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Abstract. We consider the relations og ¼ 0 A L, and show that if oa ¼ 0 then a ¼ gb

for some b. These relations give the acyclic chain complex L !g L !o L. We consider

various cases, e.g. o ¼ ln and g ¼ l2nþ1. Especially, we consider the case o ¼ wn ¼ dln

for n ¼ 2eþr þ 2e � 1, where g ¼ ðheþrÞ r.

1. Introduction

Consider the stable homotopy groups of the sphere p�ðS0Þ localized at

prime 2. We have the 2-local Adams spectral sequence converging to p�ðS0Þ
with E2-term Ext s; tA ðZ=2;Z=2Þ ¼ Hs; tðLÞ by [2]. Moreover, L contains a

subcomplex LðnÞ whose cohomology is the E2-term of the unstable Adams

spectral sequence converging to the 2-component of the unstable homotopy

groups of Sn. There are corresponding p-local versions of L algebra that we

will not consider.

The lambda algebra L (at the prime p ¼ 2) is a bigraded Z=2-algebra with

generators ln A L1;nþ1 ðnb 0Þ and relations

lil2iþ1þn ¼
X
jb0

n� 1� j

j

� �
liþn�jl2iþ1þj ði; nb 0Þð1Þ

with di¤erential

dln ¼
X
jb1

n� j

j

� �
ln�jlj�1 ðnb 0Þ:ð2Þ

We refer to [9] for these relations and [2, 5] for that d is a well-defined

endomorphism of L. For a sequence I ¼ ðn1; n2; . . . ; nsÞ of non-negative in-

tegers, a monomial lI ¼ ln1ln2 . . . lns is said to be admissible if 2ni b niþ1 for

1a ia s� 1. The admissible monomials form an additive basis of L by [2,

5]. LðnÞHL is the subcomplex spanned by the admissible monomials with
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n1 < n (cf. [2, 9]). By [9], there is a unique di¤erential algebra endomorphism

y : L ! L with yðlnÞ ¼ l2nþ1. This y is usually called Sq0. See [6] for a

recent treatment of the lambda algebra.

The Adem relation lml2mþ1 ¼ 0 gives a chain complex of right L modules,

using left-multiplication by lm and l2mþ1. This complex, and an unstable

analogue, are acyclic:

Theorem 1.1. The following chain complexes are acyclic:

L ����!l2nþ1^
L ����!ln^

L;

Lðpþ 2nþ 3Þ ����!l2nþ1^
Lð pþ 1Þ ����!ln^

Lðp� nÞ; for pb 2nþ 1:

For p < 2nþ 1, the composite Lð pþ 1Þ ��!E L ��!ln^
L is injective.

The unstable maps above are defined in Lemma 2.2. The unstable L

composition formulas in § 2 (of Wang, Mahowald and Singer) are crucial to our

proofs. Furthermore, in Theorem 1.3 below, we prove the following chain

complex of right L modules is acyclic:

L �����!ðl3Þ2^
L �����!ðl1;l0Þ^

LlL:

This implies that the following chain complex, defined by Proposition 2.3, is

acyclic:

Lð15Þ ����!ðh2Þ2^
Lð7Þ ����!w4^

Lð4Þ;

where hi ¼ l2 i�1, wn ¼ dln (cf. Theorem 1.5). The unstable maps above are

well-defined by Singer’s result (Proposition 2.3 below which extends Wang’s

earlier result), which we use heavily. We have many other, more complicated,

acyclic chain complexes, e.g. (cf. 1.4 and 1.6):

L �����!ðhiþ2Þ2^
L �����!ðhiþ1;hiÞ^

LlL

Lð2 iþ4 � 1Þ �������!ðhiþ2Þ2^
Lð2 iþ3 � 1Þ �������!w

2 iþ2þ2 i�1
^

Lð2 iþ2 þ 2 i � 1Þ

L �����!l5l3^
L �����!ðl2;l0Þ^

LlL

Lð20Þ ���!l5l3^
Lð10Þ ���!w6^

Lð6Þ

Now we collect some acyclic chain complexes systematically. For integers

n1 > � � � > nr b 0, we denote

gðn1; . . . ; nrÞ ¼ yðln1Þ . . . yrðlnrÞ:

Theorem 1.2. If lnigðn1; . . . ; nrÞ ¼ 0 for 1a ia r, then the following

chain complexes are acyclic:
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L �������!gðn1;...;nrÞ^
L �������!ðln1 ;...;lnr Þ^ 0 r

i¼1
L;

Lðpþ 1þ trÞ �������!gðn1;...;nrÞ^
Lð pþ 1Þ �������!ðln1 ;...;lnr Þ^ 0r

i¼1
Lðp� niÞ;

for pb 2n1 þ 1, where tr ¼
Pr

i¼1 2
iðni þ 1Þ.

In the case ni ¼ 2eþr�i � 1 ðeb 0; 1a ia rÞ, we have gðn1; . . . ; nrÞ ¼
ðheþrÞr and the assumption of Theorem above is satisfied.

Theorem 1.3. The following chain complexes are acyclic:

L ��������!ðheþrÞ r^
L ��������!ðheþr�1;...;heÞ^

0 r

i¼1
L;

Lð pþ 1þ r2eþrÞ ��������!ðheþrÞ r^
Lð pþ 1Þ ��������!ðheþr�1;...;heÞ^

0r

i¼1
Lðp� 2eþr�i þ 1Þ;

for pb 2eþr � 1.

In the case ni ¼ 2eþr�iþ1 � 2e � 1 ðeb 0; 1a ia rÞ, we have

gðn1; . . . ; nrÞ ¼ l2 eþrþ1�2 eþ1�1 . . . l2 eþrþ1�2 eþi�1 . . . l2 eþrþ1�2 eþr�1:

We denote this element by ke; r. By Lemma 3.5, dke; r ¼ 0 and the assumption

of Theorem 1.2 is satisfied.

Theorem 1.4. The following chain complexes are acyclic:

L �������!ke; r^
L �������!ðln1 ;...;lnr Þ^ 0 r

i¼1
L;

for ni ¼ 2eþr�iþ1 � 2e � 1 ðeb 0; 1a ia rÞ,

Lðpþ 1þ trÞ �������!ke; r^
Lð pþ 1Þ �������!ðln1 ;...;lnr Þ^ 0r

i¼1
Lðp� niÞ;

for pb 2eþrþ1 � 2eþ1 � 1, where tr ¼ ðr� 1Þ2eþrþ1 þ 2eþ1.

Using these acyclic chain complexes, we get the main theorems in this

paper.

Theorem 1.5. For n ¼ 2eþr þ 2e � 1 ðeb 0; rb 1Þ, the following is an

acyclic chain complex.

Lð2nþ 1þ uÞ ����!ðheþrÞ r^
Lð2nþ 1� 2eþr�1Þ ����!wn^

Lðn� 2e þ 1Þ;

where u ¼ ðr� 1Þ2eþr þ 2eþr�1.

Theorem 1.6. For n ¼ 2eþrþ1 � 2e � 1 ðeb 0; rb 1Þ, the following is an

acyclic chain complex.

Lð2nþ 1þ uÞ ���!ke; r^
Lð2nþ 1� 2eþr þ 2eÞ ���!wn^

Lðn� 2e þ 1Þ;

where u ¼ ðr� 2Þ2eþrþ1 þ 2eþr þ 2eþ1 þ 2e.
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Note that if r ¼ 1 then Theorems 1.5 and 1.6 gives the same complexes,

because

2eþ1 þ 2e � 1 ¼ 2eþ1þ1 � 2e � 1; heþ1 ¼ ke;1; 2eþ1�1 ¼ 2eþ1 � 2e:

Since we can calculate wn ¼
P

j

n� j

j

� �
ln�jlj�1 for n ¼ 2eþr G 2e � 1

explicitly, we can conclude Theorems 1.5–6. In fact, if wna ¼ 0 and a is low-

dimensional, then we get lj�1a ¼ 0 for each j with
n� j

j

� �
¼ 1, and we

can apply Theorems 1.2–3. In the case n0 2eþr G 2e � 1, we can calculate

wn partially, and get only a ‘‘partial acyclicity’’ result, which is too technical to

state in this paper.

Before closing the introduction we compare with the possible acyclic

relations in the Steenrod algebra A (cf. [5]). The sequence of left A-modules

A ���!Sq2n�1

A ���!Sqn

A

is exact for n ¼ 1 and 2 (as is well-known from A-module resolutions of

the spectra KZ and bo), but not exact for any odd n > 1, as Sq1 is in the

homology. The sequence of right A-modules

A ���!Sqn

A ���!Sq2n�1

A

is not exact for n ¼ 3, because Sq4Sq2Sq1 is in the homology:

Sq5Sq4Sq2Sq1 ¼ Sq7Sq2Sq2Sq1 ¼ Sq7Sq3Sq1Sq1 ¼ 0;

but Sq3Sq4 ¼ Sq7, and Sq3Sq3Sq1 ¼ Sq5Sq1Sq1 ¼ 0.

Adams and Margolis [1] proved there are exact sequences of right A-

modules

A !
Ps
t
A !

Ps
t
A

for 0a s < t, where Ps
t A A is the Milnor-basis dual of x2

s

t , but their proof are

quite di¤erent from ours.

I conjecture that the sequences of left A-modules

A ����!Sq2nþ1�1

A ����!Sq2n

A

are exact. I wish to thank Mark Mahowald for verifying the case n ¼ 2 of

my conjecture, and pointing out that a proof follows from his paper with

Gorbounov [4]. I wish to thank the referee for many useful comments, and

explained how Singer’s results streamline my proofs.
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2. The lambda algebra EHP sequences

By [8, Lemma 2.6], if a ¼
P

ai2
i, b ¼

P
bi2

i ð0a ai; bi < 2Þ, then

b

a

� �
1

Y bi

ai

� �
ðmod 2Þ:ð3Þ

By this formula,

n

m

� �
1

2nþ 1

2mþ 1

� �
1

2nþ 1

2m

� �
1

2n

2m

� �
;

2n

2mþ 1

� �
1 0:ð4Þ

Consider a map y : Z ! Z by taking yðnÞ ¼ 2nþ 1 ¼ 2ðnþ 1Þ � 1.

Then yeðnÞ ¼ 2eðnþ 1Þ � 1 ¼ n2e þ 2e � 1 and
yðnÞ � 2j

2j

� �
1

n� j

j

� �
,

yðnÞ � 2j � 1

2j þ 1

� �
1 0.

For nb 0, let FðnÞ ¼ j :
n� j

j

� �
¼ 1; 0a ja

n

2

� �
. It is well-known

that hr ¼ l2 r�1 is a cycle for rb 0. This is equivalent to Fð2r � 1Þ ¼ f0g by

Equation (3). By Equations (3) and (4), we have Fð2rÞ ¼ f0g q f2a : 0a a <

rg, Fð2 r � 2Þ ¼ f2a � 1 : 0a a < rg and

Fðyeð2rÞÞ ¼ f0g q f2eþa : 0a a < rgð5Þ

Fðyeð2r � 2ÞÞ ¼ f2eþa � 2e : 0a a < rg:ð6Þ

They are used to get acyclic chain complexes for wn, where n ¼ yeðbÞ for

b ¼ 2r; 2r � 2.

By [9], there is a unique di¤erential algebra endomorphism y : L ! L,

Ls; tðnÞ ! Ls;2tð2nÞ with yðliÞ ¼ l2iþ1. This y is usually called Sq0, and it

commutes with Adem relations.

Lemma 2.1 ([9, Proposition 1.7.3]). (i) y is injective.

(ii) If dðyðxÞÞ ¼ 0 then dðxÞ ¼ 0.

Now we explain the lambda algebra EHP sequence. We refer to [6] for

recent proofs.

Lemma 2.2 ([3, Lemma 3.5]). lmLðnþmþ 1ÞHLðnÞ for m < n.

In [3], this is proved by a double induction argument and it is similar to

the proof of the dual result [9, Proposition 1.8.1]:

Ls; tðnÞlk HLðnÞ for k < nþ t:

By Lemma 2.2 (or Wang’s dual) and induction on s, we have the following

proposition which is due to Singer.
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Proposition 2.3 ([7, Proposition 5.1]). Ls; tðnÞLðnþ tÞHLðnÞ.

This proposition and dln A L2;nþ1ðnÞ give Wang’s result:

Lemma 2.4 ([9, Proposition 1.8.3]). ðdlnÞx A LðnÞ for x A Lð2nþ 1Þ.

Following Wang [9], we see that this lemma implies the result of [2]:

Proposition 2.5 ([9, Proposition 1.8.4]). LðnÞ is a subcomplex of the

chain complex L, i.e. dLðnÞHLðnÞ, d : Ls; tðnÞ ! Lsþ1; tðnÞ.

Now we define a map (Hopf invariant)

H : Ls; tðnþ 1Þ ! Ls�1; t�n�1ð2nþ 1Þ

by HðlnlI Þ ¼ lI , HðlilI Þ ¼ 0 for the admissible sequences ðn; IÞ; ði; IÞ with

i < n. Lemma 2.4 also implies the following.

Proposition 2.6. H : Lðnþ 1Þ ! Lð2nþ 1Þ is a chain map.

Corollary 2.7 ([9, Theorem 1.8.5]). If da ¼ 0 then dHðaÞ ¼ 0.

We define unstable composition product a ^ b ¼ ab A LðnÞ for a A
Ls; tðnÞ, b A Lðnþ tÞ. Then we can define a chain map (Whitehead product)

P : Ls; tð2nþ 1Þ ! Lsþ2; tþnþ1ðnÞ by PðaÞ ¼ wn ^ a, where wn ¼ dln A L2;nþ1ðnÞ.
Moreover, we have a chain map (suspension) E : Ls; tðnÞ ! Ls; tðnþ 1Þ which is

inclusion.

Then we have short exact sequences

0 ! Ls; tðnÞ !E Ls; tðnþ 1Þ !H Ls�1; t�n�1ð2nþ 1Þ ! 0:

Proposition 2.8 ([7, Proposition 5.3]).

EHða ^ bÞ ¼ EHðaÞ ^ b þ yðaÞ ^ EHðbÞ A Lð2nþ 2Þ

for a A Ls; tðnþ 1Þ, b A Lðnþ tþ 1Þ.

Since E is injective, Eða ^ bÞ ¼ Ea ^ Eb and yðEaÞ ¼ E2yðaÞ. We have

two special cases and the second case is [7, Proposition 5.2]:

Corollary 2.9. Let a A Ls; tðnÞ, b A Lðnþ tþ 1Þ. Then

HðEðaÞ ^ bÞ ¼ EyðaÞ ^ HðbÞ A Lð2nþ 1Þ:

Also, if a A Ls; tðnþ 1Þ, b A Lðnþ tÞ, then

Hða ^ EðbÞÞ ¼ HðaÞ ^ b A Lð2nþ 1Þ:

Singer gave proofs of Propositions 2.3, 2.6 and 2.8 in the preprint version

of his paper [7], but unfortunately omitted them from the published version.
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Proposition 2.8 is proved by generalizing the proof of [3, Lemma 3.1] which is

the case of a ¼ dðl2nÞ and b A Lð4nþ 1Þ. This is essentially Singer’s preprint

proof. We prove Proposition 2.3 by double induction. Note that our proof

does not use Lemma 2.2.

Proof of Proposition 2.3. We shall show that

Ls1; tðnÞLs2;�ðnþ tÞHLðnÞ

by double induction on s ¼ s1 þ s2 and n. Consider a ¼ lmx, for m < n and

x A Ls1�1; t�m�1ð2mþ 1Þ, and b A Ls2;�ðnþ tÞ. Since m < n, x A Ls1�1; t�m�1ðnþ
mþ 1Þ, and so we have g ¼ xb A Ls�1;�ðnþmþ 1Þ by induction on s. We

shall show that lmg A LðnÞ.
If m ¼ n� 1 then this is trivial since Lð2nÞ ¼ Lð2n� 1Þ þ l2n�1Lð4n� 1Þ.
If m < n� 1 then we take the admissible form g ¼ lnþmxþ y with x A

Lð2nþ 2mþ 1Þ and y A LðnþmÞ. By induction on n, lmy A Lðn� 1Þ. We

have an Adem relation lmlnþm ¼ ln�1l2mþ1 þ z with z A L2;2mþnþ2ðn� 1Þ. By

induction on s, l2mþ1x A Lð2n� 1Þ and zx A Lðn� 1Þ. Thus lmg A LðnÞ. r

The case s ¼ 1 for the first part of Corollary 2.9 is proved by a similar

argument, and induction proves the case s > 1. The second part of Corollary

2.9 follows easily by Proposition 2.3. Proposition 2.8 requires in addition

some tricky cancellation, which we leave to the reader, since we do not use

Proposition 2.8, but only Corollary 2.9.

3. Some relations on the lambda algebra

Consider elements a; ai A L. We define

a ^: L ! L and ða1; . . . ; arÞ ^: L ! 0r

i¼1
L

by taking a ^ ðxÞ ¼ ax, ða1; . . . ; arÞ ^ ðxÞ ¼ ða1x; . . . ; arxÞ.
If ab ¼ 0 then we have a chain complex

L �!b^ L �!a^ L:ð7Þ

If aib ¼ 0 for 1a ia r then we have a chain complex

L ������!b^
L ������!ða1;...;arÞ^

0r

i¼1
L:ð8Þ

For a A Ls; tðnÞ and ma nþ t, we define the map

a ^: LðmÞ ! LðnÞ

by Proposition 2.3. Sometimes we will suspend alpha without mentioning it to

give a larger n, but this is clear from context. For instance, in Theorem 1.3,
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we use ðheþrÞr ^: Lðpþ 1þ r2eþrÞ ! Lðpþ 1Þ, where ðheþrÞr A Lr; r2 eþrð2eþrÞ,
and 2eþr a pþ 1. So we suspended to think of ðheþrÞr A Lr; r2 eþrðpþ 1Þ.

Proof of Theorem 1.1. By the Adem relation, ðln ^Þ � ðl2nþ1 ^Þ ¼ 0.

Consider an element a A Ls; tðpþ 1Þ with ln ^ a ¼ 0. For p < 2nþ 1,

lna is admissible, and so a ¼ 0.

For p ¼ 2nþ 1, a ¼ l2nþ1xþ y A Lð2nþ 2Þ, where x ¼ HðaÞ A Lð4nþ 1Þ
and y A Lð2nþ 1Þ. So ln ^ a ¼ ln y, and so y ¼ 0 by the case p < 2nþ 1

above. Thus a ¼ l2nþ1 ^ HðaÞ.
For p > 2nþ 1, we have a commutative diagram by Corollary 2.9:

Lðpþ 2nþ 3Þ ���!l2nþ1^
Lðpþ 1Þ ���!ln^

Lðp� nÞ???yH

???yH

???yH

Lð2pþ 4nþ 5Þ ���!l4nþ3^
Lð2pþ 1Þ ���!l2nþ1^

Lð2p� 2n� 1Þ

Then 0 ¼ Hðln ^ aÞ ¼ l2nþ1 ^ HðaÞ. By induction on s, HðaÞ ¼ l4nþ3 ^ g

for some g A Lð2pþ 4nþ 5Þ. Since H is surjective, we have an element

f A Lðpþ 2nþ 3Þ with Hð f Þ ¼ g. Then Hðl2nþ1 ^ f Þ ¼ l4nþ3 ^ Hð f Þ ¼
l4nþ3 ^ g ¼ HðaÞ. Hence a 0 ¼ aþ l2nþ1 ^ f A Lðpþ 1Þ has Hða 0Þ ¼ 0, and

so a 0 A LðpÞ and ln ^ a 0 ¼ 0. By induction on p, a 0 ¼ l2nþ1 ^ b 0 for some

b 0 A Lðpþ 2nþ 2Þ. Thus a ¼ l2nþ1 ^ b for b ¼ f þ b 0 A Lðpþ 2nþ 3Þ. r

Lemma 3.1. For integers n1 > � � � > nr b 0, if s < r then a composite

Ls; tðpþ 1Þ �������!E
L �������!ðln1 ;...;lnr Þ^ 0 r

i¼1
L is injective.

Proof. Consider a A Ls; tðpþ 1Þ with lni ^ a ¼ 0 ð1a ia rÞ. We prove

this lemma by induction on r; s; p. For r ¼ 1 or p ¼ 0 or s ¼ 0, this is trivial.

If p < 2n1 þ 1 then a ¼ 0 by ln1 ^ a ¼ 0 and Theorem 1.1. If p ¼ 2n1 þ 1

then a ¼ lp ^ HðaÞ by the proof of Theorem 1.1 for the case p ¼ 2nþ 1.

Now 0 ¼ Hðlni ^ aÞ ¼ yðlniÞ ^ HðaÞ for 2a ia r, and so HðaÞ ¼ 0 by in-

duction on r and a ¼ lp ^ HðaÞ ¼ 0. If p > 2n1 þ 1 then 0 ¼ Hðlni ^ aÞ ¼
yðlniÞ ^ HðaÞ for 1a ia r, and so HðaÞ ¼ 0 by induction on s, and a A Lð pÞ.
By induction on p, a ¼ 0. r

For integers n1 > � � � > ni > � � � > nr b 0, we denote tr ¼
Pr

i¼1 2
iðni þ 1Þ

and

gðn1; . . . ; nrÞ ¼ yðln1Þ . . . y iðlniÞ . . . y rðlnrÞ A Lr; trð2n1 þ 2Þ:ð9Þ

The proof of Theorem 1.2 is very similar to the proof of Theorem 1.1,

which is the case r ¼ 1.
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Proof of Theorem 1.2. By the assumption,

ððln1 ; . . . ; lnrÞ ^Þ � ðgðn1; . . . ; nrÞ ^Þ ¼ 0:

Consider an element a A Ls; tð pþ 1Þ with lni ^ a ¼ 0 for 1a ia r. If

r ¼ 1 then this is Theorem 1.1. If s ¼ 0 then a ¼ 0, because the generator is

the identity element � A L0;0ðpþ 1Þ ¼ Z=2 where � is the monomial of length

0. But � is not in the kernel since ln ^ � ¼ ln 0 0.

For p ¼ 2n1 þ 1, a ¼ yðln1Þ ^ HðaÞ by the proof of Theorem 1.1 for the

case p ¼ 2nþ 1. Now 0 ¼ Hðlni ^ aÞ ¼ yðlniÞ ^ HðaÞ for 2a ia r, and

0 ¼ Hðlni ^ gðn1; . . . ; nrÞÞ

¼ yðlniÞ ^ Hðgðn1; . . . ; nrÞÞ

¼ yðlniÞ ^ yðgðn2; . . . ; nrÞÞ:

By induction on r, HðaÞ ¼ yðgðn2; . . . ; nrÞÞ ^ b, where b A Lð2pþ 1þPr
i¼2 2

i�1ð2ni þ 1þ 1ÞÞ ¼ Lðpþ trÞ. Then a ¼ gðn1; . . . ; nrÞ ^ b.

For p > 2n1 þ 1, we have a commutative diagram by Corollary 2.9:

Lð pþ 1þ trÞ ����������!g^
Lðpþ 1Þ ����������!ðln1 ;...;lnr Þ^ 0r

i¼1
Lðp� niÞ???yH

???yH

???yH

Lð2pþ 1þ 2trÞ ����������!yðgÞ^
Lð2pþ 1Þ ����������!ðyðln1 Þ;...;yðlnr ÞÞ^ 0 r

i¼1
Lð2p� 2ni � 1Þ;

where g ¼ gðn1; . . . ; nrÞ A Lr; trð2n1 þ 2ÞHLr; trðpÞ. Then 0 ¼ Hðlni ^ aÞ ¼
yðlniÞ ^ HðaÞ for 1a ia r. By induction on s, HðaÞ ¼ yðgÞ ^ b 0 for some

b 0 A Lð2pþ 1þ 2trÞ. Since H is surjective, we have an element f A Lðpþ
1þ trÞ with Hð f Þ ¼ b 0. Then Hðg ^ f Þ ¼ yðgÞ ^ Hð f Þ ¼ yðgÞ ^ b 0 ¼ HðaÞ.
Hence a 0 ¼ aþ g ^ f A Lðpþ 1Þ has Hða 0Þ ¼ 0. So a 0 A LðpÞ, and lni ^ a 0 ¼
0 for 1a ia r by the assumption. By induction on p, a 0 ¼ g ^ b 00 for some

b 00 A Lðpþ trÞ. Thus a ¼ g ^ b for b ¼ f þ b 00 A Lð pþ 1þ trÞ. r

Lemma 3.2. If lnigðn1; . . . ; niÞ ¼ 0 then lnigðn1; . . . ; nrÞ ¼ 0.

Two examples where the hypotheses of Theorem 1.2 are satisfied are given

in Lemmas 3.3 and 3.5 below. By [9], hiðhiþrÞr ¼ 0 for hi ¼ l2 i�1, and so we

have the following.

Lemma 3.3. Let ni ¼ 2eþr�i � 1 ðeb 0; 1a ia rÞ be integers. Then

gðn1; . . . ; nrÞ ¼ ðl2 eþr�1Þr ¼ ðheþrÞr

and gðnj; . . . ; niÞ ¼ ðheþr�jþ1Þ i�jþ1. Moreover lnigðnj; . . . ; niÞ ¼ 0 for 1a ja

ia r.
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This lemma and Theorem 1.2 imply Theorem 1.3.

Our next example leads to Theorem 1.4, and the proof is similar to Wang’s

calculation hiðhiþrÞr ¼ 0, so let’s recall Wang’s proof. It su‰ces by y to prove

that h0h
r
r ¼ 0. An Adem relation writes h0hr as a sum of terms lmi

hi, and by

induction, hih
r�1
r ¼ 0.

Next we consider integers na ¼ 2a � 2. Then we shall show that

gðnb; . . . ; naÞ satisfies the conditions in Theorem 1.2. We write bðb; aÞ ¼
gðnb; . . . ; naÞ for bb a.

Lemma 3.4. (i) lnxbðaþ r; aÞ ¼ 0 for aþ rb xb a.

(ii) dðbðr; 1ÞÞ ¼ 0.

Proof. (i) Because bðaþ r; aÞ ¼ bðaþ r; xÞyaþr�xþ1ðbðx� 1; aÞÞ for x > a,

it su‰ces to prove that lnabðaþ r; aÞ ¼ 0.

For r ¼ 0, this is the Adem relation. We assume r > 0 and induction on

r. Then

bðaþ r; aÞ ¼ yðlnaþr
Þyðbðaþ r� 1; aÞÞ:

The Adem relations imply

lplyð pÞþ2 en ¼
X

k AFðn�1Þ
lpþ2 eðn�kÞlyð pÞþ2 ek:

Now Fð2 r � 2Þ ¼ f2b � 1 : 0a b < rg by (6), and

yðnaþrÞ ¼ yðnaÞ þ 2ðnaþr � naÞ ¼ yðnaÞ þ 2aþ1ð2r � 1Þ:

By substituting b for r, we have yðnaÞ þ 2aþ1ð2b � 1Þ ¼ yðnaþbÞ. Hence

lnayðlnaþr
Þ ¼

Xr�1

b¼0

lmða; r;bÞyðlnaþb
Þ

for some mða; r; bÞ we are not concerned with. This implies

lnabðaþ r; aÞ ¼
Xr�1

b¼0

lmða; r;bÞyðlnaþb
bðaþ r� 1; aÞÞ ¼ 0

by induction on r.

(ii) For r > 1, bðr; 1Þ ¼ yðlnrÞyðbðr� 1; 1ÞÞ, so it by induction, it su‰ces

to show that dðlnrÞbðr� 1; 1Þ ¼ 0. Then

dðlnrÞ ¼
X

0<k AFðnrÞ
lnr�klk�1 ¼

Xr�1

b¼1

lnr�2bþ1lnb

since FðnrÞ ¼ f2b � 1 : 0a b < rg as above. Hence (i) implies dðlnrÞbðr� 1; 1Þ
¼ 0. r
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We write kr ¼ bðr; 1Þ and ke; r ¼ lI A Lr; trð2eþrþ1 � 2eþ1Þ for tr ¼
ðr� 1Þ2eþrþ1 þ 2eþ1 and an admissible sequence

I ¼ ð2eþrþ1 � 2eþ1 � 1; . . . ; 2eþrþ1 � 2eþi � 1; . . . ; 2eþrþ1 � 2eþr � 1Þ:

Then ke; r ¼ yeðkrÞ ¼ gðyeðnrÞ; . . . ; yeðn1ÞÞ, and this lemma implies lnakr ¼
lnabðr; 1Þ ¼ 0 for 1a aa r and dðkrÞ ¼ 0.

Lemma 3.5. If na ¼ 2a � 2 then yeðnaÞ ¼ 2aþe � 2e � 1,

gðyeðnrÞ; . . . ; yeðn1ÞÞ ¼ yeðkrÞ ¼ ke; r

and dðke; rÞ ¼ dðyeðkrÞÞ ¼ 0. Moreover

ly eðnaÞgðy
eðnrÞ; . . . ; yeðn1ÞÞ ¼ yeðlnakrÞ ¼ 0

for 1a aa r.

This lemma and Theorem 1.2 imply Theorem 1.4.

4. Proofs of the main theorems

For integers 0 < j1 < j2 < � � � < jr a
2nþ 1

3
and an element w 0 A

L2;nþ1ðn� jrÞ, we take an element

w ¼ w 0 þ
X

a A f j1;...; jrg
ln�ala�1:

We shall use the direct sum decomposition

LðnÞ ¼ Lðn� jrÞ þ
X

n�jra f<n

lfLð2f þ 1Þ:

Suppose a A LðxÞ for some xa 2nþ 1. We want w ^ a to be expressed in

terms of this decomposition. That is,

w ^ a ¼ w 0 ^ aþ
X

a A f j1;...; jrg
ln�aðla�1 ^ aÞ

and we want w 0 ^ a A Lðn� jrÞ and la�1 ^ a A Lð2ðn� aÞ þ 1Þ.
Lemma 2.2 tells us that this last condition is achieved for xa 2ðn� aÞþ

1þ ða� 1Þ þ 1 ¼ 2n� aþ 1 since a� 1 < 2ðn� aÞ þ 1 by 3aa 2nþ 1. Prop-

osition 2.3 tells us that w 0 ^ a A Lðn� jrÞ if xa n� jr þ nþ 1 ¼ 2n� jr þ 1.

We have now proved:

Lemma 4.1. If w ^ a ¼ 0 for a A Lð2n� jr þ 1Þ then lji�1 ^ a ¼ 0 for

1a ia r.
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For any integer nb 0, let FðnÞ ¼ f j0 ¼ 0; j1; j2; . . . ; jr; . . .g with j0 ¼ 0 <

j1 < j2 < � � � : We notice that
2nþ 1

3
> ji since 2nþ 1� 3ji b ji þ 1 > 0 by

n� ji b ji. Then wn ¼ dln ¼
Pr

i¼1 ln�jilji�1 þ w 0 A Lnþ1ðn� j1 þ 1Þ, where

w 0 A Lðn� jrÞ. The lemma above and Theorem 1.2 imply the following.

Lemma 4.2. If wna ¼ 0 for a A Lð2nþ 1� jrÞ, then lji�1a ¼ 0 for 1a

ia r.

Moreover, if lji�1gð jr � 1; . . . ; j1 � 1Þ ¼ 0 for 1a ia r then a ¼
gð jr � 1; . . . ; j1 � 1Þb for some b A Lð2nþ 1� jr þ trÞ, where tr ¼

Pr
i¼1 2

ijr�iþ1.

Proof of Theorem 1.5. Let n ¼ 2eþr þ 2e � 1 ¼ yeð2rÞ. Then ji ¼ 2eþi�1

for 1a ia r by Equation (5), and so

gð jr � 1; . . . ; j1 � 1Þ ¼ ðheþrÞr A Lr; trð2eþrÞ and tr ¼ r2eþr:

Hence wnðheþrÞr ¼
Pr

i¼1 ln�jilji�1ðheþrÞr ¼ 0 by Lemma 3.3.

If wn ^ a ¼ 0 for a A Lð2nþ 1� 2eþr�1Þ then a ¼ ðheþrÞr ^ b for some

b A Lð2nþ 1þ ðr� 1Þ2eþr þ 2eþr�1Þ by Lemma 3.3 and 4.2. r

Proof of Theorem 1.6. Let n ¼ 2eþrþ1 � 2e � 1 ¼ yeð2rþ1 � 2Þ. Then

ji ¼ 2eþi � 2e for 1a ia r by Equation (6), and so

gð jr � 1; . . . ; j1 � 1Þ ¼ ke; r and tr ¼ ðr� 1Þ2eþrþ1 þ 2eþ1:

Hence wnke; r ¼
Pr

i¼1 ln�jilji�1ke; r ¼ 0 by Lemma 3.5.

If wn ^ a ¼ 0 for a A Lð2nþ 1� 2eþr þ 2eÞ then a ¼ ke; r ^ b for some

b A Lð2nþ 1þ ðr� 2Þ2eþrþ1 þ 2eþr þ 2eþ1 þ 2eÞ by Lemma 3.5 and 4.2. r

For a general n, we do not get chain complexes. That is, our methods

produce necessary but not su‰cient conditions. If wna ¼ 0, we can conclude

that a ¼ gb for some b, but it’s not generally true that wng ¼ 0, and we have

‘‘partial acyclicity’’ result. Consider n ¼ 10; 12:

By F ð10Þ ¼ f0; 1; 3; 4; 5g, F ð12Þ ¼ f0; 1; 2; 5; 6g,

w10 ¼ l9l0 þ l7l2 þ l6l3 þ l5l4 ¼ w 0 þ l9l0 þ l7l2;

gð4; 3; 2; 0Þ ¼ l9l15l23l15;

w12 ¼ l11l0 þ l10l1 þ l7l4 þ l6l5 ¼ w 00 þ l11l0 þ l10l1;

gð5; 4; 1; 0Þ ¼ l11l19ðl15Þ2;

in which w 0 A L2;11ð7Þ, w 00 A L2;13ð10Þ.
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Now lji�1gð jk � 1; . . . ; ji � 1Þ ¼ 0 except for

l0gð3; 2; 0Þ ¼ l0l7l11l7 ¼ l4ðl7Þ3;

l0gð4; 3; 2; 0Þ ¼ l0l9l15l23l15 ¼ l8l9ðl15Þ3;

l1gð4; 1Þ ¼ l1l9l7 ¼ ðl5Þ2l7;

l1gð5; 4; 1Þ ¼ l1l11l19l15 ¼ l9ðl11Þ2l15;

l0gð5; 4; 1; 0Þ ¼ l0l11l19ðl15Þ2 ¼ l8ðl11Þ2ðl15Þ2:

Moreover l1gð4; 1; 0Þ ¼ ðl5Þ2ðl7Þ2. Hence gð2; 0Þ and gð1; 0Þ satisfy the con-

dition of Theorem 1.2, but the other gð jr � 1; . . . ; j1 � 1Þ don’t satisfy this

condition. So we apply Lemma 4.2 to gð2; 0Þ ¼ l5l3 and gð1; 0Þ ¼ ðh2Þ2 as

follows:

If a A Lð18Þ and w10 ^ a ¼ 0 then a ¼ gð2; 0Þb for some b A Lð28Þ.
If a A Lð23Þ and w12 ^ a ¼ 0 then a ¼ gð1; 0Þb for some b A Lð31Þ.
However, we don’t have chain complexes

Lð28Þ ����!gð2;0Þ^
Lð18Þ ����!w10^

Lð10Þ;

Lð31Þ ����!gð1;0Þ^
Lð23Þ ����!w12^

Lð12Þ

because

w10gð2; 0Þ ¼ w10l5l3 ¼ l6l3l5l3 þ l5l4l5l3;

w12gð1; 0Þ ¼ w12ðl3Þ2 ¼ l7l4ðl3Þ2 þ l6l5ðl3Þ2:
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