φ fixing dD2, we can "push out" the
intersections towards dK so that, at the end of the homotopy, φ(D2) does not
intersect K. Thus ψ is null homotopic in S5 — K, and hence S5 — K is simply
connected. The same argument can be applied to S5 — K'. This completes
the proof of Lemma 3.3. ||

PROOF OF LEMMA 3.2. Consider the dual handlebody decomposition

W=(Mx [0,1])U(/* 2 )*U . - . U ( A 2 ) * U / ι 4

of W, where (h2}* are the dual 2-handles of h2 (i = 1 , . . . , r) and h4 is the dual
4-handle of Λ°. It is not difficult to show that the above handlebody is
diίfeomorphic to

( Λ / 0 x [ 0 , l ] ) U ( Λ 2 ) * U . U(A Γ

2 )*.

We identify W with the above handlebody. By using τ and τ', we

can extend the embeddings / and g to embeddings of M° x [0,1]. Then, by
using Lemma 3.3, we can extend them to embeddings /j and g\ of
(M° x [0,1]) U D2 U . U D2, where D2 are the core 2-disks of (h2) *
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(ι= l,. . . ,r). Finally, by using the fact that W is spin, one can extend fλ

and #! to embeddings / and g of W respectively (for this, see the techniques
used in [Ke, Chapitre II, §6], for example). This completes the proof of
Lemma 3.2. \\

REMARK 3.4. Lemma 3.2 shows, in particular, that for every smooth
closed connected orientable 3-manifold Af, every smooth embedding of M° into
S5 with trivial normal bundle extends to a smooth embedding of M into S5

such that the complement of the image has infinite cyclic fundamental group.

Next we will modify g outside M° so that the Seifert forms o f f ( W ) and
g(W) coincide with each other.

Consider the following Mayer- Vietoris exact sequence of the pair (Af°x
[ 0 , l ] , ( A 2 ) * U . . U(A r

2 )*):

H2(bι\J - • • Ubr)-

-^Hι(bιV ..\Jbr)-^Hι(M° x [0,1])— >Jϊι(»0, (3.5)

where bl • = (A?)* Π (M° x [0,1]) is the solid torus along which the 2-handle
(A?)* is attached to Af ° x [0, 1] on Af° x {1} (/ = l , . . . , r) , and i : b\ U - -
U br — > Af ° x [0, 1] is the inclusion map. In the following, we identify
HJ (M° x [0, 1]) with Hj(M) (j =1,2). Note that H2(bι U - - U br) = 0 =
/fi(W) and that H\(M) is free abelian by our assumption. Let {y\, ,ys}
be a basis of H2 (M) over Z. Recall that H2(M) is a direct summand of
H2 (W). Since Hι(M) is free abelian, we see that ker(z* : H\(b\ U - - \Jbr) ->
7/ι (Af ° x [0, 1])) is a direct summand of HI (bι U - - U br). Then by sliding the
2-handles (A?)* if necessary, we may assume that {[3/>J], . . . , [dD%]} is a basis
for ker/*, and that {i*[3^+i],...,i*[9/>^]} is a basis for H\(M), where
j - r - A: is the rank of Hι(M) and [dDf] eHι(bι\J - Ubr) (i = 1, . . . ,r) are
the homology classes represented by the boundary circles of the core 2-disks D?
of (A?)*.

Since ι*[3D?] = 0 in H\(M) for i = 1, . . . , jfc, there exist 2-chains c, in M°
such that δcz = —dDf. Let (J/ e H2(W) be the homology class represented by
D f U c i (i = 1,. . . ,&). Then we see that {y 1 ?. . . , ̂ ,^1, . . . ,5*} is a basis of
H2(W) by the exact sequence (3.5).

Let Zγ and Lg denote the Seifert forms of f(W) and g(W) respectively.
Since Lτ = Lτ , we see that Lf(γhγj) = Lg(yt, y7 ) for all l<ί,j<s.
Furthermore, by modifying the embedding g on the 2-handles (A?)*
(i= 1, ...,/:) if necessary, we can arrange so that Lf(δi,δj) = Lg(δt,δj) for all
1 < i,j < k (for this, use the argument of Kervaire [Ke, Chapitre II, §6]).

Let α, 6/fι(Af,3(Af°)) be the Poincare dual of y*e#2(M°), where
y f , . . . , y; e H2(M°) ^ Hom(H2(M°], Z) are the dual basis of γλ , . . . , y, e
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//2(Λf°). We can represent α, by a properly embedded arc α, in M°.
We may assume that α, are mutually disjoint and that the attaching solid
tori of (Λ?)* (1 < y < r) in M° x {1} = M° do not intersect af. Let #(0/)
be a sufficiently small tubular neighborhood of Λ, in M° and let ηi : N(aj) —>
D2 x I (/ = [-!,!]) be a diffeomoφhism such that i/ f(a/) = {0} x 7 and
?,(#(<!/) nδ(ΛP)) = £>2 x {-1,1}. Note that N(at) x [0, l](c M° x [0,1]) can
be regarded as a 2-handle attached to

M° - (JJLitf (*y) x [0,1]

with the core 2-disk D[ identified with η^l(D2 x {0}) x {1/2}. Then, mod-
ifying the embedding g on the 2-handles (A?)* (j = ! , . . . ,&) so as to modify
the linking numbers of D and D?, we can arrange so that Lf(γhδj) = Lg(y^δj)
for all / and j with \ <i<s and 1 < j < k without changing Lg(δi,δj) for
1 <ί,j<k or Lg(γ^γj) for 1 < i,j < s (for this, again use the argument of
Kervaire [Ke, Chapitre II, §6]. See also Remark 3.6 below).

Thus we have shown that there exist smooth embeddings / and g of W
into S5 which are extensions of/and g respectively such that Lf = Lg. Then
by using the same argument as in [Le, §§18-20], we see that / and g are
isotopic to each other as embedding maps of W into S5, since W has a
handlebody decomposition consisting of one 0-handle and some 2-handles.
Restricting this isotopy to M° <= M = dW, we see that/and g are isotopic as
embedding maps into S5. Thus the correspondence /1-> L(f) is injective.
This completes the proof of Theorem 3.1. ||

REMARK 3.6. In the above construction, we can prove that

A = (M- - VliNfa) x [0,1]) U ((A|+1)* U - - U (h2

rY)

is an integral homology 4-disk and that W can be obtained by attaching the 2-
handles N(af) x [0,1] (/ = 1 , . . . , s ) and (A?)* (j = 1 , . . . , k) to A. Such an
argument is possible only when H\(M) is torsion free.

4. Classification of general embeddings

Let / : M° —» S5 be a smooth embedding whose normal bundle may not
necessarily be trivial. Let us denote by e(f}eH2(M°) ^H2(M) the Euler
class of the normal bundle.

LEMMA 4.1. Suppose that H\(M) is torsion free. Then the Euler class
e(f) is always an even multiple of an element of H2(M); i.e., e(f) e2H2(M).

PROOF. By our assumption, H2(M) is isomorphic to Hom(//2(Λf),Z) by
the universal coefficient theorem. Thus we have only to show that <X/),α> is



264 Osamu SAEKI

even for every αe//2(M). Let A be a closed oriented surface in M° rep-
resenting α. Let v denote the normal bundle of the embedding /. Then we
have

where /^ : A —> M° denotes the inclusion map, e(v|^4) denotes the Euler class of
the normal bundle v restricted to A, and [A] e Hι(A) denotes the fundamental
class. We may assume that the total space of v is embedded in S5 in a way
compatible with/. Let A ' be an embedded surface in S5 which is obtained by
perturbing the zero section A in the total space of v\A and which intersects the
zero section A transversely. Then (e(v\A), [A\) is equal to the intersection
number of A' and A in the total space of v\A, which is equal to the intersection
number of A1 and f ( N ( A ) ) in S5, where N(A) ^ A x [— 1, 1] is a closed tubular

neighborhood of A in M°. Set A+ = A x {1} and A_ = A x {— 1}, which are
identified with the boundary components of N(A). Then we have

= \k(A',f(8N(A)))

= \k(A',f(A+))-\k(A',f(A-))

= lk(/(Λ),/(Λ+)) + lk(f(A.),f(A))

= 2 lk(f(A),f(A+)).

Thus <e(/),α> is even for every aeH2(M). This completes the proof.
Alternatively, we can prove the lemma by using the fact that v\A is stably

trivial. ||

REMARK 4.2. In the above proof, the intersection number A' f ( N ( A ) ) is
also equal to the intersection number A' -/(M°), which is equal to the linking

number of f ( A ) and /(3(Af °)). Thus, for every α e H2(M), we have <έ?(/),

Let us consider the twisting operation which converts / to an embedding
with trivial normal bundle as follows. Let ε e H\(M°,d(M°}} be the Poincare
dual of e(f)/2. Then ε can always be represented by a properly embedded
oriented arc a in M°. Let N(ά) be a closed tubular neighborhood of a in M°
and fix a diίfeomorphism η : N(ά) — > D2 x /, where / = [—1,1], η(ά) = {0} x /
and η(N(ά) Π5(M°)) - Z)2 x {-1, 1}. Set Da = η~l(D2 x {0}), which is a
properly embedded 2-disk in N(ά). We can regard N(ά) as a 3-dimensional
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2-handle attached to M° - N(ά) with the core 2-disk Da. Note that the

normal bundle of f\Da is trivial and we can extend f\Da to an embedding
ga : Da x D3 —> S5. We may assume that ga\(Da x /) = / o η~l o /c, where

K : Da x / — > D2 x / is the natural identification, Z)3 is identified with the

unit 3-disk in R3 and /=[—!, ! ] is identified with the intersection of D3 with

the first coordinate axis. Let φ : Da — > dD3 — S2 be a smooth map such that

φ(V) = (1,0,0) for some neighborhood V of dDa in Da and that it repre-
sents an element of π2(S2)^Z corresponding to —1. Then define the

smooth embedding ψ : Da x I — > Da x D3 by ψ(x, t) = (x, tφ(x)). Finally define

the smooth embedding fa : M° — > S5 by

LEMMA 4.3. TTze embedding fa has trivial normal bundle.

PROOF. Let e(fa) e H2(M°) denote the Euler class of of the normal

bundle of fa. We have only to show that <X/J, α> = 0 for every α e //2(Λf °).
Let ^4 be a closed oriented surface embedded in M° representing α. We may

assume that A intersects a transversely at a finite number of points. Let k be

the algebraic intersection number of a and A. Then, using the same notation

as in the proof of Lemma 4.1, we have

It is not difficult to show that

\k(fa(A),fa(A+)) =

by the construction of fa. On the other hand, by the proof of Lemma 4.1, we

have

Furthermore, since a represents the element ε e H\(M°,d(M°)) Poincare dual

to e(f)/2, we have

Combining the above equalities, we obtain <X/J,α> = 0. This completes the
proof. ||

In the following, we say that fa is an embedding obtained from / by the

twisting operation with respect to the properly embedded oriented arc a in M°.
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REMARK 4.4. The isotopy class of the embedding fa is uniquely deter-
mined by the isotopy class of the properly embedded oriented arc a in M°

representing the Poincare dual of e(f)/2. Let a and b be two such arcs.
When a and b are not isotopic as properly embedded arcs in M°, we do not
know if fa and fb are isotopic to each other.

In the following, for each element e of H2(MQ), we fix a properly

embedded oriented arc a in M° Poincare dual to e.
The main result of this section is the following.

THEOREM 4.5. Let M be a smooth closed connected orientable ^-manifold
with HI (M) torsion free. Then the isotopy classes of smooth embedding maps
f : M° —> S5 correspond bίjectiυely to the finitely generated abelίan group
H2(M) Θ (f\2H2(M)*/IM) by the correspondence f ι-» e(f)/2 Θ L(fa\ where a
is the fixed properly embedded oriented arc in M° Poincare dual to e(f)/2 and
fa is the embedding with trivial normal bundle obtained from f by the twisting
operation with respect to a.

PROOF. The correspondence is well-defined by Lemmas 4.1 and 4.3
together with the results obtained in §2.

Let us show that the correspondence is surjective. Take an element
e®LeH2(M)®(f^H2(MY/IM). By Theorem 3.1, L is realized by an

embedding g : M° —> S5 with trivial normal bundle as its invariant Seifert
form. Let a be the properly embedded oriented arc in M° Poincare dual to e.
Then by applying the reverse operation of the twisting operation to g with
respect to the arc α, we can construct an embedding / of M° into S5 such that
the Euler class of its normal bundle is equal to 2e. Thus, we have e(f)/2 = e.
Since fa is isotopic to g, we have L(fa) = L(g) = L. Hence/is an embedding

which realizes the given element e®L of H2(M) 0 (/\?H2(M)*/IM)
Let us show the injectivity. Let / and g be embeddings of M° into S5

with e(f) = e(g) and L(fa) — L(ga) (note that, since e(f) = e(g), we can use
the same arc a for both / and g). Then by Theorem 3.1, fa and ga are
isotopic. Since / and g are obtained by applying the reverse operations of the
twisting operation to fa and ga respectively with respect to a, we see that / and
g are also isotopic. This completes the proof. ||

REMARK 4.6. Let us consider the isotopy classes of the images of the
embeddings of M° into S5, not as the embedding maps. Then such isotopy
classes of embeddings with trivial normal bundles are in one-to-one corre-

spondence with the elements of (/\ H2(M)* /!M)/GM, where GM is the group
of self-diffeomorphisms of M° which acts on /\ H2(M)*/IM in a natural
way. In general, such a set does not inherit a structure of an abelian
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group. As to the general case where the normal bundle may not necessarily be

trivial, the group GM does act on the group H2(M) 0 (/\2H2(M)* /IM)l
however, we do not know if such isotopy classes are in one-to-one corre-

spondence with the elements of (H2(M) ® (/\2H2(M)* /IM})/GM, since the
choice of the properly embedded arc a is not canonical. For example, if
h : M° — » M° is a self-diffeomorphism of M° which acts on the homology and
the cohomology groups trivially such that the properly embedded arcs a and
h(ά) are not isotopic to each other, then we do not know if L(fa) —

REMARK 4.7. Let us denote by Emb00(M°,4S'5) the set of all smooth
embedding maps of M° into S5 endowed with the usual C°° topology (or
equivalently, the Whitney C°° topology, since M° is compact) (for example, see
[H, Chapter 2]). Then Theorem 4.5 implies that the connected components of
Emb00(M°,iS'5) are in one-to-one correspondence with the elements of H2(M)

®(/\2H2(MΓ/IM).

REMARK 4.8. Sullivan [Su] has shown that every integral 3-form μ on an
arbitrary finitely generated free abelian group H can be realized as the
intersection form of some smooth closed oriented 3-manifold. Furthermore,
such 3-manifolds are constructed in such a way that their first homology
groups are torsion free. Let Iμ denote the subgroup of f\ H* which consists
of the inner products of the elements of H and μ. Then, every abelian group
of the form H* 0 (/\ H*/Iμ) can be realized as the set of isotopy classes of
the embedding maps of M° into S5 for some smooth closed orientable

3-manifold M.

Note that, once the intersection form μM is given, the group /\ H2(M)* //M
can easily be calculated. For example, we have the following.

LEMMA 4.9. (1) If μM = 0, then /
f\ H2(M)* :, which is a free abelian group of
b\ (M) denotes the first Betti number of M.

(2) I f b ι ( M ) =0 or 1, then the group /\2//2(M)*//M is trivial.
(3) If b\(M) =2, then the group f\ H2(M)*/lM is an infinite cyclic

group.
(4) I f b ι ( M ) = 3, then /\2H2(M)*/IM is isomorphic to Z@Z®Zd,

where d= |//M(αι,α2,α3)| for a basis {αι,α2,α3} of H2(M).

PROOF. (1) is obvious. (2) and (3) follow from (1) together with the
fact that μM = 0 unless b\(M) > 3. For (4), it is not difficult to see that

/\2H2(M)* is isomorphic to Z3 and that IM is generated by (0,0, +rf),

(0, ±rf,0) and ( + rf,0,0) with respect to an appropriate basis for /\2H2(M)*.
Then the result follows immediately. This completes the proof. ||

LEMMA 4.9. (1) If μM = 0, then /\^H2(M)*/IM is isomorphic to
/\ H2(M)*, which is a free abelian group of rank b\(M)(b\(M) — l)/2, where
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Using the argument similar to the proof of Lemma 4.9 (4), we can

calculate the abelian group /\ Hι(M}*J!M from the intersection form μM.
As a corollary to the above calculations and Theorem 4.5, we obtain the

following.

COROLLARY 4.10. (1) Let M be an integral homology ^-sphere. Then

the embedding maps of M° into S5 are unique up to isotopy.

(2) Let M be a closed ^-manifold with the same integral homology groups

as Sl x S2. Then the isotopy classes of embedding maps of M° into S5

correspond bijectively to H2(M] ^ Z, where to an embedding corresponds one

half of its Euler class of the normal bundle.

(3) Let M be a closed ^-manifold with the same integral homology groups

as S1 x S2#Sl x S2. Then the isotopy classes of embedding maps of M° into

S5 are in one-to-one correspondence with H2(M) 0 Z ^ Z 0 Z © Z . Here, to

an embedding f : M° —> S5 corresponds one half of the Euler class in H2(M)

and the linking number lk(α',/?') in S5, where {<x,β} is a fixed basis of

H2(M),af = (fa)^a,βf is the homology class in S5 — fa(M°) which is obtained

by pushing off (/α)j5 into a normal direction of fa(M°), and fa is the embedding
with trivial normal bundle obtained from f by the twisting operation with respect

to a properly embedded oriented arc a in M° Poincare dual to e(f)/2.

REMARK 4.11. We do not know if a classification as in Theorem 4.5 is
also possible for 3-manifolds M with H\ (M) not necessarily torsion free. Note

that the argument in §2 works completely for such general cases as well, and

thus the invariant Seifert form can be defined also in such cases.

5. Higher dimensional cases

Let M be a smooth closed (In — 1)-dimensional (n — 2)-connected mani-
fold (n > 2) which is stably parallelizable. When n = 2, this is equivalent to

that M is a smooth closed connected orientable 3-manifold; in other words, the

above class of (In — 1)-dimensional manifolds can be regarded as a general-
ization of such a class of 3-manifolds. In this section, we assume that

Hn-\(M) is torsion free and consider the classification of the embedding maps

of the punctured manifold M° = M - Int D2n~λ into S2n+l for n > 3 under a
certain equivalence relation.

Recall that the manifold M admits a handlebody decomposition which

consists of one 0-handle, some (n — 1)- and w-handles and one (In — 1)-handle
(see [Sml, §6] for n > 4 and [Sm2] for n = 3). Furthermore, there exists a

smooth closed (In — 1)-dimensional manifold M\ which bounds a smooth

compact 2«-dimensional (n — 1)-connected parallelizable manifold W such that
is diffeomorphic to Ml -lntD2n~l (see [KM, Theorem 6.6] or
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[Wl, §13]). Since we will consider only the punctured manifold M° = M—
Int/)2""1, we may assume, from the beginning, that M = M\. Note that the
manifold W admits a handlebody decomposition which consists of one 0-handle
and some w-handles. Thus, in particular, W can be embedded into S2n+{ and
hence M° can also be embedded into S2n+l (see [Ke, Chapitre II, §6]).

Such a (In— 1)-dimensional manifold as M above arises, for example, as
the link of an isolated hypersurface singularity in C"+1 (see [M]). In this case,
the manifold W corresponds to the Milnor fiber.

REMARK 5.1. For classifications of smooth closed (In — 1)-dimensional
(n — 2)-connected manifolds (n > 3) which are stably parallelizable, see [Ta, D,
Sm2].

Let / : M° —» S2n+l be a smooth embedding. Suppose that there exists
an embedding τ : M° x D2 -> S2n+l such that τ|M° x {0} = f. We call such
an embedding τ a trίvίalization of the normal bundle of f. Then we define the
bilinear form

Lτ : Hn(M) x Hn(M) -» Z

by the same way as in the case n = 2 (see §2).
It is easy to see that, if n > 4, then the normal bundle of/is always trivial,

since H2(M) = 0. Furthermore, when the normal bundle o f / i s trivial, its
trivialization is unique up to homotopy, if n > 3, since Hl(M) = 0. Thus we
obtain the following.

LEMMA 5.2. Suppose that the embedding f : M° —> S2n+l has trivial
normal bundle. Ifn>3, then the Seifert form Lτ is independent of the choice of
the trivialization τ : M° x D2 —> S2n+l of the normal bundle of f and is an
invariant of the isotopy class of f.

In the above situation, we denote the Seifert form U by L(f) and we call

it the invariant Seifert form of/ Note that L(f) is a skew symmetric bilinear
form on Hn(M) if n is even, while it is a symmetric bilinear form on Hn(M) if
n is odd (see the proof of Lemma 2.1). We denote by f\ Hn(M)* the space
of all integral skew symmetric bilinear forms on Hn(M) and by Q2Hn(M)*
the space of all integral symmetric bilinear forms on Hn(M). Thus we have
L(f) e /\2Hn(M)* if n is even and L(f) e Q2Hn(MY if n is odd.

DEFINITION 5.3. Let / and g : M° —» S2n+l be two smooth embeddings.
We say that / and g are almost isotopic if there exists an orientation preserving
diffeomorphism h : M° —» M° which induces the identity on the homology
groups H*(M°) such that / and goh are isotopic as embedding maps.
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It is easy to see that the invariant Seifert form L(f) of an embedding / is
an invariant of the almost isotopy class of/. Then by using arguments similar
to §3, we obtain the following.

THEOREM 5.4. Let M be a smooth closed (n - ΐ)-connected (2n-\)-
dίmensίonal manifold which is stably parallelizable (n > 3). Suppose that
Hn_\(M) is torsion free.

(1) If n = 3, then the almost isotopy classes of smooth embedding maps
f : M° —> S7 with trivial normal bundles correspond bijectively to the finitely
generated free abelίan group Q2Hι(M)* by the correspondence f ι—» L(f).

(2) If n > 3, then the almost isotopy classes of smooth embedding maps

f : M° —> S2n+l correspond bijectively to the finitely generated free abelίan group
/\ Hn(M)* (or Q2Hn(M)*) by the correspondence f \-+ L(f) if n is even (resp.
odd).

PROOF. By Lemma 5.2, the correspondence is well defined.
Let us first show that the correspondence is surjective. Let L be an

arbitrary element of /\2#M(M)* (or Q2Hn(M)*) when n is even (resp. odd).
By the same argument as in the proof of Theorem 3.1, we can regard Hn(M) as

a direct summand of Hn(W), where W\s the 2«-dimensional manifold as in the
second paragraph of this section and we identify M with d W. Furthermore,
the intersection form on Hn(W] restricted to Hn(M] vanishes and the bilinear

form L + (— l)ntL also vanishes, where *L is the form defined by 'L(α,/?) =
L(β, α) (α,/?e Hn(M)). Thus, since W is parallelizable, there exists a bilinear
form L on Hn(W) which extends L such that L + (—!)"( tL) coincides with the
intersection form of W. Then by using the method of Kervaire [Ke, Chapitre
II, §6], we can construct an embedding of W into S2n+l whose Seifert form
coincides with L. Then restricting this embedding to M0(dM = dW), we
obtain a desired embedding.

Let us now prove the injectivity. Let / and g : M° —> S2n+l be two
smooth embeddings with trivial normal bundles such that L(f) = L(g). Set
K = f(M°) and K1 = g(M°). Since M° admits a handlebody decomposition
consisting of m-handles with m<n, we see that both nn-.\(S2n+l — K) and
nn-\(S2n+l — K1) vanish, by using an argument similar to that in the proof of
Lemma 3.3. Then by an argument similar to that in the proof of Lemma 3.2,
we see that there exist smooth embeddings / and g : W —> S2n+l such that
f\M° = f and g\M° = g.

If n > 4, then by [Sml, Theorem 6.3], M° admits a handlebody de-

composition consisting of a 0-handle (/z')°, (n - l)-handles (h')"~\ ..., (h')"~l,

and rc-handles (/z ')" , . . . , (/*')Γ> where s = rank7/rt(M°), since Hn-\(MQ) is
torsion free by our assumption. If n = 3, then the existence of such a
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handlebody decomposition follows directly from the classification theorem of
spin 5-manifolds due to Smale [Sm2] (in fact, for n = 3, M is diffeomorphic to

the connected sum of S2 x S3). Let dj be the cocore (n — l)-disk of (hf)" and
let N(dj) be a sufficiently small tubular neighborhood of dj in M°(j = 1 , . . . ,s)
(in fact, N(dj) can be identified with the ^-handle (h')").

Furthermore, by an argument similar to that in the proof of Lemma 3.2,
we see that W has the handlebody decomposition

W = (M° x [0,1]) U (A?)* U U (hn

rY

for some r(>s), where (A?)* are dual ^-handles attached to M° x [0,1] on
M° x {!}. We may assume that the image of the attaching map of (Af)*,
which is diffeomorphic to S""1 x Dn, does not intersect N(dj) x {1} for all /
and/ Furthermore, as in the proof of Theorem 3.1 (see also Remark 3.6), we
may assume that

Δ = (MO - (js

j=lN(aj) x [0,1]) U ((A£+1)* U U (ΛΓ»)*)

is an integral homology 2«-disk and that W can be obtained by attaching the n-
handles N(at) x [0,1] (/ = 1 , . . . , j) and (A/)* (j = 1 , . . . , k ) to A. In fact, by
using the generalized Poincare conjecture proved by Smale [Sml, Theorem 5.1],
it is not difficult to show that Δ is diffeomorphic to the 2rc-dimensional disk.

Then, by using the method of Kervaire [Ke, Chapitre II, §6], we can
modify the embedding g so that the Seifert forms o f f and g coincide with each
other as in the proof of Theorem 3.1.

Then, again by using the argument of Kervaire [Ke, Chapitre II, §6], we
can show that the images o f f and g are isotopic to each other. Thus there
exists a diffeomorphism A : W —> W such that / and g o A are isotopic as

embedding maps and that A induces the identity on Hn(W). Furthermore, we
may assume that A is orientation preserving and that h\A is the identity map.

Set A = A|M°. Then we see that h\(M° - ( J s

j = } N ( a j ) ) is the identity map and,
in particular, A* : Hn-\(M°) -* Hn-\(M°) is the identity map. Thus we see
that / and g o A are isotopic as embedding maps, that A is orientation pre-
serving, and that A* : Hj(M°) —> Hj(M°) is the identity map f o τ j = n—l and
n. Thus/and g are almost isotopic. Hence the correspondence / H-> L(f) is
injective. This completes the proof of Theorem 5.4. ||

REMARK 5.5. We do not know if almost isotopic embeddings are always
isotopic as embedding maps. As the result in § 3 shows, this is true for n = 2,
provided that the normal bundles are trivial.

REMARK 5.6. When n = 3, we do not know if we can obtain a result
similar to Theorem 4.5 concerning a classification of general embedding maps
with not necessarily trivial normal bundles.
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