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Abstract. This paper gives the definition and some properties of a-minimally thin sets

at y in a cone. Our results are based on estimating Green potential with a positive

measure by connecting with a kind of density of the modified measure.

1. Introduction

Let R and Rþ be the set of all real numbers and all positive real numbers,

respectively. We denote by Rn ðnb 2Þ the n-dimensional Euclidean space. A

point in Rn is denoted by P ¼ ðX ; yÞ, X ¼ ðx1; x2; . . . ; xn�1Þ. The Euclidean

distance of two points P and Q in Rn is denoted by jP�Qj. Also jP�Oj
with the origin O of Rn is simply denoted by jPj. The boundary and the

closure of a set S in Rn are denoted by qS and S, respectively.

We introduce a system of spherical coordinates ðr;YÞ, Y ¼
ðy1; y2; . . . ; yn�1Þ, in Rn which are related to cartesian coordinates

ðx1; x2; . . . ; xn�1; yÞ by

x1 ¼ r
Yn�1

j¼1
sin yj

� �
ðnb 2Þ; y ¼ r cos y1;

and if nb 3, then

xnþ1�k ¼ r
Yk�1

j¼1
sin yj

� �
cos yk ð2a ka n� 1Þ;

where 0a r < þy, � 1
2 pa yn�1 <

3
2 p, and if nb 3, then 0a yj a p

ð1a ja n� 2Þ.
The unit sphere and the upper half unit sphere are denoted by Sn�1

and Sn�1
þ , respectively. For simplicity, a point ð1;YÞ on Sn�1 and the set

fY; ð1;YÞ A Wg for a set W, WHSn�1, are often identified with Y and W,

respectively. For two sets LHRþ and WHSn�1, the set

fðr;YÞ A Rn; r A L; ð1;YÞ A Wg
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in Rn is simply denoted by L�W. In particular, the half-space

Rþ � Sn�1
þ ¼ fðX ; yÞ A Rn; y > 0g

will be denoted by Tn.

Let W be a domain on Sn�1 ðnb 2Þ with smooth boundary. Consider the

Dirichlet problem

ðLn þ tÞ f ¼ 0 on W

f ¼ 0 on qW;

where Ln is the spherical part of the Laplace operator Dn

Dn ¼
n� 1

r

q

qr
þ q2

qr2
þ r�2Ln:

We denote the least positive eigenvalue of this boundary value problem by tW
and the normalized positive eigenfunction corresponding to tW by fWðYÞ;ð

W

f fWðYÞg2dsY ¼ 1;

where dsY is the surface element on Sn�1. We denote the solutions of the

equation

t2 þ ðn� 2Þt� tW ¼ 0

by aW;�bW ðaW; bW > 0Þ. If W ¼ Sn�1
þ , then aW ¼ 1, bW ¼ n� 1 and

fWðYÞ ¼ ð2ns�1
n Þ1=2 cos y1;

where sn is the surface area 2pn=2fGðn=2Þg�1 of Sn�1.

To simplify our consideration in the following, we shall assume that if

nb 3, then W is a C 2;a-domain ð0 < a < 1Þ on Sn�1 (e.g. see Gilbarg and

Trudinger [9] for the definition of C 2;a-domain).

By CnðWÞ, we denote the set Rþ �W in Rn with a domain W ðWASn�1)

on Sn�1 ðnb 2Þ. We call it a cone. Then Tn is a special cone obtained by

putting W ¼ Sn�1
þ . The set I �W with an interval I on Rþ is denoted by

CnðW; IÞ.
It is known that the Martin boundary of CnðWÞ is the set qCnðWÞU fyg,

each of which is a minimal Martin boundary point. When we denote the

Martin function at y by KðP;y;WÞ ðP A CnðWÞÞ with respect to a reference

point chosen suitably, we know

KðP;y;WÞ ¼ raW fWðYÞ ðP ¼ ðr;YÞ A CnðWÞÞ:

We denote the Green function of CnðWÞ by GWðP;QÞ ðP A CnðWÞ;
Q A CnðWÞÞ and the Green potential
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ð
CnðWÞ

GWðP;QÞdnðQÞ ðP A CnðWÞÞ

with a positive measure n on CnðWÞ by GWnðPÞ ðP A CnðWÞÞ.
The regularized reduced function R̂RE

Kð�;y;WÞ of Kð�;y;WÞ relative to a

bounded subset E of CnðWÞ is bounded on CnðWÞ. Hence we see from the

Riesz decomposition theorem that there exists a unique positive measure lE on

CnðWÞ such that

R̂RE
Kð�;y;WÞðPÞ ¼ GWlEðPÞ ðP A CnðWÞÞ:ð1:1Þ

The (Green) energy gWðEÞ of E is defined by

gWðEÞ ¼
ð
CnðWÞ

ðGWlEÞdlE :

For a subset E of CnðWÞ we put

EðkÞ ¼ E VCnðW; ½2k; 2kþ1ÞÞ ðk ¼ 0; 1; 2; . . .Þ:

We gave a criterion of Wiener’s type for a subset E of CnðWÞ to be minimally

thin at y with respect to CnðWÞ (for the definition of minimal thinness, e.g. see

Brelot [4, p. 103]);

Xy
k¼0

gWðEðkÞÞ2�kðaWþbWÞ < þyð1:2Þ

(Miyamoto and Yoshida [13, Theorem 1]).

The ‘‘if ’’ part of the following Theorem A is well known (e.g. see Doob [6,

p. 213]). The proof of the ‘‘only if ’’ part is found in the proof of Miyamoto

and Yoshida [13, Theorem 1].

Theorem A. A subset E of CnðWÞ is minimally thin at y with respect to

CnðWÞ if and only if there exists a positive measure x on CnðWÞ such that

EH fP A CnðWÞ;GWxðPÞbKðP;y;WÞg:

Both Theorem A and (1.2) are qualitative. So we had a quantitative

property of minimally thin sets as follows. As an extension of a result of

Dahlberg [5, Theorem 4]), we proved the following measure theoretical

property of minimally thin sets at y with respect to CnðWÞ by using an

inequality of Hardy in Ancona [2] (also Lewis [11]); Let a Borel subset E of

CnðWÞ be minimally thin at y with respect to CnðWÞ. Then we haveð
E

dP

ð1þ jPjÞn < þyð1:3Þ

(Miyamoto, Yanagishita and Yoshida [12, Theorem 2]).
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By observing that (1.3) is equivalent to the conclusion of the following

Theorem B, we immediately have a covering theorem for a minimally thin set

in CnðWÞ as in Tn (Essén, Jackson and Rippon [7, Corollary 3]).

Theorem B. If a subset E of CnðWÞ is minimally thin at y with respect to

CnðWÞ, then E is covered by a sequence of balls Bk ðk ¼ 0; 1; 2; . . .Þ satisfying

Xy
k¼0

rk

dk

� �n
< þy;ð1:4Þ

where rk is the radius of Bk, and dk is the distance between the origin and the

center of Bk.

To classify minimally thin sets in Tn, for each number a ð0 < aa 1Þ,
Aikawa [1] introduced the notion of a-minimally thin sets, in which 1-minimally

thin sets are minimally thin sets. By a di¤erent way from Yanagishita’s in

[15], we shall give a conical version of a-minimally thin sets.

Let a be a number satisfying 0 < aa 1 and E a bounded subset of

CnðWÞ. Since fKðP;y;WÞga ðP A CnðWÞÞ is a positive superharmonic function

on CnðWÞ vanishing on qCnðWÞ and R̂RE
fKð�;y;WÞg aðPÞ is bounded on CnðWÞ, there

exists a unique positive measure lE;a on CnðWÞ concentrated on BE , where

BE ¼ fP A CnðWÞ;E is not thin at Pg

(see Brelot [4, Theorem VIII, 11] and Doob [6, XI. 14. Theorem.(d)]), such

that

R̂RE
fKð�;y;WÞg aðPÞ ¼ GWlE;aðPÞ ðP A CnðWÞÞ:ð1:5Þ

By using this positive measure lE;a, we further define another positive measure

hE;a on CnðWÞ by

dhE;aðPÞ ¼ KðP;y;WÞdlE;aðPÞ ðP A CnðWÞÞ:

It is easy to see that hE;aðCnðWÞÞ < þy.

Let E be a subset of CnðWÞ and k be any non-negative integer. A subset

E of CnðWÞ is said to be a-minimally thin at y with respect to CnðWÞ, if

Xy
k¼0

hEðkÞ;aðCnðWÞÞ2�kðaaWþbWÞ < þy:ð1:6Þ

Remark 1. Yanagishita [15, Definition 3] defined a measure ha
EðkÞ on

CnðWÞ by using Martin type kernel as in Aikawa [1] on Tn. It is easily seen

that it is the same measure to ours hEðkÞ;a. Hence the definition of a-minimal

thinness given by Yanagishita [15, Definition 4] is also equal to ours.
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Remark 2. We see from (1.1) and (1.5) that if a ¼ 1, then

lEðkÞ;1 ¼ lEðkÞ

for any non-negative integer k. Since lEðkÞ is concentrated on BEðkÞ and

R̂R
EðkÞ
Kð�;y;WÞðPÞ ¼ KðP;y;WÞ ðP A BEðkÞÞ;

we have

gWðEðkÞÞ ¼
ð
CnðWÞ

GWlEðkÞðQÞdlEðkÞðQÞ ¼
ð
CnðWÞ

R̂R
EðkÞ
Kð�;y;WÞðQÞdlEðkÞðQÞ

¼
ð
CnðWÞ

KðQ;y;WÞdlEðkÞðQÞ ¼
ð
CnðWÞ

KðQ;y;WÞdlEðkÞ;1ðQÞ

¼
ð
CnðWÞ

dhEðkÞ;1 ¼ hEðkÞ;1ðCnðWÞÞ:

Hence we see from (1.2) and (1.6) that in the conical case the 1-minimal

thinness at y with respect to CnðWÞ is also equivalent to the minimal thinness

at y with respect to CnðWÞ.

In this paper we shall obtain a measure-theoretic property of a-minimally

thin sets at y with respect to CnðWÞ (Theorem 3), which extends a result in

Essén, Jackson and Rippon [7] for Tn by the way completely di¤erent from

theirs. Our proof is essentially based on Hayman [10], Ušakova [14] and

Azarin [3]. This property follows from the following two results. One is

another characterization of a-minimally thin sets at y with respect to CnðWÞ
(Theorem 1), as Theorem A characterizes minimal thinness. The other is the

fact that the value distribution of Green potential with any positive measure is

connected with a kind of density of the measure (Theorem 2).

In order to avoid complexity of our proofs, we shall assume nb 3. But

our all results in this paper are also true for n ¼ 2. All constants appearing in

the following sections will be always written as A1;A2; . . . as far as we do not

need to specify them.

2. Statements of results

First of all we shall state

Theorem 1. Let a be a number satisfying 0 < aa 1. A subset E of

CnðWÞ is a-minimally thin at y with respect to CnðWÞ if and only if there exists a

positive measure xE;a on CnðWÞ such that

GWxE;aðPÞBþy ðP A CnðWÞÞð2:1Þ
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and

EH fP ¼ ðr;YÞ A CnðWÞ;GWxE;aðPÞb raWf fWðYÞgag:

Remark 3. Let 0 < a1 a a2 a 1. We see from Theorem 1 that if a

subset E of CnðWÞ is a1-minimally thin at y with respect to CnðWÞ, then E is

a2-minimally thin at y with respect to CnðWÞ.

Let m be any positive measure on CnðWÞ such that

GWmðPÞBþy ðP A CnðWÞÞ:

For this m we define a positive measure mðmÞ on Rn by

dmðmÞðQÞ ¼ t�bW fWðFÞdmðt;FÞ ðQ ¼ ðt;FÞ A CnðW; ½1;þyÞÞÞ
0 ðQ A Rn � CnðW; ½1;þyÞÞÞ:

�

Remark 4. We remark that the total mass of mðmÞ is finite (see

Miyamoto and Yoshida [13, (i) of Lemma 1]).

Let m be any positive measure on Rn having the finite total mass. Let e

and q be two positive numbers. For each P ¼ ðr;YÞ A Rn we set

MðP;m; qÞ ¼ sup
0<ra2�1r

mðBðP; rÞÞ
rq

;

where BðP; rÞ denotes a ball in Rn having a center P and a radius r. The set

fP ¼ ðr;YÞ A Rn;MðP;m; qÞrq > eg is denoted by Sðe;m; qÞ.

Remark 5. If mðfPgÞ > 0, then MðP;m; qÞ ¼ þy. Hence we see

fP A Rn;mðfPgÞ > 0gHSðe;m; qÞ

for any positive number q and any positive number e.

The following Theorem 2 gives a way to estimate the Green potenial with

a measure.

Theorem 2. Let m be any positive measure on CnðWÞ such that

GWmðPÞDþy ðP A CnðWÞÞ:

Let a be a number satisfying 0 < a < 1. Then for a su‰ciently large L and a

su‰ciently small e > 0

fP ¼ ðr;YÞ A CnðW; ðL;þyÞÞ;GWmðPÞb raWf fWðYÞgagHSðe;mðmÞ; n� 1þ aÞ:

As in Tn (Essén, Jackson and Rippon [7, Remark]) we shall give a

covering theorem for an a-minimally thin set in CnðWÞ by using Theorems 1

and 2.
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Theorem 3. Let a be a number satisfying 0 < a < 1. If a subset E of

CnðWÞ is a-minimally thin at y with respect to CnðWÞ, then E is covered by a

sequence of balls Bk ðk ¼ 0; 1; 2; . . .Þ satisfying

Xy
k¼0

rk

dk

� �n�1þa

< þy;

where rk is the radius of Bk, and dk is the distance between the origin and the

center of Bk.

By an example we shall show that the reverse of Theorem 3 is not true.

Example. When the radius rk and the distance dk between the origin and

the center of a ball Bk are given by

rk ¼ 3

2
2kk�1=ðn�1Þ; dk ¼ 3

2
2k;

a sequence fBkg of these balls satisfies

X rk

dk

� �n�1þa

¼
X

k�ðn�1þaÞ=ðn�1Þ < þy:

Let CnðW 0Þ be a subcone of CnðWÞ i.e. W 0 HW. Suppose that those balls are so

located: there is an integer k0 such that

Bk HCnðW 0Þ; rk

dk
<

1

2

for every kb k0. Then the set

E ¼ 6y
k¼k0

Bk

is not a-minimally thin at y with respect to CnðWÞ. This fact will be proved

at the end in this paper.

3. Proof of Theorem 1

Lemma 1. Let a be a number satisfying 0 < aa 1 and k be any non-

negative integer. If E is a subset of CnðWÞ and x is a positive measure on CnðWÞ
such that

GWxðPÞb fKðP;y;WÞga ðP A EðkÞÞ;ð3:1Þ

then

hEðkÞ;aðCnðWÞÞa
ð
CnðWÞ

taW fWðFÞdxðt;FÞ:ð3:2Þ

When x ¼ lEðkÞ;a, the equality holds in (3.2).
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Proof. First of all, we shall prove

hEðkÞ;aðCnðWÞÞ ¼
ð
CnðWÞ

fKðP;y;WÞga
dlEðkÞðPÞ:ð3:3Þ

Since both hEðkÞ;a and lEðkÞ are concentrated on BEðkÞ and

R̂R
EðkÞ
fKð�;y;WÞgaðPÞ ¼ fKðP;y;WÞga ðP A BEðkÞÞ;

we have

hEðkÞ;aðCnðWÞÞ ¼
ð
CnðWÞ

dhEðkÞ;a ¼
ð
CnðWÞ

R̂R
EðkÞ
Kð�;y;WÞðQÞ
KðQ;y;WÞ dhEðkÞ;aðQÞ

¼
ð
CnðWÞ

ð
CnðWÞ

GWðP;QÞdlEðkÞ;aðQÞ
 !

dlEðkÞðPÞ

¼
ð
CnðWÞ

R̂R
EðkÞ
fKð�;y;WÞg aðPÞdlEðkÞðPÞ

¼
ð
CnðWÞ

fKðP;y;WÞga
dlEðkÞðPÞ:

We see from (3.1) and (3.3) that

hEðkÞ;aðCnðWÞÞ ¼
ð
CnðWÞ

fKðP;y;WÞga
dlEðkÞðPÞa

ð
CnðWÞ

GWxðPÞdlEðkÞðPÞð3:4Þ

¼
ð
CnðWÞ

ð
CnðWÞ

GWðP;QÞdlEðkÞðPÞ
 !

dxðQÞ

¼
ð
CnðWÞ

R̂R
EðkÞ
Kð�;y;WÞðQÞdxðQÞa

ð
CnðWÞ

KðQ;y;WÞdxðQÞ;

which gives (3.2).

If x ¼ lEðkÞ;a, the equalities always hold in (3.4), which gives the second

part of Lemma 1.

Proof of Theorem 1. Suppose that

EHHðxE;aÞ ¼ fP ¼ ðr;YÞ A CnðWÞ;GWxE;aðPÞb raWf fWðYÞgagð3:5Þ

for a positive measure xE;a on CnðWÞ satisfying (2.1). We write

GWxE;aðPÞ ¼ F
ðkÞ
1 ðPÞ þ F

ðkÞ
2 ðPÞ þ F

ðkÞ
3 ðPÞ;ð3:6Þ

where
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F
ðkÞ
1 ðPÞ ¼

ð
CnðW; ð0;2k�1ÞÞ

GWðP;QÞdxE;aðQÞ;

F
ðkÞ
2 ðPÞ ¼

ð
CnðW; ½2k�1;2kþ2ÞÞ

GWðP;QÞdxE;aðQÞ

and

F
ðkÞ
3 ðPÞ ¼

ð
CnðW; ½2kþ2;yÞÞ

GWðP;QÞdxE;aðQÞ ðP A CnðWÞ; k ¼ 1; 2; 3; . . .Þ:

Now we shall show the existence of an integer N such that

HðxE;aÞðkÞH P ¼ ðr;YÞ A CnðW; ½2k; 2kþ1ÞÞ;F ðkÞ
2 ðPÞb 1

2
raWf fWðYÞga

� �
ð3:7Þ

for any integer k, kbN. We set

JW ¼ sup
Y AW

fWðYÞ:

Then JW is finite, because fW ¼ 0 on qW. First we shall remark that

fWðYÞ
JW

a
fWðYÞ
JW

� �a

i:e: fWðYÞa J
ð1�aÞ
W f fWðYÞga ðY A WÞ:ð3:8Þ

To estimate F
ðkÞ
1 ðPÞ and F

ðkÞ
3 ðPÞ we use the following inequality;

GWðP;QÞaA1r
aW t�bW fWðYÞ fWðFÞð3:9Þ

for any P ¼ ðr;YÞ A CnðWÞ and any Q ¼ ðt;FÞ A CnðWÞ satisfying 0 < r=ta 4=5

and hence 0 < r=ta 1=2 (Azarin [3, Lemma 1], Essén and Lewis [8, Lemma

2]). Then for any P ¼ ðr;YÞ A CnðW; ½2k; 2kþ1ÞÞ, we have

F
ðkÞ
1 ðPÞaA1r

�bW fWðYÞ
ð
CnðW; ð0;2k�1ÞÞ

taW fWðFÞdxE;aðt;FÞ

and

F
ðkÞ
3 ðPÞaA1r

aW fWðYÞ
ð
CnðW; ½2kþ2;yÞÞ

dmðxE;aÞ:

By applying Lemma 1 in Miyamoto and Yoshida [13], we can take an integer

N such that for any k, kbN,

2�kðaWþbWÞ
ð
CnðW; ð0;2k�1ÞÞ

taW fWðFÞdxE;aðt;FÞa 1

4A1J
ð1�aÞ
W

and
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ð
CnðW; ½2kþ2;yÞÞ

dmðxE;aÞa
1

4A1J
ð1�aÞ
W

:

Thus we obtain from (3.8) that

F
ðkÞ
1 ðPÞa 1

4
raWf fWðYÞgað3:10Þ

and

F
ðkÞ
3 ðPÞa 1

4
raWf fWðYÞgað3:11Þ

for any P ¼ ðr;YÞ A CnðW; ½2k; 2kþ1ÞÞ, ðkbNÞ. Hence if P ¼ ðr;YÞ A
HðxE;aÞðkÞ ðkbNÞ, then we obtain

F
ðkÞ
2 ðPÞb raWf fWðYÞga � 1

2
raWf fWðYÞga ¼ 1

2
raWf fWðYÞga

from (3.5), (3.10) and (3.11), which gives (3.7).

If we define a function ukðPÞ on CnðWÞ by

ukðPÞ ¼ 21�kð1�aÞaWF
ðkÞ
2 ðPÞ ðP A CnðWÞ; k ¼ 0; 1; 2; . . .Þ;

then we have from (3.5) and (3.7)

ukðPÞb fKðP;y;WÞga

for any P A EðkÞ ðkbNÞ. Since

ukðPÞ ¼
ð
CnðWÞ

GWðP;QÞdtkðQÞ;

where

dtkðQÞ ¼ 21�kð1�aÞaW dxE;aðQÞ ðQ A CnðW; ½2k�1; 2kþ2ÞÞÞ
0 ðQ A CnðW; ð0; 2k�1ÞÞUCnðW; ½2kþ2;yÞÞÞ;

�

we obtain

hEðkÞ;aðCnðWÞÞa
ð
CnðWÞ

taW fWðFÞdtkðt;FÞ

¼ 21�kð1�aÞaW
ð
CnðW; ½2k�1;2kþ2ÞÞ

taW fWðFÞdxE;aðt;FÞ
( )

ðkbNÞ

by applying Lemma 1 to ukðPÞ. Finally we have

Xy
k¼N

2�kðaaWþbWÞhEðkÞ;aðCnðWÞÞa 6 � 4dW

ð
CnðW; ½2N�1;yÞÞ

dmðxE;aÞ;
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in which the integral of the right side is finite by Remark 4 and hence E is

a-minimally thin at y with respect to CnðWÞ.
Suppose that a subset E of CnðWÞ satisfies

Xy
k¼0

2�kðaaWþbWÞhEðkÞ;aðCnðWÞÞ < þy:ð3:12Þ

Consider a function vE;aðPÞ on CnðWÞ defined by

vE;aðPÞ ¼
Xy
k¼�1

2ðkþ1�akÞaWR̂R
EðkÞ
fKð�;y;WÞg aðPÞ ðP A CnðWÞÞ;

where

Eð�1Þ ¼ E V fP ¼ ðr;YÞ A CnðWÞ; 0 < r < 1g:

When we put

x
ð1Þ
E;a ¼

Xy
k¼�1

2ðkþ1�akÞaWlEðkÞ;a;

we have from (1.5) that

vE;aðPÞ ¼
ð
CnðWÞ

GWðP;QÞdxð1ÞE;aðQÞ ðP A CnðWÞÞ:

We shall show that vE;aðPÞ is always finite on CnðWÞ. Take any point

P ¼ ðr;YÞ A CnðWÞ and a positive integer kðPÞ satisfying ra 2kðPÞþ1. We

represent vE;aðPÞ as

vE;aðPÞ ¼ v
ð1Þ
E;aðPÞ þ v

ð2Þ
E;aðPÞ;

where

v
ð1Þ
E;aðPÞ ¼

XkðPÞþ1

k¼�1

2ðkþ1�akÞaW
ð
CnðWÞ

GWðP;QÞdlEðkÞ;aðQÞ

and

v
ð2Þ
E;aðPÞ ¼

Xy
k¼kðPÞþ2

2ðkþ1�akÞaW
ð
CnðWÞ

GWðP;QÞdlEðkÞ;aðQÞ:

Since lEðkÞ;a is concentrated on BEðkÞ HEðkÞVCnðWÞ, we have from (3.9)

that
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2ðkþ1�akÞaW
ð
CnðWÞ

GWðP;QÞdlEðkÞ;aðQÞ

aA12
ðkþ1�akÞaWraW fWðYÞ

ð
CnðWÞ

t�bW fWðFÞdlEðkÞ;aðt;FÞ

aA12
aWraW fWðYÞ2�kðaaWþbWÞ

ð
CnðWÞ

taW fWðFÞdlEðkÞ;aðt;FÞ ðkb kðPÞ þ 2Þ:

Hence we know

v
ð2Þ
E;aðPÞaA12

aWraW fWðYÞ
Xy

k¼kðPÞþ2

2�kðaaWþbWÞhEðkÞ;aðCnðWÞÞ

from the second part of Lemma 1. This and (3.12) show that v
ð2Þ
E;aðPÞ is finite

and hence vE;aðPÞ is also finite for any P A CnðWÞ.
Since

R̂R
EðkÞ
fKð�;y;WÞg aðPÞ ¼ fKðP;y;WÞga

on BEðkÞ and BEðkÞ HEðkÞVCnðWÞ (Brelot [4, p. 61] and Doob [6, p. 169]), we

see

vE;aðPÞb 2ðkþ1�akÞaWR̂R
EðkÞ
fKð�;y;WÞgaðPÞb raWf fWðYÞgað3:13Þ

for any P ¼ ðr;YÞ A BEðkÞ ðk ¼ �1; 0; 1; 2; . . .Þ and hence for any P ¼ ðr;YÞ A
E 0, where

E 0 ¼ 6y
k¼�1

BEðkÞ:

Since E 0 is equal to E except a polar set S, we can take another posi-

tive superharmonic function v
ð3Þ
E;aðPÞ on CnðWÞ such that v

ð3Þ
E;aðPÞ ¼ GWx

ð2Þ
E;aðPÞ

with a positive measure x
ð2Þ
E;a on CnðWÞ and v

ð3Þ
E;a is identically þy on S (see

Doob [6, p. 58]). Finally, define a positive superharmonic function v on CnðWÞ
by

vðPÞ ¼ vE;aðPÞ þ v
ð3Þ
E;aðPÞ ¼ GWxE;aðPÞ ðP A CnðWÞÞ

with xE;a ¼ x
ð1Þ
E;a þ x

ð2Þ
E;a. Also we see from (3.13) that

EH fP ¼ ðr;YÞ A CnðWÞ;GWxE;aðPÞb raWf fWðYÞgag:

4. Proof of Theorem 2

To prove Theorem 2, we need the following new type of covering theorem

which is purely measure-theoretical.
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Lemma 2. Let m be any positive measure on Rn having the finite total mass

kmk. Let e and q be two any positive numbers. Then Sðe;m; qÞ is covered by

a sequence of balls Bk ðk ¼ 1; 2; . . .Þ satisfying

Xy
k¼0

rk

dk

� �q
< þy;

where rk is the radius of Bk, and dk is the distance between the origin and the

center of Bk.

Proof. Put

Skðe;m; qÞ ¼ Sðe;m; qÞVEðkÞ ðk ¼ 2; 3; . . .Þ:

Let k be any positive integer satisfying kb 2. If P ¼ ðr;YÞ A Skðe;m; qÞ,
then there exists a positive number rðPÞ ðrðPÞa 2�1r) such that

frðPÞgq
a rqe�1mðBðP; rðPÞÞa 2ðkþ1Þqe�1kmk:ð4:1Þ

Since Skðe;m; qÞ has a trivial covering fBðP; rðPÞÞ;P A Skðe;m; qÞg satisfying

sup
P ASkðe;m;qÞ

rðPÞa 2ðkþ1Þe�1=qkmk1=q < þy;

by the Besicovitch covering theorem there exists a countable subfamily

fBðPk; i; rk; iÞg ðrk; i ¼ rðPk; iÞÞ which covers Skðe;m; qÞ and intersects each

other at most N times, where N depends only on the dimension n. Since

BðP; rðPÞÞVEðk þ 2Þ ¼ q and BðP; rðPÞÞVEðk � 2Þ ¼ q for any P A
Skðe;m; qÞ, we have from (4.1)

e
X
i

rk; i

jPk; ij

� �q
a
X
i

mðBðPk; i; rk; iÞÞaNmðEðk � 1ÞUEðkÞUEðk þ 1ÞÞ:

Thus 6
k
Skðe;m; qÞ is covered by a sequence of balls fBðPk; i; rk; iÞg

ðk ¼ 2; 3; 4; . . . ; i ¼ 1; 2; 3; . . .Þ satisfying

X
k; i

rk; i

jPk; ij

� �q
a 3Nkmke�1:

Since

Sðe;m; qÞV fP ¼ ðr;YÞ A Rn; rb 4g ¼ 6y
k¼2

Skðe;m; qÞ;

Sðe;m; qÞ is finally covered by a sequence of balls fBðPk; i; rk; iÞ;BðP0; 6Þg
ðk ¼ 2; 3; 4; . . . ; i ¼ 1; 2; 3; . . .Þ satisfying

X
k; i

rk; i

jPk; ij

� �q
a 3Nkmke�1 þ 6q < þy;
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where BðP0; 6Þ ðP0 ¼ ð1; 0; . . . ; 0Þ A RnÞ is the ball which covers fP ¼ ðr;YÞ A
Rn; r < 4g.

Proof of Theorem 2. If we can show that

GWmðPÞ < raWf fWðYÞga ðP A CnðW; ðL;þyÞÞ �Sðe;mðmÞ; n� 1þ aÞÞð4:2Þ

for a su‰ciently large L and a su‰ciently small e, then we can conclude

Theorem 2.

For any point P ¼ ðr;YÞ A CnðWÞ, write GWmðPÞ as the sum

GWmðPÞ ¼ I1ðPÞ þ I2ðPÞ þ I3ðPÞ;ð4:3Þ

where

I1ðPÞ ¼
ð
CnðW; ð0; ð4=5Þr�Þ

GWðP;QÞdmðQÞ;

I2ðPÞ ¼
ð
CnðW; ðð4=5Þr; ð5=4Þr�Þ

GWðP;QÞdmðQÞ;

I3ðPÞ ¼
ð
CnðW; ðð5=4Þr;þyÞÞ

GWðP;QÞdmðQÞ:

To estimate I1ðPÞ and I3ðPÞ, we shall again use (3.9).

We first have

I1ðPÞaA1r
�bW fWðYÞ

ð
Cn W;ð0; ð4=5Þr�ð Þ

taW fWðFÞdmðQÞ

aA1r
aW fWðYÞ 4

5
r

� ��ðaWþbWÞð
CnðW; ð0; ð4=5Þr�Þ

taW fWðFÞdmðQÞ:

Since

lim
R!þy

R�ðaWþbWÞ
ð
CnðW; ð0;RÞÞ

taW fWðFÞdmðt;FÞ ¼ 0

(Miyamoto and Yoshida [13, Lemma 1]), we see

I1ðPÞ ¼ oð1ÞKðP;y;WÞ ðr ! þyÞ:ð4:4Þ

Similarly we have

I3ðPÞaA1r
aW fWðYÞ

ð
CnðW; ðð5=4Þr;þyÞÞ

t�bW fWðFÞdmðQÞ;

and hence

I3ðPÞ ¼ oð1ÞKðP;y;WÞ ðr ! þyÞð4:5Þ
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by Remark 4. Thus we have from (3.8), (4.4) and (4.5) that

I1ðPÞ; I3ðPÞ ¼ oð1ÞraWf fWðYÞga ðr ! yÞ:ð4:6Þ

To estimate I2ðPÞ we use the following inequality;

GWðP;QÞaA2
fWðYÞ fWðFÞ

tn�2
þ t�bW fWðFÞUWðP;QÞ

for any P ¼ ðr;YÞ A CnðWÞ and any Q ¼ ðt;FÞ A Cn W; 4
5 r;

5
4 r

� �	 

, where

UWðP;QÞ ¼ min
tbW

jP�Qjn�2
fWðFÞ

;
A3rt

bWþ1fWðYÞ
jP�Qjn

( )

(Azarin [3, Lemma 4 and Remark]). Then we have

I2ðPÞa I2;1ðPÞ þ I2;2ðPÞ;ð4:7Þ

for any P ¼ ðr;YÞ A CnðWÞ satisfying 4
5 r > 1, where

I2;1ðPÞ ¼ A2 fWðYÞ
ð
CnðW; ðð4=5Þr; ð5=4Þr�Þ

t2�nþbW dmðmÞðQÞ

and

I2;2ðPÞ ¼
ð
CnðW; ðð4=5Þr; ð5=4Þr�Þ

UWðP;QÞdmðmÞðQÞ:

Then from Remark 4 and (3.8) we immediately have

I2;1ðPÞa
5

4

� �aW
A2r

aW fWðYÞ
ð
CnðW; ðð4=5Þr; ð5=4Þr�Þ

dmðmÞðQÞð4:8Þ

¼ oð1ÞKðP;y;WÞ ¼ oð1ÞraWf fWðYÞga ðr ! þyÞ:

To estimate I2;2ðPÞ, take a su‰ciently small positive number h independent

of P such that

DðPÞ ¼ ðt;FÞ A Cn W;
4

5
r;
5

4
r

� �� �
; jð1;FÞ � ð1;YÞj < h

� �
HB P;

r

2

� �
ð4:9Þ

and divide Cn W; 4
5 r;

5
4 r

	 �	 

into two sets DðPÞ and D 0ðPÞ, where

D 0ðPÞ ¼ Cn W;
4

5
r;
5

4
r

� �� �
� DðPÞ:

We set

I2;2ðPÞ ¼ I
ð1Þ
2;2ðPÞ þ I

ð2Þ
2;2ðPÞ;ð4:10Þ

where
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I
ð1Þ
2;2ðPÞ ¼

ð
DðPÞ

UWðP;QÞdmðmÞðQÞ; I
ð2Þ
2;2ðPÞ ¼

ð
D 0ðPÞ

UWðP;QÞdmðmÞðQÞ:

For any Q A D 0ðPÞ we have jP�Qjb r sin h and hence

I
ð2Þ
2;2ðPÞa

ð
CnðW; ðð4=5Þr; ð5=4Þr�Þ

A3
rtbWþ1fWðYÞ
jP�Qjn dmðmÞðQÞð4:11Þ

aA4r
aW fWðYÞ

ð
CnðW; ðð4=5Þr;yÞÞ

dmðmÞðQÞ

¼ oð1ÞKðP;y;WÞ ¼ oð1ÞraWf fWðYÞga ðr ! þyÞ

from Remark 4 and (3.8).

Now we shall estimate I
ð1Þ
2;2ðPÞ under the assumption P C Sðe;mðmÞ;

n� 1þ aÞ for a positive number e. Now put

DiðPÞ ¼ fQ A DðPÞ; 2 i�1dðPÞa jP�Qj < 2 idðPÞg ði ¼ 0;G1;G2;G3; . . .Þ;

where

dðPÞ ¼ inf
Q A qCnðWÞ

jP�Qj:

Since P C Sðe;mðmÞ; n� 1þ aÞ and hence mðmÞðfPgÞ ¼ 0 from Remark 5, we

can divide I
ð1Þ
2;2ðPÞ into

I
ð1Þ
2;2ðPÞ ¼ J1ðPÞ þ J2ðPÞ;ð4:12Þ

where

J1ðPÞ ¼
X�y

i¼�1

ð
DiðPÞ

UWðP;QÞdmðmÞðQÞ; J2ðPÞ ¼
Xy
i¼0

ð
DiðPÞ

UWðP;QÞdmðmÞðQÞ:

Since dðQÞ þ jP�Qjb dðPÞ, we have

A5tfWðFÞb dðQÞb 2�1dðPÞ

for any Q ¼ ðt;FÞ A DiðPÞ ði ¼ �1;�2; . . .Þ and henceð
DiðPÞ

UWðP;QÞdmðmÞðQÞa
ð
DiðPÞ

tbW

jP�Qjn�2
fWðFÞ

dmðmÞðQÞ

aA62
ð1þaÞir1þaþbWf fWðYÞga mðmÞðBðP; 2 idðPÞÞÞ

f2 idðPÞgn�1þa

aA62
ð1þaÞiraWf fWðYÞga

rn�1þaMðP;mðmÞ; n� 1þ aÞ

ði ¼ �1;�2; . . .Þ:
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Since P ¼ ðr;YÞ B Sðe;mðmÞ; n� 1þ aÞ, we obtain

J1ðPÞaA7er
aW f a

W ðYÞ:ð4:13Þ

Next we shall estimate J2ðPÞ. We first remark from (4.9) that when we

take a positive integer iðPÞ satisfying 2 iðPÞ�1dðPÞa r=2 < 2 iðPÞdðPÞ,

DiðPÞ ¼ q ði ¼ iðPÞ þ 1; iðPÞ þ 2; . . .Þ:

Since

rfWðYÞaA8dðPÞ ðP ¼ ðr;YÞ A CnðWÞÞ;

we haveð
DiðPÞ

UWðP;QÞdmðmÞðQÞaA3rfWðYÞ
ð
DiðPÞ

tbWþ1

jP�Qjn dmðmÞðQÞ

aA92
�ið1�aÞraþ1þbWf fWðYÞga mðmÞðDiðPÞÞ

f2 idðPÞgn�1þa

ði ¼ 0; 1; 2; . . . ; iðPÞÞ:

Here we see

mðmÞðDiðPÞÞ
f2 idðPÞgn�1þa

a
mðmÞðBðP; 2 idðPÞÞÞ

f2 idðPÞgn�1þa
aMðP;mðmÞ; n� 1þ aÞ

a er�nþ1�a ði ¼ 0; 1; 2; . . . ; iðPÞ � 1Þ

and

mðmÞðDiðPÞðPÞÞ
f2 iðPÞdðPÞgn�1þa

a
mðmÞðDðPÞÞ

r
2

	 
n�1þa
a er�nþ1�a;

because P ¼ ðr;YÞ C Sðe;mðmÞ; n� 1þ aÞ. Hence we obtain

J2ðPÞaA10er
aWf fWðYÞga:ð4:14Þ

From (4.3), (4.6), (4.7), (4.8), (4.10), (4.11), (4.12), (4.13) and (4.14), we

finally obtain that if L is su‰ciently large and e is su‰ciently small, then

GWmðPÞ < raWf fWðYÞga

for any P ¼ ðr;YÞ A CnðW; ðL;þyÞÞ �Sðe;mðmÞ; n� 1þ aÞ, which gives (4.2).

5. Proofs of Theorem 3 and Example

Proof of Theorem 3. Since E is a-minimally thin at y with respect

to CnðWÞ, by Theorem 1 there exists a positive superharmonic function

77a-minimally thin sets



GWxE;aðPÞBþy ðP A CnðWÞÞ with a positive measure xE;a on CnðWÞ such

that

EH fP ¼ ðr;YÞ A CnðWÞ;GWxE;aðPÞb raWf fWðYÞgag:

Hence by Theorem 2 we have two positive numbers L and e such that

E VCnðW; ðL;þyÞÞHSðe;mðxE;aÞ; n� 1þ aÞ:

Here by Lemma 2, Sðe;mðxE;aÞ; n� 1þ aÞ is covered by a sequence of balls Bk

satisfying

Xy
k¼1

rk

dk

� �n�1þa

< þy

and hence E is also covered by a sequence of balls Bk ðk ¼ 0; 1; . . .Þ with an

additional finite ball B0 covering CnðW; ð0;L�Þ, satisfying

Xy
k¼0

rk

dk

� �n�1þa

< þy;

where rk is the radius of Bk, and dk is the distance between the origin and the

center of Bk.

Proof of Example. Since fWðYÞbA11 for any Y A W 0, we have

KðP;y;WÞbA12d
aW
k

for any P A Bk ðkb k0Þ. Hence we have

R̂RBk

Kð�;y;WÞðPÞbA12d
aW
kð5:1Þ

for any P A Bk ðkb k0Þ.
Take a measure t on CnðWÞ, supp tHBk, tðBkÞ ¼ 1 such thatð

CnðWÞ
jP�Qj2�n

dtðPÞ ¼ fCapðBkÞg�1;ð5:2Þ

for any Q A Bk, where Cap denotes the Newtonian capacity. Since

GWðP;QÞa jP�Qj2�n ðP A CnðWÞ;Q A CnðWÞÞ;

fCapðBkÞg�1lBk
ðCnðWÞÞ ¼

ð ð
jP�Qj2�n

dtðPÞ
� �

dlBk
ðQÞ

b

ð ð
GWðP;QÞdlBk

ðQÞ
� �

dtðPÞ

¼
ð
ðR̂RBk

Kð�;y;WÞðPÞÞdtðPÞbA12d
aW
k tðBkÞ ¼ A12d

aW
k
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from (5.1) and (5.2). Hence we have

lBk
ðCnðWÞÞbA12 CapðBkÞd aW

k bA12r
n�2
k d aW

k ;ð5:3Þ

because CapðBkÞ ¼ rn�2
k .

Thus from (1.1), (5.1) and (5.3) we obtain

gWðBkÞ ¼
ð
CnðWÞ

ðGWlBk
ÞdlBk

¼
ð
CnðWÞ

R̂RBk

Kð�;y;WÞðPÞdlBk
ðPÞbA2

12d
2aW
k rn�2

k :

If we observe gWðEðkÞÞ ¼ gWðBkÞ, then we have

Xy
k¼k0

2�kðaWþbWÞgWðEðkÞÞbA13

Xy
k¼k0

k�ðn�2Þ=ðn�1Þ ¼ þy;

from which it follows by (1.2) that E is not minimally thin at y with respect to

CnðWÞ. Hence by Remark 3, E is not a-minimally thin at y with respect to

CnðWÞ.

References

[ 1 ] H. Aikawa, On the behavior at infinity of non-negative superharmonic functions in a half

space, Hiroshima Math. J. 11 (1981), 425–441.

[ 2 ] A. Ancona, On strong barriers and an inequality of Hardy for domains in Rn, J. London

Math. Soc. (2)34 (1986), 274–290.

[ 3 ] V. S. Azarin, Generalization of a theorem of Hayman on subharmonic functions in an

m-dimensional cone, Mat. Sb. 66 (108), 1965, 248–264; Amer. Math. Soc. Translation (2)80

(1969), 119–138.

[ 4 ] M. Brelot, On Topologies and Boundaries in Potential Theory, Lect. Notes in Math. 175,

Springer-Verlag, Berlin, 1971.

[ 5 ] B. E. J. Dahlberg, A minimum principle for positive harmonic functions, Proc. London

Math. Soc. (3)33 (1976), 238–250.

[ 6 ] J. L. Doob, Classical Potential Theory and Its Probabilistic Counterpart, Springer-Verlag,

New York Berlin Heidelberg Tokyo, 1984.

[ 7 ] M. Essén, H. L. Jackson and P. J. Rippon, On a-minimally thin sets in a half-space in Rp,

pb 2, Mathematical Structures-Computational Mathematics-Mathematical Modelling, 2

(1984), 158–164.

[ 8 ] M. Essén and J. L. Lewis, The generalized Ahlfors-Heins theorems in certain d-dimensional

cones, Math. Scand. 33 (1973), 111–129.

[ 9 ] D. Gilbarg and N. S. Trudinger, Elliptic partial di¤erential equations of second order

(Paperback), Springer Verlag, 2001.

[10] W. K. Hayman, Questions of regularity connected with the Phragmén-Lindelöf principle,
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