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Bessel-type functions of matrix variables
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Abstract. In the present work we compute explicitly a certain type of hypergeometric

functions of matrix variables given as an integral of a Gaussian-type kernel. In the

case of one variable, these functions are related to the modified Bessel function of the

third kind.

1. Introduction

This paper deals with explicit computations of certain type of hyper-

geometric functions related to the linear groups Uðp; qÞ and Spð2n;RÞ. In

doing this, some integral formulas over the group of unitary matrices are

given. To be more precise, let us take the case of Uðp; qÞ.

For p; q A N and n ¼ pþ q, let Ip;q :¼
Ip 0

0 �Iq

� �
be the diagonal matrix

with p copies of (þ1) and q copies of (�1) along the diagonal. Define Uðp; qÞ
as the set of invertible matrices g A Mðn;CÞ such that gIp;qg

� ¼ Ip;q, where

g� :¼ gt.

For diagonal matrices a :¼ diagða1; . . . ; apÞ and b :¼ diagðb1; . . . ; bqÞ, such
that ai þ bj 0 0, we define

zp;qða; bÞ :¼
ð
Uð p;qÞ

e
�tr
��

a 0
0 b

�
ðgg �Þ�1

�
dg:

Here ‘‘tr’’ means the usual trace of a matrix. If p ¼ q ¼ 1, we can easily show

that

z1;1ða; bÞ ¼ c0ðaþ bÞ�1=2
K1=2ðaþ bÞ;

where KnðzÞ is the modified Bessel function of the third kind

KnðzÞ ¼
ffiffiffiffiffi
p

2z

r
e�z=2

G nþ 1
2

� 	 ðy
0

e�ttn�1=2 1þ t

z


 �n�1=2

dt
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for Re nþ 1
2

� 	
> 0 and jarg zj < p. As we can see, the function zp;q is a

multivariate analogue of the modified Bessel function Kn. To compute zp;q,

the main idea is to write zp;q as an integral over the unit ball Dp;q :¼
fz A Mðp; q;CÞ j detðIp � zz�Þ > 0g, and to use the polar decomposition of

Dp;q. In doing this, we also obtain the explicit formula of

0F0ðS;TÞ :¼
ð
UðmÞ

e trðuSu
�TÞ du

for S ¼ diagðs1; . . . ; sm1
; 0; . . . ; 0Þ and T ¼ diagðt1; . . . ; tm2

; 0; . . . ; 0Þ. Here UðmÞ
denotes the set of unitary matrices u A Mðm;CÞ. It turns out that 0F0ðS;TÞ
was introduced by A. T. James in [James, 1964] as a generalization of the usual

hypergeometric function 0F0ðSÞ ¼ e trðSÞ.

The Bessel-type functions under investigation play a crucial role in the

theory of random matrices, mainly when one needs to derive explicit formulas

for the correlation functions of the random variables (see for instance [Brézin-

Hikami, 2001, Brézin-Hikami, 2003]).

The following notations will be used through out the paper. For a matrix

x we write x� ¼ xt where xt is the transpose of x. If x1; x2; . . . ; xr are complex

numbers, diag ðx1; x2; . . . ; xrÞ|fflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflffl}
r�r

denotes the diagonal matrix of size r� r.

If x and y are two square matrices of size r� r and s� s, respectively,

exp½trðxþ yÞ� stands for exp½trðxÞ� exp½trðyÞ� where ‘‘exp’’ is the exponential

function. For r; s A N, the element Ir; s is the diagonal matrix diag½Ir;�Is�,
where IN is the N �N identity matrix. For r A N, Sr denotes the group of

permutations.

2. The Uð p; qÞ-case

Let p; q A N, and assume that qb p. We define

Uð p; qÞ ¼ fg A GLðn;CÞ j gIp;qg� ¼ Ip;qg ðn ¼ pþ qÞ;

where GLðn;CÞ denotes the set of n� n-invertible matrices. For g ¼
A B

C D

� �
A Uðp; qÞ, the defining condition of Uðp; qÞ implies the following

relations

ðaÞ AA� � BB� ¼ Ip ðeÞ C ¼ DB�A��1;

ðbÞ CC � �DD� ¼ �Iq ðfÞ B ¼ AC �D��1;

ðcÞ A�A� C �C ¼ Ip ðgÞ C ¼ D��1B�A;

ðdÞ B�B�D�D ¼ �Iq ðhÞ B ¼ A��1C �D:
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For all a ¼ diagða1; . . . ; apÞ with ai > 0, and b ¼ diagðb1; . . . ; bqÞ with

bi > 0, let

zp;qða; bÞ ¼
ð
Uð p;qÞ

exp½�trðdiag½a; b�ðgg�Þ�1Þ�dg:

For g ¼ A B

C D

� �
,

diag½a; b�ðgg�Þ�1 ¼ aðAA� þ BB�Þ að�AC � � BD�Þ
bð�CA� �DB�Þ bðCC � þDD�Þ

� �
:

Therefore, by the relations (a) and (b) we have

trðdiag½a; b�ðgg�Þ�1Þ ¼ trðaðAA� þ BB�Þ þ bðCC � þDD�ÞÞ

¼ trðað2AA� � IpÞ þ bð2DD� � IqÞÞ:

Let Dp;q be the domain defined by

Dp;q ¼ fT A Mðp; q;CÞ j detðIp � TT �Þ > 0g:

The measure dmðTÞ ¼ detðIp � TT �Þ�p�q
dT is the Uðp; qÞ-invariant measure on

Dp;q where dT is the Lebesgue measure on Dp;q.

The map Uðp; qÞ ! Dp;q defined by

g ¼ A B

C D

� �
7! T ¼ BD�1

is an isomorphism. Using the relations ðaÞ; . . . ; ðgÞ and (h), we can write

AA� ¼ ðIp � TT �Þ�1 and DD� ¼ ðIq � T �TÞ�1.

Next, we write UðNÞ1UðN; 0Þ. It is well known that for all functions

F defined on Uðp; qÞ, such that FðgkÞ ¼ F ðgÞ for all k A
UðpÞ 0

0 UðqÞ

� �
, there

exists a function F # : Dp;q ! C defined by F #ðTÞ ¼ F ðgÞ such thatð
Uð p;qÞ

FðgÞdg ¼
ð
Dp; q

F #ðTÞdmðTÞ:

Therefore, if F ðgÞ ¼ exp½�trðdiag½a; b�ðgg�Þ�1Þ�, there exists a complex valued

function F # on Dp;q such that

F #ðTÞ ¼ exp½�trða½2ðIp � TT �Þ�1 � Ip� þ b½2ðIq � T �TÞ�1 � Iq�Þ�

¼ exp½�trðaðIp � TT �Þ�1ðIp þ TT �Þ þ bðIq � T �TÞ�1ðIq þ T �TÞÞ�

¼ exp½�trðaþ b þ 2aðIp � TT �Þ�1
TT � þ 2bðIq � T �TÞ�1

T �TÞ�:
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By [Hua, 1963], for T A Dp;q, there exists u A UðpÞ and v A UðqÞ such that

T ¼ uLv, where

L ¼
l1 0 0 � � � 0

. .
. ..

. . .
. ..

.

0 lp 0 � � � 0

2
664

3
775A Mðp; q;RÞ

and 1 > l1 b l2 b � � �b lp b 0. Hence

TT � ¼ u diag ½l21 ; . . . ; l
2
p �|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}

p�p

u�; T �T ¼ v� diag ½l21 ; . . . ; l
2
p ; 0; . . . ; 0�|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

q�q

v:

Therefore F # can be written in terms of u, v and L as

F #ðTÞ ¼ exp½�trðaþ bÞ� expð�2 trðu�1auðIp � LL�Þ�1LL�ÞÞ

� expð�2 trðv�1bvðIq � L�LÞ�1
L�LÞÞ:

Consider the map c : Dp;q ! 1 taking each T A Dp;q to the collection of

the eigenvalues of
ffiffiffiffiffiffiffiffiffiffi
TT �

p
. The image of the Lebesgue measure dT on Dp;q

with respect to the map c is the measure on 1 given by

c
Y

1ai< jap

ðl2i � l2j Þ
2
Yp
i¼1

l
2ðq�pÞþ1
i dli;

for some constant c. Thus, the image of the measure dmðTÞ ¼
detðIp � TT �Þ�p�q

dT is

c
Y

1ai< jap

ðl2i � l2j Þ
2
Yp
i¼1

l
2ðq�pÞþ1
i ð1� l2i Þ

�p�q
dli:ð2:1Þ

Hence, the function zp;qða; bÞ is given by

zp;qða; bÞ ¼ c exp½�trðaþ bÞ�
ð
Uð pÞ

ð
UðqÞ

ð
1

expð�2 trðu�1auðIp � LL�Þ�1LL�ÞÞ

� expð�2 trðv�1bvðIq � L�LÞ�1L�LÞÞ

�
Y

1ai< jap

ðl2i � l2j Þ
2
Yp
i¼1

l
2ðq�pÞþ1
i ð1� l2i Þ

�p�q
Yp
i¼1

dlidudv:

Let

A :¼ 2ðIp � LL�Þ�1LL� ¼ diag
2l21

1� l21
; . . . ;

2l2p

1� l2p

" #
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

p�p

;ð2:2Þ
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and

B :¼ 2ðIq � L�LÞ�1L�L ¼ diag
2l21

1� l21
; . . . ;

2l2p

1� l2p
; 0; . . . ; 0

" #
|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

q�q

:ð2:3Þ

It will be convenient for us to define new coordinates xi ¼
2l2i

ð1� l2i Þ
. Then the

set 1 ¼ fL j 1 > l1 b l2 b � � �b lp b 0g becomes the set

X :¼ fdiagðx1; x2; . . . ; xpÞ j x1 b x2 b � � �b xp b 0g.

The measure (2.1) in the coordinates xi has the form

c
Y

1ai< ja j

ðxi � xjÞ2
Yp
i¼1

x
q�p
i dxi;

and the function zp;qða; bÞ can be written as

zp;qða; bÞ ¼ c exp½�trðaþ bÞ�
ð
Uð pÞ

ð
UðqÞ

ð
X

expð�trðu�1auAÞÞ expð�trðv�1bvBÞÞ

�
Y

1ai< jap

ðxi � xjÞ2
Yp
i¼1

x
q�p
i dxidudv;

where A and B are given by (2.2) and (2.3).

Now we turn our attention to the integral formula over UðpÞ and UðqÞ.
For this we need to introduce some terminology.

For a multi-parameter t ¼ ðt1; t2; . . . ; tNÞ, the Vandermonde polynomial

is defined by DðtÞ ¼
Q

1ai< jaN

ðti � tjÞ. Let l ¼ ðl1; . . . ; lNÞ A NN . The Schur

polynomial Slðt1; . . . ; tNÞ is defined by

Slðt1; . . . ; tNÞ ¼
detðt ljþN� j

i Þ1ai; jaN

DðtÞ :

For more details on Schur polynomials, we refer to [Macdonald, 1979,

Chapter I]. We also need the following lemma.

Lemma 2.1 (cf. [Hua , 1963], Theorem 1.2.1). Let the power series

fiðyÞ ¼
Xy
k¼0

aðiÞk yk:
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Then for all ðy1; y2; . . . ; yNÞ the following identity holds

detð fiðyjÞÞ1ai; jaN ¼
X

l1>l2>���>lNb0

detðaðiÞlj Þ1ai; jaN detðylji Þ1ai; jaN ;

where l1; l2; . . . ; lN are integers.

Now we are in position to compute the integral over the compact groups

UðpÞ and UðqÞ.

Proposition 2.2. (i) For A ¼ diagðx1; . . . ; xpÞ, and for a ¼ diagða1; . . . ; apÞ,
we haveð

Uð pÞ
exp½�trðu�1auAÞ�du ¼ ð�1Þpð p�1Þ=2Yp

i¼1

ði � 1Þ!
detðe�xiaj Þ1ai; japY

1ai< jap

ðxi � xjÞðai � ajÞ
:

(ii) For B ¼ diag ðx1; x2; . . . ; xp; 0; . . . ; 0Þ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
q�q

, and for b ¼ diagðb1; b2; . . . ; bqÞ,
we haveð

UðqÞ
exp½�trðv�1bvBÞ�dv

¼
ð�1Þqðq�1Þ=2Yq

i¼1

ði � 1Þ!Y
1ai< jap

ðxi � xjÞ
Y

1ai< jaq

ðbi � bjÞ

�
X

l1>l2>���>lpb0

detðxlji Þ1ai; japYp
j¼1

ðlj þ q� pÞ!

ð�b1Þ
l1þq�p � � � ð�bqÞ

l1þq�p

..

.
� � � ..

.

ð�b1Þ
lpþq�p � � � ð�bqÞ

lpþq�p

ð�b1Þ
q�p�1 � � � ð�bqÞ

q�p�1

..

.
� � � ..

.

ð�b1Þ � � � ð�bqÞ
1 � � � 1




where l1; . . . ; lp are integers.

Proof. (i) First, let us write the Taylor series of exp½�trðu�1auAÞ� as a

series of Schur polynomials Sl, in the form

exp½�trðu�1auAÞ� ¼
X

l1b���blpb0

dl
d!

ðlþ dÞ!Slð}ð�u�1auAÞÞ;
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where l ¼ ðl1; . . . ; lpÞ, d ¼ ðp� 1; p� 2; . . . ; 0Þ, dl ¼
Dðlþ dÞ
DðdÞ , and }ðgÞ stands

for the collection ðz1; . . . ; zpÞ of the eigenvalues of g. Therefore,

Iða;AÞ1
ð
Uð pÞ

exp½�trðu�1auAÞ�du

¼
X

l1b���blpb0

dl
d!

ðlþ dÞ!

ð
Uð pÞ

Slð}ð�u�1auAÞÞdu

¼
X

l1b���blpb0

d!

ðlþ dÞ!SlðaÞSlð�AÞ:

To obtain the latter equality, we used the following well known functional

equation ð
Uð pÞ

wlðxuyu�1Þdu ¼ 1

dl
wlðxÞwlðyÞ

where wl is the central function on Uð pÞ whose restriction to the set of di-

agonal matrices in UðpÞ is equal to Sl (see for instance [Macdonald, 1979,

Chapter I]).

Using the determinant formula of Sl, we deduce

Iða;AÞ ¼ d!

DðaÞDð�AÞ
X

l1b���blpb0

detðaljþp�j
i Þ1ai; jap detð�x

ljþp�j
i Þ1ai; jap

ðl1 þ p� 1Þ!ðl2 þ p� 2Þ! . . . lp!

¼ d!

DðaÞDð�AÞ
X

l1>���>lpb0

detðalji Þ1ai; jap detð�x
lj
i Þ1ai; jap

l1!l2! . . . lp!
:

Let

fiðaÞ ¼ e�xia ¼
Xy
k¼0

ð�xiÞk

k!
ak:

Using Lemma 2.1 where aðiÞk ¼ ð�xiÞk

k!
, we obtain

detðe�xiaj Þ1ai; jap ¼ detð fiðajÞÞ1ai; jap

¼
X

l1>���>lpb0

det
ð�xiÞlj
lj!

 !
1ai; jap

detðalji Þ1ai; jap:

Therefore, statement (i) holds.

Bessel-type functions 37



(ii) Let b ¼ diagðb1; . . . ; bqÞ and let X ¼ diag ðx1; . . . ; xp; xpþ1; . . . ; xqÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
q�q

.

Using statement (i), we have

ð
UðqÞ

exp½�trðv�1bvXÞ�dv ¼ cq
detðe�xibj Þ1ai; jaqY

1ai< jaq

ðxi � xjÞ
Y

1ai< jaq

ðbi � bjÞ
;

where cq ¼ ð�1Þqðq�1Þ=2Yq
i¼1

ði � 1Þ!. Also, from the proof of statement (i), we

have

ð2:4Þ
detðe�xibj Þ1ai; jaqY
1ai< jaq

ðxi � xjÞ
¼

X
l1>���>lq�1>lqb0

Yq
j¼1

1

lj!

detðxlji Þ1ai; ja qY
1ai< jaq

ðxi � xjÞ
detðð�biÞ

lj Þ1ai; jaq:

Now we set xq ¼ 0 in (2.4). Then all terms with lq > 0 vanish, and we get

ð2:4Þjxq¼0

¼
X

l1>���>lq�1>0

Yq�1

j¼1

1

lj!

detðxlji Þ1ai; jaq�1Y
1ai< jaq�1

ðxi � xjÞ
Yq�1

i¼1

xi

ð�b1Þ
l1 � � � ð�bqÞ

l1

� � �
ð�b1Þ

lq�1 � � � ð�bqÞ
lq�1

1 � � � 1





¼
X

l1>���>lq�1>0

Yq�1

j¼1

1

lj!

detðxlj�1
i Þ1ai; jaq�1Y

1ai< jaq�1

ðxi � xjÞ

ð�b1Þ
l1 � � � ð�bqÞ

l1

� � �
ð�b1Þ

lq�1 � � � ð�bqÞ
lq�1

1 � � � 1




:

After substituting li by li þ 1, we obtain

ð2:4Þjxq¼0

¼
X

l1>���>lq�1b0

Yq�1

j¼1

1

ðlj þ 1Þ!
detðxlji Þ1ai; jaq�1Y
1ai< jaq�1

ðxi � xjÞ

ð�b1Þ
l1þ1 � � � bl1þ1

q

� � �
ð�b1Þ

lq�1þ1 � � � blq�1þ1
q

1 � � � 1




:

Setting now xq�1 ¼ 0 and repeating this process ðq� p� 1Þ-times, we arrive at

the following sum: if xq ¼ 0; xq�1 ¼ 0; . . . ; xpþ1 ¼ 0, then

Salem Ben Saïd38



ð
UðqÞ

exp½�trðv�1bvX Þ�dvjxq¼���¼xpþ1¼0

¼ cqY
1ai< jaq

ðbi � bjÞ
X

l1>l2>���>lpb0

Yp
j¼1

1

ðlj þ q� pÞ!

�
detðxlji Þ1ai; japY
1ai< jap

ðxi � xjÞ

ð�b1Þ
l1þq�p � � � ð�bqÞ

l1þq�p

� � �
ð�b1Þ

lpþq�p � � � ð�bqÞ
lpþq�p

ð�b1Þ
q�p�1 � � � ð�bqÞ

q�p�1

� � �
ð�b1Þ � � � ð�bqÞ
1 � � � 1





: 9

(After the work on this paper was completed, we learned that the ar-

gument presented above for statement (i) was used earlier by G. Olshanski and

A. M. Vershik in [Olshanski-Vershik, 1996].)

Remark 2.3. The first statement of Proposition 2.2 can be proved in

a number of di¤erent ways. For instance, it can be obtained by using the

Harish-Chandra integral formula (some times also called HIZ integral)

[Harish-Chandra, 1957], [Gross-Richards, 1989]. Another interesting way is

to obtain the integral formula over UðpÞ from the spherical function on

GLð p;CÞ by a passage to the limit. For more about the latest way described

above, and in a general setting of compact Lie groups, we refer to [Ben Saïd-

Ørsted, 2003].

Next we turn to the computation of zp;qða; bÞ. The proof of the following

lemma is obvious.

Lemma 2.4. Let m be a measure on R. Thenð
RN

detf fkðxlÞgk;l detfgkðxlÞgk;ldmðx1Þ . . . dmðxNÞ

¼ N! det

ð
R

fkðxÞgmðxÞdmðxÞ
� �

k;m

;

whenever the right-hand side of the equation makes sense.

Using Proposition 2.2, the function zp;qða; bÞ is given by

zp;qða; bÞ ¼
c exp½�trðaþ bÞ�Y

1ai< jap

ðai � ajÞ
Y

1ai< jaq

ðbi � bjÞ
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�
X

l1>���>lpb0

Yp
j¼1

1

ðlj þ q� pÞ!

ð�b1Þ
l1þq�p � � � ð�bqÞ

l1þq�p

� � �
ð�b1Þ

lpþq�p � � � ð�bqÞ
lpþq�p

ð�b1Þ
q�p�1 � � � ð�bqÞ

q�p�1

� � �
ð�b1Þ � � � ð�bqÞ
1 � � � 1




�
ð
X

detðe�xiaj Þ1ai; jap detðx
lj
i Þ1ai; japY

1ai< jap

ðxi � xjÞ2
Y

1ai< jap

ðxi � xjÞ2
Yp
i¼1

x
q�p
i dxi:

Using Lemma 2.4, we deduce thatð
X

detðe�xiaj Þ1ai; jap detðx
lj
i Þ1ai; japY

1ai< jap

ðxi � xjÞ2
Y

1ai< jap

ðxi � xjÞ2
Yp
i¼1

x
q�p
i dxi

¼ c det

ðy
0

e�xai xljþq�p dx


 �
1ai; jap

¼ c det
Gðlj þ q� pþ 1Þ

a
ljþq�pþ1
i

 !
1ai; jap

¼ c det
ðlj þ q� pÞ!
a
ljþq�pþ1
i

 !
1ai; jap

;

where c is a constant. Therefore

zp;qða; bÞ ¼
c exp½�trðaþ bÞ�Y

1ai< jap

ðai � ajÞ
Y

1ai< jaq

ðbi � bjÞ
X

l1>���>lpb0

Yp
j¼1

1

ðlj þ q� pÞ!

�

ð�b1Þ
l1þq�p � � � ð�bqÞ

l1þq�p

� � �
ð�b1Þ

lpþq�p � � � ð�bqÞ
lpþq�p

ð�b1Þ
q�p�1 � � � ð�bqÞ

q�pþ1

� � �
ð�b1Þ � � � ð�bqÞ
1 � � � 1





det
ðlj þ q� pÞ!
a
ljþq�pþ1
i

 !
1ai; jap
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¼ c exp½�trðaþ bÞ�Y
1ai< jap

ðai � ajÞ
Y

1ai< jaq

ðbi � bjÞ
Yp
i¼1

a
q�pþ1
i

X
l1>l2>���>lpb0

�

ð�b1Þ
l1þq�p � � � ð�bqÞ

l1þq�p

� � �
ð�b1Þ

lpþq�p � � � ð�bqÞ
lpþq�p

ð�b1Þ
q�p�1 � � � ð�bqÞ

q�p�1

� � �
ð�b1Þ � � � ð�bqÞ
1 � � � 1





det
1

a
lj
i

 !
1ai; jap

:

Lemma 2.5 (cf. [Hua, 1963], Theorem 1.2.3). Let qb p > 0. The

following identity holds

X
l1>���>lpb0

detðxlji Þ1ai; jap

y
l1þq�p
1 � � � yl1þq�p

q

..

.
� � � ..

.

y
lpþq�p

1 � � � y
lpþq�p
q

y
q�p�1
1 � � � yq�p�1

q

..

.
� � � ..

.

y1 � � � yq

1 � � � 1





¼

Y
1ai< jap

ðxi � xjÞ
Y

1ai< jaq

ðyi � yjÞ

Yp
i¼1

Yq
i¼1

ð1� xi yjÞ
:

Using the above lemma, we obtain the following explicit expression for

zp;q.

Theorem 2.6. Let c0 be a constant. For a ¼ diagða1; . . . ; apÞ and b ¼
diagðb1; . . . ; bqÞ such that ai þ bj 0 0, the Bessel-type function zp;qða; bÞ is given

by

zp;qða; bÞ ¼ c0
exp½�trðaþ bÞ�Yp
i¼1

Yq
j¼1

ðai þ bjÞ
:
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3. The Spð2n;RÞ-case

Let

Spð2n;RÞ ¼ g ¼ A B

B A

� �
A Mð2n;CÞ j gIn;ng� ¼ In;n

� �
;

where A A GLðn;CÞ and B A Mðn;CÞ.
A simple calculation shows that all elements

A B

B A

� �
A Spð2n;RÞ satisfy

AA� � BB� ¼ In; and A�A� BtB ¼ In.

For a diagonal matrix a ¼ diagða1; . . . ; anÞ, such that ai 0 0, we write

znðaÞ ¼
ð
Spð2n;RÞ

exp½�trðdiag½a; a�ðgg�Þ�1Þ�dg:

Remark 3.1. For n ¼ 1 and a > 0

z1ðaÞ ¼ c0ð4aÞ�1=2
K1=2ð4aÞ,

where KnðzÞ is the modified Bessel function of the third kind.

Let

Dn ¼ fT A Symðn;CÞ j detðIn � TTÞ > 0g;

where Symðn;CÞ denotes the set of n� n-symmetric matrices. The Spð2n;RÞ-
invariant measure dmðTÞ on Dn is given by dmðtÞ ¼ detðIn � TTÞ�ðnþ1Þ

dT ,

where dT is the Lebesgue measure on Dn.

Using the same method used in section 2, we can deduce that if

FðgÞ ¼ exp½�trðdiag½a; a�ðgg�Þ�1Þ�; g A Spð2n;RÞ;

then there exists a function F # : Dn ! C such that

F #ðTÞ ¼ exp½�2 trðaÞ� exp½�4 trðaðIn � TTÞ�1
TTÞ�:

By [Hua, 1944], every symmetric matrix Z A Symðn;CÞ can be written as

Z ¼ uLut, where u A UðnÞ and L ¼ diagðl1; . . . ; lnÞ with l1 b l2 b � � �b ln b

0. Therefore the function F # can be written as

F #ðTÞ ¼ exp½�2 trðaÞ� exp½�4 trðauðIn � L2Þ�1L2u�Þ�;

where L ¼ diagðl1; . . . ; lnÞ with 1 > l1 b l2 b � � �b ln b 0 and u A UðnÞ.
As in section 2, we consider the map c : Dn ! 1 . The image of the

Lebesgue measure dT on Dn with respect to c is the measure on 1 given by
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c
Y

1ai< jan

ðl2i � l2j Þ
Yn
i¼1

li dli;

for some constant c. Thus the image of dmðTÞ ¼ detðIn � TTÞ�ðnþ1Þ
dT is

c
Y

1ai< jan

ðl2i � l2j Þ
Yn
i¼1

lið1� l2i Þ
�ðnþ1Þ

dli:

Using the above notations and Proposition 2.2(i) for UðnÞ, we obtain

znðaÞ ¼ c exp½�2 trðaÞ�
ð
UðnÞ

ð
1

exp½�4 trðauðIn � L2Þ�1L2u�Þ�

�
Y

1ai< jan

ðl2i � l2j Þ
Yn
i¼1

lið1� l2i Þ
�ðnþ1Þ

dlidu

¼ c exp½�2 trðaÞ�
ð
X

ð
UðnÞ

exp½�trðau diag½x1; . . . ; xn�u�Þ�du
( )

Y
1ai< jan

ðxi � xjÞdx1 . . . dxn:

¼ c exp½�2 trðaÞ�Y
1ai< jan

ðai � ajÞ

ð
X

detðe�aixj Þ1ai; jandx1 . . . dxn;

where

X ¼ fdiagðx1; x2; . . . ; xnÞ j x1 b x2 b � � �b xn b 0g:

To obtain the above second equality, we used the change of variable

xi ¼
4l2i

1� l2i
. Since detðe�aixj Þ1ai; jan ¼

P
t ASn

eðtÞ
Qn

i¼1 e
�atðiÞxi , where Sn is the

group of permutations, then

znðaÞ ¼
c exp½�2 trðaÞ�Y
1ai< jan

ðai � ajÞ

ð
0ax1a���axn

X
t ASn

eðtÞ
Yn
i¼1

e�atðiÞxi dxi

¼ c exp½�2 trðaÞ�Y
1ai< jan

ðai � ajÞ

ð1
0

. . .

ð1
0

X
t ASn

eðtÞxatð1Þ�1

1 . . . x
atð1Þþ���þatðnÞ�1
n dx1 . . . dxn

¼ c exp½�2 trðaÞ�Y
1ai< jan

ðai � ajÞ
X
t ASn

eðtÞ 1

atð1Þðatð1Þ þ atð2ÞÞ . . . ðatð1Þ þ � � � þ atðnÞÞ
:
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To finish the computation of znðaÞ, we need the following lemma.

Lemma 3.2 (cf. [Hua, 1963], Lemma 6.3.1).

X
t ASN

eðtÞ 1

ltð1Þðltð1Þ þ ltð2ÞÞ . . . ðltð1Þ þ � � � þ ltðNÞÞ

¼
ð�1ÞNðN�1Þ=N2N

Y
1ai< jaN

ðli � ljÞY
1aia jaN

ðli þ ljÞ
:

Using Lemma 3.2, the following theorem holds.

Theorem 3.3. Let c0 be a constant. For a ¼ diagða1; . . . ; anÞ such that

ai 0 0, the Bessel-type function znðaÞ is given by

znðaÞ ¼ c0
exp½�2 trðaÞ�Y

1aia jan

ðai þ ajÞ
:
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[Brézin-Hikami, 2003] ———, An extension of the HarishChandra-Itzykson-Zuber integral,

Comm. Math. Phys. 235 (2003), 125–137.
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