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Abstract. In this paper we consider the Cauchy problem for the parabolic system

arising in biology. By the method of the analytic semigroup developed in Osaki and

Yagi [9], Yagi [14] we show existence, uniqueness and non-negativity of global solutions.

1. Introduction

Budrene and Berg [2] report that complex patterns are formed by motile

cells, and this phenomenon is formulated by a parabolic system of the following

type:

qu

qt
¼ duDu� ‘ � fu‘wðcÞg þ f ðu; vÞ in R2 � ð0;yÞ;

qv

qt
¼ dvDvþ gðu; vÞ in R2 � ð0;yÞ;

qc

qt
¼ dcDcþ bu� gc in R2 � ð0;yÞ;

uðx; 0Þ ¼ u0ðxÞ; vðx; 0Þ ¼ v0ðxÞ; cðx; 0Þ ¼ c0ðxÞ in R2

8>>>>>>>>>><>>>>>>>>>>:
ð0:1Þ

(see, for example, Kawasaki, Mochizuki and Shigesada [6]). As one of typical

systems for chemotaxis which is di¤erent from (1.1) we refer to Mimura and

Tsujikawa [8]. Here uðx; tÞ, vðx; tÞ and cðx; tÞ are the bacterium density, the

nourishment density and the concentration of the chemical substance at a place

x A R2 and a time t A ½0;yÞ, respectively. We also denote the di¤usion con-

stants of u, v, c by du, dv, dc. Furthermore b and g are positive constants.

The term ‘ � fu‘wðcÞg in (0.1) represents a mobility of individuals by high

concentrations of the chemical substance, which is called chemotaxis, and wðcÞ
is a sensitive function due to chemotaxis which is the three times continuously

di¤erentiable function on ½0;yÞ such that w 0ðcÞ > 0 for c > 0. Here we assume

sup
0ac

d iwðcÞ
dci

���� ���� < y; i ¼ 1; 2; 3:ð0:2Þ



The smooth functions f ðu; vÞ, gðu; vÞ, u; v A ½0;yÞ stand for the predator-prey

dynamics, which are given by

f ðu; vÞ ¼ ð�m1 � n1uþ t1vÞu ¼ f1ðu; vÞu;ð0:3Þ

gðu; vÞ ¼ ðm2 � n2v� t2uÞv ¼ g1ðu; vÞv;

where m1, m2, n1, n2, t1, t2 are positive constants.

Our objective of this paper is to prove the existence of a unique global

nonnegative solution of (1.1) such that

0a u A Cð½0;yÞ;L2ðR2ÞÞVC1ðð0;yÞ;H�1ðR2ÞÞVCðð0;yÞ;H 1ðR2ÞÞ;

0a v A Cð½0;yÞ;H 1ðR2ÞÞVC1ðð0;yÞ;L2ðR2ÞÞVCðð0;yÞ;H 2ðR2ÞÞ;

0a c A Cð½0;yÞ;H 2ðR2ÞÞVC1ðð0;yÞ;H 1ðR2ÞÞVCðð0;yÞ;H 3ðR2ÞÞ

for the initial functions 0a u0 A L1ðR2ÞVL2ðR2Þ, 0a v0 A H 1ðR2Þ and 0a c0 A
H 2ðR2Þ.

First we show local existence, uniqueness and non-negativity of the solu-

tions for (1.1) such that

u A Cð½0;TU0
�;L2ðR2ÞÞVC1ðð0;TU0

�;H�1ðR2ÞÞVCðð0;TU0
�;H 1ðR2ÞÞ;

v A Cð½0;TU0
�;H 1ðR2ÞÞVC1ðð0;TU0

�;L2ðR2ÞÞVCðð0;TU0
�;H 2ðR2ÞÞ;

c A Cð½0;TU0
�;H 2ðR2ÞÞVC1ðð0;TU0

�;H 1ðR2ÞÞVCðð0;TU0
�;H 3ðR2ÞÞ

for initial functions 0a u0 A L2ðR2Þ, 0a v0 A H 1ðR2Þ and 0a c0 A H 2ðR2Þ.
Here TU0

> 0 is a local time depending on ku0kL2 þ kv0kH 1 þ kc0kH 2 .

Our approach to show the existence and uniqueness of the local

solution is done in the framework of the abstract evolution equation with

the aid of the analytic semigroup, which is studied in Osaki and Yagi [9,

Theorem 3.1]. Then we show the non-negativity of solutions is applied to the

truncation method used in Yagi [15]. Finally we show the global existence of

the solution by deducing a priori estimate under the additional condition

u0 A L1ðR2Þ.
We organize the paper as follows. In Section 2 we prepare the function

spaces, the fundamental inequalities and the results to the Cauchy problem of

the abstract evolution equation. Section 3 is devoted to proving the existence

and uniqueness and the non-negativity of the local solution to the problem

(1.1). Finally in Section 4 we prove the existence of the global solution to

(1.1) by obtaining a priori estimates. In appendix, we describe a detailed proof

of the existence of the local solution to (1.1).
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2. Preliminaries

As is stated in Introduction, we use the analytic semigroup method de-

veloped in Osaki and Yagi [9, Theorem 3.1]. To do so we shall list the results

in the theories of function spaces and abstract evolution equations (see Adams

[1], Freidman [5], Lions and Magenes [7], Taira [10], Tanabe [11, 12], Tribel

[13]).

For �y < s0 < s < s1 < y, HsðR2Þ is the interpolation space

½Hs0ðR2Þ;Hs1ðR2Þ�y;

where s ¼ ð1� yÞs0 þ ys1. Then we have

k � kH s aCyk � k1�y
H s0 k � kyH s1 :

When 0a s < 1, HsðR2ÞHLpðR2Þ, 1
p
¼ 1�s

2 , with

k � kLp aCsk � kH s :ð2:1Þ

When s ¼ 1, H 1ðR2ÞVLpðR2ÞHLqðR2Þ, 1a pa q < y, with

k � kLq aCq;pk � k1�p=q

H 1 k � kp=q
L p :ð2:2Þ

When s > 1, HsðR2ÞHBðR2ÞVCðR2Þ with

k � kB aCsk � kH s :ð2:3Þ

Let 1 < p < 2 and let 0 < e < 1. From (2.1), (2.2) and (2.3) we have

kuvkLp aCpkukL2kvkH 2�2=p ; u A L2ðR2Þ; v A H 2�2=pðR2Þ;ð2:4Þ

kuvkL2 aCekukL2kvkH 1þe ; u A L2ðR2Þ; v A H 1þeðR2Þ;ð2:5Þ

kuvkL2 aCekukH ekvkH 1�e ; u A H eðR2Þ; v A H 1�eðR2Þ;ð2:6Þ

kuvkH 1 aCekukH 1kvkH 1þe ; u A H 1ðR2Þ; v A H 1þeðR2Þ:ð2:7Þ

If we identify L2ðR2Þ with its dual space, we have H 1ðR2Þ0 ¼ H�1ðR2Þ.
This together with (2.6) leads to

k‘ � fu‘wgkH�1 aCekukH 1�ek‘wkH e ;ð2:8Þ

for u A H 1�eðR2Þ and w A H 1þeðR2Þ. We also have, from (2.7),

k‘ � fu‘wgkL2 aCekukH 1þek‘wkH 1 ;ð2:9Þ

for u A H 1þeðR2Þ and w A H 2ðR2Þ:
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Let ~wwð�Þ be an extended function of wð�Þ in (0.2) on ð�y;yÞ, which

satisfies

sup
�y<c<y

d i~wwðcÞ
dci

���� ���� < y; i ¼ 1; 2; 3:

For any e A ð0; 1� let c A H 1þeðR2Þ. Then for any 0a sa 1, the multi-

plication of the ~wwðcÞ defines a bounded and continuous mapping of HsðR2Þ into
itself, and further the following estimates hold:

k~wwðcÞzkH e a peðkckH 1þeÞkzkH e ; c A H 1þeðR2Þ; z A H eðR2Þ;ð2:10Þ

kf~wwðcÞ � ~wwðxÞgzkH e a peðkckH 1þe þ kxkH 1þeÞkc� xkH 1þekzkH e ;ð2:11Þ

c; x A H 1þeðR2Þ; z A H eðR2Þ:

where peð�Þ denotes some continuous function determined by ~wwð�Þ.
Consider the Laplace operator ~AA0 ¼ �a1Dþ a0 ða0; a1 > 0Þ with the do-

main Dð ~AA0Þ ¼ H 1ðR2Þ. Then we can consider ~AA0 as a bounded linear oper-

ator from Dð ~AA0Þ to H�1ðR2Þ. Then we have

Dð ~AA1=2
0 Þ ¼ L2ðR2Þ:

Since

H 1ðR2ÞHL2ðR2ÞHH�1ðR2Þ;

the restriction A0 ¼ ~AA0jL2ðR2Þ of
~AA0 to L2ðR2Þ is defined. Then A0 is a positive

definite self-adjoint operator of L2ðR2Þ with DðA0Þ ¼ H 2ðR2Þ.
For y > 0 the fractional power Ay

0 is defined in L2ðR2Þ, and is also a

positive definite self-adjoint operator with the domain DðAy
0 Þ ¼ H 2yðR2Þ.

Consider the initial value problem of an abstract semilinear evolution

equation

dU

dt
þ AU ¼ F ðUÞ; 0 < taT ;

Uð0Þ ¼ U0

8><>:ð2:12Þ

in a Banach space X . Here A is a closed linear operator in X the spectral set

of which is contained in a sectorial domain S ¼ fl A C; jarg lja fg, 0a f < p
2 ,

and satisfies

kðl� AÞ�1kLðXÞ a
M

jlj þ 1
; l B S:ð2:13Þ

Therefore, �A generates an analytic semigroup TðtÞ ¼ e�tA on X and the solu-

tion of (2.12) is represented as
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UðtÞ ¼ TðtÞU0 þ
ð t
0

Tðt� sÞFðUðsÞÞds; 0 < taT :

Furthermore we assume the initial function U0 and semilinear term F ðUÞ
as follows. For 0a aa h < 1

U0 A DðAaÞ; kAaU0kaRð2:14Þ

and F : DðAhÞ ! X is a Lipschitz continuous function satisfying

kF ðUÞ � F ðVÞkX a jðkAaUkX þ kAaVkX Þð2:15Þ

� fkAhðU � VÞkX þ ðkAhUkX
þ kAhVkX þ 1ÞkAaðU � VÞkXg

for U ;V A DðAhÞ, where R > 0 is a constant and jð�Þ is an increasing con-

tinuous function.

Then Osaki and Yagi [9, Theorem 3.1] showed the following.

Theorem 2.1 (Osaki and Yagi). Under the conditions (2.13), (2.14) and

(2.15), the initial value problem (2.12) admits a unique solution in the function

space

U A Cð½0;TR�;DðAaÞÞVC1ðð0;TR�;X ÞVCðð0;TR�;DðAÞÞ;
t1�aU A Bðð0;TR�;DðAÞÞ

�
ð2:16Þ

where, TR > 0 is a constant determined by R.

Moreover, the estimate

t1�akAUðtÞk þ kAaUðtÞkaCR; 0 < taTR

holds with a constant CR > 0 determined by R.

3. Local solutions

In this section we consider the local solution for (1.1). To do so we

extend the functions f1ð� ; �Þ and g1ð� ; �Þ on R2 with the property (1.3), and we

write them as

~ff1ð� ; �Þ ¼ ð�m1 � n1juj þ t1vÞ

and

~gg1ð� ; �Þ ¼ ðm2 � n2v� t2uÞ:

Then the system (1.1) is rewritten as
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qu

qt
¼ duDu� ‘ � fu‘~wwðcÞg þ ~ff1ðu; vÞu in R2 � ð0;yÞ;

qv

qt
¼ dvDvþ ~gg1ðu; vÞv in R2 � ð0;yÞ;

qc

qt
¼ dcDcþ bu� gc in R2 � ð0;yÞ;

uðx; 0Þ ¼ u0ðxÞ; vðx; 0Þ ¼ v0ðxÞ; cðx; 0Þ ¼ c0ðxÞ in R2;

8>>>>>>>>>><>>>>>>>>>>:
ðf1:11:1Þ

where du, dv, dc, b, g are the same positive constants in (1.1).

Theorem 3.2. For any initial functions u0 A L2ðR2Þ, v0 A H 1ðR2Þ and c0 A
H 2ðR2Þ the Cauchy problem ðf1:11:1Þ admits a unique solution such that

u A Cð½0;TU0
�;L2ðR2ÞÞVC1ðð0;TU0

�;H�1ðR2ÞÞVCðð0;TU0
�;H 1ðR2ÞÞ;

v A Cð½0;TU0
�;H 1ðR2ÞÞVC1ðð0;TU0

�;L2ðR2ÞÞVCðð0;TU0
�;H 2ðR2ÞÞ;

c A Cð½0;TU0
�;H 2ðR2ÞÞVC1ðð0;TU0

�;H 1ðR2ÞÞVCðð0;TU0
�;H 3ðR2ÞÞ;

with a constant TU0
> 0 depending only on ku0kL2 þ kv0kH 1 þ kc0kH 2 , andffiffi

t
p

fkuðtÞkH 1 þ kvðtÞkH 2 þ kcðtÞkH 3gð3:1Þ

þ kuðtÞkL2 þ kvðtÞkH 1 þ kcðtÞkH 2 aCU0
; 0 < taTU0

holds, where CU0
is a constant depending only on ku0kL2 þ kv0kH 1 þ kc0kH 2 .

Theorem 3.3. Suppose u0 A L2ðR2Þ, v0 A H 1ðR2Þ and c0 A H 2ðR2Þ and

furthermore u0; v0; c0 b 0. Then the solutions u, v, c of ðf1:11:1Þ are nonnegative.

Therefore the functions u, v, c are solutions of (1.1).

Proof of Theorem 3.2. By applying the Theorem 2.1, this theorem is

proved. In fact, putting

X ¼ H�1ðR2Þ � L2ðR2Þ �H 1ðR2Þ;

U ¼
u

v

c

0@ 1A; U0 ¼
u0

v0

c0

0@ 1A; A ¼
~AA1 0 0

0 ~AA2 0

�b 0 A3

0B@
1CA

with

~AA1 ¼ �duDþ m1;
~AA2 ¼ �dvDþ 1; A3 ¼ �dcDþ g

and
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F ðUÞ ¼
�‘ � fu‘~wwðcÞg þ fm1 þ ~ff1ðu; vÞgu

f1þ ~gg1ðu; vÞgv
0

0B@
1CA;ð3:2Þ

we can rewrite ðf1:11:1Þ as in (2.12). Moreover we see A is the closed operator

with the domain

DðAÞ ¼ H 1ðR2Þ �H 2ðR2Þ �H 3ðR2Þ

the spectral set of which is contained in a sectorial domain, and satisfies (2.13).

By taking initial functions U0 such that

U0 A DðA1=2Þ ¼ L2ðR2Þ �H 1ðR2Þ �H 2ðR2Þ

the condition (2.14) is satisfied with a ¼ 1
2 . For 0 < e0 <

1
2 put h ¼ 1� e0

2 , from

which a < h < 1 holds. The nonlinear term (3.2)

F ðUÞ : DðAhÞ ¼ H 1�e0ðR2Þ �H 2�e0ðR2Þ �H 3�e0ðR2Þ ! X

satisfies

kF ðUÞ � F ðWÞkX a jðkA1=2UkX þ kA1=2WkX Þð3:3Þ

� fkA1�e0=2ðU �WÞkX þ ðkA1�e0=2UkX

þ kA1�e0=2WkX þ 1ÞkA1=2ðU �WÞkXg

for any

U ¼
u

v

c

0@ 1A; W ¼
w

r

x

0@ 1A; U ;W A DðAhÞ

which corresponds to the condition (2.15) and is proved in Appendix. Thus

from Theorem 2.1 we have Theorem 3.2.

Proof of Theorem 3.3. We show non-negativity of the solutions, which is

proved by the same method in Yagi [15, Theorem 2.1]. First, we verify that u,

v and c are real valued. Denote the complex conjugate of u, v and c by u, v

and c, respectively. Then u, v and c is also a solution to ðf1:11:1Þ. Therefore, by

uniqueness of the solution, we have u ¼ u, v ¼ v and c ¼ c.

Next, let 0a u0 A L2ðR2Þ, 0a v0 A H 1ðR2Þ and 0a c0 A H 2ðR2Þ. Con-

sider C3 class function HðuÞ in u A ð�y;yÞ which satisfies

HðuÞ ¼ 0 for ub 0;

HðuÞ > 0 for u < 0

�
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and further

0aHðuÞaCu2;

0aH 0ðuÞuaCHðuÞ;
0aH 00ðuÞu2 aCHðuÞ

8><>:
with a some positive constant C. Such the function is, for example,

HðuÞ ¼ 1
2 u

2 þ 2
3 uþ 1

4 if ua�1;

HðuÞ ¼ 1
12 u

4 if �1a ua 0;

HðuÞ ¼ 0 if ub 0:

8><>:
Then we have H 0ðuÞ A H 1ðR2Þ for u A H 1ðR2Þ. In fact this follows form

kH 0ðuÞkL2 a
CðkukL2 þ 1Þ; ua�1

Cku3kL2 ; ub�1

�
aC 0ð1þ kukL2 þ kuk3L6ÞaC 00ð1þ kukL2 þ kuk2H 1kukL2Þ

and

k‘H 0ðuÞkL2 ¼ kH 00ðuÞ‘ukL2 a sup
u AR

jH 00ðuÞj k‘ukL2 aCk‘ukL2 :

Put

jðtÞ ¼
ð
R2

Hðuðx; tÞÞdx; 0a taTU0
:

Then, jðtÞb 0, 0a taTU0
. Since u A Cð½0;TU0

�;L2ðR2ÞÞ, jðtÞ is continuous

in t A ½0;TU0
�. It is easy to see jðtÞ is also C1 class in t A ½0;TU0

�. Since

for any t > 0, u A H 1ðR2Þ and HðuÞ A H 1ðR2Þ, the first equality in ðf1:11:1Þ
leads to

j 0ðtÞ ¼
ð
R2

H 0ðuðx; tÞÞ qu
qt

dx

¼
ð
R2

H 0ðuÞ½duDu� ‘ � fu‘~wwðcÞg þ ~ff1ðu; vÞu�dx

¼ �du

ð
R2

‘H 0ðuÞ � ‘u dxþ
ð
R2

u‘H 0ðuÞ � ‘~wwðcÞdxþ
ð
R2

H 0ðuÞ ~ff1ðu; vÞu dx

¼ �du

ð
R2

H 00ðuÞj‘uj2dxþ
ð
R2

uH 00ðuÞ‘u � ‘~wwðcÞdxþ
ð
R2

H 0ðuÞ ~ff1ðu; vÞu dx

¼ �duFþC þW; 0a taTU0
:

84 Hiroshi Mori



Here Fb 0. From the Cauchy inequality, (0.2) and (2.5) it follows that for

any 0 < e0 < 1 and e > 0

C a

ð
R2

juH 00ðuÞ1=2‘~wwðcÞj2dx
� �1=2 ð

R2
jH 00ðuÞ1=2‘uj2dx

� �1=2
¼ kuH 00ðuÞ1=2‘~wwðcÞkL2kH 00ðuÞ1=2‘ukL2

a
1

4e
kuH 00ðuÞ1=2‘~wwðcÞk2L2 þ ekH 00ðuÞ1=2‘uk2L2

¼ 1

4e
kuH 00ðuÞ1=2~ww 0ðcÞ‘ck2L2 þ eF

a
C

4e
kuH 00ðuÞ1=2‘ck2L2 þ eF

a
C

4e
Ce0kuH 00ðuÞ1=2k2L2k‘ck2H 1þe0 þ eF

aC 0
ð
R2

HðuÞdxkck2H 2þe0 þ eF

¼ C 0kck2H 2þe0jðtÞ þ eF; 0 < taTU0
:

Since 0aH 0ðuÞuaCHðuÞ and v A Cðð0;TU0
�;H 2ðR2ÞÞ, it follows from (2.3)

that for 0 < e0 < 1

W ¼
ð
R2

H 0ðuÞuð�m1 � n1jujÞdxþ t1

ð
R2

H 0ðuÞuv dx

a m1

ð
R2

H 0ðuÞu dxþ t1

ð
R2

H 0ðuÞujvjdx

aC

ð
R2

HðuÞdxþ C 0 sup
x AR2

jvj
ð
R2

HðuÞdx

aCe0ð1þ kvkH 1þe0 ÞjðtÞ; 0 < taTU0
:

Summing up these, for su‰ciently small e > 0 we have

j 0ðtÞa ð�du þ eÞFþ Cðkck2H 2þe0 þ kvkH 1þe0 þ 1ÞjðtÞ

aCðkck2H 2þe0 þ kvkH 1þe0 þ 1ÞjðtÞ; 0 < taTU0
:

By the Gronwall inequality we have

jðtÞa jð0ÞeC
Ð t

0
ðkcðsÞk2

H 2þ�0
þkvðsÞk

H 1þ�0
þ1Þds

; 0 < taTU0
:ð3:4Þ
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From (3.1) we have

kvðtÞkH 1þe0 a kvðtÞkH 2 a
CU0ffiffi

t
p ; 0 < taTU0

and so ð t
0

kvðsÞkH 1þe0dsa

ð t
0

CU0ffiffi
s

p ds < y; 0 < taTU0
:

Thus for 0 < e0 < 1 we have v A L1ð0;TU0
;H 1þe0ðR2ÞÞ. From (3.1)ffiffi

t
p

kcðtÞkH 3 þ kcðtÞkH 2 aCU0
; 0 < taTU0

holds. By applying interpolation inequality it follows that for 0 < e0 < 1

kcðtÞkH 2þe0 aCe0kcðtÞk
1�e0
H 2 kcðtÞke0

H 3 0 < taTU0
:

Combining these, we have

kcðtÞkH 2þe0 aCe0C
1�e0
U0

CU0ffiffi
t

p
� �e0

aCt�e0=2 0 < taTU0
:

Thus for 0 < e0 < 1ð t
0

kcðsÞk2H 2þe0 dsaC2

ð t
0

s�e0 ds < y; 0 < taTU0

holds, which means c A L2ð0;TU0
;H 2þe0ðR2ÞÞ for 0 < e0 < 1. Since u0 b 0, we

have Hðu0Þ ¼ 0, which leads to jð0Þ ¼ 0. By (3.4) for t A ½0;TU0
� we have

jðtÞ ¼ 0, that is, uðtÞb 0. Similarly we have vðtÞ; cðtÞb 0, 0a taTU0
. The

proof is complete.

4. Global solutions

In this section we prove the global existence of (0.1).

Proposition 4.1. Let 0a u0 A L1ðR2ÞVL2ðR2Þ, 0a v0 A H 1ðR2Þ and 0a

c0 A H 2ðR2Þ. Let u, v, c be local solutions of (0.1) on ½0;TUÞ such that

0a u A Cð½0;TUÞ;L2ðR2ÞÞVC1ðð0;TUÞ;H�1ðR2ÞÞVCðð0;TUÞ;H 1ðR2ÞÞ;

0a v A Cð½0;TUÞ;H 1ðR2ÞÞVC1ðð0;TUÞ;L2ðR2ÞÞVCðð0;TU0
Þ;H 2ðR2ÞÞ;

0a c A Cð½0;TUÞ;H 2ðR2ÞÞVC1ðð0;TUÞ;H 1ðR2ÞÞVCðð0;TU0
Þ;H 3ðR2ÞÞ:
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Then u A Cð½0;TUÞ;L1ðR2ÞÞ. Furthermore, for some continuous increasing func-

tion pð�Þ independent of u, v, c we have

kuðtÞkL1 þ kuðtÞkL2 þ kvðtÞkH 1 þ kcðtÞkH 2ð4:1Þ

a pðtþ ku0kL1 þ ku0kL2 þ kv0kH 1 þ kc0kH 2Þ; 0a t < TU :

Proof. First we show u A Cð½0;TUÞ;L1ðR2ÞÞ. We consider the first

equation of (1.1) in H�1ðR2Þ and rewrite as

du

dt
þ Lu ¼ GðtÞ; 0 < t < TU ;

uð0Þ ¼ u0;

8><>:
where

L ¼ �duDþ m1

is a linear operator of H 1ðR2Þ to H�1ðR2Þ and

GðtÞ ¼ �‘ � fu‘wðcÞg þ fm1 þ f1ðu; vÞgu

is a function on Cðð0;TUÞ;H�1ðR2ÞÞ. Let u0 A L1ðR2ÞVL2ðR2Þ. Then u is

rewritten as

uðtÞ ¼ e�tLu0 þ
ð t
0

e�ðt�sÞLGðsÞds; 0 < t < TU :

From (3.1) we have

kGðtÞkL1 a k‘ � fu‘wðcÞgkL1 þ km1 þ f1ðu; vÞukL1

a k‘u � ‘wðcÞkL1 þ kuDwðcÞkL1 þ n1ku2kL1 þ t1kuvkL1

aCðk‘u � ‘ckL1 þ kuj‘cj2kL1 þ kuDckL1 þ kuk2L2 þ kukL2kvkL2Þ

aCðk‘ukL2k‘ckL2 þ kukL2k‘ck2L4 þ kukL2kDckL2 þ kuk2L2

þ kukL2kvkL2Þ

aC 0fkukH 1kckH 1 þ kukL2ðk‘ck2H 1 þ kckH 2Þ þ kuk2L2 þ kukL2kvkL2g

aC 00fkukH 1kckH 1 þ kukL2kckH 2ðkckH 2 þ 1Þ þ kuk2L2 þ kukL2kvkL2g

aCU

1ffiffi
t

p þ 1

� �
; 0 < t < TU :

Therefore we see ð t
0

kGðsÞkL1ds < y; 0 < t < TU :ð4:2Þ
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By this together with the fact that �L generates an analytic semigroup on

L1ðR2Þ (Tanabe, [12, Sec. 5.4]), we have u A Cð½0;TUÞ;L1ðR2ÞÞ.
In fact, let

TðtÞ ¼ e�tL;

and put

WðtÞ ¼ TðtÞu0; VðtÞ ¼
ð t
0

Tðt� sÞGðsÞds; 0 < t < TU :

Then

uðtÞ ¼ WðtÞ þ VðtÞ; 0 < t < TU :

We consider the case t0 0. Since

kWðtÞkL1 ¼ kTðtÞu0kL1 aCku0kL1 < y;

we have WðtÞ A L1ðR2Þ. Since, for 0 < tþ e < TU ,

kWðtþ eÞ �WðtÞkL1 ¼ kTðtþ eÞu0 � TðtÞu0kL1

¼ kðTðeÞ � IÞTðtÞu0kL1

! 0 ðe ! 0Þ;

we have WðtÞ A Cðð0;TUÞ;L1ðR2ÞÞ. Next we consider VðtÞ. For small e > 0,

put

VeðtÞ ¼
ð t�e

0

Tðt� sÞGðsÞds; e < t < TU :

Then it follows from (4.2) that

kVeðtÞ � VðtÞkL1 aC

ð t
t�e

kGðsÞkL1ds ! 0; ðe ! 0Þ;

which means Ve converges to VðtÞ uniformly in t A ð0;TUÞ. Since, for 0 <

tþ h < TU ,

Veðtþ hÞ � VeðtÞ

¼
ð tþh�e

0

Tðtþ h� sÞGðsÞds�
ð t�e

0

Tðt� sÞGðsÞds

¼
ð tþh�e

t�e

Tðtþ h� sÞGðsÞdsþ
ð t�e

0

fTðtþ h� sÞ � Tðt� sÞgGðsÞds

¼
ð tþh�e

t�e

Tðtþ h� sÞGðsÞdsþ fTðhÞ � Ig
ð t�e

0

Tðt� sÞGðsÞds;
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according to (4.2) we have

kVeðtþ hÞ �VeðtÞkL1 aC

ð tþh�e

t�e

kGðsÞkL1dsþ fTðhÞ � Ig
ð t�e

0

Tðt� sÞGðsÞds
���� ����

L1

! 0 ðh ! 0Þ;

which leads us to VeðtÞ A Cðð0;TU Þ;L1ðR2ÞÞ. Since Ve converges to VðtÞ uni-

formly in t, we have

VðtÞ A Cðð0;TUÞ;L1ðR2ÞÞ:

Now we proceed to the proof of (4.1). To do so we remember the lemma

in Osaki and Yagi [9, Lemma 5.2]. Let jRðrÞ be a smooth function in r A
½0;yÞ which satisfies the following

jR ¼ 1 for 0a raR;

0a jR a 1 for R < r < Rþ 1;

jR ¼ 0 for Rþ 1a r:

8><>:
and

sup
0ar<y

jjðiÞR ðrÞjaC ði ¼ 1; 2; 3Þ:

Lemma 4.1. For u A L1ðR2Þ, U A L2ðR2Þ and V A H 1ðR2Þ

lim
R!y

ð
R2

DujRðjxjÞdx ¼ 0;ð4:3Þ

lim
R!y

ð
R2

U‘V � ‘jRðjxjÞdx ¼ 0ð4:4Þ

hold in distribution sense.

Proof of inequality (4.1). We shall prove (4.1) in series of steps.

Step 1 (Lp estimate of v ( pb 2)) From the assumption of Proposition 4.1 we

see v A H 1ðR2Þ for each t A ½0;TUÞ. Put U ¼ vp�1, V ¼ v. Since

kvðtÞp�1kL2 ¼ kvðtÞkp�1

L2ð p�1Þ a kvðtÞkp�1
H 1 < y;

it follows U A L2ðR2Þ, V A H 1ðR2Þ. Thus we apply Lemma 4.1.

Multiply the second equation of (0.1) by vp�1, pb 2 and jRðjxjÞb 0 and

integrate this on R2. Then we have
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1

p

ð
R2

jRðjxjÞ
q

qt
vp dx

¼ dv

ð
R2

vp�1DvjRðjxjÞdxþ
ð
R2

vp�1gðu; vÞjRðjxjÞdx

¼ �dv

ð
R2
fðp� 1Þvp�2j‘vj2jRðjxjÞ þ vp�1‘v � ‘jRðjxjÞgdx

þ
ð
R2

vp�1gðu; vÞjRðjxjÞdx

¼ �dv

ð
R2
ðp� 1Þvp�2j‘vj2jRðjxjÞdx� dv

ð
R2

U‘V � ‘jRðjxjÞdx

þ
ð
R2

vp�1gðu; vÞjRðjxjÞdx:

Letting R ! y, we have

1

p

d

dt

ð
R2

vp dx ¼ �dv

ð
R2
ðp� 1Þvp�2j‘vj2dxþ

ð
R2

vp�1gðu; vÞdx;

because limR!y jRðjxjÞ ¼ 1. From

vp�1gðu; vÞ ¼ vp�1ðm2 � n2v� t2uÞva m2v
p

it follows that

1

p

d

dt

ð
R2

vp dxa m2

ð
R2

vp dx:

Multiply this by e�pm2s b 0 and integrate in s A ð0; tÞ. Then we have

1

p

ð t
0

e�pm2s
d

ds

ð
R2

vp dxdsa

ð t
0

m2e
�pm2s

ð
R2

vp dxds

and therefore

1

p
ðe�pm2tkvðtÞkp

L p � kv0kp
LpÞ �

1

p

ð t
0

�pm2e
�pm2s

ð
R2

vp dxds

a

ð t
0

m2e
�pm2s

ð
R2

vp dxds:

Consequently we have

kvðtÞkp
L p a epm2tkv0kp

L p a epm2tkv0kp

H 1 ; 0a t < TU :ð4:5Þ
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Step 2 (L1 estimate of uðt; �Þ and L2ð0; tÞ-estimate of kuðsÞkL2 ) First we shall

get an L1 estimate of u. Now we note that the assumptions of Proposition 4.1

lead to

u A Cð½0;TUÞ;L1ðR2ÞÞ:

For t A ½0;TUÞ put U ¼ uw 0ðcÞ, V ¼ c. Since u A L2ðR2Þ, c A H 2ðR2Þ, we have

kuw 0ðcÞkL2 a sup
0ac

jw 0ðcÞj kukL2 aCkukL2 < y;

and so U A L2ðR2Þ, V A H 1ðR2Þ. Thus we can apply the Lemma 4.1. Mul-

tiply the first equation of (1.1) by jRðjxjÞ, and integrate this on R2. Then we

haveð
R2

jRðjxjÞ
q

qt
u dx

¼ du

ð
R2

DujRðjxjÞdx�
ð
R2

‘ � fu‘wðcÞgjRðjxjÞdxþ
ð
R2

f ðu; vÞjRðjxjÞdx

¼ du

ð
R2

DujRðjxjÞdxþ
ð
R2

U‘V � ‘jRðjxjÞdxþ
ð
R2

f ðu; vÞjRðjxjÞdx:

Letting R ! y, we have

d

dt

ð
R2

u dx ¼
ð
R2

f ðu; vÞdx:

Integrating this in s A ð0; tÞ, we get

kuðtÞkL1 ¼ ku0kL1 þ
ð t
0

ð
R2

f ðu; vÞdxds; 0a t < TU :ð4:6Þ

From the Cauchy inequality it follows that

f ðu; vÞ ¼ �m1u� n1u
2 þ t1uvð4:7Þ

a�m1u� n1u
2 þ t1 eu2 þ 1

4e
v2

� �
a�ðn1 � t1eÞu2 þ

t1

4e
v2:

Take e ¼ n1

t1
. Then from (4.7) we have

ð t
0

ð
R2

f ðu; vÞdxdsa t21
4n1

ð t
0

kvðsÞk2L2dsa
t21
4n1

kv0k2L2

ð t
0

e2m2s ds

a
t21
4n1

kv0k2L2

1

2m2
ðe2m2t � 1ÞaCe2m2tkv0k2L2 ; 0a t < TU :
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Therefore we have

kuðtÞkL1 a ku0kL1 þ Ce2m2tkv0k2L2 ; 0a t < TU :ð4:8Þ

Furthermore from (4.6) it follows that

�
ð t
0

ð
R2

f ðu; vÞdxdsa ku0kL1 :

Taking e ¼ n1

2t1
in (4.7), we have

u2 a� 2

n1
f ðu; vÞ þ t1

n1

� �2
v2:

By integration in x A R2 and s A ð0; tÞ,ð t
0

kuðsÞk2L2dsa� 2

n1

ð t
0

ð
R2

f ðu; vÞdxdsþ t1

n1

� �2ð t
0

kvðsÞk2L2dsð4:9Þ

a
2

n1
ku0kL1 þ

t1

n1

� �2ð t
0

kvðsÞk2L2ds

a
2

n1
ku0kL1 þ

t1

n1

� �2
kv0k2L2

ð t
0

e2m2s ds

a
2

n1
ku0kL1 þ Ce2m2tkv0k2L2

aC 0ðku0kL1 þ e2m2tkv0k2L2Þ; 0a t < TU :

Step 3 (H 1-estimate of c) First note that we see from Proposition 4.1 that for

t A ð0;TU Þ, c A H 3ðR2Þ and ct A H 1ðR2Þ. Then putting U ¼ c, U 0 ¼ ct, V ¼ c,

we have U ;U 0 A L2ðR2Þ, V A H 1ðR2Þ. Now we apply Lemma 4.1.

Multiply the third equation of (1.1) by cb 0 and jRðjxjÞb 0, and integrate this

on R2. Then we have

1

2

ð
R2

jRðjxjÞ
q

qt
c2 dx

¼ dc

ð
R2

cDcjRðjxjÞdxþ b

ð
R2

cujRðjxjÞdx� g

ð
R2

c2jRðjxjÞdx

¼ �dc

ð
R2

j‘cj2jRðjxjÞdx� dc

ð
R2

U‘V � ‘jRðjxjÞdx

þ b

ð
R2

cujRðjxjÞdx� g

ð
R2

c2jRðjxjÞdx:
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Letting R ! y, we have

1

2

d

dt

ð
R2

c2 dx ¼ �dc

ð
R2

j‘cj2dxþ b

ð
R2

cu dx� g

ð
R2

c2 dx:

From Cauchy’s inequality it follows that

b

ð
R2

cu dxa b

ð
R2

g

2b
c2 þ b

2g
u2

� �
dx

¼ g

2

ð
R2

c2 dxþ b2

2g

ð
R2

u2 dx;

which leads to

d

dt

ð
R2

c2 dxþ 2dc

ð
R2

j‘cj2dxþ g

ð
R2

c2 dxa
b2

g
kuðtÞk2L2 :

Integrating this in t, we have, by (4.9)

kcðtÞk2L2 a kc0k2L2 þ
b2

g
Cðku0kL1 þ e2m2tkv0k2L2Þð4:10Þ

aC 0ðku0kL1 þ e2m2tkv0k2L2 þ kc0k2L2Þ; 0a t < TU :

Next we shall obtain the L2-estimate of ‘c. Multiply the third equation

of (1.1) by Dc and jRðjxjÞb 0 and integrate this on R2. Then we haveð
R2

jRðjxjÞDc
q

qt
c dx

¼ dc

ð
R2

jDcj2jRðjxjÞdxþ b

ð
R2

uDcjRðjxjÞdx� g

ð
R2

cDcjRðjxjÞdx:

As for the left hand side we haveð
R2

jRðjxjÞDc
q

qt
c dx ¼ � 1

2

ð
R2

jRðjxjÞ
q

qt
j‘cj2dx�

ð
R2

U 0‘V � ‘jRðjxjÞdx:

On the other hand, as for the third term of the right hand side we have

�g

ð
R2

cDcjRðjxjÞdx ¼ g

ð
R2

j‘cj2jRðjxjÞdxþ g

ð
R2

U‘V � ‘jRðjxÞdx:

Therefore letting R ! y, we have

� 1

2

d

dt

ð
R2

j‘cj2dx ¼ dc

ð
R2

jDcj2dxþ b

ð
R2

uDc dxþ g

ð
R2

j‘cj2dx;

93The Cauchy problem for a chemotactic system



from which it follows that

d

dt

ð
R2

j‘cj2dxþ 2dc

ð
R2

jDcj2dxþ 2g

ð
R2

j‘cj2dxa 2b

ð
R2

juDcjdx:

Since Cauchy’s inequality yields

2b

ð
R2

juDcjdxa 2b

ð
R2

b

2dc
u2 þ dc

2b
jDcj2

� �
dx ¼ b2

dc

ð
R2

u2 dxþ dc

ð
R2

jDcj2dx;

we have

ð4:11Þ
d

dt

ð
R2

j‘cj2dxþ dc

ð
R2

jDcj2dxþ 2g

ð
R2

j‘cj2dxa b2

dc
kuðtÞk2L2 ; 0a t < TU :

Integrate this in t. Then it follows from (4.9) that

k‘cðtÞk2L2 a k‘c0k2L2 þ
b2

dc
Cðku0kL1 þ e2m2tkv0k2L2Þ

aC 0ðku0kL1 þ e2m2tkv0k2L2 þ k‘c0k2L2Þ; 0a t < TU :

This together with (4.10) leads to

kcðtÞk2H 1 aC 0ðku0kL1 þ e2m2tkv0k2L2 þ kc0k2H 1Þ; 0a t < TU :ð4:12Þ

Step 4 (L1-estimate of ðuþ 1Þ logðuþ 1Þ) Since it follows from Proposition 4.1

that u A H 1ðR2Þ and c A H 2ðR2Þ for t A ð0;TUÞ,

klogðuþ 1ÞkL2 a kukL2 ;

klogðuþ 1Þuw 0ðcÞkL2 a sup
0ac

jw 0ðcÞj ku2kL2 aCkuk2H 1 ;

kðlogðuþ 1Þ � uÞw 0ðcÞkL2 a sup
0ac

jw 0ðcÞj2kukL2 aCkukL2 :

Therefore putting

U ¼ logðuþ 1Þ; U1 ¼ logðuþ 1Þuw 0ðcÞ; U2 ¼ ðlogðuþ 1Þ � uÞw 0ðcÞ;

V ¼ u; V1 ¼ c;

we have

U ;U1;U2 A L2ðR2Þ; V ;V1 A H 1ðR2Þ:
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Therefore we can apply Lemma 4.1. Multiply the first equation of (1.1) by

logðuþ 1Þ and jRðjxjÞ, and integrate this on R2. Then we haveð
R2

jRðjxjÞ logðuþ 1Þ q
qt
u dxð4:13Þ

¼ du

ð
R2

logðuþ 1ÞDujRðjxjÞdx

�
ð
R2

logðuþ 1Þ‘ � fu‘wðcÞgjRðjxjÞdx

þ
ð
R2

logðuþ 1Þ f ðu; vÞjRðjxjÞdx

¼ duF�C þ
ð
R2

logðuþ 1Þ f ðu; vÞjRðjxjÞdx;

where

F ¼
ð
R2

logðuþ 1ÞDujRðjxjÞdx and C ¼
ð
R2

logðuþ 1Þ‘ � fu‘wðcÞgjRðjxjÞdx:

By

logðuþ 1Þ q
qt
u ¼ q

qt
fðuþ 1Þ logðuþ 1Þ � ug;

we haveð
R2

jRðjxjÞ logðuþ 1Þ q
qt
u dx ¼

ð
R2

jRðjxjÞ
q

qt
fðuþ 1Þ logðuþ 1Þ � ugdx:ð4:14Þ

On the other hand since

F ¼ �
ð
R2

1

uþ 1
j‘uj2jRðjxjÞdx�

ð
R2

U‘V � ‘jRðjxjÞdx;

by R ! y we have

F ! �
ð
R2

1

uþ 1
j‘uj2dx:ð4:15Þ

Similarly we have

C ¼ �
ð
R2

u

uþ 1
‘u � ‘wðcÞjRðjxjÞdx�

ð
R2

U1‘V1 � ‘jRðjxjÞdx

¼ �W�
ð
R2

U1‘V1 � ‘jRðjxjÞdx;
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where

W ¼
ð
R2

u

uþ 1
‘u � ‘wðcÞjRðjxjÞdx:

From ð
R2
flogðuþ 1Þ � ugDwðcÞjRðjxjÞdx

¼ �
ð
R2

u

uþ 1
‘u � ‘wðcÞjRðjxjÞdx�

ð
R2

U2‘V1 � ‘jRðjxjÞdx

¼ �W�
ð
R2

U2‘V1 � ‘jRðjxjÞdx;

we have

C ¼
ð
R2
flogðuþ 1Þ � ugDwðcÞjRðjxjÞdx

þ
ð
R2

U2‘V1 � ‘jRðjxjÞdx�
ð
R2

U1‘V1 � ‘jRðjxjÞdx:

By R ! y we have

C !
ð
R2
flogðuþ 1Þ � ugDwðcÞdx:

Therefore by (4.13), (4.14) and (4.15) we have

d

dt

ð
R2
fðuþ 1Þ logðuþ 1Þ � ugdx

¼ �du

ð
R2

1

uþ 1
j‘uj2dx�

ð
R2
flogðuþ 1Þ � ugDwðcÞdx

þ
ð
R2

logðuþ 1Þ f ðu; vÞdx:

From

DwðcÞ ¼ w 00ðcÞj‘cj2 þ w 0ðcÞDc;

it follows that

d

dt

ð
R2
fðuþ 1Þ logðuþ 1Þ � ugdxþ du

ð
R2

1

uþ 1
j‘uj2dx

a

ð
R2

jflogðuþ 1Þ � ugDwðcÞjdxþ
ð
R2

logðuþ 1Þ f ðu; vÞdx
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a

ð
R2

jflogðuþ 1Þ � ugw 00ðcÞj‘cj2jdxþ
ð
R2

jflogðuþ 1Þ � ugw 0ðcÞDcjdx

þ
ð
R2

logðuþ 1Þ f ðu; vÞdx

¼ fþ cþ o;

where

f ¼
ð
R2

jflogðuþ 1Þ � ugw 00ðcÞj‘cj2jdx;

c ¼
ð
R2

jflogðuþ 1Þ � ugw 0ðcÞDcjdx;

o ¼
ð
R2

logðuþ 1Þð�m1u� n1u
2 þ t1uvÞdx:

From (2.2) we have

faCkukL2k j‘cj2kL2 ¼ CkukL2k‘ck2L4 aCkukL2ðC4;2k‘ck1�2=4

H 1 k‘ck2=4
L2 Þ2

aC 0kukL2kckH 2kckH 1 aC 0 dc

4C 0 kck
2
H 2 þ

1

4 dc
4C 0

ðkukL2kckH 1Þ2
( )

¼ dc

4
kDck2L2 þ

dc

4
kck2H 1 þ

ðC 0Þ2

dc
kuk2L2kck2H 1 a

dc

4
kDck2L2 þC 00kck2H 1ðkuk2L2 þ1Þ:

Similarly we have

c ¼
ð
R2

jflogðuþ 1Þ � ugw 0ðcÞDcjdx

aCkukL2kDckL2 a
dc

4
kDck2L2 þ C 0kuk2L2 :

From Young’s inequality it follows that for small e > 0

o ¼
ð
R2

logðuþ 1Þð�m1u� n1u
2 þ t1uvÞdx

a�n1

ð
R2

logðuþ 1Þu2 dxþ t1

ð
R2

logðuþ 1Þuv dx

a�n1klogðuþ 1Þk3L3 þ t1klogðuþ 1ÞuvkL1

a�n1klogðuþ 1Þk3L3 þ t1klogðuþ 1ÞkL3kukL2kvkL6
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a�n1klogðuþ 1Þk3L3 þ t1 eklogðuþ 1Þk3L3 þ C
1

e

� �
ðkukL2kvkL6Þ3=2

� �

a t1C
1

e

� �
3

4
kukð3=2Þ�ð4=3Þ

L2 þ 1

4
kvkð3=2Þ�4

L6

� �
aCðkuk2L2 þ kvk6L6Þ:

Consequently we have

d

dt

ð
R2
fðuþ 1Þ logðuþ 1Þ � ugdx

a
dc

2
kDck2L2 þ Ckck2H 1ðkuk2L2 þ 1Þ þ C 0kuk2L2 þ C 00kvk6L6 ;

from which together with (4.11) it follows that

d

dt

ð
R2
½fðuþ 1Þ logðuþ 1Þ � ug þ j‘cj2�dx

a
dc

2
kDck2L2 þ Ckck2H 1ðkuk2L2 þ 1Þ

þ C 0kuk2L2 þ C 00kvk6L6 � dckDck2L2 þ
b2

dc
kuk2L2

aC 000fkck2H 1kuk2L2 þ kck2H 1 þ kuk2L2 þ kvk6L6g

aC 0000fðkck2H 1 þ 1Þðkuk2L2 þ 1Þ þ kvk6L6g; 0 < t < TU :

Integrating this in t, we have

kðuðtÞ þ 1Þ logðuðtÞ þ 1ÞkL1 � kðu0 þ 1Þ logðu0 þ 1ÞkL1ð4:16Þ

� ðkuðtÞkL1 � ku0kL1Þ þ k‘cðtÞk2L2 � k‘c0k2L2

aC

ð t
0

fðkcðsÞk2H 1 þ 1ÞðkuðsÞk2L2 þ 1Þ þ kvðsÞk6L6gds:

Now put

N 1
logðuÞ ¼ kðuþ 1Þ logðuþ 1ÞkL1 ; u A L1ðR2ÞVL2ðR2Þ; ub 0:

Make use of the inequalities (4.5), (4.9) and (4.12). Then from (4.16) we have

98 Hiroshi Mori



N 1
logðuðtÞÞaN 1

logðu0Þ þ kuðtÞkL1 þ k‘c0k2L2

þ Cðku0kL1 þ e2m2tkv0k2L2 þ kc0k2H 1Þ
ð t
0

ðkuðsÞk2L2 þ 1Þds

þ C

ð t
0

e6m2skv0k6L6ds

aN 1
logðu0Þ þ ku0kL1 þ Ce2m2tkv0k2L2 þ k‘c0k2L2

þ Cðku0kL1 þ e2m2tkv0k2L2 þ kc0k2H 1 þ 1Þðku0kL1 þ e2m2tkv0k2L2 þ tÞ

þ Ce6m2tkv0k6L6

aN 1
logðu0Þ þ Ce6m2tð1þ tþ ku0kL1 þ kv0kH 1 þ kc0kH 1Þ6; 0 < t < TU :

In the following Step 5, we need the following lemma which is shown by

Biler, Hebisch and Nadzieja [4, p. 1199] and is used by Osaki and Yagi [9,

Lemma 5.3].

Lemma 4.2. For any z > 0

kuk3L3 a zkuk2H 1N
1
logðuÞ þ qðz�1ÞkukL1 ; u A L1ðR2ÞVH 1ðR2Þ; ub 0

holds, where qð�Þ is an increasing continuous function.

Step 5 (Final stage) Now we are in a position to prove our estimate. So we

begin to get an L2-estimate of u, then H 1-estimate of v and finally H 2-estimate

of c.

Step 5.1 (L2-estimate of u) Put U ¼ V ¼ u, U1 ¼ u2w 0ðcÞ, V1 ¼ c. Then by

proved part of Proposition 4.1 we have U ;U1 A L2ðR2Þ, V ;V1 A H 1ðR2Þ.
So we apply Lemma 4.2. Multiplying the first equation of (1.1) by ub 0 and

jRðjxjÞb 0, and integrating this on R2, we have

1

2

ð
R2

jRðjxjÞ
q

qt
u2 dxð4:17Þ

¼ du

ð
R2

uDujRðjxjÞdx�
ð
R2

u‘ � fu‘wðcÞgjRðjxjÞdx

þ
ð
R2

uf ðu; vÞjRðjxjÞdx

¼ duF�C þ
ð
R2

uf ðu; vÞjRðjxjÞdx:

Since
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F ¼
ð
R2

uDujRðjxjÞdx

¼ �
ð
R2

j‘uj2jRðjxjÞdx�
ð
R2

U‘V � ‘jRðjxjÞdx;

by R ! y we have

F ! �
ð
R2

j‘uj2dx:

Similarly, since

C ¼
ð
R2

u‘ � fu‘wðcÞgjRðjxjÞdx

¼ 1

2

ð
R2

u2DwðcÞjRðjxjÞdx� 1

2

ð
R2

U1‘V1 � ‘jRðjxjÞdx;

by R ! y we have

C ! 1

2

ð
R2

u2DwðcÞdx:

Consequently, form (4.17) we have

1

2

d

dt

ð
R2

u2 dx ¼ �du

ð
R2

j‘uj2dx� 1

2

ð
R2

u2DwðcÞdxþ
ð
R2

uf ðu; vÞdx:ð4:18Þ

As for the second term of this equation we have

DwðcÞ ¼ w 0ðcÞDcþ w 00ðcÞj‘cj2;

so we get

� 1

2

ð
R2

u2DwðcÞdx ¼ � 1

2

ð
R2

w 0ðcÞu2Dc dx� 1

2

ð
R2

w 00ðcÞu2j‘cj2dx

¼ fþ c:

From (2.2) and interpolation inequalities it follows that

f ¼ � 1

2

ð
R2

w 0ðcÞu2Dc dxaC

ð
R2

ju2Dcjdx

aCku2kL3=2kDckL3 ¼ Ckuk2L3kDckL3

aCkuk2L3ðC3;2kDck1�2=3

H 1 kDck2=3
L2 ÞaC 0kuk2L3kck1=3H 3 kck2=3H 2

aC 0kuk2L3kck1=3H 3 ðC1=2kck1�1=2

H 1 kck1=2
H 3 Þ2=3 aC 00kuk2L3kck2=3H 3 kck1=3H 1 :
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From Lemma 4.2 for any z > 0 we have

faCðzkuk2H 1N
1
logðuÞ þ qðz�1ÞkukL1Þ2=3kck2=3H 3 kck1=3H 1

aCfðzkuk2H 1N
1
logðuÞÞ

2=3 þ ðqðz�1ÞkukL1Þ2=3gkck2=3H 3 kck1=3H 1

aCz2=3kuk4=3
H 1 kck2=3H 3N

1
logðuÞ

2=3kck1=3
H 1 þ qðz�1Þkuk2=3

L1 kck2=3H 3 kck1=3H 1

aCz2=3
2

3
kukð4=3Þ�ð3=2Þ

H 1 þ 1

3
kckð2=3Þ�3

H 3

� �
N 1

logðuÞ
2=3kck1=3

H 1

þ qðz�1Þ ekckð2=3Þ�3
H 3 þ C

e
ðkuk2=3

L1 kck1=3H 1 Þ3=2
� �

aC 0z2=3ðkuk2H 1 þ kck2H 3ÞN 1
logðuÞ

2=3kck1=3
H 1

þ eqðz�1Þkck2H 3 þ
C

e
qðz�1ÞkukL1kck1=2H 1 :

Here putting e ¼ z2=3=qðz�1Þ and z ¼ z
3=2
1 =ðC 00N 1

logðuÞkck
1=2

H 1 Þ with arbitrary

constant z1 b 0, we have

faC 00z2=3ðkuk2H 1 þkck2H 3ÞðN 1
logðuÞ

2=3kck1=3
H 1 þ 1ÞþC

qðz�1Þ
z2=3

 !
qðz�1ÞkukL1kck1=2H 1

a z1ðkuk2H 1 þ kck2H 3Þ þ pðN 1
logðuÞ þ kckH 1 þ z�1

1 Þ;

where pð�Þ and qð�Þ are certain increasing continuous functions stated in Prop-

osition 4.1 and Lemma 4.2, respectively. Similarly, we have

c ¼ � 1

2

ð
R2

w 00ðcÞu2j‘cj2dxaCku2kL3=2k j‘cj2kL3 ¼ Ckuk2L3k‘ck2L6

aCkuk2L3ðC6;2k‘ck1�2=6

H 1 k‘ck2=6
L2 Þ2 aC 0kuk2L3kck4=3H 2 kck2=3H 1

aC 0kuk2L3ðC1=2kck1�1=2

H 1 kck1=2
H 3 Þ4=3kck2=3H 1 aC 00kuk2L3kck2=3H 3 kck4=3H 1

aC 000z2=3ðkuk2H 1 þkck2H 3ÞðN 1
logðuÞ

2=3kck4=3
H 1 þ1ÞþC

qðz�1Þ
z2=3

 !
qðz�1ÞkukL1kck2H 1

a z1ðkuk2H 1 þ kck2H 3Þ þ pðN 1
logðuÞ þ kckH 1 þ z�1

1 Þ:

Then it follows from (4.18) that

101The Cauchy problem for a chemotactic system



1

2

d

dt

ð
R2

u2 dxþ du

ð
R2

j‘uj2dxð4:19Þ

a zðkuk2H 1 þ kck2H 3Þ þ pðN 1
logðuÞ þ kckH 1 þ z�1Þ þ

ð
R2

uf ðu; vÞdx:

Since

kDck2L2 a ðCk‘Dck2=3
L2 kck1=3L2 Þ2 ¼ C 2k‘Dck4=3

L2 kck2=3L2

aC2 2

3
k‘Dck2L2 þ

1

3
kck2L2

� �
aC 0ðk‘Dck2L2 þ kck2L2Þ;

we have

kck2H 3 aCðkck2H 1 þ k‘Dck2L2Þ:

By Young’s inequality we have

uf ðu; vÞ ¼ �m1u
2 � n1u

3 þ t1u
2v

a�m1u
2 � n1u

3 þ t1 eu3 þ C
1

e

� �
v3

� �

¼ �m1u
2 þ ð�n1 þ et1Þu3 þ t1C

1

e

� �
v3:

Therefore by taking e ¼ n1

4t1
> 0 it follows thatð

R2
uf ðu; vÞdxa�m1kuk

2
L2 �

3

4
n1kuk3L3 þ Ckvk3L3 ;

from which the inequality (4.19) is rewritten as

1

2

d

dt

ð
R2

u2 dxþ du

ð
R2

j‘uj2dx

a zðkuk2L2 þ k‘uk2L2 þ kck2H 1 þ k‘Dck2L2Þ þ pðN 1
logðuÞ þ kckH 1 þ z�1Þ

� m1kuk
2
L2 �

3

4
n1kuk3L3 þ Ckvk3L3

a ðz� m1Þkuk
2
L2 þ zðk‘uk2L2 þ k‘Dck2L2Þ �

3

4
n1kuk3L3

þ pðN 1
logðuÞ þ kvkL3 þ kckH 1 þ z�1Þ:
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Consequently we have

1

2

d

dt

ð
R2

u2 dxþ ðdu � zÞ
ð
R2

j‘uj2dx� zk‘Dck2L2ð4:20Þ

a ðz� m1Þkuk
2
L2 �

3

4
n1kuk3L3 þ pðN 1

logðuÞ þ kvkL3 þ kckH 1 þ z�1Þ;

0 < t < TU :

Step 5.2 (L2-estimate of ‘v) Put U ¼ vt, U1 ¼ v2, V ¼ v. Then from the

proved part in Proposition 4.1 we see that U ;U1 A L2ðR2Þ, V A H 1ðR2Þ.
Multiply the second equation of (1.1) by Dv and jRðjxjÞb 0, and integrate this

in R2. Then we haveð
R2

jRðjxjÞDv
q

qt
v dx ¼ dv

ð
R2

jDvj2jRðjxjÞdxþ
ð
R2

gðu; vÞDvjRðjxjÞdx:ð4:21Þ

As for the left hand side of (4.21) we haveð
R2

jRðjxjÞDv
q

qt
v dx ¼ � 1

2

ð
R2

jRðjxjÞ
q

qt
j‘vj2dx�

ð
R2

U‘V � ‘jRðjxjÞdx:

Therefore by R ! y we haveð
R2

Dv
q

qt
v dx ¼ � 1

2

d

dt

ð
R2

j‘vj2dx:

As for the second term of the right hand side of (4.21) it follows thatð
R2

gðu; vÞDvjRðjxjÞdx

¼ m2

ð
R2

vDvjRðjxjÞdx� n2

ð
R2

v2DvjRðjxjÞdx� t2

ð
R2

uvDvjRðjxjÞdx

¼ m2

ð
R2

vDvjRðjxjÞdx� n2W� t2

ð
R2

uvDvjRðjxjÞdx;

where

W ¼
ð
R2

v2DvjRðjxjÞdx ¼ �2

ð
R2

vj‘vj2jRðjxjÞdx�
ð
R2

U1‘V � ‘jRðjxjÞdx:

By R ! y

W ! �2

ð
R2

vj‘vj2dx:
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Consequently it follows from (4.21) that

� 1

2

d

dt

ð
R2

j‘vj2dx ¼ dv

ð
R2

jDvj2dxþ m2

ð
R2

vDv dx

þ 2n2

ð
R2

vj‘vj2dx� t2

ð
R2

uvDv dx;

which leads to

1

2

d

dt

ð
R2

j‘vj2dxþ dv

ð
R2

jDvj2dxþ 2n2

ð
R2

vj‘vj2dx

a m2

ð
R2

jvDvjdxþ t2

ð
R2

juvDvjdx

¼ fþ c:

It follows from Cauchy’s inequality that for any e > 0

f ¼ m2kvDvkL1 a m2kvkL2kDvkL2 a m2 ekDvk2L2 þ
1

4e
kvk2L2

� �
:

By taking e ¼ dv

4m2
> 0 in this inequality we have

fa
dv

4
kDvk2L2 þ Ckvk2L2 :

From Young’s inequality it follows that for any e; e 0 > 0

c ¼ t2kuvDvkL1 a t2kukL3kvkL6kDvkL2

a t2 ekDvk2L2 þ
1

4e
kuk2L3kvk2L6

� �

a et2kDvk2L2 þ
t2

4e
e 0kuk3L3 þ C

1

e 0

� �
kvk6L6

� �
:

By taking e ¼ dv

4t2
> 0 and e 0 ¼ dvn1

4ðt2Þ2
> 0 we have

ca
dv

4
kDvk2L2 þ

n1

4
kuk3L3 þ Ckvk6L6 :

Therefore we have

1

2

d

dt

ð
R2

j‘vj2dxþ dv

2

ð
R2

jDvj2dxð4:22Þ

a
n1

4
kuk3L3 þ Cðkvk2L2 þ kvk6L6Þ; 0 < t < TU :
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Step 5.3 (L2-estimate of Dc) In this step we put U ¼ Dc, V ¼ ct, V1 ¼ c.

Then we see that U A L2ðR2Þ, V ;V1 A H 1ðR2Þ. Apply the third equation of

(1.1) by ‘, and take the inner product between this and ‘Dc, and multiply this

by jRðjxjÞb 0. Integrating this on R2, we haveð
R2

jRðjxjÞ‘Dc � ‘
q

qt
c

� �
dxð4:23Þ

¼ dc

ð
R2

j‘Dcj2jRðjxjÞdxþ b

ð
R2

‘Dc � ‘ujRðjxjÞdx

� g

ð
R2

‘Dc � ‘cjRðjxjÞdx:

As for the left hand side of (4.23) we haveð
R2

jRðjxjÞ‘Dc � ‘
q

qt
c

� �
dx ¼ �

ð
R2

jRðjxjÞDc �
q

qt
Dc

� �
dx

�
ð
R2

U‘V � ‘jRðjxjÞdx:

By R ! y we haveð
R2

‘Dc � ‘ q

qt
c

� �
dx ¼ � 1

2

d

dt

ð
R2

jDcj2dx:

As for the third term of the right hand side of (4.23) we have

�g

ð
R2

‘Dc � ‘cjRðjxjÞdx ¼ g

ð
R2

jDcj2jRðjxjÞdxþ g

ð
R2

U‘V1 � ‘jRðjxjÞdx

By R ! y we have

�g

ð
R2

‘Dc � ‘c dx ¼ g

ð
R2

jDcj2dx:

Therefore from (4.23) it follows that

� 1

2

d

dt

ð
R2

jDcj2dx ¼ dc

ð
R2

j‘Dcj2dxþ b

ð
R2

‘Dc � ‘u dxþ g

ð
R2

jDcj2dx;

from which for any e > 0 we have

1

2

d

dt

ð
R2

jDcj2dxþ dc

ð
R2

j‘Dcj2dxþ g

ð
R2

jDcj2dxa b

ð
R2

j‘Dc � ‘ujdx

a b ek‘Dck2L2 þ
1

4e
k‘uk2L2

� �
:
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Taking e ¼ dc

2b
, we have

ð4:24Þ
1

2

d

dt

ð
R2

jDcj2dxþ dc

2

ð
R2

j‘Dcj2dxþ g

ð
R2

jDcj2dxa b2

2dc
k‘uk2L2 ; 0 < t < TU :

Step 5.4 (Proof of (4.1)) Multiply (4.24) by
dudc

b2
, and add (4.20) and (4.22) to

this. Then we have

1

2

d

dt

ð
R2

u2 þ j‘vj2 þ dudc

b2
jDcj2

� �
dxþ du

2
� z

� �ð
R2

j‘uj2dx

þ dv

2

ð
R2

jDvj2dxþ dud
2
c

2b2
� z

� �ð
R2

j‘Dcj2dxþ dudcg

b2

ð
R2

jDcj2dx

a ðz� m1Þkuk
2
L2 �

n1

2
kuk3L3 þ pðN 1

logðuÞ þ kvkL3 þ kckH 1 þ z�1Þ

þ Cðkvk2L2 þ kvk6L6Þ

a ðz� m1Þkuk
2
L2 þ pðN 1

logðuÞ þ kvkL2 þ kvkL3 þ kvkL6 þ kckH 1 þ z�1Þ:

For small z > 0 we have

1

2

d

dt

ð
R2

u2 þ j‘vj2 þ dudc

b2
jDcj2

� �
dxþ du

4

ð
R2

j‘uj2dx

þ dv

2

ð
R2

jDvj2dxþ dud
2
c

4b2

ð
R2

j‘Dcj2dxþ dudcg

b2

ð
R2

jDcj2dx

a pðN 1
logðuÞ þ kvkLp þ kckH 1 þ 1Þ; 0 < t < TU ;

that is,

d

dt

ð
R2
ðu2 þ j‘vj2 þ jDcj2Þdxa pðN 1

logðuÞ þ kvkLp þ kckH 1 þ 1Þ; 0 < t < TU :

Integrating this in t, we have

kuðtÞk2L2 þ k‘vðtÞk2L2 þ kDcðtÞk2L2

a ku0k2L2 þ k‘v0k2L2 þ kDc0k2L2

þ
ð t
0

pðN 1
logðuðsÞÞ þ kvðsÞkLp þ kcðsÞkH 1 þ 1Þds
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a ku0k2L2 þ k‘v0k2L2 þ kDc0k2L2 þ
ð t
0

pðN 1
logðu0Þ

þ Ce6n2sð1þ sþ ku0kL1 þ kv0kH 1 þ kc0kH 1Þ6

þ em2skv0kLp þ ku0kL1 þ em2skv0kL2 þ kc0kH 1 þ 1Þds

a ku0k2L2 þ k‘v0k2L2 þ kDc0k2L2 þ pðN 1
logðu0Þ

þ Ce6n2tð1þ tþ ku0kL1 þ kv0kH 1 þ kc0kH 1Þ6

þ em2tkv0kLp þ ku0kL1 þ em2tkv0kL2 þ kc0kH 1 þ 1Þ
ð t
0

ds;

which together with (4.5) and (4.12) leads to

kuðtÞk2L2 þ kvðtÞk2H 1 þ kcðtÞk2H 2

aCðku0kL1 þ ku0k2L2 þ kv0k2H 1 þ kc0k2H 2Þ

þ pðtþ ku0kL1 þN 1
logðu0Þ þ kv0kH 1 þ kc0kH 1Þ; 0 < t < TU :

From this and (4.8) we have (4.1).

Theorem 4.4. For any initial functions 0a u0 A L1ðR2ÞVL2ðR2Þ, 0a v0 A
H 1ðR2Þ and 0a c0 A H 2ðR2Þ the system (1.1) admits a unique global solution

such that

0a u A Cð½0;yÞ;L2ðR2ÞÞVC1ðð0;yÞ;H�1ðR2ÞÞVCðð0;yÞ;H 1ðR2ÞÞ;

0a v A Cð½0;yÞ;H 1ðR2ÞÞVC1ðð0;yÞ;L2ðR2ÞÞVCðð0;yÞ;H 2ðR2ÞÞ;

0a c A Cð½0;yÞ;H 2ðR2ÞÞVC1ðð0;yÞ;H 1ðR2ÞÞVCðð0;yÞ;H 3ðR2ÞÞ:

Proof. Let 0a u0 A L2ðR2Þ, 0a v0 A H 1ðR2Þ and 0a c0 A H 2ðR2Þ.
Then from Theorems 3.2 and 3.3 the system (1.1) has a unique local solution

uð�Þ A L2ðR2Þ, vð�Þ A H 1ðR2Þ and cð�Þ A H 2ðR2Þ on ½0;TU0
Þ. If, furthermore,

we assume u0 A L1ðR2Þ, then uð�Þ A L1ðR2Þ. Now for any s A ð0;TU0
Þ we con-

sider uðsÞ, vðsÞ, cðsÞ as initial functions of (1.1) then from Theorems 3.1 and 3.2

it follows there exists a unique solution of (1.1) such that

0a u A Cð½s; sþ TUsÞ;L2ðR2ÞÞVC1ððs; sþ TUsÞ;

H�1ðR2ÞÞVCððs; sþ TUsÞ;H 1ðR2ÞÞ;

0a v A Cð½s; sþ TUsÞ;H 1ðR2ÞÞVC1ððs; sþ TUsÞ;

L2ðR2ÞÞVCððs; sþ TUsÞ;H 2ðR2ÞÞ;
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0a c A Cð½s; sþ TUsÞ;H 2ðR2ÞÞVC1ððs; sþ TUsÞ;

H 1ðR2ÞÞVCððs; sþ TUsÞ;H 3ðR2ÞÞ;

where TUs > 0 is a local time which is determined by kuðsÞkL2 þ kvðsÞkH 1 þ
kcðsÞkH 2 . Moreover by the uniqueness of solutions we have

u ¼ u; v ¼ v; c ¼ c:

Here we put

r ¼ pðTU0
þ ku0kL1 þ ku0kL2 þ kv0kH 1 þ kc0kH 2Þ:

From Proposition 4.1

kuðsÞkL1 þ kuðsÞkL2 þ kvðsÞkH 1 þ kcðsÞkH 2

a pðsþ ku0kL1 þ ku0kL2 þ kv0kH 1 þ kc0kH 2Þ

a pðTU0
þ ku0kL1 þ ku0kL2 þ kv0kH 1 þ kc0kH 2Þ

¼ r

holds, from which we see the norm kuðsÞkL2 þ kvðsÞkH 1 þ kcðsÞkH 2 depends

only on r. Consequently the TUs > 0 depend only on r, not on s. Thus the

local time TUs > 0 is determined by r, and independent on s, that is TUs ¼
Tr > 0. Since s is arbitrary in ½0;TU0

Þ, the time interval ½0;TU0
Þ is extended by

Tr > 0. Repeating this procedure we can construct the global solution.

5. Appendix

Here we continue verifying the inequality (3.3) holds. In fact from (3.2)

we have

kFðUÞ � FðWÞkX

¼

�‘ � fu‘~wwðcÞg þ fm1 þ ~ff1ðu; vÞgu
þ‘ � fw‘~wwðxÞg � fm1 þ ~ff1ðw; rÞgw
f1þ ~gg1ðu; vÞgv� f1þ ~gg1ðw; rÞgr

0

0BBB@
1CCCA

���������

���������
X

¼

�‘ � fðu� wÞ‘~wwðcÞg � ‘ � fw‘½~wwðcÞ � ~wwðxÞ�g
þf ~ff1ðu; vÞ � ~ff1ðw; rÞguþ fm1 þ ~ff1ðw; rÞgðu� wÞ
v� rþ f~gg1ðu; vÞ � ~gg1ðw; rÞgvþ ~gg1ðw; rÞðv� rÞ

0

0BBB@
1CCCA

���������

���������
X

108 Hiroshi Mori



a k‘ � fðu� wÞ‘~wwðcÞgkH�1 þ k‘ � fw‘½~wwðcÞ � ~wwðxÞ�gkH�1

þ kf ~ff1ðu; vÞ � ~ff1ðw; rÞgukH�1 þ kfm1 þ ~ff1ðw; rÞgðu� wÞkH�1

þ kv� rkL2 þ kf~gg1ðu; vÞ � ~gg1ðw; rÞgvkL2

þ k~gg1ðw; rÞðv� rÞkL2 :

Owing to (2.8) and (2.10) we obtain

k‘ � fðu� wÞ‘~wwðcÞgkH�1 aCe0ku� wkH 1�e0k‘~wwðcÞkH e0

¼ Ce0ku� wkH 1�e0k~ww 0ðcÞ‘ckH e0

aCe0ku� wkH 1�e0pe0ðkckH 1þe0 Þk‘ckH e0

a p 0
e0
ðkckH 1þe0 Þku� wkH 1�e0 :

Form (2.8), (2.10) and (2.11) we have

k‘ � fw‘½ ~wwðcÞ � ~wwðxÞ�gkH�1

aCe0kwkH 1�e0 k‘½ ~wwðcÞ � ~wwðxÞ�kH e0

¼ Ce0kwkH 1�e0k~ww 0ðcÞ‘c� ~ww 0ðxÞ‘xkH e0

¼ Ce0kwkH 1�e0k~ww 0ðcÞ‘c� ~ww 0ðxÞ‘cþ ~ww 0ðxÞ‘c� ~ww 0ðxÞ‘xkH e0

aCe0kwkH 1�e0 fk½ ~ww 0ðcÞ � ~ww 0ðxÞ�‘ckH e0 þ k~ww 0ðxÞ‘ðc� xÞkH e0 g

aCe0kwkH 1�e0 fpe0ðkckH 1þe0 þ kxkH 1þe0 Þkc� xkH 1þe0k‘ckH e0

þ p 0
e0
ðkxkH 1þe0 Þk‘ðc� xÞkH e0g

a p 00
e0
ðkckH 1þe0 þ kxkH 1þe0 ÞkwkH 1�e0 kc� xkH 1þe0 :

From Hölder’s inequality and (2.4) and (2.5) it follows that

kf ~ff1ðu; vÞ � ~ff1ðw; rÞgukH�1

¼ kf�m1 � n1uþ t1v� ð�m1 � n1wþ t1rÞgukH�1

a n1kðu� wÞukH�1 þ t1kðv� rÞukH�1

aC sup
kfk

H 1a1

ð
R2

jðu� wÞufjdxþ sup
kfk

H 1a1

ð
R2

jðv� rÞufjdx
( )

aC sup
kfk

H 1a1

kðu� wÞukL2=ð1þe0ÞkfkL2=ð1�e0Þ þ sup
kfk

H 1a1

kðv� rÞukL2kfkL2

( )
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aCfkðu� wÞukL2=ð1þe0Þ þ kðv� rÞukL2g

aCfC2=ð1þe0ÞkukL2ku� wkH 2�ð1þe0Þ þ Ce0kukL2kv� rkH 1þe0g

aC 0kukL2fku� wkH 1�e0 þ kv� rkH 2�e0 g:

Similarly from Hölder’s inequality (2.4) and (2.6) we have

kfm1 þ ~ff1ðw; rÞgðu� wÞkH�1

¼ kðm1 � m1 � n1wþ t1rÞðu� wÞkH�1

a n1kwðu� wÞkH�1 þ t1krðu� wÞkH�1

aC sup
kfk

H 1a1

ð
R2

jwðu� wÞfjdxþ sup
kfk

H 1a1

ð
R2

jrðu� wÞfjdx
( )

aCfC2=ð1þe0ÞkwkL2ku� wkH 1�e0 þ krðu� wÞkL2g

aCfC2=ð1þe0ÞkwkL2ku� wkH 1�e0 þ Ce0krkH e0 ku� wkH 1�e0g

aC 0ðkwkL2 þ krkH e0 Þku� wkH 1�e0 :

From (2.6) we have

kf~gg1ðu; vÞ � ~gg1ðw; rÞgvkL2

¼ kfm2 � n2v� t2u� ðm2 � n2r� t2wÞgvkL2

a n2kðv� rÞvkL2 þ t2kðu� wÞvkL2

aCðCe0kvkH e0 kv� rkH 1�e0 þ Ce0kvkH e0 ku� wkH 1�e0 Þ

aC 0kvkH e0 ðkv� rkH 1�e0 þ ku� wkH 1�e0 Þ

and

k~gg1ðw; rÞðv� rÞkL2

¼ kðm2 � n2r� t2wÞðv� rÞkL2

aCðkv� rkL2 þ krðv� rÞkL2 þ kwðv� rÞkL2Þ

aCðkv� rkH 1�e0 þ Ce0krkH e0 kv� rkH 1�e0 þ Ce0kwkH e0kv� rkH 1�e0 Þ

aC 0ð1þ krkH e0 þ kwkH e0 Þkv� rkH 1�e0

aC 0ðkwkH 1�e0 þ krkH e0 þ 1Þkv� rkH 1 :

Summing up these we have, with a continuous function pð�Þ
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kF ðUÞ � F ðWÞkX a pðkukL2 þ kvkH e0 þ kckH 1þe0 þ kwkL2 þ krkH e0 þ kxkH 1þe0 Þ

� fku� wkH 1��0 þ kv� rkH 2�e0

þ ðkwkH 1�e0 þ krkH e0 þ 1Þðkv� rkH 1 þ kc� xkH 1þe0 Þg

which is the desired estimate.
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