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Abstract. Let F be a smooth function of two variables which is zero at ð0; 0Þ and

positive on a punctured neighborhood of ð0; 0Þ. Then the function expð�1=FÞ is

smoothly extended to ð0; 0Þ and then the origin o of R3 is an umbilical point of its

graph. In this paper, we shall study the behavior of the principal distributions around

o on condition that the norm of the gradient vector field of log F is bounded from

below by a positive constant on a punctured neighborhood of ð0; 0Þ.

1. Introduction

Let S be a surface in R3 and p0 an isolated umbilical point of S. Then

the index of p0 on S is defined by the index of p0 with respect to a principal

distribution.

It is known that if S is a surface with constant mean curvature and if S is

connected and not totally umbilical, then each umbilical point of S is isolated

and its index is negative ([Ho, p139]); if S is a special Weingarten surface, then

the same result is obtained ([HaW]).

It has been expected that the index of an isolated umbilical point on a

surface is not more than one. We call this conjecture the index conjecture. In

relation to the index conjecture, the following two conjectures are known:

Carathéodory’s conjecture and Loewner’s conjecture. Carathéodory’s conjec-

ture asserts that there exist at least two umbilical points on a compact, strictly

convex surface in R3. If the index conjecture is true, then we see from Hopf-

Poincaré’s theorem that there exist at least two umbilical points on a compact,

orientable surface of genus zero, and this immediately gives the a‰rmative

answer to Carathéodory’s conjecture. Let F be a real-valued, smooth function

of two real variables x; y, and set qz :¼ ðq=qxþ
ffiffiffiffiffiffiffi
�1

p
q=qyÞ=2. Then Loewner’s

conjecture for a positive integer n A N asserts that if a vector field

Reðqn
z F Þ

q

qx
þ Imðqn

z FÞ
q

qy
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has an isolated zero point, then its index with respect to this vector field is not

more than n ([K], [T]). Loewner’s conjecture for n ¼ 1 is a‰rmatively solved;

Loewner’s conjecture for n ¼ 2 is equivalent to the index conjecture. We

may find [B], [GSaB], [SX1], [SX2] and [SX3] as recent papers in relation to

Carathéodory’s and Loewner’s conjectures.

Let g be a homogeneous polynomial of degree k in two variables such that

on its graph, the origin o :¼ ð0; 0; 0Þ of R3 is an isolated umbilical point. In

[A1], we studied the behavior of the principal distributions around o on the

graph of g. In particular, we showed that the index of o is an element of

f1� k=2þ ig½k=2�i¼0 . In [A2], we studied the behavior of the principal distri-

butions around each of an isolated umbilical point of the graph of g and the

point added to the graph by the one-point compactification for the graph.

In [A3], we have studied the behavior of the principal distributions around

an isolated umbilical point on a real-analytic surface. Let F be a real-analytic

function on a neighborhood of ð0; 0Þ satisfying

Fð0; 0Þ ¼ qF

qx
ð0; 0Þ ¼ qF

qy
ð0; 0Þ ¼ 0

and the condition that o is an isolated umbilical point of its graph. Then there

exists a real number aF A R satisfying

Fðx; yÞ ¼ aF ðx2 þ y2Þ=2þ oðx2 þ y2Þ: ð1Þ

Let sF be a function defined by

sF :¼

8>>><>>>:
0 if aF ¼ 0;

1

aF
� jaF j

aF

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

a2F
� ðx2 þ y2Þ

s
if aF 0 0:

Then we obtain F D sF and we see that there exist an integer kF f 3 and a

nonzero homogeneous polynomial gF of degree kF such that all the partial

derivatives of F � sF � gF of order less than kF þ 1 vanish at ð0; 0Þ. In [A3],

we have proved that if o is an isolated umbilical point of the graph of gF , then

the index of o on the graph of F is not less than the index of o on the graph

of gF and not more than one. In addition, we have proved that if the graph

of F is special Weingarten, then the index of o is equal to 1� kF=2. In [A4],

we have described a similar discussion on the graph of a smooth function with

such coe‰cients as the above F has in Taylor’s formula.

On the other hand, there exists a nonconstant smooth function such that

its coe‰cients are not helpful. For example, a smooth function

expð�1=ðx2 þ y2ÞÞ
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defined on R2nfð0; 0Þg is smoothly extended to ð0; 0Þ and then we see that

all the coe‰cients at ð0; 0Þ vanish and that o is an umbilical point of its

graph.

Let l denote a positive integer or y and Cðy; lÞ
o the set of the smooth

functions on a connected neighborhood of ð0; 0Þ in R2 such that all the coef-

ficients of order less than l vanish at ð0; 0Þ. The following hold:

Cðy; lÞ
o ICðy; lþ1Þ

o ICðy;yÞ
o Z f0g;

where l A N. For l A NU fyg, let Cðy; lÞ
o;þ be the subset of Cðy; lÞ

o such that each

element of C
ðy; lÞ
o;þ is positive on a punctured neighborhood of ð0; 0Þ. For a

positive number a > 0, we set

E0ðaÞ :¼ a; E1ðaÞ :¼ expð�1=aÞ:

In addition, we set

EnðaÞ :¼ E1ðEn�1ðaÞÞ

for each n A N inductively. Then for F A C
ðy; lÞ
o;þ and n A N, the smooth function

EnðF Þ defined on a punctured neighborhood of ð0; 0Þ is smoothly extended to

ð0; 0Þ and then we see that EnðFÞ is an element of C
ðy;yÞ
o;þ and that o is an

umbilical point of its graph. The purpose of this paper is to study the behavior

of the principal distributions around o on the graph of EnðFÞ for F A C
ðy; lÞ
o;þ

such that the norm of the gradient vector field of log F is bounded from below

by a positive constant on a punctured neighborhood of ð0; 0Þ.
We set

jgradF j ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qF

qx

� �2
þ qF

qy

� �2s
:

We shall prove

Theorem 1.1. Let F be an element of C
ðy; lÞ
o;þ such that for each c > 0, there

exists a punctured neighborhood of ð0; 0Þ on which jgradF j=F > c holds. Then

o is an isolated umbilical point with index one on the graph of EnðaF Þ for any

n A N and any a > 0.

Example 1.2. For l A N, let P l be the set of the homogeneous poly-

nomials of degree l in two variables and set P l
þ :¼ P l VC

ðy; lÞ
o;þ . For example,

x2 þ y2 is an element of P2
þ . Let F be an element of C

ðy; lÞ
o;þ for l A N such that

there exists an element g A P l
þ satisfying F � g A Cðy; lþ1Þ

o . Then for each

c > 0, we may find a punctured neighborhood of ð0; 0Þ on which jgradF j=F > c

holds. Therefore we see from Theorem 1.1 that o is an isolated umbilical

point with index one on the graph of EnðaFÞ for any n A N and any a > 0.
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Example 1.3. Let F be an element of C
ðy; lÞ
o;þ such that its graph is locally

strictly convex at each point, where a surface S is called locally strictly convex

at a point p A S if there exists a punctured neighborhood of p in S which does

not share any point with the tangent plane at p. For each y A R, we set

FðF ;yÞðrÞ :¼ Fðr cos y; r sin yÞ

for each r A ð�r0; r0Þ, where r0 is some positive number. Then dFðF ;yÞ=dr is

increasing. Therefore for any r A ð0; r0Þ, the following hold:

FðF ;yÞðrÞ ¼
ð r
0

dFðF ;yÞ
ds

ðsÞds < r
dFðF ;yÞ

dr
ðrÞe rjgradF ðr cos y; r sin yÞj:

Then we see that for each c > 0, there exists a punctured neighborhood of

ð0; 0Þ on which jgradF j=F > c holds. Therefore we see that o is an isolated

umbilical point with index one on the graph of EnðaF Þ for any n A N and any

a > 0.

Remark 1.4. Our discussions in [A1]@[A4] crucially depend on coef-

ficients of functions; in order to show that the function in Example 1.2

satisfies the assumption in Theorem 1.1, we again depend on coe‰cients of the

function. However, in Example 1.3, we do not depend on coe‰cients of the

function.

Example 1.5. Let F be an element of C
ðy; lÞ
o;þ such that jgradF j=F > C0

holds for some C0 > 0 on a punctured neighborhood of ð0; 0Þ. Then noticing

jgradE1ðaF Þj
E1ðaF Þ

¼ 1

aF
� jgradF j

F

for any a > 0, we see that for each c > 0, there exists a punctured neigh-

borhood of ð0; 0Þ on which jgradE1ðaF Þj=E1ðaFÞ > c holds. Therefore we see by

Theorem 1.1 that o is an isolated umbilical point with index one on the graph

of Enþ1ðaF Þ for any n A N and any a > 0. We also see that Theorem 1.1 for

n ¼ 1 implies Theorem 1.1 for any n A N.

In addition, we shall prove

Theorem 1.6. Let F be an element of C
ðy; lÞ
o;þ such that jgradF j=F > C0

holds for some C0 > 0 on a punctured neighborhood of ð0; 0Þ.
(a) If lf 3, then o is an isolated umbilical point with index one on the

graph of E1ðaFÞ for any a > 0;

(b) If there exists a nonzero g A P2 satisfying gf 0 on R2, g B P2
þ and

F � g A Cðy;3Þ
o , then there exists a positive number a0 > 0 such that o is an

isolated umbilical point with index one on the graph of E1ðaFÞ for any a A ð0; a0Þ.
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Example 1.7. Let F be an element of C
ðy; lÞ
o;þ such that jgradF j=F > C0

holds for some C0 > 0 on a punctured neighborhood of ð0; 0Þ. If

F ðx; yÞ ¼ y4 þ oððx2 þ y2Þ2Þ;

then we see from (a) of Theorem 1.6 that o is an isolated umbilical point with

index one on the graph of E1ðaFÞ for any a > 0. If

Fðx; yÞ ¼ y2 þ oðx2 þ y2Þ;

then we see from (b) of Theorem 1.6 that there exists a positive number a0 > 0

such that o is an isolated umbilical point with index one on the graph of

E1ðaF Þ for any a A ð0; a0Þ; we have not succeeded to grasp the behavior of

the principal distributions around o on the graph of E1ðaF Þ for a large a > 0

yet.

After Section 2 for preliminaries, we shall prove Theorems 1.1 and 1.6

in Section 3. In [A2] and [A3], we have studied the limit of each principal

distribution toward an isolated umbilical point along the intersection of a

surface with each normal plane at this point. In Section 4, we shall make

a similar study on the graph of EnðaF Þ and find another phenomenon than

those which appear in [A2] and [A3].

2. Preliminaries

Let f be a smooth function of two variables x; y and Gf the graph of f .

We set fx :¼ qf =qx, fy :¼ qf =qy and

Ef :¼ 1þ f 2
x ; Ff :¼ fx fy; Gf :¼ 1þ f 2

y :

The first fundamental form of Gf is a symmetric tensor field If on Gf of type

ð0; 2Þ represented in terms of the coordinates ðx; yÞ as

If :¼ Ef dx
2 þ 2Ff dxdyþ Gf dy

2;

where

dx2 :¼ dxn dx; dxdy :¼ 1

2
ðdxn dyþ dyn dxÞ; dy2 :¼ dyn dy:

We set fxx :¼ q2f =qx2, fxy :¼ q2f =qxqy, fyy :¼ q2f =qy2 and

Lf :¼
fxxffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detðIf Þ

p ; Mf :¼
fxyffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detðIf Þ

p ; Nf :¼
fyyffiffiffiffiffiffiffiffiffiffiffiffiffiffi
detðIf Þ

p ;

where detðIf Þ :¼ Ef Gf � F 2
f . The Weingarten map of Gf is a tensor field Wf

on Gf of type ð1; 1Þ satisfying
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Wf

q

qx

� �
;Wf

q

qy

�� �
¼ q

qx
;
q

qy

� �
Wf ;

�
where

Wf :¼
Ef Ff

Ff Gf

� ��1
Lf Mf

Mf Nf

� �
:

A principal direction of Gf is a one-dimensional eigenspace of Wf . A point

of Gf is called umbilical if at the point, Wf is represented by the identity

transformation up to a constant. By the symmetry of Wf with respect to If ,

we see that at each non-umbilical point, there exist just two principal direc-

tions, which are perpendicular to each other with respect to If .

Let PDf be a symmetric tensor field on Gf of type ð0; 2Þ represented in

terms of the coordinates ðx; yÞ as

PDf :¼
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

detðIf Þ
p fAf dx

2 þ 2Bf dxdyþ Cf dy
2g;

where

Af :¼ EfMf � Ff Lf ; 2Bf :¼ Ef Nf � Gf Lf ; Cf :¼ Ff Nf � GfMf :

Then for tangent vectors v1; v2,

1

2

X
fi; jg¼f1;2g

vi5Wf ðvjÞ ¼
PDf ðv1; v2Þffiffiffiffiffiffiffiffiffiffiffiffiffiffi

detðIf Þ
p q

qx
5

q

qy

� �
:

Therefore we obtain

Proposition 2.1 ([A3]). A tangent vector v0 to Gf is in a principal direc-

tion if and only if PDf ðv0; v0Þ ¼ 0 holds.

Let Df ;Nf be symmetric tensor fields on Gf of type ð0; 2Þ represented in

terms of the coordinates ðx; yÞ as

Df :¼ fxy dx
2 þ ð fyy � fxxÞdxdy� fxy dy

2;

Nf :¼ ð fxy f 2
x � fx fy fxxÞdx2

þ ð fyy f 2
x � fxx f

2
y Þdxdyþ ð fx fy fyy � fxy f

2
y Þdy2:

Then detðIf ÞPDf ¼ Df þNf . For a tangent vector v, we set

~DDf ðvÞ :¼ Df ðv; vÞ; ~NNf ðvÞ :¼ Nf ðv; vÞ;fPDPDf ðvÞ :¼ PDf ðv; vÞ:

We set
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gradf :¼
fx

fy

� �
; grad?f :¼ �fy

fx

� �
; Hess f :¼

fxx fxy

fxy fyy

� �
:

For f A R, we set

uf :¼
cos f

sin f

� �
; Uf :¼ cos f

q

qx
þ sin f

q

qy
:

Let h ; i be the scalar product in R2. Then we obtain

Lemma 2.2 ([A3]). For any f A R,

~DDf ðUfÞ ¼ hHessf uf; ufþp=2i;

~NNf ðUfÞ ¼ hgradf ; ufihgrad
?
f ;Hessf ufi:

3. Proof of Theorems 1.1 and 1.6

Let F be an element of C
ðy; lÞ
o;þ . We set

wnðF Þ :¼
1 if n ¼ 0;Qn

i¼1 EiðF Þ if n A N:

�
Then by induction with respect to n A N, we obtain

Lemma 3.1. For any n A N,

gradEnðFÞ ¼
EnðFÞ

F 2wn�1ðF Þ
gradF ;

HessEnðFÞ ¼
EnðFÞ

F 2wn�1ðF Þ
HessF

þ EnðFÞ
F 4wn�1ðFÞ

Xn�1

i¼0

1� 2EiðFÞ
wiðF Þ

 !
F 2
x FxFy

FxFy F 2
y

 !
:

By Lemma 2.2 together with Lemma 3.1, we obtain

Lemma 3.2. For any n A N,

~DDEnðFÞðUfÞ ¼
EnðFÞ

F 2wn�1ðF Þ
~DDF ðUfÞ

þ EnðFÞ
F 4wn�1ðF Þ

Xn�1

i¼0

2EiðFÞ � 1

wiðF Þ

 !
hgradF ; ufihgrad

?
F ; ufi;

~NNEnðFÞðUfÞ ¼
EnðF Þ

F 2wn�1ðFÞ

� �3
~NNF ðUfÞ:
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Suppose that there exist positive numbers C0, r0 > 0 satisfying

jgradF j > C0F > 0

on f0 < x2 þ y2 < r20g. Let cF be a continuous function on ð0; r0Þ � R such

that gradF ðr cos y; r sin yÞ is represented by ucF ðr;yÞ up to a positive constant for

any ðr; yÞ A ð0; r0Þ � R. By Lemma 3.2, we see that for any ðr; yÞ A ð0; r0Þ � R,

detðIEnðaF ÞÞfPDPDEnðaFÞðUfÞð¼~DDEnðaFÞðUfÞ þ ~NNEnðaF ÞðUfÞÞ

¼ EnðaF Þ
a2F 2wn�1ðaF Þ

�
a~DDF ðUfÞ þ

1

a

EnðaFÞ
F 2wn�1ðaFÞ

� �2
~NNF ðUfÞ

þ jgradF j
2

2F 2wn�1ðaFÞ
Yn�1ðaF Þ sin 2ðf� cF ðr; yÞÞ

�
holds at ðr cos y; r sin yÞ, where n A N, a > 0 and

Yn�1ðaF Þ :¼
Xn�1

i¼0

wn�1ðaFÞ
wiðaFÞ

ð2EiðaF Þ � 1Þ:

Therefore we see that at ðr cos y; r sin yÞ, Uf is in a principal direction of

GEnðaFÞ if and only if the following holds:

awn�1ðaF Þ~DDF ðUfÞ þ
wn�1ðaF Þ

a

EnðaFÞ
F 2wn�1ðaF Þ

� �2
~NNF ðUfÞ

þ 1

2

jgradF j
2

F 2
Yn�1ðaFÞ sin 2ðf� cF ðr; yÞÞ ¼ 0: ð2Þ

We notice the following:

(a) There exists a positive constant C1 > 0 satisfying

wn�1ðaF Þj~DDF ðUfÞj < C1

on a neighborhood of ð0; 0Þ and for any f A R;

(b) for each positive number e > 0, there exists a neighborhood of ð0; 0Þ
on which the following hold:

EnðaFÞ
F 2wn�1ðaF Þ

< e;

jYn�1ðaFÞ þ 1j < e:

Proof of Theorem 1.1. Suppose that for each c > 0, there exists a punc-

tured neighborhood of ð0; 0Þ on which jgradF j=F > c holds. Then noticing
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(2) and the above (a), (b), we see that for each positive number e0 > 0, there

exists a number r0 A ð0; r0Þ such that for each ðr; yÞ A ð0; r0Þ � R, there exists

the only one number fEnðaFÞðr; yÞ satisfying

jfEnðaF Þðr; yÞ � cF ðr; yÞj < e0 ð3Þ

and the condition that at ðr cos y; r sin yÞ, UfEnðaF Þðr;yÞ is in a principal direction

of GEnðaFÞ. Therefore we see that o is an isolated umbilical point on GEnðaF Þ
and that fEnðaF Þ is continuous on ð0; r0Þ � R. Roughly speaking, around o, a

principal distribution is approximated by the gradient vector field of F. The

index indoðGEnðaFÞÞ of o on GEnðaF Þ is represented as follows:

indoðGEnðaF ÞÞ ¼
fEnðaFÞðr; yþ 2pÞ � fEnðaFÞðr; yÞ

2p
:

Noticing (3) and that the index is represented as the half of an integer, we

obtain

indoðGEnðaF ÞÞ ¼
cF ðr; yþ 2pÞ � cF ðr; yÞ

2p
: ð4Þ

We set

mðr0Þ :¼ min
fx2þy2¼r2

0
g
Fðx; yÞ:

Then mðr0Þ > 0. Noticing that gradF does not vanish on f0 < x2 þ y2 < r20g,
we see that the set

Cm :¼ fðx; yÞ A R2; x2 þ y2 < r20 ;F ðx; yÞ ¼ mg

for m A ð0;mðr0ÞÞ is a connected and simple closed curve such that the bounded

domain contains ð0; 0Þ. Therefore by (4), we obtain

indoðGEnðaF ÞÞ ¼ 1:

Hence we obtain Theorem 1.1. r

Proof of Theorem 1.6. Suppose lf 3. Then for each positive number

e > 0, we obtain

j~DDF ðUfÞj < e

on a neighborhood of ð0; 0Þ and for any f A R. Therefore noticing (2) and

the above-mentioned (b), we obtain the same result as in Theorem 1.1. Sup-

pose that there exists a nonzero g A P2 satisfying gf 0 on R2, g B P2
þ and

F � g A Cðy;3Þ
o . Then HessF is not represented by the unit matrix up to any

constant at ð0; 0Þ. Therefore noticing (2) and the above-mentioned (a), (b), we

An umbilical point on a non-real-analytic surface 9



may find a positive number a0 > 0 such that for any a A ð0; a0Þ, o is an isolated

umbilical point on GE1ðaFÞ. In addition, we may obtain indoðGE1ðaFÞÞ ¼ 1 for

any a A ð0; a0Þ in the same way as in the proof of Theorem 1.1. Hence we

obtain Theorem 1.6. r

4. On representation of the index

The purpose of this section is to study the limit of each principal distri-

bution toward o along the intersection of the graph of EnðaFÞ with each normal

plane at o. In order to do this, we shall firstly introduce some terms.

Let r0 be a positive number and x a continuous function on ð0; r0Þ � R.

Then x is called admissible if there exists a number indðxÞ satisfying

indðxÞ ¼ xðr; yþ 2pÞ � xðr; yÞ
2p

for any ðr; yÞ A ð0; r0Þ � R and if there exists a discrete subset S of R satisfying

the following:

(a) For each y0 A RnS, there exists a number xoðy0Þ satisfying

lim
r!0

xðr; y0Þ ¼ xoðy0Þ;

(b) For each y0 A R, there exist numbers xoðy0 þ 0Þ, xoðy0 � 0Þ satisfying

lim
y!y0G0

xoðyÞ ¼ xoðy0 G 0Þ

and in addition, if y0 A RnS, then the following hold:

xoðy0 þ 0Þ ¼ xoðy0 � 0Þ ¼ xoðy0Þ: ð5Þ

Suppose that x is admissible. Then the number indðxÞ is called the index of x.

The minimum of such sets as S is denoted by Sx and each element of Sx is

called a singular argument of x. A singular argument y0 of x is just a number

for which (5) does not hold. Noticing the definition of indðxÞ, we see that if

y0 A Sx, then y0 þ 2np A Sx for any n A Z. From x, we may obtain a con-

tinuous function bx on R such that on each connected component of RnSx,

bx � xo is constant. Such a function as bx is called a base function of x.

There exists a number indðbx Þ satisfying

indðbxÞ ¼
bxðyþ 2pÞ � bxðyÞ

2p

for any y A R. The number indðbxÞ is called the index of bx. For each

y0 A Sx,
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Gx;oðy0Þ :¼ xoðy0 þ 0Þ � xoðy0 � 0Þ

is called the gap of x in y0. The index indðxÞ is represented as follows:

indðxÞ ¼ indðbxÞ þ
1

2p

X
y0 ASxV½y;yþ2pÞ

Gx;oðy0Þ: ð6Þ

Example 4.1. Let g be an element of P l and hg a continuous function

on R such that uhgðyÞ is an eigenvector of Hessgðcos y; sin yÞ for any y A R.

Suppose that on Gg, o is an isolated umbilical point. Let r0 be a positive

number such that on f0 < x2 þ y2 < r20g, there exists no umbilical point of

Gg and fg a continuous function on ð0; r0Þ � R such that for any ðr; yÞ A
ð0; r0Þ � R, Ufgðr;yÞ is in a principal direction of Gg at ðr cos y; r sin yÞ.
Suppose that g depends only on x2 þ y2. Then each of two vector fields

xq=qxþ yq=qy, �yq=qxþ xq=qy is in a principal direction at any point of Gg.

Therefore fg is admissible; a base function of fg is given by y and there exists

no singular argument of fg. Suppose that g does not depend only on x2 þ y2.

Then lf 3, and fg is admissible; a base function of fg is given by hg; a number

y0 is a singular argument of fg if and only if Hessgðcos y0; sin y0Þ is represented
by the unit matrix up to a constant; the gap Gfg;oðy0Þ for each y0 A Sfg is equal

to �p=2 ([A2]), and the index of fg is just the index of o on Gg.

Example 4.2. Let F be a real-analytic function on a neighborhood of

ð0; 0Þ satisfying

Fð0; 0Þ ¼ qF

qx
ð0; 0Þ ¼ qF

qy
ð0; 0Þ ¼ 0

and the condition that on GF , o is an isolated umbilical point. Let r0 be a

positive number such that on f0 < x2 þ y2 < r20g, there exists no umbilical

point of GF and fF a continuous function on ð0; r0Þ � R such that for any

ðr; yÞ A ð0; r0Þ � R, UfF ðr;yÞ is in a principal direction of GF at ðr cos y; r sin yÞ.
Then fF is admissible; a base function of fF is given by hgF , where gF is as in

Section 1; at any singular argument y0 of fF , HessgF ðcos y0; sin y0Þ is repre-

sented by the unit matrix up to a constant; if o is an isolated umbilical point of

GgF , then the gap GfF ;oðy0Þ for each y0 A SfF is equal to �p=2, 0 or p=2 ([A3]),

and the index of fF is just the index of o on GF . Suppose that o is not any

isolated umbilical point of GgF . Then it is in general very di‰cult to grasp

GfF ;oðy0Þ for y0 A SfF . The author considers that this di‰culty is just the thing

which prevents us from solving the index conjecture (see Section 1) on a real-

analytic surface. In relation to the index conjecture, the following holds: if

GfF ;oðy0Þe p for any y0 A SfF , then indðfF Þe 1 ([A3]).
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Example 4.3. Let F be an element of Cðy;2Þ
o such that on GF , o is an

isolated umbilical point. Then there exists a real number aF A R satisfying (1).

We obtain F D sF . If F � sF B Cðy;yÞ
o , then F has properties as in Example

4.2 ([A4]).

Remark 4.4. In [A3], we presented one way of computing the index

indðhgÞ of hg for each g A P l and lf 3.

Remark 4.5. Noticing that at any non-umbilical point of a surface, the

two principal directions are perpendicular to each other with respect to the first

fundamental form, we see that if a principal distribution around an isolated

umbilical point on a surface is given by an admissible function, then the other

principal distribution is also given by another admissible function.

Example 4.6. Let F be an element of C
ðy; lÞ
o;þ such that gradF does not

vanish on f0 < x2 þ y2 < r20g for some r0 > 0 and cF a continuous function

on ð0; r0Þ � R such that gradF ðr cos y; r sin yÞ is represented by ucF ðr;yÞ up to a

positive constant for any ðr; yÞ A ð0; r0Þ � R. Suppose that there exists a non-

zero g A P l satisfying F � g A Cðy; lþ1Þ
o . Then gf 0. Let cg be a continuous

function on R such that gradgðcos y; sin yÞ is represented by ucgðyÞ up to a

constant for any y A R and Zg the set of the numbers such that gðcos y0; sin y0Þ ¼ 0

holds for each y0 A Zg. We see the following: cF is admissible; a base func-

tion of cF is given by cg; the index of cg is represented as

indðcgÞ ¼ 1� #fZg V ½y; yþ pÞg; ð7Þ

and any singular argument of cF is an element of Zg. Let y0 be an element

of Zg. We set y0 ¼ 0. Then cgð0Þ A fð2i þ 1Þp=2gi AZ. Therefore noticing

gf 0, we see that there exist integers nþ; n� A Z satisfying

cF ;oðG0Þ ¼ ð4nGG 1Þp=2:

Let e0 be a positive number satisfying

Zg V ½�e0; e0� ¼ f0g

and dþ; d� elements of ð0; r0Þ satisfying

Fðdþ cos e0; dþ sin e0Þ ¼ F ðd� cos e0;�d� sin e0Þð¼:m0Þ:

As we have seen in the proof of Theorem 1.1, if m0 < mðr0Þ, then the con-

tour line Cm0
is a connected, simple closed curve such that the bounded

domain contains ð0; 0Þ. Therefore noticing that Cm0
contains the two points

ðdþ cos e0; dþ sin e0Þ, ðd� cos e0;�d� sin e0Þ and that fxq=qxþ fyq=qy is normal

to Cm0
at any point of Cm0

, we obtain nþ ¼ n� and 0 A ScF
(see Figure 1).

Therefore we obtain ScF
¼ Zg and
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GcF ;oðy0Þ ¼ p ð8Þ

for any y0 A ScF
. By (6), (7) and (8), we obtain indðcF Þ ¼ 1. This means

that the index of ð0; 0Þ with respect to fxq=qxþ fyq=qy is equal to one and does

not contradict the proof of Theorem 1.1.

Let F be an element of C
ðy; lÞ
o;þ satisfying jgradF j=F > C0 for some C0 > 0

on a punctured neighborhood of ð0; 0Þ. Suppose lf 3. Then Theorem 1.6

says that o is an isolated umbilical point of GE1ðaFÞ for any a > 0. Let r0 be

a positive number such that on f0 < x2 þ y2 < r20g, there exists no umbilical

point of GE1ðaF Þ and fE1ðaF Þ a continuous function on ð0; r0Þ � R such that

for any ðr; yÞ A ð0; r0Þ � R, UfE1ðaF Þðr;yÞ
is in a principal direction of GE1ðaF Þ at

ðr cos y; r sin yÞ. Referring to the proof of Theorem 1.6 and Example 4.6, we

obtain

Proposition 4.7. Suppose that there exists a nonzero g A P l satisfying

F � g A Cðy; lþ1Þ
o . Then the following hold:

(a) fE1ðaF Þ is admissible;

(b) a base function of fE1ðaF Þ is given by cg;

(c) SfE1ðaFÞ
¼ Zg;

(d) the gap GfE1ðaF Þ;o
ðy0Þ is equal to p for any y0 A SfE1ðaFÞ

.

Remark 4.8. Suppose l ¼ 2. Then for a suitable a > 0, fE1ðaF Þ is admis-

sible; SfE1ðaFÞ
¼ Zg, and GfE1ðaFÞ;o

ðy0Þ ¼ p for any y0 A SfE1ðaFÞ
. However, a base

function of fE1ðaF Þ may not be given by cg for any a > 0.

Remark 4.9. For any lf 2, any n A N and any a > 0, fEnþ1ðaF Þ has

properties as (a)@(d) in Proposition 4.7.

Fig. 1. Example 4.6
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