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Abstract. In this paper, we study the Dempster trace criterion. When the number of

variables and the dimension of the null hypothesis are large relative to sample size, we

derive the asymptotic distribution and Cornish-Fisher expansion of the Dempster trace

criterion in the cases such that the covariance matrix is known and that the covariance

matrix is unknown. Finally, we study the accuracy of the asymptotic expansion by the

numerical simulation.

1. Introduction

We consider a multivariate linear model:

Y ¼ XBþ E;

where Y is an N � p observation matrix, X is an N � k design matrix with

rankðX Þ ¼ k, B is a k � p matrix of regression coe‰cients, and E is an N � p

error matrix distributed according to NN�pðO; IN nSÞ. We test the hypothesis

H0 : CB ¼ O;

where C is a q� k known matrix of rank q. For the null hypothesis, the

Dempster trace criterion (See Dempster (1958, 1960)) is defined by trðShÞ=trðSeÞ,
where

Sh ¼ B̂B 0C 0ðCðX 0X Þ�1
C 0Þ�1

CB̂B;

Se ¼ ðY � XB̂BÞ0ðY � XB̂BÞ;

with B̂B ¼ ðX 0X Þ�1
X 0Y (See Muirhead (1982)). For testing the above hypoth-

esis, the likelihood ratio test statistic, Lawley-Hotelling’s generalized T 2 sta-

tistic, and Bartlett-Nanda-Pillai’s test statistic are often used. However, when

p > N � k, these statistics can not be defined since Se is singular. In practice,
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the number of variables is sometimes larger than the sample size, such as

microarray data and economic data. So we study the Dempster trace

criterion. Under the null hypothesis, the statistic

n trðShÞ
q trðSeÞ

is approximated by F distribution with qr and nr degrees of freedom, where

n ¼ N � k and r ¼ ftrðSÞg2=trðS2Þ (See Dempster (1958)). Usually r is

unknown, so it should be estimated by the data. In this case it is di‰cult

to assess how close is the estimated critical point to the true value. So we

approximate the critical point by using the asymptotic expansion. Using the

traditional asymptotic expansion, if the fixed parameters p and q are large, then

the approximation is bad. We want to derive the useful approximation to a

variety of size of parameters. In Section 2, we derive the asymptotic expansion

under the framework:

n; p; q ! y;
p

n
! g1 A ð0;yÞ; q

n
! g2 A ð0;yÞ: ð1Þ

In Section 3, under the condition such that the parameter S is unknown, we

derive the asymptotic expansion. Finally, in Section 4, we check the accuracy

of approximation by the numerical simulation.

2. The case such that the covariance matrix S is known

In this section, we derive an asymptotic expansion of the distribution of

the Dempster trace criterion under the framework (1).

2.1. The stochastic expansion. Under the null hypothesis, we know that Sh

and Se are independently distributed according to the central Wishart distri-

butions Wpðq;SÞ and Wpðn;SÞ, respectively. For deriving the asymptotic

distribution, we assume that

trðSkÞ ¼ OðpÞ: ð2Þ

In the following, we use the notation ck ¼ trðSkÞ=p. Let T be defined by

T ¼ p
n trðShÞ
q trðSeÞ

� 1

� �
;

and U , V be defined by
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U ¼ 1ffiffiffiffiffi
pq

p ðtrðShÞ � q trðSÞÞ;

V ¼ 1ffiffiffiffiffi
np

p ðtrðSeÞ � n trðSÞÞ:

Then under the assumption (2), both U and V are asymptotically distributed

according to the same normal distribution Nð0; 2c2Þ (See Appendix A.1). T is

expanded as

T ¼ p
n trðShÞ
q trðSeÞ

� 1

� �

¼ p
1ffiffiffiffiffi
pq

p
U

c1
þ 1

 !
1� 1ffiffiffiffiffi

np
p

V

c1
þ 1

np

V 2

c21
� 1

ðnpÞ3=2
V 3

c31
þOpððnpÞ�2Þ

 !
� 1

( )

¼ 1

c1
ð ffiffiffiffi

r1
p

U � ffiffiffiffi
r2

p
VÞ þ 1

n

V 2

c21
� 1ffiffiffiffiffi

nq
p

UV

c21
þ 1

n
ffiffiffiffiffi
pq

p
UV 2

c31
� 1

n
ffiffiffiffiffi
np

p
V 3

c31
þOpðn�3Þ;

where r1 ¼ p=q and r2 ¼ p=n.

2.2. The characteristic function. The characteristic function C1ðtÞ of T is

given by

C1ðtÞ ¼ E½expðitTÞ�

¼ E

�
exp

it

c1
ð ffiffiffiffi

r1
p

U � ffiffiffiffi
r2

p
VÞ

� �
1þ it

n

V 2

c21
þ ðitÞ2

n2
V 4

2c41

( )

� 1� itffiffiffiffiffi
nq

p
UV

c21
þ ðitÞ2

nq

U 2V 2

2c41

( )
1þ it

n
ffiffiffiffiffi
pq

p
UV 2

c31

� �

� 1� it

n
ffiffiffiffiffi
np

p
V 3

c31

� �
þOpðn�3Þ

�

¼ E exp
it

c1
ð ffiffiffiffi

r1
p

U � ffiffiffiffi
r2

p
VÞ

� �
g1ðU ;VÞ

� �
;

where

g1ðU ;VÞ ¼ 1þ it

n

V 2

c21
� itffiffiffiffiffi

nq
p

UV

c21
þ ðitÞ2

n2
V 4

2c41
þ ðitÞ2

nq

U 2V 2

2c41

þ it

n
ffiffiffiffiffi
pq

p
UV 2

c31
� it

n
ffiffiffiffiffi
np

p
V 3

c31
� ðitÞ2

n
ffiffiffiffiffi
nq

p
UV 3

c41
þOpðn�3Þ:
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Let Z1 be a p� q random matrix distributed according to Np�qðO; IpqÞ and Z2

be a p� n random matrix distributed according to Np�nðO; IpnÞ. Then

U ¼ 1ffiffiffiffiffi
pq

p ðtrðSZ1Z
0
1Þ � pqc1Þ and V ¼ 1ffiffiffiffiffi

np
p ðtrðSZ2Z

0
2Þ � npc1Þ: ð3Þ

By using (3), we rewrite the characteristic function as

C1ðtÞ ¼ E

"
exp

(
it

c1

ffiffiffiffi
r1

pffiffiffiffiffi
pq

p trðSZ1Z
0
1Þ �

ffiffiffiffi
r2

pffiffiffiffiffi
np

p trðSZ2Z
0
2Þ

 !

� it
ffiffiffiffi
r1

p ffiffiffiffiffi
pq

p þ it
ffiffiffiffi
r2

p ffiffiffiffiffi
np

p
)
g1ðU ;VÞ

#

¼
ð ð

ð2pÞ�pðnþqÞ=2 etr � 1

2
Ip �

2it

qc1
S

� �
Z1Z

0
1

� �

� etr � 1

2
Ip þ

2it

nc1
S

� �
Z2Z

0
2

� �
g1ðU ;VÞdZ1dZ2:

Besides, we consider the following transformations:

Z1 ¼ Ip �
2it

qc1
S

� ��1=2

~ZZ1 and Z2 ¼ Ip þ
2it

nc1
S

� ��1=2

~ZZ2: ð4Þ

These transformations imply that

C1ðtÞ ¼ Ip �
2it

qc1
S

����
����
�q=2

Ip þ
2it

nc1
S

����
����
�n=2

�
ð ð

ð2pÞ�pðnþqÞ=2 etr � 1

2
~ZZ1

~ZZ 0
1 �

1

2
~ZZ2

~ZZ 0
2

� �
g1ðU ;VÞd ~ZZ1d ~ZZ2

ð ~ZZ1 @Np�qðO; IpqÞ and ~ZZ2 @Np�nðO; IpnÞÞ

¼ Ip �
2it

qc1
S

����
����
�q=2

Ip þ
2it

nc1
S

����
����
�n=2

E ~ZZ1; ~ZZ2
½g1ðU ;VÞ�;

where jAj denotes the determinant of A for any square matrix A. For the

Jacobian, it holds that

log Ip �
2it

qc1
S

����
����
�q=2

¼ pitþ r1c2

c21
ðitÞ2 þ ðitÞ3

q

4r1c3

3c31
þ ðitÞ4

q2
2r1c4

c41
þOðq�3Þ;

log Ip þ
2it

nc1
S

����
����
�n=2

¼ �pitþ r2c2

c21
ðitÞ2 � ðitÞ3

n

4r2c3

3c31
þ ðitÞ4

n2
2r2c4

c41
þOðn�3Þ:
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So we obtain the following expansions:

Ip �
2it

qc1
S

����
����
�q=2

¼ exp pitþ r1c2

c21
ðitÞ2

� �

� 1þ ðitÞ3

q

4r1c3

3c31
þ ðitÞ4

q2
2r1c4

c41
þ ðitÞ6

q2
8r21c

2
3

9c61
þOðq�3Þ

( )
;

Ip þ
2it

nc1
S

����
����
�n=2

¼ exp �pitþ r2c2

c21
ðitÞ2

� �

� 1� ðitÞ3

n

4r2c3

3c31
þ ðitÞ4

n2
2r2c4

c41
þ ðitÞ6

n2
8r22c

2
3

9c61
þOðn�3Þ

( )
:

Next, in order to calculate the expectation E ~ZZ1; ~ZZ2
½g1ðU ;VÞ�, we use the

stochastic expansion of U and V given by

U ¼ 1ffiffiffiffiffi
pq

p ðtrðSZ1Z
0
1Þ � pqc1Þ

¼ 1ffiffiffiffiffi
pq

p tr S Ip �
2it

qc1
S

� ��1

~ZZ1
~ZZ 0
1

" #
� pqc1

 !

¼ U1 þ
2it

ffiffiffiffi
r1

p
c2

c1
þ 1

q

2it

c1
U2 þ

4ðitÞ2 ffiffiffiffi
r1

p
c3

c21

 !
þOpðp�2Þ

U1 ¼
1ffiffiffiffiffi
pq

p ðtrðS ~ZZ1
~ZZ 0
1Þ � pqc1Þ and U2 ¼

1ffiffiffiffiffi
pq

p ðtrðS2 ~ZZ1
~ZZ 0
1Þ � pqc2Þ

� �
;

V ¼ 1ffiffiffiffiffi
np

p ðtrðSZ2Z
0
2Þ � npc1Þ

¼ 1ffiffiffiffiffi
np

p tr S Ip þ
2it

nc1
S

� ��1

~ZZ2
~ZZ 0
2

" #
� npc1

 !

¼ V1 �
2it

ffiffiffiffi
r2

p
c2

c1
� 1

n

2it

c1
V2 �

4ðitÞ2 ffiffiffiffi
r2

p
c3

c21

 !
þOpðp�2Þ

V1 ¼
1ffiffiffiffiffi
np

p ðtrðS ~ZZ2
~ZZ 0
2Þ � npc1Þ and V2 ¼

1ffiffiffiffiffi
np

p ðtrðS2 ~ZZ2
~ZZ 0
2Þ � npc2Þ

� �
:

Using Appendix A.2, we obtain the following expectation:
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E ~ZZ1; ~ZZ2
½g1ðU ;VÞ� ¼ 1þ 1

n

2ðitÞc2
c21

þ 4ðitÞ3ðr1 þ r2Þc22
c41

 !

þ 1

n2

 
� 8ðitÞ2c3

c31
þ 18ðitÞ2c22

c41
� 16ðitÞ4r2c2c3

c51

þ ðitÞ4ð24r1 þ 32r2Þc32
c61

þ ðitÞ6ð16r1 þ 8r2Þr2c42
c81

!

þ 1

nq

 
6ðitÞ2c22

c41
þ 8ðitÞ4ðr1 � r2Þc2c3

c51

þ ðitÞ4ð4r1 þ 12r2Þc32
c61

þ 8ðitÞ6r1r2c42
c81

!
þOðn�3Þ:

Consequently, we see that the characteristic expansion can be expanded as

C1ðtÞ ¼ expððitÞ2s2=2Þ
�
1þ 1

q
ðitÞ3a1 þ

1

n
fðitÞa2 þ ðitÞ3a3g

þ 1

q2
fðitÞ4a4 þ ðitÞ6a5g þ

1

n2
fðitÞ2a6 þ ðitÞ4a7 þ ðitÞ6a8g

þ 1

nq
fðitÞ2a9 þ ðitÞ4a10 þ ðitÞ6a11g

�
þOðn�3Þ;

where

s ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðr1 þ r2Þc2

p
c1

; a1 ¼
4r1c3

3c31
; a2 ¼

2c2

c21
;

a3 ¼
4ðr1 þ r2Þc22

c41
� 4r2c3

3c31
;

a4 ¼
2r1c4

c41
; a5 ¼

8r21c
2
3

9c61
; a6 ¼

18c22
c41

� 8c3

c31
;

a7 ¼
2r2c4

c41
� 8ð3r1 þ 7r2Þc2c3

3c51
þ 32ðr1 þ r2Þc32

c61
;

a8 ¼
8r22c

2
3

9c61
� 16r2ðr1 þ r2Þc22c3

3c71
þ 8ð2r1 þ r2Þr2c42

c81
;
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a9 ¼
6c22
c41

; a10 ¼
32r1c2c3

3c51
þ 4ðr1 þ r2Þc32

c61
;

a11 ¼ � 16r1r2c
2
3

9c61
þ 8r1r2c

4
2

c81
þ 16r1ðr1 þ r2Þc22c3

3c71
:

2.3. Asymptotic distribution and Cornish-Fisher expansion. Inverting the char-

acteristic function, we obtain the following density function of T=s:

f1ðxÞ ¼ fðxÞ
�
1þ 1

q

a1

s3
h3ðxÞ þ

1

n

a2

s
h1ðxÞ þ

a3

s3
h3ðxÞ

� �

þ 1

q2
a4

s4
h4ðxÞ þ

a5

s6
h6ðxÞ

� �
þ 1

n2
a6

s2
h2ðxÞ þ

a7

s4
h4ðxÞ þ

a8

s6
h6ðxÞ

� �

þ 1

nq

a9

s2
h2ðxÞ þ

a10

s4
h4ðxÞ þ

a11

s6
h6ðxÞ

� ��
þOðn�3Þ;

where fðxÞ is the density function of the standard normal distribution and

hjðxÞ’s are the Hermite polynomials given by

h1ðxÞ ¼ x; h2ðxÞ ¼ x2 � 1; h3ðxÞ ¼ x3 � 3x; h4ðxÞ ¼ x4 � 6x2 þ 3x;

h5ðxÞ ¼ x5 � 10x3 þ 15x; h6ðxÞ ¼ x6 � 15x4 þ 45x2 � 15:

Integrating the density function, we obtain the following theorem.

Theorem 1. Under the framework (1) and the condition (2), we obtain the

asymptotic expansion of the null distribution of T=s as

Pr
T

s
a z

� �
¼ FðzÞ � fðzÞ

�
1

q

a1

s3
h2ðzÞ þ

1

n

a2

s
þ a3

s3
h2ðzÞ

� �

þ 1

q2
a4

s4
h3ðzÞ þ

a5

s6
h5ðzÞ

� �
þ 1

n2
a6

s2
h1ðzÞ þ

a7

s4
h3ðzÞ þ

a8

s6
h5ðzÞ

� �

þ 1

nq

a9

s2
h1ðzÞ þ

a10

s4
h3ðzÞ þ

a11

s6
h5ðzÞ

� ��
þOðn�3Þ;

where FðzÞ is the distribution function of the standard normal distribution.

Using this asymptotic expansion, we obtain the following Cornish-Fisher

expansion of the percentile (See Appendix A.3 for the proof ).

Corollary 1. Let z1ðaÞ be

z1ðaÞ ¼ uþ 1

q
p1ðuÞ þ

1

n
p2ðuÞ þ

1

q2
p3ðuÞ þ

1

n2
p4ðuÞ þ

1

nq
p5ðuÞ;
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where

u ¼ za;

ðza is the upper 100a % point of the standard normal distribution:Þ

p1ðuÞ ¼
a1

s3
ðu2 � 1Þ;

p2ðuÞ ¼
a2

s
þ a3

s3
ðu2 � 1Þ;

p3ðuÞ ¼
u

2
p21ðuÞ þ

a4

s4
h3ðuÞ þ

a5

s6
h5ðuÞ þ

2ua1
s3

p1ðuÞ �
ua1

s3
h2ðuÞp1ðuÞ;

p4ðuÞ ¼ � u

2
p22ðuÞ þ

a6

s2
h1ðuÞ þ

a7

s4
h3ðuÞ þ

a8

s6
h5ðuÞ þ

2ua3
s3

p2ðuÞ;

p5ðuÞ ¼
a9

s2
h1ðuÞ þ

a10

s4
h3ðuÞ þ

a11

s6
h5ðuÞ

þ 2ua1
s3

p2ðuÞ þ
2ua3
s3

p1ðuÞ �
ua1

s3
h2ðuÞp2ðuÞ:

Then it holds that

Pr
T

s
a z1ðaÞ

� �
¼ 1� aþOðn�3Þ:

3. The case such that the covariance matrix S is unknown

Usually the covariance matrix S is unknown. So we need to replace the

unknown parameter s with the consistent estimator in the formulas obtained in

Section 2.

3.1. The stochastic expansion. In Section 2, we defined that

s ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðr1 þ r2Þc2

p
c1

;

which contains the unknown parameter c1 and c2. So we use the unbiased

consistent estimators of c1 and c2 (See Srivastava (2005)).

ĉc1 ¼
trðSeÞ
np

;

ĉc2 ¼
n2

pðnþ 2Þðn� 1Þ
trðS2

e Þ
n2

� ðtrðSeÞÞ2

n3

 !
:
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By using these consistent estimators, we obtain the consistent estimator of s:

ŝs ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n2ðr1 þ r2ÞftrðS2

e Þ=n2 � ðtrðSeÞÞ2=n3g=ðpðnþ 2Þðn� 1ÞÞ
q

trðSeÞ=ðnpÞ
:

Then it holds that

T

ŝs
¼ trðShÞ=q� trðSeÞ=nffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2n2ðr1 þ r2ÞftrðS2
e Þ=n2 � ðtrðSeÞÞ2=n3g=ðpðnþ 2Þðn� 1ÞÞ

q :

Let W be defined by

W ¼ n

p

n2

ðnþ 2Þðn� 1Þ
trðS2

e Þ
n2

� ðtrðSeÞÞ2

n3

 !
� trðS2Þ

" #
:

Then W ¼ Opð1Þ (See Srivastava (2005)), and T=ŝs is expanded as

T

ŝs
¼ trðShÞ=q� trðSeÞ=nffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðr1 þ r2Þðc2 þW=nÞ
p

¼ trðShÞ
q

� trðSeÞ
n

� �
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðr1 þ r2Þc2
p 1� W

2nc2
þOpðn�2Þ

� �
:

3.2. The expansion of the characteristic function. The characteristic function

of T1=ŝs is calculated as

C2ðtÞ ¼ E exp
itT

ŝs

� �� �

¼ E exp
itffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðr1 þ r2Þc2
p trðShÞ

q
� trðSeÞ

n

� �( )
g2ðSh;SeÞ

" #
;

where

g2ðSh;SeÞ ¼ 1� itW

2nc2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðr1 þ r2Þc2

p trðShÞ
q

� trðSeÞ
n

� �
þOpðn�2Þ:

Let Z3 be a p� q random matrix distributed according to Np�qðO; IpqÞ and Z4

be a p� n random matrix distributed according to Np�nðO; IpnÞ. Then we can

represent the characteristic function as
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C2ðtÞ ¼ E exp
itffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðr1 þ r2Þc2
p trðSZ3Z

0
3Þ

q
� trðSZ4Z

0
4Þ

n

� �( )
g2ðSh;SeÞ

" #

¼
ð ð

ð2pÞ�pðnþqÞ=2 etr

(
� 1

2
Ip �

ffiffiffi
2

p
it

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr1 þ r2Þc2

p S

 !
Z3Z

0
3

� 1

2
Ip þ

ffiffiffi
2

p
it

n
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr1 þ r2Þc2

p S

 !
Z4Z

0
4

)
g2ðSh;SeÞdZ3dZ4:

Next, we transform Z3 and Z4 as

Z3 ¼ Ip �
ffiffiffi
2

p
it

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr1 þ r2Þc2

p S

 !�1=2

~ZZ3;

Z4 ¼ Ip þ
ffiffiffi
2

p
it

n
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr1 þ r2Þc2

p S

 !�1=2

~ZZ4;

respectively. Then the characteristic function is expressed as

C2ðtÞ ¼ Ip �
ffiffiffi
2

p
it

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr1 þ r2Þc2

p S

�����
�����
�q=2

Ip þ
ffiffiffi
2

p
it

n
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr1 þ r2Þc2

p S

�����
�����
�n=2

�
ð ð

ð2pÞ�pðnþqÞ=2 etr � 1

2
~ZZ3

~ZZ 0
3 �

1

2
~ZZ4

~ZZ 0
4

� �
g2ðSh;SeÞd ~ZZ3d ~ZZ4

¼ Ip �
ffiffiffi
2

p
it

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr1 þ r2Þc2

p S

�����
�����
�q=2

Ip þ
ffiffiffi
2

p
it

n
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr1 þ r2Þc2

p S

�����
�����
�n=2

� E ~ZZ3; ~ZZ4
½g2ðSh;SeÞ�:

For the Jacobian, it holds that

Ip �
ffiffiffi
2

p
it

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr1 þ r2Þc2

p S

�����
�����
�q=2

¼ exp
pitc1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2ðr1 þ r2Þc2
p þ ðitÞ2r1

2ðr1 þ r2Þ

 !

� 1þ
ffiffiffi
2

p
ðitÞ3r1c3

3q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr1 þ r2Þ3c32

q þOðq�2Þ

8><
>:

9>=
>;;
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Ip þ
ffiffiffi
2

p
it

n
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr1 þ r2Þc2

p S

�����
�����
�n=2

¼ exp � pitc1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðr1 þ r2Þc2

p þ ðitÞ2r2
2ðr1 þ r2Þ

 !

� 1�
ffiffiffi
2

p
ðitÞ3r2c3

3n
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr1 þ r2Þ3c32

q þOðn�2Þ

8><
>:

9>=
>;:

To calculate the E ~ZZ3; ~ZZ4
½g2ðSh;SeÞ�, we expand g2ðSh;SeÞ as

g2ðSh;SeÞ ¼ 1� itW

2nc2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðr1 þ r2Þc2

p trðShÞ
q

� trðSeÞ
n

� �
þOpðn�2Þ

¼ 1� it

2pc2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðr1 þ r2Þc2

p

� trðSZ4Z
0
4SZ4Z

0
4Þ

n2
� ðtrðSZ4Z

0
4ÞÞ

2

n3

 !
� trðS2Þ

( )

� trðSZ3Z
0
3Þ

q
� trðSZ4Z

0
4Þ

n

� �
þOpðn�2Þ

¼ 1� it

2pc2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðr1 þ r2Þc2

p

�
(

1

n2
tr

"
S Ip þ

ffiffiffi
2

p
it

n
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr1 þ r2Þc2

p S

 !�1

~ZZ4
~ZZ 0
4

� S Ip þ
ffiffiffi
2

p
it

n
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr1 þ r2Þc2

p S

 !�1

~ZZ4
~ZZ 0
4

#

� 1

n3
tr S Ip þ

ffiffiffi
2

p
it

n
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr1 þ r2Þc2

p S

 !�1

~ZZ4
~ZZ 0
4

2
4

3
5

0
@

1
A
2

� trðS2Þ
)

�

8<
: 1

q
tr S Ip �

ffiffiffi
2

p
it

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr1 þ r2Þc2

p S

 !�1

~ZZ3
~ZZ 0
3

2
4

3
5

� 1

n
tr S Ip þ

ffiffiffi
2

p
it

n
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr1 þ r2Þc2

p S

 !�1

~ZZ4
~ZZ 0
4

2
4

3
5
9=
;þOpðn�2Þ

¼ 1� it

2pc2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðr1 þ r2Þc2

p
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�
 

1

n2
trððS ~ZZ4

~ZZ 0
4Þ

2Þ � 2
ffiffiffi
2

p
it

n3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr1 þ r2Þc2

p trðS ~ZZ4
~ZZ 0
4S

2 ~ZZ4
~ZZ 0
4Þ

� 1

n3
ðtrðS ~ZZ4

~ZZ 0
4ÞÞ

2 þ 2
ffiffiffi
2

p
it

n4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr1 þ r2Þc2

p trðS ~ZZ4
~ZZ 0
4Þ trðS2 ~ZZ4

~ZZ 0
4Þ

� trðS2Þ
!
�
 
1

q
trðS ~ZZ3

~ZZ 0
3Þ þ

ffiffiffi
2

p
it

q2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr1 þ r2Þc2

p trðS2 ~ZZ3
~ZZ 0
3Þ

� 1

n
trðS ~ZZ4

~ZZ 0
4Þ þ

ffiffiffi
2

p
it

n2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr1 þ r2Þc2

p trðS2 ~ZZ4
~ZZ 0
4Þ
!

þOpðn�2Þ:

By using the above expansion, we obtain the following expression:

E ~ZZ3; ~ZZ4
½g2ðSh;SeÞ� ¼ 1� it

2pc2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðr1 þ r2Þc2

p

�
(

trðSÞ þ
ffiffiffi
2

p
it

q
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr1 þ r2Þc2

p trðS2Þ
 !

�
�

1

n2
E½trððS ~ZZ4

~ZZ 0
4Þ

2Þ� � 1

n3
E½ðtrðS ~ZZ4

~ZZ 0
4ÞÞ

2�

� 2
ffiffiffi
2

p
it

n3
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr1 þ r2Þc2

p E½trðS ~ZZ4
~ZZ 0
4S
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~ZZ 0
4Þ�

þ 2
ffiffiffi
2

p
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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4Þ trðS2 ~ZZ4
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4Þ�
�

� E
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~ZZ 0
4Þ �
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2
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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!#

�
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2

p
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q
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n

� �
ðtrðS2ÞÞ2

)
þOðn�2Þ:
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By Appendix A.4, we obtain the following expectation:

E ~ZZ3; ~ZZ4
½g2ðSh;SeÞ� ¼ 1� it

2pc2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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p

�
(

trðSÞ þ
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 !
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ffiffiffi
2

p
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p
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1

n2
n2ðnþ 1ÞðtrðS2ÞÞ2

� 2
ffiffiffi
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p
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2

p
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ðr1 þ r2Þc2
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þ 1

n

� �
ðtrðS2ÞÞ2
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þOðn�2Þ

¼ 1þ 1

n

ffiffiffi
2

p
itc3

c2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr1 þ r2Þc2

p � ðitÞ2

2
þ

ffiffiffi
2

p
ðitÞ3c3

c2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr1 þ r2Þc2

p
( )

þOðn�2Þ:

Hence, we obtain the expansion of the characteristic function:

C2ðtÞ ¼ expððitÞ2=2Þ �
(
1þ

ffiffiffi
2

p
ðitÞ3ðr1 � r2Þc3

3p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr1 þ r2Þc32

q þ
ffiffiffi
2

p
itc3

nc2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr1 þ r2Þc2

p

� ðitÞ2

2n
þ

ffiffiffi
2

p
ðitÞ3c3

nc2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðr1 þ r2Þc2

p
)

þOðn�2Þ:

3.3. The asymptotic expansion and the Cornish-Fisher expansion. By using the

inversion formula, we obtain the density function of T=ŝs:
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f2ðxÞ ¼ fðxÞ
(
1þ 1

n

 
2c3

c2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðr1 þ r2Þc2

p h1ðxÞ

� 1

2
h2ðxÞ þ

ffiffiffi
2

p
c3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðr1 þ r2Þc32
q 2

3
þ r1

3r2

� �
h3ðxÞ

!
þOðn�2Þ

)
:

By integrating the density function and using the consistent estimator, we

obtain the following theorem.

Theorem 2. We assume the framework (1) and the condition (2). Then we

obtain the asymptotic expansion of the null distribution of T=ŝs as

Pr
T

ŝs
a z

� �
¼ FðzÞ � fðzÞ 1

n
�
 

2ĉc3

ĉc2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðr1 þ r2Þĉc2

p

� 1

2
h1ðxÞ þ

ffiffiffi
2

p
ĉc3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðr1 þ r2Þĉc32
q 2

3
þ r1

3r2

� �
h2ðxÞ

!
þOpðn�2Þ;

where

ŝs ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðr1 þ r2ÞftrðS2

e Þ=n2 � ðtrðSeÞÞ2=n3g=p
q

trðSeÞ=ðnpÞ
;

ĉc2 ¼
n2

pðnþ 2Þðn� 1Þ
trðS2

e Þ
n2

� ðtrðSeÞÞ2

n3

 !
;

ĉc3 ¼
1

pn3
trðS3

e Þ �
3

n
trðS2

e Þ trðSeÞ þ
2

n2
ðtrðSeÞÞ3

� �
:

By using the above theorem, we obtain the Cornish-Fisher expansion

of the upper percent point of the null distribution as in the following

corollary.

Corollary 2. Let za be the upper 100a% point of the standard normal

distribution and let

z2ðaÞ ¼ za þ
1

n

2ĉc3

ĉc2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ðr1 þ r2Þĉc2

p � 1

2
za þ

ffiffiffi
2

p
ĉc3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðr1 þ r2Þĉc32
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3
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3r2
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ðz2a � 1Þ

0
B@

1
CA:
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Then

Pr
T

ŝs
a z2ðaÞ

� �
¼ 1� aþOðn�2Þ:

4. Numerical simulation

In this section, we examine the accuracy of the asymptotic expansion by

the numerical simulation.

We study the accuracy of the approximated upper 5 percent points given

by Corollary 1 and Corollary 2. The values of p, n, q and S were chosen as

follows:

q : 5; 10; 20; n : 40; 80; p : 40; 80; S ¼ Ipð¼: S1Þ;
Ip=2 O

O 2Ip=2

� �
ð¼: S2Þ:

Table 1 shows the actual error probabilities of the first kind by using the

approximated percent points given by Corollary 1. Here the actual error

S q n p limit first second

S1 5 40 40 0.058 0.050 0.050

S1 5 40 80 0.055 0.049 0.049

S1 5 80 40 0.057 0.050 0.050

S1 5 80 80 0.055 0.050 0.050

S1 10 40 40 0.057 0.050 0.049

S1 10 40 80 0.055 0.050 0.050

S1 10 80 40 0.055 0.050 0.050

S1 10 80 80 0.055 0.051 0.051

S1 20 40 40 0.057 0.051 0.050

S1 20 40 80 0.056 0.051 0.050

S1 20 80 40 0.056 0.051 0.051

S1 20 80 80 0.054 0.051 0.051

S2 5 40 40 0.058 0.050 0.050

S2 5 40 80 0.055 0.049 0.049

S2 5 80 40 0.058 0.051 0.051

S2 5 80 80 0.054 0.049 0.049

S2 10 40 40 0.057 0.050 0.050

S2 10 40 80 0.055 0.050 0.049

S2 10 80 40 0.058 0.051 0.051

S2 10 80 80 0.053 0.049 0.049

S2 20 40 40 0.057 0.049 0.048

S2 20 40 80 0.054 0.049 0.049

S2 20 80 40 0.056 0.050 0.050

S2 20 80 80 0.054 0.050 0.050

Table 1. The case such that S is known
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probabilities of the first kind are estimated by using the 100,000 samples

generated by Monte Carlo simulation. We compare the limiting percent point

with the expansion up to the first order using the terms of n�1 and q�1. Since

the di¤erence of the expansions up to the first order and up to the second order

using the terms of n�2, q�2 and n�1q�1 is a range of an error, it is enough

even if we do not use the second order. From the Table 1, we see that the

approximation is good even if q is small. Table 2 shows the actual error

probabilities of the first kind by using the approximated percent point given by

Corollary 2. The actual error probabilities of the first kind are estimated by

using the 100,000 samples generated by Monte Carlo simulation. This result is

good, too. But compared to the Table 1, the approximation is a little worse.

We think that the gap is caused by the estimations of the unknown parameters

c1, c2 and c3. For the improvement of the approximation, we need to derive

the estimation that is better. Since it is di‰cult to estimate the degrees of

freedom of F approximation, the comparison with F approximation is a future

problem.

S q n p limit first

S1 5 40 40 0.057 0.051

S1 5 40 80 0.056 0.052

S1 5 80 40 0.056 0.050

S1 5 80 80 0.055 0.051

S1 10 40 40 0.058 0.053

S1 10 40 80 0.056 0.052

S1 10 80 40 0.056 0.051

S1 10 80 80 0.054 0.051

S1 20 40 40 0.053 0.053

S1 20 40 80 0.056 0.053

S1 20 80 40 0.055 0.050

S1 20 80 80 0.054 0.052

S2 5 40 40 0.060 0.053

S2 5 40 80 0.056 0.052

S2 5 80 40 0.059 0.052

S2 5 80 80 0.055 0.051

S2 10 40 40 0.059 0.053

S2 10 40 80 0.056 0.052

S2 10 80 40 0.056 0.051

S2 10 80 80 0.055 0.051

S2 20 40 40 0.059 0.053

S2 20 40 80 0.056 0.052

S2 20 80 40 0.056 0.051

S2 20 80 80 0.055 0.052

Table 2. The case such that S is unknown
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Appendix A

A.1. The limiting distribution of U and V .

Lemma 1. Let S1 @Wpðq;SÞ and S2 @Wpðn;SÞ. Let U and V be

defined by

U ¼ 1ffiffiffiffiffi
pq

p ðtrðShÞ � q trðSÞÞ;

V ¼ 1ffiffiffiffiffi
np

p ðtrðSeÞ � n trðSÞÞ:

Then under the assumption trðSkÞ ¼ OðpÞ, both U and V are asymptotically

distributed according to the same normal distribution Nð0; 2c2Þ.

Proof. If X @ w2ðqÞ, then the characteristic function of X is

jX ðtÞ ¼ ð1� 2itÞ�q=2:

Let l1; . . . ; lp be the eigenvalues of S and let X1; . . . ;Xp @ i:i:d:w2ðqÞ. Then U

is expressed as

U ¼ 1ffiffiffiffiffi
pq

p
Xp
j¼1

ljXj � q trðSÞ
 !

:

So the characteristic function of U is given by

jUðtÞ ¼ E½expðitUÞ�

¼ E exp
itffiffiffiffiffi
pq

p
Xp
j¼1

ljXj � it

ffiffiffi
q

p

r
trðSÞ

 !" #

¼
Yp
j¼1

E exp
itljffiffiffiffiffi
pq

p Xj

� �" # !
exp �it

ffiffiffi
q

p

r
trðSÞ

� �

¼
Yp
j¼1

1� 2i
tljffiffiffiffiffi
pq

p
� ��q=2

 !
exp �it

ffiffiffi
q

p

r
trðSÞ

� �
:

The logarithm of the characteristic function is expressed as

log jU ðtÞ ¼ � q

2

Xp
j¼1

log 1� 2i
tljffiffiffiffiffi
pq

p
� �

� it

ffiffiffi
q

p

r
trðSÞ:

Generally, for any complex number x, it holds that
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�logð1� xÞ ¼ xþ 1

2
x2 þOðjxj3Þ ðfor jxj < 1Þ:

By using this expansion, log jUðtÞ is calculated as

log jUðtÞ ¼
q

2

Xp
j¼1

2i
tljffiffiffiffiffi
pq

p þ q

2

Xp
j¼1

1

2
2i

tljffiffiffiffiffi
pq

p
� �2

þ q

2

Xp
j¼1

O
tljffiffiffiffiffi
pq

p
����

����
3

 !
� it

ffiffiffi
q

p

r
trðSÞ

¼ i2t2

p
trðS2Þ þO

jtj3 trðS3Þ
p
ffiffiffiffiffi
pq

p
 !

¼ 1

2
i2t2ð2c2Þ þO

jtj3c3ffiffiffiffiffi
pq

p
 !

:

Therefore, jU ðtÞ converges to the characteristic function of Nð0; 2c2Þ.
Similarly, jV ðtÞ converges to the characteristic function of Nð0; 2c2Þ. r

A.2. The calculation of the expectation when S is known.

Lemma 2. Let Z1 and Z2 be a p� q random matrix distributed according

to Np�qðO; IpqÞ and be a p� n random matrix distributed according to

Np�nðO; IpnÞ, respectively and let

U ¼ U1 þ
2it

ffiffiffiffi
r1

p
c2

c1
þ 1

q

2it

c1
U2 þ

4ðitÞ2 ffiffiffiffi
r1

p
c3

c21

 !
þOpðp�2Þ

U1 ¼
1ffiffiffiffiffi
pq

p ðtrðS ~ZZ1
~ZZ 0
1Þ � pqc1Þ and U2 ¼

1ffiffiffiffiffi
pq

p ðtrðS2 ~ZZ1
~ZZ 0
1Þ � pqc2Þ

� �
;

V ¼ V1 �
2it

ffiffiffiffi
r2

p
c2

c1
� 1

n

2it

c1
V2 �

4ðitÞ2 ffiffiffiffi
r2

p
c3

c21

 !
þOpðp�2Þ

V1 ¼
1ffiffiffiffiffi
np

p ðtrðS ~ZZ2
~ZZ 0
2Þ � npc1Þ and V2 ¼

1ffiffiffiffiffi
np

p ðtrðS2 ~ZZ2
~ZZ 0
2Þ � npc2Þ

� �
:

Then

E½V 2� ¼ 2c2 þ
4ðitÞ2r2c22

c21
� 2

n

4itc3
c1

þ 8ðitÞ3r2c2c3
c31

( )
þOðn�2Þ;

E½UV � ¼ � 4ðitÞ2 ffiffiffiffiffiffiffiffi
r1r2

p
c22

c21
þ 1

p

8ðitÞ3 ffiffiffiffiffiffiffiffi
r1r2

p ðr2 � r1Þc2c3
c31

þOðn�2Þ;
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E½V 4� ¼ 12c22 þ
48ðitÞ2r2c32

c21
þ 16ðitÞ4r22c42

c41
þOðn�1Þ;

E½U 2V 2� ¼ 4c22 þ
8ðitÞ2ðr1 þ r2Þc32

c21
þ 16ðitÞ4r1r2c42

c41
þOðn�1Þ;

E½UV 2� ¼ 4it
ffiffiffiffi
r1

p
c22

c1
þ 8ðitÞ3 ffiffiffiffi

r1
p

r2c
3
2

c31
þOðn�1Þ;

E½V 3� ¼ � 12it
ffiffiffiffi
r2

p
c22

c1
� 8ðitÞ3r2

ffiffiffiffi
r2

p
c32

c31
þOðn�1Þ;

E½UV 3� ¼ � 24ðitÞ2 ffiffiffiffiffiffiffiffi
r1r2

p
c32

c21
� 16ðitÞ4r2

ffiffiffiffiffiffiffiffi
r1r2

p
c42

c41
þOðn�1Þ:

Proof. By the definition of U and V , and by the property of normal

distribution, we obtain

E½V 2� ¼ E V1 �
2it

ffiffiffiffi
r2

p
c2

c1

� �2" #

� 2

n
E V1 �

2it
ffiffiffiffi
r2

p
c2

c1

� �
2it

c1
V2 �

4ðitÞ2 ffiffiffiffi
r2

p
c3

c21

 !" #
þOðn�2Þ

¼ E½V 2
1 � þ

4ðitÞ2r2c22
c21

� 2

n

2it

c1
E½V1V2� þ

8ðitÞ3r2c2c3
c31

 !
þOðn�2Þ

¼ 2c2 þ
4ðitÞ2r2c22

c21
� 2

n

(
2it

npc1
E½ðtrðS ~ZZ2

~ZZ 0
2Þ � npc1ÞðtrðS2 ~ZZ2

~ZZ 0
2Þ � npc2Þ�

þ 8ðitÞ3r2c2c3
c31

)
þOðn�2Þ

¼ 2c2 þ
4ðitÞ2r2c22

c21
� 2

n

(
2it

npc1
ð2n trðS3Þ þ n2 trðSÞ trðS2Þ � n2p2c1c2Þ

þ 8ðitÞ3r2c2c3
c31

)
þOðn�2Þ

¼ 2c2 þ
4ðitÞ2r2c22

c21
� 2

n

4itc3
c1

þ 8ðitÞ3r2c2c3
c31

( )
þOðn�2Þ:

Similarly, we obtain the following expansion.
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E½UV � ¼ � 4ðitÞ2 ffiffiffiffiffiffiffiffi
r1r2

p
c22

c21
þ 1

p

8ðitÞ3 ffiffiffiffiffiffiffiffi
r1r2

p ðr2 � r1Þc2c3
c31

þOðn�2Þ:

Further, by the property such that U1 and V1 are asymptotically distributed

according to Nð0; 2c2Þ, we obtain the other expansions. r

A.3. The Cornish-Fisher expansion.

Lemma 3. When the asymptotic distribution of T=s is expressed as

Pr
T

s
a z

� �
¼ FðzÞ � fðzÞ

(
1

q

a1

s3
h2ðzÞ þ

1

n

a2

s
þ a3

s3
h2ðzÞ

� �

þ 1

q2
a4

s4
h3ðzÞ þ

a5

s6
h5ðzÞ

� �

þ 1

n2
a6

s2
h1ðzÞ þ

a7

s4
h3ðzÞ þ

a8

s6
h5ðzÞ

� �

þ 1

nq

a9

s2
h1ðzÞ þ

a10

s4
h3ðzÞ þ

a11

s6
h5ðzÞ

� �)
þOðn�3Þ;

let z1ðaÞ be

z1ðaÞ ¼ za þ
1

q
p1ðzaÞ þ

1

n
p2ðzaÞ þ

1

q2
p3ðzaÞ þ

1

n2
p4ðzaÞ þ

1

nq
p5ðzaÞ;

where za is the upper 100a% point of the standard normal distribution and

p1ðuÞ ¼
a1

s3
ðu2 � 1Þ;

p2ðuÞ ¼
a2

s
þ a3

s3
ðu2 � 1Þ;

p3ðuÞ ¼
u

2
p21ðuÞ þ

a4

s4
h3ðuÞ þ

a5

s6
h5ðuÞ þ

2ua1
s3

p1ðuÞ �
ua1

s3
h2ðuÞp1ðuÞ;

p4ðuÞ ¼ � u

2
p22ðuÞ þ

a6

s2
h1ðuÞ þ

a7

s4
h3ðuÞ þ

a8

s6
h5ðuÞ þ

2ua3
s3

p2ðuÞ;

p5ðuÞ ¼
a9

s2
h1ðuÞ þ

a10

s4
h3ðuÞ þ

a11

s6
h5ðuÞ þ

2ua1
s3

p2ðuÞ

þ 2ua3
s3

p1ðuÞ �
ua1

s3
h2ðuÞp2ðuÞ:

Then it holds that

Pr
T

s
a z1ðaÞ

� �
¼ 1� aþOðn�3Þ:
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Proof. Let z1ðaÞ be the upper 100a% point of T=s. We assume that

z1ðaÞ is expanded as

z1ðaÞ ¼ uþ 1

q
p1ðuÞ þ

1

n
p2ðuÞ þ

1

q2
p3ðuÞ þ

1

n2
p4ðuÞ þ

1

nq
p5ðuÞ þOðn�3Þ:

By the asymptotic distribution of T=s and the definition of z1ðaÞ, we derive the

following expansion:

1� a ¼ Pr
T

s
a z1ðaÞ

� �

¼ Fðz1ðaÞÞ � fðz1ðaÞÞ
(
1

q

a1

s3
h2ðz1ðaÞÞ þ

1

n

a2

s
þ a3

s3
h2ðz1ðaÞÞ

� �

þ 1

q2
a4

s4
h3ðz1ðaÞÞ þ

a5

s6
h5ðz1ðaÞÞ

� �

þ 1

n2
a6

s2
h1ðz1ðaÞÞ þ

a7

s4
h3ðz1ðaÞÞ þ

a8

s6
h5ðz1ðaÞÞ

� �

þ 1

nq

a9

s2
h1ðz1ðaÞÞ þ

a10

s4
h3ðz1ðaÞÞ þ

a11

s6
h5ðz1ðaÞÞ

� �)
þOðn�3Þ

¼ FðuÞ þ fðuÞðz1ðaÞ � uÞ þ 1

2
f 0ðuÞðz1ðaÞ � uÞ2

� ffðuÞ þ f 0ðuÞðz1ðaÞ � uÞg
(
1

q

a1

s3
fh2ðuÞ þ h 0

2ðuÞðz1ðaÞ � uÞg

þ 1

n

a2

s
þ a3

s3
fh2ðuÞ þ h 0

2ðuÞðz1ðaÞ � uÞg
� �

þ 1

q2
a4

s4
h3ðuÞ þ

a5

s6
h5ðuÞ

� �
þ 1

n2
a6

s2
h1ðuÞ þ

a7

s4
h3ðuÞ þ

a8

s6
h5ðuÞ

� �

þ 1

nq

a9

s2
h1ðuÞ þ

a10

s4
h3ðuÞ þ

a11

s6
h5ðuÞ

� �)
þOðn�3Þ

¼ FðuÞ þ fðuÞ
(
1

q
p1ðuÞ �

a1

s3
h2ðuÞ

� �
þ 1

n
p2ðuÞ �

a2

s
� a3

s3
h2ðuÞ

� �

þ 1

q2
p3ðuÞ �

u

2
p21ðuÞ �

a4

s4
h3ðuÞ �

a5

s6
h5ðuÞ �

2ua1
s3

p1ðuÞ þ
ua1

s3
h2ðuÞp1ðuÞ

� �
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þ 1

n2

�
p4ðuÞ �

u

2
p22ðuÞ �

a6

s2
h1ðuÞ �

a7

s4
h3ðuÞ �

a8

s6
h5ðuÞ �

2ua3
s3

p2ðuÞ

þ ua2

s
p2ðuÞ þ

ua3

s3
h2ðuÞp2ðuÞ

�

þ 1

nq

�
p5ðuÞ � up1ðuÞp2ðuÞ �

a9

s2
h1ðuÞ �

a10

s4
h3ðuÞ �

a11

s6
h5ðuÞ

� 2ua1
s3

p2ðuÞ �
2ua3
s3

p1ðuÞ þ
ua1

s3
h2ðuÞp2ðuÞ þ

ua2

s
p1ðuÞ

þ ua3

s3
h2ðuÞp1ðuÞ

�)
þOðn�3Þ:

By comparing the coe‰cients as a polynomial of 1=q and 1=n, we obtain pj’s.

r

A.4. The expectation about the Wishart distribution.

Lemma 4. Let S@WpðIp; nÞ. Then the following expectations are calcu-

lated as

E½trððSSÞ2Þ� ¼ ðn2 þ nÞ trðS2Þ þ nðtrðSÞÞ2;

E½trðSSS2SÞ� ¼ ðn2 þ nÞ trðS3Þ þ n trðSÞ trðS2Þ;

E½ðtrðSSÞÞ2� ¼ 2n trðS2Þ þ n2ðtrðSÞÞ2;

E½trðSSÞ trðS2SÞ� ¼ 2n trðS3Þ þ n2 trðSÞ trðS2Þ;

E½trðSSÞ trððSSÞ2Þ� ¼ 4nðnþ 1Þ trðS3Þ þ nðn2 þ nþ 4Þ trðSÞ trðS2Þ

þ n2ðtrðSÞÞ3;

E½trðSSÞ trðSSS2SÞ� ¼ 4nðnþ 1Þ trðS4Þ þ nðn2 þ nþ 2Þ trðSÞ trðS3Þ

þ 2nðtrðS2ÞÞ2 þ n2ðtrðSÞÞ2 trðS2Þ;

E½ðtrðSSÞÞ3� ¼ 8n trðS3Þ þ 6n2 trðSÞ trðS2Þ þ n3ðtrðSÞÞ3;

E½ðtrðSSÞÞ2 trðS2SÞ� ¼ 8n trðS4Þ þ 2n2ðtrðS2ÞÞ2 þ 4n2 trðSÞ trðS3Þ

þ n3ðtrðSÞÞ2 trðS2Þ;

E½trðS2SÞ trððSSÞ2Þ� ¼ 4nðnþ 1Þ trðS4Þ þ n2ðnþ 1ÞðtrðS2ÞÞ2

þ 4n trðS3Þ trðSÞ þ n2ðtrðSÞÞ2 trðS2Þ;
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E½trðS2SÞ trðSSS2SÞ� ¼ 4nðnþ 1Þ trðS5Þ þ nðn2 þ nþ 2Þ trðS2Þ trðS3Þ

þ 2n trðSÞ trðS4Þ þ n2ðtrðS2ÞÞ2 trðSÞ;

E½trðS2SÞðtrðSSÞÞ2� ¼ 8n trðS4Þ þ 2n2ðtrðS2ÞÞ2 þ 4n2 trðSÞ trðS3Þ

þ n3ðtrðSÞÞ2 trðS2Þ;

E½ðtrðS2SÞÞ2 trðSSÞ� ¼ 8n trðS5Þ þ 2n2 trðSÞ trðS4Þ

þ 4n2 trðS2Þ trðS3Þ þ n3ðtrðS2ÞÞ2 trðSÞ:

Proof. Let Z@Np�nðO; IpnÞ. By the definition of Wishart distribution,

we express as S ¼ ZZ 0. S is diagonalized as S ¼ Pðdiagðl1; . . . ; lpÞÞP 0 where

P is an orthogonal matrix. Then by the property of the normal distribution,

we see Z 0P ¼ ðz1; . . . ; zpÞ@Nn�pðO; IpnÞ. Hence,

E½trððSSÞ2Þ� ¼ E½trðð ~ZZ 0S ~ZZÞ2Þ�

¼ E tr
Xp
i¼1

liziz
0
i

 !20
@

1
A

2
4

3
5

¼ E tr
Xp
i¼1

l2i ðziz 0i Þ
2 þ

X
i0j

liljziz
0
i zjz

0
j

 !" #

¼ E
Xp
i¼1

l2i ðz 0i ziÞ
2 þ

X
i0j

liljðz 0i zjÞ
2

" #

¼ ðn2 þ 2nÞ
Xp
i¼1

l2i þ n
X
i0j

lilj

¼ ðn2 þ nÞ trðS2Þ þ nðtrðSÞÞ2:

Similarly, expressing by the eigenvalues, we obtain the above formulas. r
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