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Abstract. Suppose that f : X ! Y is a map between spectra and E2ðX Þ;F2ðY Þ are

E2-terms of the E-, F -Adams spectral sequences for X ;Y , respectively. We shall give

conditions for f� : E2ðX Þ ! F2ðY Þ such that f� : ptðX Þ ! ptðY Þ is monomorphic or

epimorphic.

1. Introduction

Let f : X ! Y be a map of spectra. In this paper, we argue conditions

such that the homomorphism f� : ptðX Þ ! ptðY Þ is monomorphic or epimor-

phic by using the Adams spectral sequences. Let l : E ! F be a map of ring

spectra. Then we have the E- and F -Adams spectral sequences fEs; t
r ðX Þg and

fF s; t
r ðY Þg abutting to pt�sðX Þ and pt�sðY Þ, respectively, and a homomorphism

f� � l� : fEs; t
r ðX Þg ! fF s; t

r ðY Þg. We denote

ZEs; t
r ðX Þ ¼ fx A Es; t

r ðX Þ j x converges to some element of p�ðX Þg;

ZF s; t
r ðY Þ ¼ fy A F s; t

r ðY Þ j y converges to some element of p�ðY Þg:

Our main theorems are the following.

Theorem 1.1. Suppose that fEs; tþs
r ðX Þg converges to ptðX Þ. Fix an

integer t. We assume the following:

i) There exists an integer s0ðtÞ such that E s; tþs
y ðX Þ ¼ 0 for s > s0ðtÞ.

ii) f� � l� : ZEs; tþs
2 ðX Þ ! ZF

s; tþs
2 ðY Þ is monomorphic for 0a sa s0ðtÞ.

iii) f� � l� : Es; tþsþ1
2 ðX Þ ! F s; tþsþ1

2 ðY Þ is epimorphic for 0a sa s0ðtÞ � 2.

Then f� : ptðX Þ ! ptðY Þ is monomorphic.

Theorem 1.2. Suppose that fF s; tþs
r ðY Þg converges to ptðY Þ. Fix an

integer t. We assume the following:

i) There exists an integer s1ðtÞ such that F s; tþs
y ðY Þ ¼ 0 for any s > s1ðtÞ

ii) f� � l� : ZEs; tþs
2 ðX Þ ! ZF s; tþs

2 ðY Þ is epimorphic for 0a sa s1ðtÞ.
Then f� : ptðX Þ ! ptðY Þ is epimorphic.
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If E�E is flat, then E
s; t
2 ðX Þ ¼ Ext s; tE�E

ðE�;E�ðX ÞÞ. But we argue in the

general cases. As an application of the main theorems, consider the local-

izations LEX and LFX . The ring map l induces a map Ll : LEX ! LFX .

We apply the main theorems to Ll. We define a spectrum E by a cofibration

S0 !h
E

E ! E for a unit hE of E and En ¼ E5� � �5E (n-times). Consider

the edge homomorphism fF : ptðX Þ ! F
0; t
2 ðX Þ. This is induced from the

Hurewicz homomorphism ptðX Þ ! FtðX Þ.

Theorem 1.3. Suppose that fEs; tþs
r ðX Þg converges to ptðLEX Þ. Fix an

integer t. We assume the following:

i) There exists an integer s0ðtÞ such that E s; tþs
y ðX Þ ¼ 0 for s > s0ðtÞ.

ii) F
s; tþsþrþ1
2 ðE5Er5X Þ ¼ 0 for 0 < s < s0ðtÞ � r.

iii) fF : puþsðE5Es5X Þ ! F
0;uþs
2 ðE5Es5X Þ is monomorphic for sa s0ðtÞ

and u ¼ t, and epimorphic for s < s0ðtÞ and u ¼ tþ 1.

Then Ll� : ptðLEX Þ ! ptðLFX Þ is monomorphic.

Theorem 1.4. Suppose that fEs; tþs
r ðX Þg and fF s; tþs

r ðX Þg converge to

ptðLEX Þ and ptðLFX Þ, respectively. Fix an integer t. We assume the following:

i) There exists an integer s1ðtÞ such that F s; tþs
y ðX Þ ¼ 0 ¼ ZE

sþ1; tþs
2 ðX Þ for

any s > s1ðtÞ.
ii) F

s; tþsþr
2 ðE5Er5X Þ ¼ 0 for 0 < s < s1ðtÞ � rþ 1.

iii) fF : puþsðE5Es5X Þ ! F
0;uþs
2 ðE5Es5X Þ is monomorphic for sa

s1ðtÞ þ 1 and u ¼ t� 1, and epimorphic for s < s1ðtÞ þ 1 and u ¼ t.

Then Ll� : ptðLEX Þ ! ptðLFX Þ is epimorphic.

Corollary 1.5. Suppose that E�ðEÞ and E�ðX Þ are flat over E�ðS0Þ,
F�ðF Þ is flat over F�ðS0Þ, Exts;�F�F

ðF�;F�ðEÞÞ ¼ 0 for 0 < s < s0 and fF : p�ðEÞ !
Ext0;�F�F

ðF�;F�ðEÞÞ is isomorphic. Moreover we assume that fEs; tþs
r ðX Þg and

fF s; tþs
r ðX Þg converge to ptðLEX Þ and ptðLFX Þ, respectively.
Fix an integer t. If Ext s; tþs

E�E
ðE�;E�ðX ÞÞ ¼ 0 for s > s0, then Ll� : ptðLEX Þ

! ptðLFX Þ is monomorphic. If Ext s; tþs
F�F

ðF�;F�ðX ÞÞ ¼ 0 ¼ Extsþ1; tþs
E�E

ðE�;E�ðX ÞÞ
for s > s0 � 1 then Ll� : ptðLEX Þ ! ptðLFX Þ is epimorphic.

For our purpose, we review the theory of the Adams spectral sequence in

§ 2 and compare two Adams spectral sequences in § 3. Theorems 1.1–1.4 and

Corollary 1.5 are proved at § 3. In this paper, we work in the stable homotopy

category.

2. The Adams spectral sequences

Let E be a ring spectrum with unit hE : S0 ! E. Consider a cofibering

S0 !h
E

E !h
E

E and the boundary homomorphism qE : ptþ1ðE5X Þ ! ptðS05X Þ.
For a spectrum X , we denote
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X E
s ¼ Es5X ðEs ¼ E5� � �5EÞ and cofibrations

S05X E
s !h

E

E5X E
s !h

E

X E
sþ1 ð2:1Þ

The boundary homomorphisms qE : ptþ1ðX E
sþ1Þ ! ptðX E

s Þ define the Adams

filtration

ptþsðX E
s Þ ! ptþs�1ðX E

s�1Þ ! � � � ! ptðX E
0 Þ ¼ ptðX Þ: ð2:2Þ

Then we have the E-Adams spectral sequence fEs; t
r ðX Þ; d E

r : Es; t
r ðX Þ !

Esþr; tþr�1
r ðX Þg. The E1 and E2 terms are as follows:

E
s; t
1 ðX Þ ¼ ptðE5X E

s Þ ¼ EtðX E
s Þ; d E

1 : ptðE5X E
s Þ !

hE
�
ptðX E

sþ1Þ !
hE
�
ptðE5X E

sþ1Þ;

Es; t
2 ðX Þ ¼ Ker d E

1 =Im dE
1 :

By definition, Im½hE
� : ptðX E

s Þ ! ptðE5X E
s Þ�HKer d E

1 and Ker½hE
� :

ptðE5X E
s Þ ! ptðX E

sþ1Þ�I Im d E
1 , and so we have homomorphisms

hE
� : ptðX E

s Þ ! Es; t
2 ðX Þ; hE

� : Es; t
2 ðX Þ ! ptðX E

sþ1Þ: ð2:3Þ

Remark 2.1. If E�E ¼ E�ðEÞ is flat over E� ¼ E�ðS0Þ, then E
s; t
2 ðX Þ ¼

Ext s; tE�E
ðE�;E�ðX ÞÞ and the homomorphism hE

� : ptðX E
s Þ ! Es; t

2 ðX Þ is the com-

position of the Hurewicz homomorphism fE : ptðX E
s Þ ! Hom t

E�E
ðE�;E�ðX E

s Þ
and the coboundary homomorphisms

Hom t
E�E

ðE�;E�ðX E
s ÞÞ ! Ext1E�E

ðE�;E�ðX E
s�1ÞÞG � � �GExts; tE�E

ðE�;E�ðX ÞÞ:

We use notation

ZEs; t
2 ðX Þ ¼ fx A Es; t

2 ðX Þ j d E
r x ¼ 0 in Er-term for any rg and

ZE
s; t
2 ðX Þ ¼ Im½hE

� : ptðX E
s Þ ! E

s; t
2 ðX Þ�HZE

s; t
2 ðX Þ:

Remark 2.2. We notice that ZE
s; t
2 ðX Þ depends on the Adams resolution

(2.2). Let f : X ! Y be a map such that f� : E
s; t
2 ðX Þ ! Es; t

2 ðY Þ is isomor-

phic. Then f� : ZE
s; t
2 ðX Þ ! ZE

s; t
2 ðY Þ is isomorphic, but f� : ZE

s; t
2 ðX Þ !

ZEs; t
2 ðY Þ is not so. For example, consider the E-localization map X ! LEX .

If X is E-prenilpotent then fEs; t
r ðX Þg converges to p�ðLEX Þ and, by [2],

Es; t
2 ðX Þ ¼ Es; t

2 ðLEX Þ and

ZE
s; t
2 ðX Þ ¼ ZE

s; t
2 ðLEX Þ ¼ ZE

s; t
2 ðLEX ÞIZE

s; t
2 ðX Þ: ð2:4Þ

The following lemma holds by definition (see [4]).

Lemma 2.3. i) xs A ptðX E
s Þ satisfies hE

� ðxsÞ ¼ 0 A Es; t
2 ðX Þ if and only if

there are elements xsþ1 A ptþ1ðX E
sþ1Þ and ws�1 A ptðE5X E

s�1Þ with xs ¼
qEðxsþ1Þ þ h�ðws�1Þ.
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ii) w A ptðE5X E
s Þ satisfies d E

1 w ¼ 0 if and only if there exists an element

xsþ2 A ptþ1ðX E
sþ2Þ with hE

� ðwÞ ¼ qEðxsþ2Þ A ptðX E
sþ1Þ.

The following is a well-known fundamental result.

Proposition 2.4. i) xE A Es; t
2 ðX Þ converges to x A pt�sðX Þ if and only

if there exists an element xs A ptðX E
s Þ such that xE ¼ hE

� ðxsÞ and

ðqEÞsðxsÞ ¼ x.

ii) yE ¼ d E
r ðxEÞ in Er-term for xE A E

s; t
2 ðX Þ and yE A E

sþr; tþr�1
2 ðX Þ if and

only if there exists an element ysþr A ptþr�1ðX E
sþrÞ such that hE

� ðxEÞ ¼
ðqEÞr�1ðysþrÞ and hE

� ðysþrÞ ¼ yE.

iii) ZE
s; t
2 ðX ÞHZE

s; t
2 ðX Þ. Especially, ZE

s; t
2 ðX Þ ¼ ZE

s; t
2 ðX Þ if and only if

fEs; t
r ðX Þg converges to pt�sðX Þ.

iv) If fEs; t
r ðX Þg converges to pt�sðX Þ and there exists an integer sðtÞ such that

E s; sþt
y ðX Þ ¼ 0 for s > sðtÞ, then

ImfðqEÞs : ptþsðX E
s Þ ! ptðX Þg ¼ 0 for s > sðtÞ:

Definition 2.5. Let fdE
r x

EgHEsþr; tþr�1
2 ðX Þ be a subset consisting of

elements yE satisfying the above proposition ii) for an element xE A E
s; t
2 ðX Þ.

Corollary 2.6. i) fd E
2 x

Eg¼ d E
2 ðxEÞ and fd E

r 0g¼ 6
xE AE sþ1; tþ1

2
ðX Þ

fdE
r�1x

Eg

ð0 AEs; t
2 ðX ÞÞ. If d E

r ðxEÞ0 0 in Er-term, then fdE
rþ1x

Eg ¼ q.

ii) If yE
1 ; y

E
2 A fd E

r x
Eg for xE A E

s; t
2 ðX Þ, then there exists an element

yE A E
sþ1; tþ1
2 ðX Þ such that yE

1 � yE
2 A fd E

r�1y
Eg. Moreover if yE

1 0 yE
2 ,

then there exists an element yE 0 0 A E
sþa; tþa
2 ðX Þ ð1a aa r� 2Þ such that

yE
1 � yE

2 A fd E
r�ayg.

iii) fd E
r x

Eg C 0 if and only if fd E
rþ1x

Eg0q. Hence xE A ZE
s; t
2 ðX Þ if and

only if fdE
r x

Eg C 0 for any rb 2.

iv) If ðqEÞr�1ðxsÞ0 0 and ðqEÞrðxsÞ ¼ 0 for xs A ptðX E
s Þ and 2a ra s, then

there exists an element yE 0 0 A Es�r; t�rþ1
2 ðX Þ such that fd E

r y
Eg C hE

� ðxsÞ.

Consider another ring spectrum F with unit hF : S0 ! F and a ring

map l : E ! F . We have cofiberings X F
s ! F5X F

s ! X F
sþ1 and the Adams

spectral sequence fF s; t
r ðX Þg abutting to pt�sðX Þ. Then l induces maps l0 ¼

id : X ! X ; ls : X
E
s ! X F

s inductively by the commutative diagrams:

X E
s ���!hE

E5X E
s ���!hE

X E
sþ1

ls

???y l5ls

???y lsþ1

???y
X F

s ���!hF

F5X F
s ���!hF

X F
sþ1:

ð2:5Þ
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Hence we have a homomorphism l� : fEs; t
r ðX Þg ! fF s; t

r ðX Þg between spectral

sequences.

We notice that hE
� : F�ðX E

s Þ ! F�ðE5X E
s Þ is monomorphic by the inverse

map F5E5X E
s ! F5F5X E

s ! F5X E
s . Consider the following conditions

for some integers ab 0; b:

F
s; sþrþbþ1
2 ðE5X E

r Þ ¼ 0 for 0 < s < a� r: ð2:6Þ

fF ¼ hF
� : ptþsðE5X E

s Þ ! F
0; tþs
2 ðE5X E

s Þ

is monomorphic for sa a; t ¼ b and epimorphic for s < a; t ¼ bþ 1:

Then we have [4, Theorem 3.5].

Theorem 2.7. For integers ab 0 and b satisfying (2.6), the following holds:

i) l� : E
s; tþs
2 ðX Þ ! F

s; tþs
2 ðX Þ is monomorphic for sa a and t ¼ b and epi-

morphic for s < a and t ¼ bþ 1.

ii) l� : ZE
s; sþb
2 ðX Þ ! ZF

s; sþb
2 ðX Þ is isomorphic for sa a and epimorphic for

s ¼ aþ 1.

3. Comparison of two Adams spectral sequences

In this section, we compare two Adams spectral sequences and prove

Theorems 1.1, 1.4 and Corollary 1.5.

Let f : X ! Y be a map between spectra and l : E ! F a ring map

between ring spectra. Inductively, we have maps f0 ¼ f : X ! Y ; fs : X
E
s !

Y F
s by the commutative diagrams:

X E
s ���!hE

E5X E
s ���!hE

X E
sþ1 ���!qE

SX E
s

fs

???y l5 fs

???y fsþ1

???y Sfs

???y
Y F

s ���!hF

F5Y F
s ���!hF

Y F
sþ1 ���!qF

SY F
s :

Then we have a homomorphism f� � l� : fEs; t
2 ðX Þg ! fF s; t

2 ðY Þg between

spectral sequences.

Now we prepare the following.

Lemma 3.1. i) Let xs A ptðX E
s Þ and ysþ1 A ptþ1ðY F

sþ1Þ be elements with

fs�1� � qEðxsÞ ¼ ðqF Þ2ysþ1. If f� � l� : ZE
s; t
2 ðX Þ ! ZF

s; t
2 ðY Þ is monomor-

phic, then there exists an element xsþ1 A ptþ1ðX E
sþ1Þ with ðqEÞ2xsþ1 ¼ qExs.

ii) Let xsþ1 A ptþ1ðX E
sþ1Þ and ysþ1 A ptþ1ðY F

sþ1Þ be elements with fs�1� �
ðqEÞ2ðxsþ1Þ ¼ ðqF Þ2ysþ1. If f� � l� : Es�1; t

2 ðX Þ ! F s�1; t
2 ðY Þ is epimorphic,

then there exists an element x 0
sþ1 A ptþ1ðX E

sþ1Þ such that

ðqEÞ2x 0
sþ1 ¼ ðqEÞ2xsþ1 and fs� � qEðx 0

sþ1Þ ¼ qFysþ1:
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Proof. i) By qF ð fs�xs � qFysþ1Þ ¼ 0, we have v A ptðF5Y F
s�1Þ with

fs�xs ¼ qFysþ1 þ hF
� v: ð3:1Þ

Then fs�ðhE
� xsÞ ¼ hF

� � hF
� ðvÞ ¼ d F

1 v, and so f� � l�ðhE
� xsÞ ¼ 0 A ZF s; t

2 ðY Þ. By

the assumption, hE
� xs ¼ 0 A ZE

s; t
2 ðX Þ. By Lemma 2.3 i), we have elements

xsþ1 A ptþ1ðX E
sþ1Þ and w A ptðE5X E

s�1Þ with xs ¼ qEðxsþ1Þ þ hE
� ðwÞ. Hence

ðqEÞ2xsþ1 ¼ qExs.

ii) By ðqF Þ2ð fsþ1�xsþ1 � ysþ1Þ ¼ 0, we have v A ptðF5Y F
s�1Þ with

fs� � qEðxsþ1Þ ¼ qFysþ1 þ hF
� v: ð3:2Þ

By d F
1 v ¼ hF

� � hF
� v ¼ 0 and the assumption, we have an element w A Es�1; t

2 ðX Þ
with f� � l�ðwÞ ¼ v A F

s�1; t
2 ðY Þ. Then

hE
� � hE

� w ¼ d E
1 w ¼ 0 and fs� � hE

� w ¼ hF
� v;

and so we have x 0 A ptþ1ðX E
sþ1Þ with qEx 0 ¼ hE

� w. Now we take x 0
sþ1 ¼

xsþ1 � x 0. Then

ðqEÞ2x 0
sþ1 ¼ ðqEÞ2xsþ1 and

fs� � qEðx 0
sþ1Þ ¼ qFysþ1 þ hF

� v� fs� � hE
� w ¼ qFysþ1: r

We use this lemma inductively. By the statements i), ii) applied for sþ i

instead of s with 0a ia n� 2, we can define elements xsþ1; xsþ2; . . . ; xsþn�1

inductively with

ðqEÞ2xsþiþ1 ¼ qExsþi and fsþi� � ðqEÞ2ðxsþiþ1Þ ¼ ðqF Þn�i
ysþn

and finally by the statement i) for i ¼ n� 1, we have the desired element xsþn in

the following corollaries.

Lemma 3.2. Let xs A ptðX E
s Þ and ysþn A ptþnðY F

sþnÞ be elements with

fs�1� � qEðxsÞ ¼ ðqF Þnþ1
ysþn. We assume the following:

i) f� � l� : ZE
sþi; tþi
2 ðX Þ ! ZF

sþi; tþi
2 ðY Þ is monomorphic for 0a ia n� 1.

ii) f� � l� : Esþi�1; tþi
2 ðX Þ ! F sþi�1; tþi

2 ðY Þ is epimorphic for 0a ia n� 2.

Then there exists an element xsþn A ptþnðX E
sþnÞ such that

ðqEÞnþ1
xsþn ¼ qExs and fsþn�2� � ðqEÞ2ðxsþnÞ ¼ ðqF Þ2ysþn:

Moreover, if f� � l� : Esþn�2; tþn�1
2 ðX Þ ! F

sþn�2; tþn�1
2 ðY Þ is epimorphic, then we

can take the above xsþn such that fsþn�1� � qEðxsþnÞ ¼ qFysþn.

Corollary 3.3. Let xE be an element of E
s; t
2 ðX Þ. We assume the

following:

i) f� � l� : ZE
sþi; tþi�1
2 ðX Þ ! ZF

sþiþ1; tþi
2 ðY Þ is monomorphic for 2a ia r� 1.

ii) f� � l� : Esþi; tþi
2 ðX Þ ! F

sþi; tþi
2 ðY Þ is epimorphic for 1a ia r� 3.
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Under these conditions, if fd F
r ð f� � l�ðxEÞÞg0q, then fd E

r ðxEÞg0q.

Moreover, if f� � l� : Esþr�2; tþr�2
2 ðX Þ ! F sþr�2; tþr�2

2 ðY Þ is epimorphic, then

the induced map f� � l� : fd E
r x

Eg ! fd F
r ð f� � l�ðxEÞÞg is surjective.

Proof. For any yF A fd F
r ð f� � l�ðxEÞÞgHF sþr; tþr�1

2 ðY Þ, we have an

element ysþr A ptþr�1ðY F
sþrÞ with

hF
� ð f� � l�ðxEÞÞ ¼ ðqF Þr�1

ysþr and hF
� ysþr ¼ yF

by Definition 2.5. On the other hand, we have an element xsþ2 A ptþ1ðX E
sþ2Þ

with qExsþ2 ¼ hE
� x

E by Lemma 2.3 ii). These imply that

fsþ1� � qExsþ2 ¼ fsþ1� � hE
� x

E ¼ hF
� ð f� � l�ðxEÞÞ ¼ ðqF Þr�1

ysþr:

By Lemma 3.2, we have an element xsþr A ptþr�1ðX E
sþrÞ with

ðqEÞr�1
xsþr ¼ qExsþ2 ¼ hE

� x
E and fsþr�2� � ðqEÞ2ðxsþrÞ ¼ ðqF Þ2ysþr:

Hence hE
� xsþr A fd E

r x
Eg. Moreover, if f� � l� : Esþr�2; tþr�2

2 ðX Þ !
F

sþr�2; tþr�2
2 ðY Þ is epimorphic then fsþr�1� � qEðxsþrÞ ¼ qFysþr, and so

f� � l�ðhE
� xsþrÞ ¼ hF

� � fsþr�ðxsþrÞ ¼ hF
� ysþr ¼ yF A F sþr; tþr�1

2 ðY Þ. r

Corollary 3.4. For a map f : X ! Y and two integers t; s, we assume

the following:

i) There exists an integer r0ðs; tÞay such that ZE
sþr; tþr�1
2 ðX Þ ¼ 0 for

r > r0ðs; tÞ.
ii) f� � l� : ZEsþr; tþr�1

2 ðX Þ ! ZF
sþr; tþr�1
2 ðY Þ is monomorphic for any 2a ra

r0ðs; tÞ.
iii) f� � l� : Esþr; tþr

2 ðX Þ ! F sþr; tþr
2 ðY Þ is epimorphic for 0a ra r0ðs; tÞ � 2.

Then the induced homomorphism f� � l� : ZEs; t
2 ðX Þ ! ZF

s; t
2 ðY Þ is epimorphic.

Proof. Take any element yF A ZF s; t
2 ðY Þ. By the assumption iii) for

r ¼ 0, we have xE A E
s; t
2 ðX Þ with f� � l�ðxEÞ ¼ yF . We notice that fd F

r y
Fg0

q for any rb 2 by Corollary 2.6 iii). Then Corollary 3.3 implies fdE
r x

Eg0
q for r ¼ r0ðs; tÞ þ 1. Now if fd E

r x
Eg0q for r > r0ðs; tÞ then fd E

r x
Eg ¼ f0g

by the assumption i), and so fd E
rþ1x

Eg0q by Corollary 2.6 iii). By

induction, we see that fd E
r x

Eg C 0 for any rb 2. Hence xE A ZE
s; t
2 ðX Þ by

Corollary 2.6 iii). We complete the proof of this corollary. r

Now we prove Theorems 1.1 and 1.2.

Proof of Theorem 1.1. Take any element x A ptðX Þ with f�ðxÞ ¼
0 A ptðY Þ. By the assumption ii) for s ¼ 0, hE

� ðxÞ ¼ 0 A E�ðX Þ, and so we

have x1 A ptþ1ðX E
1 Þ with qEx1 ¼ x. By Lemma 3.2, there exists an element

xs0ðtÞþ1 A ptþs0ðtÞþ1ðX E
s0ðtÞþ1Þ such that ðqEÞs0ðtÞþ1ðxs0ðtÞþ1Þ ¼ qEx1 ¼ x. Hence

x ¼ 0 by Proposition 2.4 iv). r

Comparison theorems of two Adams spectral sequences 163



Proof of Theorem 1.2. Take any element y0 0 A ptðY Þ. By the as-

sumption, we have an element ys A ptþsðY F
s Þ such that ðqF Þsys ¼ y. We

assume that there is no element y 0 A ptþs 0 ðY F
s 0 Þ such that ðqF Þs

0
y 0 ¼ y if

s 0 > s. Then sa s1ðtÞ by the assumption i) and Proposition 2.4 iv). By the

assumption ii), we have an element xs A ptþsðX E
s Þ with

f� � l�ðhE
� ðxsÞÞ ¼ hF

� ðysÞ A F
s; tþs
2 ðY Þ;

and so there exists an element ysþ1 A psþtþ1ðY F
sþ1Þ with ðqF Þ2ysþ1 ¼

qFfys � fs�ðxsÞg by Lemma 2.3 iii). Inductively we can take elements

ys 0 A ptþs 0 ðY F
s 0 Þ for sa s 0 a s1ðtÞ þ 1 and xs 0 A ptþs 0 ðX F

s 0 Þ for sa s 0 a s1ðtÞ such

that ðqF Þ2ys 0 ¼ qFfys 0�1 � fs 0�1�ðxs 0�1Þg. By the assumption i) and Proposi-

tion 2.4 iv), we see ðqF Þs1ðtÞþ1ðys1ðtÞþ1Þ ¼ 0. Now

f�
Xs1ðtÞ

s 0¼s

ðqF Þs
0
ðxs 0 Þ ¼

Xs1ðtÞ

s 0¼s

fðqF Þs
0
ys 0 � ðqF Þs

0þ1
ys 0þ1g

¼ ðqF Þsys � ðqF Þs1ðtÞþ1
ys1ðtÞþ1 ¼ y:

Hence f� is epimorphic. r

Finally, we prove Theorems 1.3 and 1.4.

The ring map l : E ! F induces a map Ll : LEX ! LFLEX ¼ LFX and

maps between the E- and F -Adams spectral sequences

l� : fEs; t
r ðX Þg ���! fF s; t

r ðX Þg

G

???y
???yG

Ll� � l� : fEs; t
r ðLEX Þg ���! fF s; t

r ðLFX Þg

with

E
s; t
2 ðX Þ ¼ E

s; t
2 ðLEX Þ and F

s; t
2 ðX Þ ¼ F

s; t
2 ðLFX Þ:

We notice that

Es; t
2 ðX Þ I ZEs; t

2 ðX Þ I ZEs; t
2 ðX Þ

G

???y G

???y
???yV

Es; t
2 ðLEX ÞIZEs; t

2 ðLEX ÞIZEs; t
2 ðLEX Þ:

ð3:3Þ

If fEs; t
r ðX Þg converges to p�ðLEX Þ, then

ZE
s; t
2 ðX Þ ¼ ZE

s; t
2 ðLEX Þ ¼ ZE

s; t
2 ðLEX ÞIZE

s; t
2 ðX Þ: ð3:4Þ

The same results hold for F s; t
2 ðX Þ and F s; t

2 ðLFX Þ.
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Proof of Theorem 1.3. By Theorem 2.7 for a ¼ s0ðtÞ, b ¼ t, the

assumptions ii–iii) of Theorem 1.3 imply that l� : E
s;uþs
2 ðX Þ ! F s;uþs

2 ðX Þ is

monomorphic for sa s0ðtÞ, u ¼ t and epimorphic for s < s0ðtÞ, u ¼ tþ 1.

Hence Ll� � l� : ZEs; tþs
2 ðLEX Þ ! ZF s; tþs

2 ðLFX Þ is monomorphic for 0a sa

s0ðtÞ and Ll� � l� : Es; tþsþ1
2 ðLEX Þ ! F

s; tþsþ1
2 ðLFX Þ is epimorphic for 0a sa

s0ðtÞ � 2 by (3.3). Now Theorem 1.1 implies this theorem. r

Proof of Theorem 1.4. By Theorem 2.7 for a ¼ s1ðtÞ þ 1, b ¼ t� 1,

the assumptions ii–iii) of Theorem 1.4 imply that l� : E
s 0;uþs 0

2 ðX Þ ! F
s 0;uþs 0

2 ðX Þ
is monomorphic for s 0 a s1ðtÞ þ 1, u ¼ t� 1 and epimorphic for s 0 <

s1ðtÞ þ 1, u ¼ t. We fix an integer sa s1ðtÞ. Then l� : ZE
sþr; tþsþr�1
2 ðX Þ !

ZF sþr; tþsþr�1
2 ðX Þ is monomorphic for 0a ra s1ðtÞ � sþ 1 and Ll� � l� :

E
sþr; tþsþr
2 ðX Þ ! F

sþr; tþsþr
2 ðX Þ is epimorphic for 0a ra s1ðtÞ � s.

By the assumption i) of Theorem 1.4, ZEs 0; tþs 0�1
2 ðX Þ ¼ 0 for s 0 > s1ðtÞ

þ 1, and so ZE
sþr; tþsþr�1
2 ðX Þ ¼ 0 for r > s1ðtÞ � sþ 1. Taking r0ðs; tþ sÞ ¼

s1ðtÞ � sþ 1 in Corollary 3.4, we see that l� : ZE
s; tþs
2 ðX Þ ! ZF

s; tþs
2 ðX Þ is

epimorphic for sa s1ðtÞ, and so is Ll� � l� : ZE
s; tþs
2 ðLEX Þ ! ZF

s; tþs
2 ðLFX Þ by

(3.4). Now Theorem 1.2 implies this theorem. r

Proof of Corollary 1.5. We have split exact sequences

0 ! E�ðS05En5X Þ ! E�ðE5En5X Þ ! E�ðE5En5X Þ ! 0:

By induction on n, E�ðEn5X Þ is flat over E�. Now, Ext s;�F�F
ðF�;F�ðE5En5X ÞÞ

is a cohomology group of a cochain complex

fF�F nF� � � � nF� F�F nF� F�ðE5En5X Þg

¼ fF�F nF� � � � nF� F�F nF� F�ðEÞnE� E�ðEn5X Þg:

Since F�F is flat,

F s;�
2 ðE5En5X Þ ¼ Exts;�F�F

ðF�;F�ðE5En5X ÞÞ

¼ Exts;�F�F
ðF�;F�ðEÞÞnE� E�ðEn5X Þ

by Remark 2.1 (see [4, (3.8.7–9)]). Hence F
s;�
2 ðE5En5X Þ ¼ 0 for 0 < s < s0

and

fF : p�ðE5En5X Þ ! Ext0;�F�F
ðF�;F�ðE5En5X ÞÞ

is isomorphic. Now Theorems 1.3 and 1.4 imply this corollary. r
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