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Abstract. In this paper, we investigate the Dirichlet type 3 distribution. First, some

main properties are elaborated and illustrated. Next, we set forward a representation

which allows to compute many functionals in a closed form, making the Dirichlet type

3 distribution an exactly soluble model. Furthermore, we consider the Gibbs version

of the Dirichlet type 3 distribution including selection. By using the representation

mentioned above, we obtain the moment function of the geometrical average of the

random variables according to the new distribution; special types of Bell polynomials

are shown to be involved. Finally, we provide a concrete example to illustrate the

performance of the Dirichlet type 3 distribution.

1. Introduction

The Dirichlet type 1 distribution or simply the Dirichlet distribution is a

basic multivariate continuous distribution in probability and statistics. It arises

naturally in a large variety of disciplines such as biology, physics, data sciences,

etc. Owing to its easiness of interpretation and interesting mathematical

properties, the Dirichlet distribution has been popular and widely studied.

The Dirichlet type 3 distribution is becoming an area of interest for research,

but has not received the same attention over the popularity of the Dirichlet

distribution.

Furthermore, in multiple disciplines, data consist of parts of a whole (i.e.

vectors of proportions) and thus are subject to constant-sum and non-negative

constraints. These datasets called compositional datasets are widespread in

economics, medicine, geology, psychology and environmetrics in particular.

Among the most well-known simplex distributions, we mention the Dirichlet.

Despite its numerous mathematical and statistical properties, it is unsuitable

for modelling most compositional data because of the poor dependence struc-

ture it implies. Indeed, in many respects, it can be considered as the standard

reference for modelling the strongest independence relations compatible with
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compositional data (see for example [1], [19] and [21]). Since the Dirichlet

type 3 distribution has the same simplex of the Dirichlet distribution, it

may have the same application interest and will be used to model composi-

tional data. Next, the Dirichlet distribution is commonly used as prior

distribution in Bayesian statistics, and is in fact the conjugate prior of the

multinomial distribution. Similarly, we shall demonstrate in the next section

that the Dirichlet type 3 distribution is the conjugate prior of the multinomial

distribution.

In this work, we are basically interested in the Dirichlet type 3 distribu-

tion (see [2], [9] and [10]) with positive parameters yn :¼ ðy1; . . . ; ynÞ and ynþ1,

which is a multivariate generalization of the beta type 3 distribution. In the

following, we consider that the random vector Sn :¼ ðS1; . . . ;SnÞ is distributed

according to Dirichlet type 3 distribution, denoted by D3
nðyn; ynþ1Þ:

This paper is organized as follows: in Section 2, we display some main

properties of the Dirichlet type 3 distribution; in particular, we find the residual

allocation model (RAM) of D3
nðyn; ynþ1Þ (in Theorem 1) similar to the one

given by Devroye [4] for the Dirichlet distribution. Next, we prove the

stability under scaling property of Dirichlet type 3 distribution and we deter-

mine the scaling property of Dirichlet distribution from the Dirichlet type

3 distribution. Furthermore, we derive a formula which allows to compute

many functionals in a closed form (Theorem 3), making D3
nðyn; ynþ1Þ an exactly

solvable distribution. To illustrate this formula, we exhibit some of its

applications and we determine the characteristic function of the Dirichlet

type 3 distribution which appears to be new. We also emphasize that a

similar formula for many functionals of the Dirichlet distribution is given in the

real case (see [12]) and in the matrix case (see [6]). In Section 3, the Gibbs

version of the Dirichlet type 3 distribution including selection is subsequently

examined in further details. We highlight the following main points: In

Theorem 4, we compute the partition function of this Gibbs measure. Using

this along with the representation of many spacings functionals of Dirichlet

type 3 distribution in terms of simpler functionals of independent gamma

random variables, we are able to provide in Theorem 5 the geometrical average

of the new vector Sn;s :¼ ðS1;s; . . . ;Sn;sÞ. Special types of Bell polynomials

are shown to be involved. In the last section, an analysis of real dataset

using di¤erent measures is presented to illustrate the use of Dirichlet type 3

distribution.

Because of their frequent uses, we recall the definitions of the gamma, the

beta type 1 and the beta type 3 distributions:
� If X is a random variable distributed according to the gamma distri-

bution, with shape parameter y > 0 and scale parameter 1 (say X @
d
gy), then

its density function is given by fX ðxÞ ¼ ðGðyÞÞ�1
e�xxy�1, x > 0 and its moment
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function is E½X q� ¼ Gðyþ qÞ=GðyÞ ¼: ðyÞq, q > �y where Gð�Þ denotes the Euler
gamma function.

� If a random variable A has the beta type 1 distribution with parameters

a; b > 0 (say A @
d
b1ða; bÞ), then its density function is

fAðxÞ ¼
Gðaþ bÞ
GðaÞGðbÞ x

a�1ð1� xÞb�1; 0 < x < 1;

so that its moment function is E½Aq� ¼ ðaÞq=ðaþ bÞq:
� If a random variable B has the beta type 3 distribution with parameters

a; b > 0 (say B @
d
b3ða; bÞ), then its density function is

fBðxÞ ¼ 2a Gðaþ bÞ
GðaÞGðbÞ x

a�1ð1� xÞb�1ð1þ xÞ�ðaþbÞ; 0 < x < 1;

so that its moment function is

E½Bq� ¼
2�bðaÞq
ðaþ bÞq

2F1 b; aþ b; aþ b þ q;
1

2

� �
;

where 2F1 is the Gauss hypergeometric function given as

2F1ða; b; c; zÞ ¼
X
jb0

ðaÞjðbÞj
ðcÞj

z j

j!
:

The integral representation of the Gauss hypergeometric function is expressed

as ([15, Eq. 3.6(1)]),

2F1ða; b; c; zÞ ¼
GðcÞ

GðaÞGðc� aÞ

ð1
0

ta�1ð1� tÞc�a�1ð1� ztÞ�b
dt; ð1Þ

where ReðcÞ > ReðaÞ > 0, jargð1� zÞj < p:

2. Definition and main properties of the Dirichlet type 3 distribution

2.1. The Dirichlet type 3 distribution. Let X1; . . . ;Xnþ1 be nþ 1 independent

random variables with respective gamma distributions gy1 ; . . . ; gynþ1
, and define

Sn ¼
X1Pn

m¼1 Xm þ 2Xnþ1
; . . . ;

XnPn
m¼1 Xm þ 2Xnþ1

� �
:

Then, it is known that (see [2]) Sn :¼ ðS1; . . . ;SnÞ is distributed according to the

Dirichlet type 3 distribution D3
nðyn; ynþ1Þ with parameters yn and ynþ1 on

Ln ¼ 0 < sm < 1; m ¼ 1; . . . ; n;
Xn
m¼1

sm < 1

( )
;
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that is,

Sn @
d
mðdsnÞ ¼ fS1;...;Sn

ðs1; . . . ; snÞ
Yn
m¼1

dsm:

Here, fS1;...;Sn
ðs1; . . . ; snÞ is the joint density function written as

fS1;...;Sn
ðs1; . . . ; snÞ ¼

2T
n

m¼1ymGð
Pnþ1

m¼1 ymÞQnþ1
m¼1 GðymÞ

�
Yn
m¼1

sym�1
m

 !
1�

Xn
m¼1

sm

 !ynþ1�1

1þ
Xn
m¼1

sm

 !�T
nþ1
m¼1ym

: ð2Þ

Alternatively, it is easy to show that the law of Sn :¼ ðS1; . . . ;SnÞ can be

characterized by its joint moment function (qm > �ym; m ¼ 1; . . . ; n)

E
Yn
m¼1

Sqm
m

" #
¼

2�ynþ1
Qn

m¼1ðymÞqm
ð
Pnþ1

m¼1 ymÞT n

m¼1qm

� 2F1 ynþ1;
Xnþ1

m¼1

ym;
Xn
m¼1

ðym þ qmÞ þ ynþ1;
1

2

 !
: ð3Þ

We write Sn @
d
D3

nðyn; ynþ1Þ if Sn has the Dirichlet type 3 distribution with

parameters yn and ynþ1 as stated above. For more details of the Dirichlet type

3 distribution, consult for example [2] and [10].

In Bayesian probability theory, if the posterior distribution is in the same

probability distribution family as the prior probability distribution, the prior

and posterior are then called conjugate distributions, and the prior is called a

conjugate prior for the likelihood function. In our case if

pðx1; . . . ; xn; kjs1; . . . ; snÞ ¼
x1 þ � � � þ xn þ k

x1; . . . ; xn; k

� �
sx11 � � � sxnn 1�

Xn
m¼1

sm

 !k
;

and

pðs1; . . . ; snÞ ¼ C y1; . . . ; yn; ynþ1;
Xnþ1

m¼1

ym

 ! Yn
m¼1

sym�1
m

 !

� 1�
Xn
m¼1

sm

 !ynþ1�1

1þ
Xn
m¼1

sm

 !�T
nþ1
m¼1ym
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¼ 2T
n

m¼1ymGð
Pnþ1

m¼1 ymÞQnþ1
m¼1 GðymÞ

Yn
m¼1

sym�1
m

 !

� 1�
Xn
m¼1

sm

 !ynþ1�1

1þ
Xn
m¼1

sm

 !�T
nþ1
m¼1ym

;

where 0 < sm < 1, m ¼ 1; . . . ; n,
Pn

m¼1 sm < 1, and

½Cðy1; . . . ; yn; ynþ1; aÞ��1 ¼

Qnþ1

m¼1

GðymÞ

Gð
Pnþ1

m¼1 ymÞ
2F1

Xn
m¼1

ym; a;
Xnþ1

m¼1

ym;�1

 !
;

then,

pðs1; . . . ; snjx1; . . . ; xn; kÞ

¼ C y1 þ x1; . . . ; yn þ xn; ynþ1 þ k;
Xnþ1

m¼1

ym

 !

�
Yn
m¼1

symþxm�1
m

 !
1�

Xn
m¼1

sm

 !ynþ1þk�1

1þ
Xn
m¼1

sm

 !�T
nþ1
m¼1ym

:

Thus, the Dirichlet type 3 distribution is conjugate prior for the multinomial

distribution (see [17] for a more general case, when dealing with the multi-

variate Gauss hypergeometric distribution).

It follows from Eq. (2) that ~SS :¼
Pn

m¼1 Sm @
d
b3ð
Pn

m¼1 ym; ynþ1Þ (see [2]).

Note that the marginal distribution of Sm is not a beta type 3 distribution and

it is easy to notice that its density function is written as (with 0 < sm < 1)

fSm
ðsmÞ ¼

2�ynþ1Gð
Pnþ1

m¼1 ymÞ
GðymÞGð

Pnþ1
m¼1 ym � ymÞ

sym�1
m ð1� smÞT

nþ1
m¼1ym�ym�1

� 2F1 ynþ1;
Xnþ1

m¼1

ym;
Xnþ1

l¼1

yl � ym;
1� sm

2

 !
:

Moreover, Eq. (3) allows to obtain some statistical insight into the geomet-

rical average of the variables Sm; m ¼ 1; . . . ; n. Indeed, putting qm ¼ q=n;

m ¼ 1; . . . ; n, the moment function ðq=n > �ym; m ¼ 1; . . . ; nÞ of
Qn

m¼1 S
1=n
m is

expressed by

E
Yn
m¼1

S1=n
m

 !q" #
¼

2�ynþ1
Qn

m¼1ðymÞq=n
ð
Pnþ1

m¼1 ymÞq
2F1 ynþ1;

Xnþ1

m¼1

ym;
Xnþ1

m¼1

ym þ q;
1

2

 !
:
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Departing from this, we infer a result concerning the geometrical average

of the Sm; m ¼ 1; . . . ; n:

Lemma 1. Suppose that Sn @
d
D3

nðyn; ynþ1Þ and that Yn :¼ ðY1; . . . ;YnÞ is a
random vector distributed according to Dirichlet distribution, denoted by DnðynÞ:
Let ~SS :¼

Pn
m¼1 Sm @

d
b3ð
Pn

m¼1 ym; ynþ1Þ be a random variable independent ofQn
m¼1 Y

1=n
m . Then,

Yn
m¼1

S1=n
m ¼d

Yn
m¼1

Y 1=n
m � ~SS:

Proof. Firstly, suppose that Yn :¼ ðY1; . . . ;YnÞ is distributed according to

Dirichlet distribution DnðynÞ, with yn :¼ ðy1; . . . ; ynÞ. Then, its joint moment

function is given by

E
Yn
m¼1

Y qm
m

" #
¼

Qn
m¼1ðymÞqm

ð
Pn

m¼1 ymÞT n

m¼1qm

:

Putting qm ¼ q=n; m ¼ 1; . . . ; n, we have

E
Yn
m¼1

Y 1=n
m

 !q" #
¼
Qn

m¼1ðymÞq=n
ð
Pn

m¼1 ymÞq
:

Then,

E
Yn
m¼1

S1=n
m

 !q" #
¼

2�ynþ1ð
Pn

m¼1 ymÞq
ð
Pnþ1

m¼1 ymÞq

� 2F1 ynþ1;
Xnþ1

m¼1

ym;
Xnþ1

m¼1

ym þ q;
1

2

 !
� E

Yn
m¼1

Y 1=n
m

 !q" #
:

Next, the moment function of ~SS @
d
b3ð
Pn

m¼1 ym; ynþ1Þ is given by

E½ ~SSq� ¼
2�ynþ1ð

Pn
m¼1 ymÞq

ð
Pnþ1

m¼1 ymÞq
2F1 ynþ1;

Xnþ1

m¼1

ym;
Xnþ1

m¼1

ym þ q;
1

2

 !
:

Departing from this, we obtain

E
Yn
m¼1

Y 1=n
m

 !q" #
� E½ ~SSq� ¼ E

Yn
m¼1

S1=n
m

 !q" #
;

and we are done. r
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2.2. The RAM structure of the Dirichlet type 3 distribution. The objective of

this section is to present a fundamental property of the Dirichlet type 3 distri-

bution Sn @
d
D3

nðyn; ynþ1Þ. The idea is to give the residual allocation model

(RAM) representation of a random vector which can be defined as follows in

a general setting (see [20]):

Definition 1. A random vector ðW1; . . . ;WnÞ with values on ð0; 1Þn such

that
Pn

m¼1 Wm ¼ ~WW has a RAM representation if and only if there exist n� 1

independent ð0; 1Þ-valued random variables B1; . . . ;Bn�1 mutually independent

with ~WW , such that W1 ¼ ~WW � B1 and

Wm ¼ ~WW � Bm

Ym�1

k¼1

ð1� BkÞ; m ¼ 2; . . . ; n� 1;

Wn ¼ ~WW �
Yn�1

m¼1

ð1� BmÞ:

Such a model is also called a stick-breaking model and is used in non-

parametric Bayesian statistics (see for instance [13]).

Concerning this, we have the following result:

Theorem 1. Let A1; . . . ;An�1 be ðn� 1Þ independent random variables

with distribution Am @
d
b3ðym;

Pn
l¼1 yl �

Pm
l¼1 ylÞ, m ¼ 1; . . . ; n� 1: Let Bm :¼

2Am=ð1þ AmÞ; m ¼ 1; . . . ; n� 1, and ~SS @
d
b3ð
Pn

m¼1 ym; ynþ1Þ be a random vari-

able independent of ðB1; . . . ;Bn�1Þ. With
Q0

k¼1ð1� BkÞ :¼ 1, define

Sm :¼ ~SS � Bm

Ym�1

k¼1

ð1� BkÞ; m ¼ 1; . . . ; n� 1; ð4Þ

Sn ¼ ~SS �
Xn�1

m¼1

Sm ¼ ~SS �
Yn�1

m¼1

ð1� BmÞ:

Then, Sn @
d
D3

nðyn; ynþ1Þ.

Proof. First, using the independence property,

E
Yn
m¼1

Sqm
m

" #
¼

Yn�1

m¼1

EðBqm
m ð1� BmÞT

n

l¼mþ1ql Þ
" #

E½ ~SST
n

m¼1qm �:

Additionally, it is easy to infer that if Am @
d
b3ðym;

Pn
l¼1 yl �

Pm
l¼1 ylÞ, m ¼

1; . . . ; n, then Bm @
d
b1ðym;

Pn
l¼1 yl �

Pm
l¼1 ylÞ, m ¼ 1; . . . ; n (see for instance

[2]). From this, we can check that
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EðBqm
m ð1� BmÞT

n

l¼mþ1ql Þ ¼
ðymÞqmGð

Pn
l¼1 yl �

Pm�1
l¼1 ylÞ

Gð
Pn

l¼1 yl �
Pm

l¼1 ylÞ

�
Gð
Pn

l¼1 yl �
Pm

l¼1 yl þ
Pn

l¼mþ1 qlÞ
Gð
Pn

l¼1 yl �
Pm�1

l¼1 yl þ
Pn

l¼m qlÞ
:

On the other side, the moment function of ~SS reads

E½ ~SST
n

m¼1qm � ¼ 2�ynþ1Gð
Pnþ1

m¼1 ymÞGð
Pn

m¼1ðym þ qmÞÞ
Gð
Pn

m¼1 ymÞGð
Pn

m¼1ðym þ qmÞ þ ynþ1Þ

� 2F1 ynþ1;
Xnþ1

m¼1

ym;
Xn
m¼1

ðym þ qmÞ þ ynþ1;
1

2

 !
:

Therefore, we obtain

E
Yn
m¼1

Sqm
m

" #
¼

Gð
Pn

m¼1 ymÞ
Qn

m¼1ðymÞqm
Gð
Pn

m¼1ðym þ qmÞÞ

� 2�ynþ1Gð
Pnþ1

m¼1 ymÞGð
Pn

m¼1ðym þ qmÞÞ
Gð
Pn

m¼1 ymÞGð
Pn

m¼1ðym þ qmÞ þ ynþ1Þ

� 2F1 ynþ1;
Xnþ1

m¼1

ym;
Xn
m¼1

ðym þ qmÞ þ ynþ1;
1

2

 !
:

This confirms that Sn @
d
D3

nðyn; ynþ1Þ. r

Remark 1. The variables ~SS � ð1� BkÞ can be interpreted as residual frac-

tions in a stick-breaking scheme: start with a stick of length ~SS < 1. Choose a

point on the stick according to distribution B1
~SS, ‘break’ the stick into two pieces,

discard the piece of length B1
~SS and rescale the remaining half to have length

~SS. Repeating this procedure m times, and (4) is the fraction broken o¤ at step m

relative to the original stick length. Note also that this formula is similar to the

RAM structure obtained for the Dirichlet distribution and appears as an exercise

(without proof) in the book of Devroye [4] on page 585.

2.3. The gamma distribution, Dirichlet type 3 distribution and Dirichlet distri-

bution. In this section, our central focus is upon the scaling property of the

Dirichlet type 3 distribution along with the one of the Dirichlet distribution.

2.3.1. Scaling property of the Dirichlet type 3 distribution. Let X1; . . . ;Xnþ1

be nþ 1 independent gamma random variables with respective gamma
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distributions gy1 ; . . . ; gynþ1
. For x > 0, we define

SnðxÞ :¼
X1ðxÞPn

m¼1 Xm þ 2Xnþ1
; . . . ;

XnðxÞPn
m¼1 Xm þ 2Xnþ1

� �
;

where XmðxÞ ¼ xXm; m ¼ 1; . . . ; n: In this case, the distribution of SnðxÞ :¼
ðSmðxÞ; m ¼ 1; . . . ; nÞ is expressed by (with 0 <

Pn
m¼1 sm < x)

fS1ðxÞ;...;SnðxÞðs1; . . . ; snÞ ¼
2T

n

m¼1ymG
Pnþ1

m¼1

ym

� �

x�1
Qnþ1

m¼1

GðymÞ

Yn
m¼1

sym�1
m

 !

� x�
Xn
m¼1

sm

 !ynþ1�1

xþ
Xn
m¼1

sm

 !�T
nþ1
m¼1ym

: ð5Þ

Let ~XX :¼
Pnþ1

m¼1 Xm be the sum of ðnþ 1Þ independent and identically

distributed gamma random variables gym .

Proposition 1. (i) Let

Snð1Þ :¼
X1Pn

m¼1 Xm þ 2Xnþ1
; . . . ;

XnPn
m¼1 Xm þ 2Xnþ1

� �
:

Then, Snð1Þ and ~XX are independent, and it holds that Snð1Þ @
d
D3

nðyn; ynþ1Þ:
(ii) The scaling property is given by xSm ¼d SmðxÞ, m ¼ 1; . . . ; n:

Proof. (i) Using the independence of Xm, the joint density function of

X1; . . . ;Xnþ1 is expressed by

e�T
nþ1
m¼1xmQnþ1

m¼1 GðymÞ

Ynþ1

m¼1

xym�1
m : ð6Þ

Making the transformation sm ¼ xm=ðxnþ1 þ ~xxÞ; m ¼ 1; . . . ; n, with ~xx ¼Pnþ1
m¼1 xm and the Jacobian

Jðx1; . . . ; xnþ1 ! s1; . . . ; sn; ~xxÞ ¼
ð2~xxÞn

ð1þ
Pn

m¼1 smÞ
nþ1

;

in Eq. (6), the joint density function of S1; . . . ;Sn; ~XX is given by

e�~xx~xxT
nþ1
m¼1ym�1 � 2T

n

m¼1ymQnþ1
m¼1 GðymÞ

Yn
m¼1

sym�1
m

 !

� 1�
Xn
m¼1

sm

 !ynþ1�1

1þ
Xn
m¼1

sm

 !�T
nþ1
m¼1ym

:
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Consequently,

Snð1Þ ¼
X1Pn

m¼1 Xm þ 2Xnþ1
; . . . ;

XnPn
m¼1 Xm þ 2Xnþ1

� �

and ~XX are independent. The first statement follows.

(ii) It follows that

xSm ¼d xSmð1Þ ¼ SmðxÞ; m ¼ 1; . . . ; n: r

2.3.2. Scaling property of Dirichlet distribution from the Dirichlet type 3

distribution. In this section, we address the following question raised in the

previous section: what is the scaling property of the Dirichlet distribution using

the Dirichlet type 3 distribution? Note that we can find the same result if we

use the gamma distribution.

It is known that the Dirichlet distribution Yn :¼ ðY1; . . . ;YnÞ @
d
DnðynÞ,

can be generated by Ym ¼ Xm=X, where X :¼
Pn

m¼1 Xm is the sum of n inde-

pendent gammaðymÞ distributed random variables. From this, its joint density

function is written as

fY1;...;Yn
ðy1; . . . ; ynÞ ¼

Gð
Pn

m¼1 ymÞQn
m¼1 GðymÞ

Yn
m¼1

yym�1
m � dðT n

m¼1ym¼1Þ:

We will define Yn @
d
DnðynÞ on Xn and Yn�1 @

d
Dn�1ðyn�1; ynÞ on Ln�1 where

Xn ¼ ðy1; . . . ; ynÞ A ð0; 1Þn :
Xn
m¼1

ym ¼ 1

( )
;

Ln�1 ¼ ðy1; . . . ; yn�1Þ A ð0; 1Þn�1 :
Xn�1

m¼1

ym < 1

( )
:

It should be noticed that if Yn�1 ¼ ðY1; . . . ;Yn�1Þ @
d
Dn�1ðyn�1; ynÞ and Yn ¼

1�
Pn�1

m¼1 Ym, then Yn ¼ ðY1; . . . ;YnÞ @
d
DnðynÞ.

More generally, we consider YnðxÞ :¼ ðX1ðxÞ=X; . . . ;XnðxÞ=XÞ, where

XmðxÞ ¼ xXm; m ¼ 1; . . . ; n and x > 0. Then, the distribution of YnðxÞ :¼
ðYmðxÞ; m ¼ 1; . . . ; nÞ is found to be

fY1ðxÞ;...;YnðxÞðy1; . . . ; ynÞ ¼
Gð
Pn

m¼1 ymÞQn
m¼1 GðymÞ

Qn
m¼1 y

ym�1
m

xT
n

m¼1ym�1
� dðTn

m¼1ym¼xÞ: ð7Þ

Furthermore, we obtain the following result:

Proposition 2. (i) With ~SS ¼
Pn

m¼1 Sm, let Sn @
d
D3

nðyn; ynþ1Þ be the

Dirichlet type 3 distribution. Consider the Dirichlet distribution Yn�1 @
d
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Dn�1ðyn�1; ynÞ. Then, it can also be defined conditionally as

Yn�1 ¼
d S1

~SS
; . . . ;

Sn�1

~SS

���� ~SS ¼ s

� �
; 0 < s < 1:

(ii) The scaling property of the Dirichlet distribution is given by

xYm ¼d YmðxÞ, m ¼ 1; . . . ; n� 1.

Proof. (i) Recall that the Dirichlet distribution Yn�1 @
d
Dn�1ðyn�1; ynÞ is

defined by

fY1;...;Yn�1
ðy1; . . . ; yn�1Þ

¼ Gð
Pn

m¼1 ymÞQn
m¼1 GðymÞ

Yn�1

m¼1

yym�1
m

 !
1�

Xn�1

m¼1

ym

 !yn�1

� dðTn�1
m¼1ym<1Þ:

Additionally, making the transformation sm ¼ ym � ~ss; m ¼ 1; . . . ; n� 1 with

~ss ¼
Pn

m¼1 sm and the Jacobian

Jðs1; . . . ; sn ! y1; . . . ; yn�1; ~ssÞ ¼ ~ssn�1

in Eq. (2), the joint density function of Y1; . . . ;Yn�1; ~SS is expressed by

2T
n

m¼1ymGð
Pnþ1

m¼1 ymÞQnþ1
m¼1 GðymÞ

sT
n

m¼1ym�1ð1� sÞynþ1�1ð1þ sÞ�T
nþ1
m¼1ym

�
Yn�1

m¼1

yym�1
m

 !
1�

Xn�1

m¼1

ym

 !yn�1

� dðT n�1
m¼1ym<1Þ:

Therefore, Yn�1 ¼ ðS1= ~SS; . . . ;Sn�1= ~SSÞ and ~SS are independent. Consequently,

the density of ðS1= ~SS; . . . ;Sn�1= ~SSÞ conditioned to ~SS ¼ s is written as

f
~SS¼s
S1= ~SS;...;Sn�1= ~SS

ðs1; . . . ; sn�1Þ ¼
Gð
Pn

m¼1 ymÞQn
m¼1 GðymÞ

Yn�1

m¼1

sym�1
m

� 1�
Xn�1

m¼1

sm

 !yn�1

� dðT n�1
m¼1sm<1Þ;

and so we conclude that

Yn�1 ¼
d S1

~SS
; . . . ;

Sn�1

~SS

���� ~SS ¼ s

� �
; 0 < s < 1:
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(ii) For x > 0, we define

Yn�1ðxÞ :¼
xS1

~SS
; . . . ;

xSn�1

~SS

� �
:

In this case, the distribution of Yn�1ðxÞ :¼ ðYmðxÞ; m ¼ 1; . . . ; n� 1Þ is given

by

fY1ðxÞ;...;Yn�1ðxÞðy1; . . . ; yn�1Þ

¼ Gð
Pn

m¼1 ymÞQn
m¼1 GðymÞ

�
Qn�1

m¼1 y
ym�1
m ðx�

Pn�1
m¼1 ymÞ

yn�1

xT
n

m¼1ym�1
� dðTn�1

m¼1ym<xÞ:

One can check that

xS1

~SS
; . . . ;

xSn�1

~SS

���� x ~SS ¼ xs

� �
¼d Yn�1ðxÞ:

Thus, we obtain the scaling property xYm ¼d YmðxÞ, m ¼ 1; . . . ; n� 1. r

2.4. A constructive formula for computing with Dirichlet type 3. The core

result of this paper is displayed in this section. Our main objective is to

elaborate a formula which allows to compute many functionals of Dirichlet

type 3 distributions in terms of simpler functionals of independent gamma

random variables. At this stage of analysis, we need the following definition:

Definition 2. Let sn :¼ ðs1; . . . ; snÞ A Rn and f : Rn ! R. If f ðxsnÞ ¼
xdf ðsnÞ for x > 0, then f is said to be homogeneous of degree d.

In addition, the following result which allows to compute many functionals

of Dirichlet distributions in terms of simpler functionals of independent gamma

random variables should be required (see [12]).

Theorem 2. Consider the Dirichlet distribution Yn @
d
DnðynÞ. Let

f : Rn ! R be any Borel-measurable function for whichðy
0

Eðj f ðYnðxÞÞjÞxT
n

m¼1ym�1e�yx dx < y:

Then, with XnðyÞ :¼ ðXmðyÞ; m ¼ 1; . . . ; nÞ, n independent random variables

defined by XmðyÞ ¼ ð1=yÞXm, y > 0, m ¼ 1; . . . ; n, where Xm @
d
gym , we have

ðy
0

Eð f ðYnðxÞÞÞxT
n

m¼1ym�1e�yx dx ¼ G
Xn
m¼1

ym

 !
y�T

n

m¼1ymEð f ðXnðyÞÞÞ: ð8Þ

Consequently, one has
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Theorem 3. Consider the Dirichlet type 3 distribution Sn @
d
D3

nðyn; ynþ1Þ.
(i) With 0 < s < 1, let Xnðy=ð1� sÞÞ ¼ ðXmðy=ð1� sÞÞ;m ¼ 1; . . . ; nÞ, be n in-

dependent random variables defined as above in Theorem 2. Then, for p > 0

and a Borel-measurable function f : Rn ! R satisfying

ð 1
0

E f Xn
y

1� s

� �� �����
����

� �

� synþ1�1ð1� sÞT
n

m¼1ym�1 1� s

2

� ��T
nþ1
m¼1ym

ds < y;

one has

Eð f ðSnðpÞÞÞ ¼
2�ynþ1Gð

Pnþ1
m¼1 ymÞ

pT
n

m¼1ym�1Gðynþ1Þ

� 1

2pi

ð
L

epyy�T
n

m¼1ym

ð1
0

E f Xn

y

1� s

� �� �� �

� synþ1�1ð1� sÞT
n

m¼1ym�1 1� s

2

� ��T
nþ1
m¼1ym

dsdy; ð9Þ

where L denotes any path in the complex t-plane originating at �y encircling in

the positive direction all finite singularities of the integrand and returning to �y.

(ii) If f is homogeneous of degree d, and if Eðj f ðXnÞjÞ < y, then, with

Xn :¼ ðX1; . . . ;XnÞ,

Eð f ðSnÞÞ ¼
2�ynþ1

ð
Pnþ1

m¼1 ymÞd
2F1 ynþ1;

Xnþ1

m¼1

ym;
Xnþ1

m¼1

ym þ d;
1

2

 !
Eð f ðXnÞÞ: ð10Þ

Proof. (i) Firstly, using the scaling property pSm ¼d SmðpÞ, m ¼ 1; . . . ; n,

one can check that SnðpÞ ¼ ðS1ðpÞ; . . . ;SnðpÞÞ given p ~SS :¼
Pn

m¼1 SmðpÞ ¼ x has

the same distribution as YnðxÞ: Indeed, the density of SnðpÞ conditioned to

p ~SS ¼ x is expressed as

f
p ~SS¼x

S1ðpÞ;...;SnðpÞðs1; . . . ; snÞ ¼
fpS1;...;pSn

ðs1; . . . ; snÞ
fp ~SSðxÞ

� dðT n

m¼1sm¼xÞ: ð11Þ

It is easy to see that the density of p ~SS is given by

fp ~SSðxÞ ¼
2T

n

m¼1ymGð
Pnþ1

m¼1 ymÞp
Gð
Pn

m¼1 ymÞGðynþ1Þ

� xT
n

m¼1ym�1ðp� xÞynþ1�1ðpþ xÞ�T
nþ1
m¼1ym ; 0 < x < p:
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Along with Eq. (2), we deduce that Eq. (11) can be written as

f
p ~SS¼x

S1ðpÞ;...;SnðpÞðs1; . . . ; snÞ ¼
Gð
Pn

m¼1 ymÞQn
m¼1 GðymÞ

Qn
m¼1 s

ym�1
m

xT
n

m¼1ym�1
� dðT n

m¼1sm¼xÞ;

which coincides with Eq. (7). Therefore, we obtain YnðxÞ ¼
d ðSnðpÞ j p ~SS ¼ xÞ

for 0 < x < p.

Hence, with f as in the statement of Theorem 3, we find

Eð f ðYnðxÞÞÞ ¼ Eð f ðSnðpÞ j p ~SS ¼ xÞÞ:

Multiplying both sides of this identity by the density of p ~SS and integrating with

respect to dx yield

Eð f ðSnðpÞÞÞ ¼
2T

n

m¼1ymGð
Pnþ1

m¼1 ymÞp
Gð
Pn

m¼1 ymÞGðynþ1Þ

�
ð p
0

Eð f ðYnðxÞÞÞ
ðp� xÞynþ1�1ðpþ xÞ�T

nþ1
m¼1ym

x�ðT n

m¼1ym�1Þ dx:

After the change of variable x ¼ pu, we get

Eð f ðSnðpÞÞÞ ¼
2T

n

m¼1ymGð
Pnþ1

m¼1 ymÞ
Gð
Pn

m¼1 ymÞGðynþ1Þ

�
ð 1
0

Eð f ðYnðpuÞÞÞ
ð1� uÞynþ1�1ð1þ uÞ�T

nþ1
m¼1ym

u�ðT n

m¼1ym�1Þ du:

Multiplying both sides of this identity by pT
n

m¼1ym�1e�py and integrating them

with respect to dp yieldðy
0

Eð f ðSnðpÞÞÞpT
n

m¼1ym�1e�py dp ¼ 2T
n

m¼1ymGð
Pnþ1

m¼1 ymÞ
Gð
Pn

m¼1 ymÞGðynþ1Þ

�
ð1
0

uT
n

m¼1ym�1ð1� uÞynþ1�1ð1þ uÞ�T
nþ1
m¼1ym

�
ðy
0

Eð f ðYnðpuÞÞÞpT
n

m¼1ym�1e�py dpdu: ð12Þ

Furthermore, from Theorem 2 and after a change of variable x ¼ up, Eq. (8)

becomes ðy
0

Eð f ðYnðpuÞÞÞpT
n

m¼1ym�1e�py dp

¼ G
Xn
m¼1

ym

 !
y�T

n

m¼1ymE f Xn

y

u

� �� �� �
:
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Substituting this identity into Eq. (12) givesðy
0

Eð f ðSnðpÞÞÞpT
n

m¼1ym�1e�py dp

¼ 2T
n

m¼1ymGð
Pnþ1

m¼1 ymÞy�T
n

m¼1ym

Gðynþ1Þ

�
ð1
0

E f Xn

y

u

� �� �� �
uT

n

m¼1ym�1ð1� uÞynþ1�1ð1þ uÞ�T
nþ1
m¼1ymdu:

Making the change of variable s ¼ 1� u A ð0; 1Þ, we obtainðy
0

Eð f ðSnðpÞÞÞpT
n

m¼1ym�1e�py dp

¼ 2�ynþ1Gð
Pnþ1

m¼1 ymÞy�T
n

m¼1ym

Gðynþ1Þ

�
ð1
0

E f Xn

y

1� s

� �� �� �
synþ1�1ð1� sÞT

n

m¼1ym�1 1� s

2

� ��T
nþ1
m¼1ym

ds:

It is clear that
Ðy
0 Eð f ðSnðpÞÞÞpT

n

m¼1ym�1e�py dp is the Laplace transform in the

variable p of Eð f ðSnðpÞÞÞpT
n

m¼1ym�1. By inverting this Laplace transform, the

result follows.

(ii) Recall that SmðpÞ ¼
d
pSm and Xmðy=ð1� sÞÞ ¼ ðð1� sÞ=yÞXm. Using

the fact that f is homogeneous of degree d, Eq. (9) becomes

Eð f ðSnÞÞ ¼ Eð f ðXnÞÞ
2�ynþ1Gð

Pnþ1
m¼1 ymÞ

Gðynþ1Þpdþ
Pn

m¼1
ym�1

� 1

2pi

ð
L

epyy�ðT n

m¼1ymþdÞ

�
ð1
0

synþ1�1ð1� sÞdþ
Pn

m¼1
ym�1 1� s

2

� ��T
nþ1
m¼1ym

dsdy:

Finally, using Eq. (1) and the fact that

1

2pi

ð
L

epyy�k dy ¼ pk�1

GðkÞ ; ð13Þ

we get the desired result. r

There are some direct applications of Theorem 3.

1. The importance of the statement (i) of Theorem 3 can be detected

when used to compute the characteristic function of the Dirichlet type 3 distri-

bution which is an important statistical quantity that was not given until today
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unlike the one given for the Dirichlet distribution and for the Dirichlet inverse

distribution (or Dirichlet type 2 distribution).

Let f ðS1; . . . ;SnÞ ¼
Qn

m¼1 e
itmSm ¼ eiT

n

m¼1tmSm . Then, Eð f ðS1; . . . ;SnÞÞ is the
characteristic function of the Dirichlet type 3 distribution. Using the indepen-

dence of XmðyÞ; m ¼ 1; . . . ; n, we obtain

E
Yn
m¼1

eitmXmðy=ð1�sÞÞ

 !
¼
Yn
m¼1

Eðeitmðð1�sÞ=yÞXmÞ ¼
Yn
m¼1

1� itm
ð1� sÞ

y

� ��ym

:

Applying the statement (i) of Theorem 3, we observe that

ð1
0

E f Xn

y

1� s

� �� �� �
synþ1�1ð1� sÞT

n

m¼1ym�1 1� s

2

� ��T
nþ1
m¼1ym

ds

is equal to

ð1
0

Yn
m¼1

1� itm
ð1� sÞ

y

� ��ym

synþ1�1ð1� sÞT
n

m¼1ym�1 1� s

2

� ��T
nþ1
m¼1ym

ds

¼
X

k1b0;...;knb0

Yn
m¼1

ðymÞkm
km!

itm

y

� �km

�
ð 1
0

synþ1�1ð1� sÞT
n

m¼1ðymþkmÞ�1 1� s

2

� ��T
nþ1
m¼1ym

ds

¼
X

k1b0;...;knb0

Yn
m¼1

ðymÞkm
km!

itm

y

� �km !
Gðynþ1ÞGð

Pn
m¼1ðym þ kmÞÞ

Gð
Pnþ1

m¼1 ym þ
Pn

m¼1 kmÞ

� 2F1 ynþ1;
Xnþ1

m¼1

ym;
Xnþ1

m¼1

ym þ
Xn
m¼1

km;
1

2

 !
:

Therefore,

EðeipT
n

m¼1tmSmÞ

¼ 2�ynþ1

pT
n

m¼1ym�1

X
k1b0;...;knb0

Yn
m¼1

ðymÞkm
km!

ðitmÞkm
 !

Gð
Pn

m¼1ðym þ kmÞÞ
ð
Pnþ1

m¼1 ymÞTn

m¼1km

� 2F1 ynþ1;
Xnþ1

m¼1

ym;
Xnþ1

m¼1

ym þ
Xn
m¼1

km;
1

2

 !
� 1

2pi

ð
L

epyy�T
n

m¼1ðymþkmÞ dy:

Using Eq. (13) and putting p ¼ 1, the above expression can be rewritten

as
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EðeiT
n

m¼1tmSmÞ ¼ 2�ynþ1

X
k1b0;...;knb0

Yn
m¼1

ðymÞkm
km!

ðitmÞkm

ð
Pnþ1

m¼1 ymÞT n

m¼1km

� 2F1 ynþ1;
Xnþ1

m¼1

ym;
Xnþ1

m¼1

ym þ
Xn
m¼1

km;
1

2

 !
:

2. From part (ii) of Theorem 3, any homogeneous functional of Dirichlet

type 3 distribution can be directly computed from the simpler one of inde-

pendent gamma variables, each with parameter ym, leading to considerable

simplification.
� Considering the function f ðS1; . . . ;SnÞ ¼

Qn
m¼1 S

qm
m , we obtain that f is

homogeneous of degree d ¼
Pn

m¼1 qm. Application of (ii) to this functional

provides Eq. (3).
� If we consider the function f ðS1; . . . ;SnÞ ¼ ð

Pn
m¼1 SmÞq, we observe that

f is homogeneous of degree d ¼ q. Applying part (ii) of Theorem 3 to this

particular case provides

E
Xn
m¼1

Sm

 !q" #
¼

2�ynþ1ð
Pn

m¼1 ymÞq
ð
Pnþ1

m¼1 ymÞq
2F1 ynþ1;

Xnþ1

m¼1

ym;
Xnþ1

m¼1

ym þ q;
1

2

 !
;

demonstrating that
Pn

m¼1 Sm @
d
b3ð
Pn

m¼1 ym; ynþ1Þ.
� Consider the random variables

~SSm :¼ Sm

�Xn
l¼1

Sl ; m ¼ 1; . . . ; k < n:

They constitute a partition of the unit interval. This is the Dirichlet distribu-

tion and

ð ~SSm;m ¼ 1; . . . ; kÞ @d Dk y1; . . . ; yk;
Xn

m¼kþ1

ym

 !
;

ð ~SSm;m ¼ 1; . . . ; kÞ and
Xn
m¼1

Sm are independent:

To prove this, we observe that f ðS1; . . . ;SnÞ :¼ ð
Pn

m¼1 SmÞq0
Qk

m¼1
~SSqm
m is homo-

geneous with degree q0, resulting in

Eð f ðS1; . . . ;SnÞÞ ¼
2�ynþ1

ð
Pnþ1

m¼1 ymÞq0
2F1 ynþ1;

Xnþ1

m¼1

ym;
Xnþ1

m¼1

ym þ q0;
1

2

 !

� E
Xn
m¼1

Xm

 !q0Yk
m¼1

~XX qm
m

" #
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¼
2�ynþ1ð

Pn
m¼1 ymÞq0

ð
Pnþ1

m¼1 ymÞq0
2F1 ynþ1;

Xnþ1

m¼1

ym;
Xnþ1

m¼1

ym þ q0;
1

2

 !

�
Qk

m¼1ðymÞqm
ð
Pn

m¼1 ymÞTk

m¼1qm

because ~XXm :¼ Xm=
Pn

l¼1 Xl , Xm @
d
gym , m ¼ 1; . . . ; k are independent ofPn

m¼1 Xm and ð ~XXm;m ¼ 1; . . . ; kÞ @d Dkðy1; . . . ; yk;
Pn

m¼kþ1 ymÞ.
� The distribution of the partition function

Pn
m¼1 S

a
m is sometimes of

interest. In particular, its mean value Eð
Pn

m¼1 S
a
mÞ, as well as its full moment

function Eðð
Pn

m¼1 S
a
mÞ

lÞ with l A N, is worth being considered. For general

partitions, these quantities are hardly computable. Nevertheless, when con-

sidering the Dirichlet type 3 distribution, significant simplifications are expected

since the spacing functional

f ðS1; . . . ;SnÞ ¼
Xn
m¼1

S a
m

 !l

;

which corresponds to quasi-arithmetic or Kolmogorov–Nagumo mean for

a ¼ 1=l, is homogeneous of degree d ¼ al and so,

E
Xn
m¼1

S a
m

 !l0
@

1
A

¼ 2�ynþ1

ð
Pnþ1

m¼1 ymÞal
2F1 ynþ1;

Xnþ1

m¼1

ym;
Xnþ1

m¼1

ym þ al;
1

2

 !
E

Xn
m¼1

X a
m

 !l0
@

1
A:

Since

E
Xn
m¼1

X a
m

 !l0
@

1
A¼

X
l1;...;lnb0
T

n

m¼1lm¼l

l!Qn
m¼1 lm!

E
Yn
m¼1

X alm
m

 !
;

we have

E
Xn
m¼1

S a
m

 !l
0
@

1
A¼ 2�ynþ1

ð
Pnþ1

m¼1 ymÞal
2F1 ynþ1;

Xnþ1

m¼1

ym;
Xnþ1

m¼1

ym þ al;
1

2

 !

�
X

l1;...;lnb0
T

n

m¼1lm¼l

l!Qn
m¼1 lm!

Yn
m¼1

ðymÞalm : ð14Þ
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3. The Gibbs version of the Dirichlet type 3 distribution including selection

In this section, we shall consider that Sn ¼ ðS1; . . . ;SnÞ is distributed

according to the Dirichlet type 3 distribution in the symmetric case (i.e.,

when y1 ¼ � � � ¼ yn ¼ ynþ1 ¼ y) on the simplex Ln, that is to say,

Sn @
d
mðdsnÞ ¼

2nyGððnþ 1ÞyÞ
GðyÞnþ1

1�
Xn
m¼1

sm

 !y�1

� 1þ
Xn
m¼1

sm

 !�ðnþ1Þy

�
Yn
m¼1

ðsy�1
m dsmÞ:

Let s A R be a ‘‘selection’’ parameter. For a > 1, consider the Dirichlet

type 3 distribution for Sn;s :¼ ðS1;s; . . . ;Sn;sÞ on the simplex Ln with selection,

namely,

Sn;s @
d
msðdsnÞ ¼

e�sfaðsnÞ

ZnðsÞ
mðdsnÞ; ð15Þ

where faðsnÞ :¼
Pn

m¼1 s
a
m and

ZnðsÞ :¼ Eðe�sfaðSnÞÞ ¼
ð
Ln

e�sT
n

m¼1s
a
mmðdsnÞ; with Znð0Þ ¼ 1

is the partition function of the Gibbs measure ms with m0 ¼ m. Moreover, for

all non negative measurable function h on the simplex Ln, one can check that

EsðhðSn;sÞÞ ¼
ð
Ln

hðsnÞmsðdsnÞ ¼
1

ZnðsÞ
Eðe�sfaðSnÞhðSnÞÞ:

The function faðsnÞ :¼
Pn

m¼1 s
a
m, a > 0 that appears in this part is of great

interest in the population genetics, and it is called population homozygosity

(the case a ¼ 2 is mostly considered). For more details, see for example [5],

[7], [8], [11] and [14].

Let us now investigate some properties of the Dirichlet type 3 distribution

with selection model as defined by Eq. (15). We see that

dms
dm

ðsnÞ ¼
e�sfaðsnÞ

ZnðsÞ

is the Radon-Nykodym derivative (or likelihood ratio) for the measure under

selection with respect to the measure under neutrality.

Next, the log-likelihood ratio under selection

KsðSn;sÞ :¼ �log dms=dmðSn;sÞ
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reads

KsðSn;sÞ ¼ sfaðSn;sÞ � FnðsÞ;

where FnðsÞ :¼ �log ZnðsÞ is pressure. In addition, the Shannon entropy

of Dirichlet type 3 distribution including selection EsðKsðSn;sÞÞ is expressed

by

EsðKsðSn;sÞÞ ¼ sEsðfaðSn;sÞÞ � FnðsÞ ¼ sF 0
nðsÞ � FnðsÞ:

Now, if we take the log-likelihood ratio under the neutral model ðs ¼ 0Þ

KsðSnÞ :¼ �log dms=dmðSnÞ;

then we get

Proposition 3. The expectation of KsðSnÞ is given by

EðKsðSnÞÞ ¼
2�ysðyÞna
ððnþ 1ÞyÞa

2F1 y; ðnþ 1Þy; ðnþ 1Þyþ a;
1

2

� �
� FnðsÞ:

Proof. We have

EðKsðSnÞÞ ¼ sE
Xn
m¼1

S a
m

 !
� FnðsÞ:

Using Eq. (14) for ym ¼ ynþ1 ¼ y and for l ¼ 1, the result follows. r

The Bell polynomials (see [3], pages 144–147, Tome 1) in the variables

ðx1; x2; . . .Þ are defined by

Bl; lðx1; x2; . . .Þ ¼
X l!Ql

i¼1 i!
aiai!

Yl
i¼1

xai
i ;

where the summation runs over the integers ai b 0, i ¼ 1; . . . ; l satisfyingPl
i¼1 iai ¼ l and

Pl
i¼1 ai ¼ l.

We now would like to compute the partition function ZnðsÞ.

Theorem 4. Let ðyÞa� :¼ ðyÞa; ðyÞ2a; . . . ; ðyÞna; . . . . Then, it follows that

ZnðsÞ ¼ 1þ
X
lb1

ðnÞl
X
lbl

ð�sÞl

l!

2�yBl; lððyÞa�Þ
ððnþ 1ÞyÞal

� 2F1 y; ðnþ 1Þy; ðnþ 1Þyþ al;
1

2

� �
;

where Bl; lððyÞa�Þ is a Bell polynomial in the variable ðyÞa�.
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Proof. By expanding the exponential function, we find that

ZnðsÞ ¼ Eðe�sT
n

m¼1S
a
mÞ ¼ 1þ

X
lb1

ð�sÞl

l!
E

Xn
m¼1

S a
m

 !l0
@

1
A:

Since ð
Pn

m¼1 S
a
mÞ

l is homogeneous with degree d ¼ al, we use Eq. (14) (with

ym ¼ ynþ1 ¼ y), to obtain

E
Xn
m¼1

S a
m

 !l0
@

1
A¼ 2�yPl;nððyÞa�Þ

ððnþ 1ÞyÞal
2F1 y; ðnþ 1Þy; ðnþ 1Þyþ al;

1

2

� �
;

where

Pl;nððyÞa�Þ :¼
X

l1;...;lnb0
T

n

m¼1lm¼l

l!Qn
m¼1 lm!

Yn
m¼1

ðyÞalm

is a potential polynomial. One can check that

1þ
X
lb1

ðyÞal
tl

l!

 !n
¼ 1þ

X
lb1

Pl;nððyÞa�Þ
tl

l!
;

which identifies Pl;nððyÞa�Þ to a potential polynomial in the variables

ðyÞa�.
As a consequence of the Faa di Bruno formula (see [3], page 152), with

monomials xi to be taken with xi ¼ ðyÞia, we have

Pl;nððyÞa�Þ ¼
Xl
l¼1

ðnÞlBl; lððyÞa�Þ:

Thus,

ZnðsÞ ¼ 1þ
X
lb1

ðnÞl
X
lbl

ð�sÞl

l!

2�yBl; lððyÞa�Þ
ððnþ 1ÞyÞal

� 2F1 y; ðnþ 1Þy; ðnþ 1Þyþ al;
1

2

� �
: r

Finally, we shed light on the moment function Es½ð
Qn

m¼1 S
1=n
m;sÞq� of the

geometrical average of Sn;s :¼ ðS1;s; . . . ;Sn;sÞ. One gets

Theorem 5. Let ðyþ q=nÞa� :¼ ðyþ q=nÞa; ðyþ q=nÞ2a; . . . ; ðyþ q=nÞna; . . . .
The moment function of

Qn
m¼1 S

1=n
m;s is expressed by
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Es

Yn
m¼1

S1=n
m;s

 !q" #
¼

2�yððyÞq=nÞ
n

ZnðsÞððnþ 1ÞyÞq

"
2F1 y; ðnþ 1Þy; ðnþ 1Þyþ q;

1

2

� �

þ
X
lb1

ðnÞl
X
lbl

ð�sÞl

l!

Gððnþ 1Þyþ qÞ
Gððnþ 1Þyþ alþ qÞ

� 2F1 y; ðnþ 1Þy; ðnþ 1Þyþ alþ q;
1

2

� �
� Bl; lððyþ q=nÞa�Þ

#
;

where ZnðsÞ is given in Theorem 4.

Proof. We need to compute

Es

Yn
m¼1

S1=n
m;s

 !q" #
¼ Eðe�sfaðSnÞQn

m¼1 S
q=n
m Þ

ZnðsÞ
:

Since the denominator is under control, it remains to examine the numerator

Eðe�sfaðSnÞQn
m¼1 S

q=n
m Þ: The function f ðS1; . . . ;SnÞ ¼ ð

Pn
m¼1 S

a
mÞ

lQn
m¼1 S

q=n
m is

homogeneous of degree d ¼ alþ q and the statement (ii) of the Theorem 3 for

ym ¼ ynþ1 ¼ y gives

E e�sfaðSnÞ
Yn
m¼1

Sq=n
m

 !

¼ E
Yn
m¼1

Sq=n
m

 !
þ
X
lb1

ð�sÞl

l!

2�y

ððnþ 1ÞyÞalþq

� 2F1 y; ðnþ 1Þy; ðnþ 1Þyþ alþ q;
1

2

� �
E

Xn
m¼1

X a
m

 !lYn
m¼1

X q=n
m

0
@

1
A;

where ðXm; m ¼ 1; . . . ; nÞ are independent random variables with Xm @
d
gy.

Thus,

E
Xn
m¼1

X a
m

 !lYn
m¼1

X q=n
m

0
@

1
A ¼

X
l1;...;lnb0
T

n

m¼1lm¼l

l!Qn
m¼1 lm!

E
Yn
m¼1

X almþq=n
m

 !

¼
X

l1;...;lnb0
T

n

m¼1lm¼l

l!Qn
m¼1 lm!

Yn
m¼1

ðyÞalmþq=n

¼ ððyÞq=nÞ
n � Pl;nððyþ q=nÞa�Þ;
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where

Pl;nððyþ q=nÞa�Þ :¼
X

l1;...;lnb0
T

n

m¼1lm¼l

l!Qn
m¼1 lm!

Yn
m¼1

ðyþ q=nÞalm ;

and ðyþ q=nÞa� :¼ ðyþ q=nÞa; ðyþ q=nÞ2a; . . . ; ðyþ q=nÞna; . . . .
Now, one can check that

1þ
X
lb1

ðyþ q=nÞaltl=l!
 !n

¼ 1þ
X
lb1

Pl;nððyþ q=nÞa�Þtl=l!;

identifying Pl;nððyþ q=nÞa�Þ to a potential polynomial in the variables

ðyþ q=nÞa�:
Finally, we get

E e�sfaðSnÞ
Yn
m¼1

Sq=n
m

 !

¼
2�yððyÞq=nÞ

n

ððnþ 1ÞyÞq

"
2F1 y; ðnþ 1Þy; ðnþ 1Þyþ q;

1

2

� �

þ
X
lb1

ðnÞl
X
lbl

ð�sÞl

l!

Gððnþ 1Þyþ qÞ
Gððnþ 1Þyþ alþ qÞ

� 2F1 y; ðnþ 1Þy; ðnþ 1Þyþ alþ q;
1

2

� �
� Bl; lððyþ q=nÞa�Þ

#
:

Normalizing by ZnðsÞ whose expression is provided by Theorem 4, yields the

desired result. r

4. Real data application

To corroborate the performance of the Dirichlet type 3 distribution, we

present a concrete example. In many cases, biologists are interested in explor-

ing proportions because of practical di‰culties in measuring actual numbers.

We consider the data of blood serum proportions (pre-albumin, albumin and

glubulin) in 3-week-old white Pekin ducklings. We use 23 sets of data, such

that each set corresponds to a di¤erent diet. The measurements of the blood

serum proportions are displayed in [16].

Let Xm be a random variable whose value is proportional to the particular

type of blood serum level. Then, Sm ¼ Xm=ð
P2

l¼1 Xl þ 2X3Þ corresponds to the

proportions. Besides, we suppose that Xm can be thought of as being inde-
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pendent of each other and
P2

l¼1 Xl þ 2X3. Therefore, the vector S2 ¼ ðS1;S2Þ
would follow the Dirichlet type 3 distribution with parameters y1, y2 and y3:

These unknown parameters are estimated by using the maximum likelihood

method, and by implementing Fisher scoring method (see [18] and [22]). The

estimated values of parameters and their corresponding variance-covariance

matrix are outlined in Table 1.
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