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Abstract. In this paper, we give a formula for the number of rational points on

the Dwork hypersurfaces of degree six over finite fields by using Greene’s finite-field

hypergeometric function, which is a generalization of Goodson’s formula for the Dwork

hypersurfaces of degree four. Our formula is also a higher-dimensional and a finite

field analogue of Matsumoto-Terasoma-Yamazaki’s formula. Furthermore, we also

explain the relation between our formula and Miyatani’s formula.

1. Introduction

It is an interesting problem to express the number of rational points on

certain varieties over finite fields by using finite-field hypergeometric functions.

Finite-field hypergeometric functions were introduced independently by Greene

[8], Katz [14], Koblitz [3] and McCarthy [4]. For example, in [5], McCarthy

gave a formula for the Dwork hypersurfaces over finite fields by using his

hypergeometric functions. In [15], Salerno gave a formula for diagonal hyper-

surfaces, which are generalizations of the Dwork hypersurfaces, by using Katz’s

hypergeometric functions.

In [1, Theorem 1.1], Goodson gave a formula for the number of ra-

tional points on the Dwork hypersurfaces of degree four over finite fields by

using Greene’s hypergeometric functions and Jacobi sums. Furthermore, in

[2, Theorem 1.2], she also gave a similar formula in the case of odd degrees

by Greene’s hypergeometric functions and Gauss sums. The purpose of this

paper is to extend Goodson’s result to the Dwork hypersurfaces of degree

six. We give the formula by using Greene’s hypergeometric functions and

Jacobi sums. The formula in [1, Theorem 1.1] and our formula are higher-

dimensional and finite field analogues of the formula of Matsumoto-Terasoma-

Yamazaki [9, Theorem 1], for the complex periods of a Hesse cubic curve, that

is, the Dwork hypersurface of degree three. (For more details, see Remark 5.)
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Now, we explain our formula precisely. First, we recall Goodson’s

results. Let Fq be the finite field with q ¼ pe elements, where p is a prime

number. Let d be a positive integer. For l A Fq, we define the Dwork

hypersurface X d
l by the projective equation

xd
1 þ xd

2 þ � � � þ xd
d ¼ dlx1x2 � � � xd

over Fq. Let F̂F�
q be the group of characters on F�

q in C�. For a character

w A F̂F�
q , we extend it by putting wð0Þ ¼ 0. We define the trivial character

� A F̂F�
q by putting �ðxÞ ¼ 1 for any x A F�

q and extend it by putting �ð0Þ ¼ 0.

Then for w A F̂F�
q , we define the Gauss sum gðwÞ by

gðwÞ :¼
X
x AFq

wðxÞ exp 2p
ffiffiffiffiffiffiffi
�1

p
� trðxÞ

p

 !
;

where tr is the trace map from Fq to Fp. Note that we obtain gð�Þ ¼ �1 from

�ð0Þ ¼ 0. Furthermore, for characters w;c A F̂F�
q , we define the Jacobi sum by

Jðw;cÞ :¼
X
x AFq

wðxÞcð1� xÞ ¼
X

xþy¼1

wðxÞcðyÞ:

More generally, for characters w1; w2; . . . ; wn A F̂F�
q , we define the Jacobi sum by

Jðw1; w2; . . . ; wnÞ ¼
X

x1;...xn AFq

x1þ���þxn¼1

w1ðx1Þ � � � wnðxnÞ:

Next, we define Greene’s hypergeometric function. For A;B A F̂F�
q , we define

the normalized Jacobi sum by

A

B

� �
:¼ Bð�1Þ

q

X
x AFq

AðxÞBð1� xÞ ¼ Bð�1Þ
q

JðA;BÞ;

where B is the complex conjugate of B. Then for nb 1, A0;A1; . . . ;An;

B1;B2; . . . ;Bn A F̂F�
q and x A Fq, we define Greene’s hypergeometric function

nþ1Fn by

nþ1Fn

A0 A1 . . . An

B1 . . . Bn

���� x
� �

q

:¼

q

q� 1

X
w A F̂F�

q

A0w

w

� �
A1w

B1w

� �
� � � Anw

Bnw

� �
wðxÞ ðnb 2Þ

�ðxÞA1B1ð�1Þ
q

X
y AFq

A1ðyÞA1B1ð1� yÞA0ð1� xyÞ ðn ¼ 1Þ:

8>>>><
>>>>:

Then, Goodson obtained the following results.
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Theorem 1 ([1, Theorem 1.1]). Let q ¼ pe be a power of a prime number

such that q is congruent to 1 modulo 4 and o a generator of F̂F�
q . We put t ¼

ðq� 1Þ=4. For l A Fq with l0 0 and l4 0 1, we have

aX 4
l ðFqÞ ¼

q3 � 1

q� 1
þ 12qo tð�1Þo2tð1� l4Þ þ q23F2

o t o2t o3t

� �

���� 1
l4

� �
q

þ 3q2
o3t

o t

� �
2F1

o3t o t

o2t

���� 1
l4

� �
q

:

Theorem 2 ([2, Theorem 1.4]). Let q ¼ pe be a power of a prime number

such that q is congruent to 1 modulo 5 and o a generator of F̂F�
q . We put t ¼

ðq� 1Þ=5. For l A Fq with l0 0 and l5 0 1, we have

aX 5
l ðFqÞ ¼

q4 � 1

q� 1
þ q34F3

o t o2t o3t o4t

� � �

���� 1
l5

� �
q

þ 20q22F1
o2t o3t

�

���� 1
l5

� �
q

þ 20q22F1
o t o4t

�

���� 1
l5

� �
q

þ 30q22F1
o t o3t

o4t

���� 1
l5

� �
q

þ 30q22F1
o t o2t

o3t

���� 1
l5

� �
q

:

In [2, Theorem 1.2], she also explained the formula for the Dwork hyper-

surfaces of odd degrees in terms of Greene’s hypergeometric function. We

remark that the coe‰cients of Greene’s hypergeometric functions in her for-

mula are products of Gauss sums. From a comparison with Matsumoto-

Terasoma-Yamazaki’s formula for the periods of the Hesse cubic curve over

C, the author considers that their coe‰cients should be written by Jacobi sums.

(See also Remark 5.)

In this paper, we consider the Dwork hypersurfaces of degree six. For a

generator o of F̂F�
q , we put t :¼ ðq� 1Þ=6, o6 :¼ o t, o3 :¼ o2t, and o2 :¼ o3t.

The main result of this paper is the following.

Theorem 3. Let q ¼ pe be a power of a prime number such that q is

congruent to 1 modulo 6. For l A Fq with l0 0 and l6 0 1, we have

aX 6
l ðFqÞ ¼

q5 � 1

q� 1
þ 360q2o2ð1� l6Þ þ q45F4

o6 o3 o2 o3 o6

� � � �

���� 1
l6

� �
q

þ 30q3o6ð�1Þ3F2
o3 o2 o3

� �

���� 1
l6

� �
q

þ 30q33F2
o6 o2 o6

� �

���� 1
l6

� �
q
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� 15q3o6ð�1ÞJðo2;o3;o6Þ4F3
o6 o6 o3 o3

� � o2

���� 1
l6

� �
q

� 20q3o6ð�1ÞJðo6;o3;o2Þ4F3
o6 o2 o3 o6

� o3 o3

���� 1
l6

� �
q

þ 60q2o6ð�1ÞJðo6;o6;o3ÞJðo2;o3;o6Þ3F2
o6 o3 o2

� o6

���� 1
l6

� �
q

þ 60q2Jðo3;o3;o3ÞJðo2;o3;o6Þ3F2
o3 o6 o2

� o6

���� 1
l6

� �
q

þ 90q33F2
o2 o3 o6

o6 o3

���� 1
l6

� �
q

� 30q2Jðo6;o6ÞJðo6;o3;o2Þ3F2
o6 o2 o6

o3 o3

���� 1
l6

� �
q

� 120q2Jðo6;o3;o2Þ2F1
o6 o3

�

���� 1
l6

� �
q

� 120q2Jðo2;o3;o6Þ2F1
o3 o6

�

���� 1
l6

� �
q

� 180q2Jðo6;o3;o2Þ2F1
o3 o3

o2

���� 1
l6

� �
q

� 180q2Jðo6;o3;o2Þ2F1
o3 o6

o3

���� 1
l6

� �
q

:

Remark 4. The right hand side of this formula does not depend on the

choice of o. However, each term of the right hand side of this formula may

depend on the choice of o.

Remark 5. One of the novelties of the above result is an expression by

using the Jacobi sum. In [9, Theorem 1], Matsumoto-Terasoma-Yamazaki

gave the formula for the periods of the Hesse cubic curve over C by the

hypergeometric series and the beta functions. The Jacobi sum is an analogue

of the beta function. Hence, Theorem 3 and [1, Theorem 1.1] are higher-

dimensional and finite field analogues of the formula due to Matsumoto-

Terasoma-Yamazaki. Furthermore, Theorem 3 and [1, Theorem 1.1] suggest

that [2, Theorem 1.2] can be rewritten by using the Jacobi sum.

Finally, we explain the proof of our formula. In the same way as the

proof of Goodson’s, our proof is based on Koblitz’s formula for the number
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of rational points on diagonal hypersurfaces. In [2, page 145, lines 2 to 4],

Goodson pointed out a possibility to deduce her formula from Miyatani’s

formula in terms of McCarthy’s hypergeometric functions since the relation

between Greene’s hypergeometric functions and McCarthy’s is known in this

case. (We remark that the coe‰cients of hypergeometric functions in his

formula are not Jacobi sums but products and quotients of Gauss sums. (Cf.

Theorem 21 in Appendix A.) In Appendix A, we give another simpler proof

of our formula based on Miyatani’s formula. We consider that our proof

based on Koblitz’s formula also has its own value since it is more elementary

and self-contained.

2. Example

As a special case of Theorem 3, we give the following example.

Example 6. We define the character o A F̂F�
13 by oð2kÞ ¼ expðkp

ffiffiffiffiffiffiffi
�1

p
=6Þ.

(Note that 2 A F13 is a generator of F�
13.) Then o is a generator of F̂F�

13. We

put z ¼ expð2p
ffiffiffiffiffiffiffi
�1

p
=12Þ. For l A Fq with l0 0 and l6 0 1, we obtain

aX 6
l ðF13Þ ¼

135 � 1

13� 1
þ 360 � 132o2ð1� l6Þ

þ 134 � 5F4
o6 o3 o2 o3 o6

� � � �

���� 1
l6

� �
13

þ 30 � 133 � 3F2
o3 o2 o3

� �

���� 1
l6

� �
13

þ 30 � 133 � 3F2
o6 o2 o6

� �

���� 1
l6

� �
13

� 15 � 133ð4z2 � 1Þ4F3
o6 o6 o3 o3

� � o2

���� 1
l6

� �
13

� 20 � 133ð�4z2 þ 3Þ4F3
o6 o2 o3 o6

� o3 o3

���� 1
l6

� �
13

þ 60 � 132ðz2 � 4Þð4z2 � 1Þ3F2
o6 o3 o2

� o6

���� 1
l6

� �
13

þ 60 � 132ð3z2 þ 1Þð4z2 � 1Þ3F2
o3 o6 o2

� o6

���� 1
l6

� �
13

þ 90 � 133 � 3F2
o2 o3 o6

o6 o3

���� 1
l6

� �
13
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� 30 � 132ð�z2 þ 4Þð�4z2 þ 3Þ3F2
o6 o2 o6

o3 o3

���� 1
l6

� �
13

� 120 � 132ð�4z2 þ 3Þ2F1
o6 o3

�

���� 1
l6

� �
13

� 120 � 132ð4z2 � 1Þ2F1
o3 o6

�

���� 1
l6

� �
13

� 180 � 132ð�4z2 þ 3Þ2F1
o3 o3

o2

���� 1
l6

� �
13

� 180 � 132ð�4z2 þ 3Þ2F1
o3 o6

o3

���� 1
l6

� �
13

:

3. The proof by Koblitz’s formula

3.1. Identities for the Gauss sums. In this subsection, we give identities

for the Gauss sums. Let o be a generator of F̂F�
q , which we fix through-

out the rest of this paper. First, we recall the Hasse-Davenport product

relation.

Theorem 7 ([11, Theorem 10.1]). Let m be a positive integer and let q

be a power of a prime number such that q is congruent to 1 modulo m. For a

character w A F̂F�
q of order m and a character c A F̂F�

q , we have

Ym�1

i¼0

gðw icÞ ¼ �gðcmÞc�mðmÞ
Ym�1

i¼0

gðw iÞ:

Corollary 8. Let q be a power of a prime number such that q is con-

gruent to 1 modulo 6. For j A Z and t ¼ ðq� 1Þ=6, we have

gðo6jÞ ¼
Q5

i¼0 gðo itþjÞ
o�6jð6Þ

Q5
i¼1 gðo itÞ

:

Proof. This follows from Theorem 7 applied to m ¼ 6, w ¼ o t, and

c ¼ o j . r

We use the following lemma to prove Theorem 3.

Lemma 1. Let a, b be multiples of t. Then, we have

Xq�2

j¼0

gðo jþaÞgðo�jþbÞo jð�1Þo6jðlÞ ¼ ðq� 1ÞgðoaþbÞobð�1Þo�ðaþbÞð1� l6Þ:
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Proof. We can prove this result similarly as in [2, Proposition 3.1].

(Just replace 4 with 6 everywhere.) r

3.2. Koblitz’s formula for diagonal hypersurfaces. In this subsection, we recall

the general formula by Koblitz. Koblitz gave a formula for the number of

Fq-rational points on diagonal hypersurfaces

Dl : x
d
1 þ xd

2 þ � � � þ xd
n � dlxh1

1 xh2
2 � � � xhn

n ¼ 0;

where d j q� 1, h1 þ � � � þ hn ¼ d and gcdðd; h1; . . . ; hnÞ ¼ 1. Let W be the set

of all n-tuples w ¼ ðw1; . . . ;wnÞ of the elements of Z=dZ satisfying
P

i wi ¼ 0,

that is, we put

W :¼ w ¼ ðw1; . . . ;wnÞ A ðZ=dZÞn
Xn
i¼1

wi ¼ 0

�����
)
:

(

We put t :¼ ðq� 1Þ=d. Then it is known that the number of Fq-rational points

on the projective diagonal hypersurface

xd
1 þ � � � þ xd

n ¼ 0

is given by
P

w AW Nqð0;wÞ, where

Nqð0;wÞ :¼
ðqn�1 � 1Þ=ðq� 1Þ ðwi ¼ 0 for all iÞ
ð1=qÞ

Qn
i¼1 gðowitÞ ðwi 0 0 for all iÞ

0 ðotherwiseÞ:

8><
>: ð1Þ

(For example, see [6, (2.12)] and [12].) We define an equivalence relation@ on

W by

w@w 0 if w� w 0 is a multiple of ðh1; . . . ; hnÞ:

We denote an equivalence class of w by ½w�. Then, we have the following

theorem.

Theorem 9 ([6, Theorem 2]). We put t :¼ ðq� 1Þ=d: For l A Fq with

l0 0 and ld 0 ðhh1
1 � � � hhn

n Þ�1
, we have

aDlðFqÞ ¼
X
w AW

Nqð0;wÞ þ
1

q� 1

X
½w� AW=@

Xq�2

j¼0

Qn
i¼1 gðowitþhi jÞ

gðodjÞ odjðdlÞ: ð2Þ

Remark 10. The assumptions that l is not equal to zero and ld is not

equal to ðhh1
1 � � � hhn

n Þ�1 imply that Dl is smooth.

Remark 11. Note that gðowitþhi jÞ itself is not well-defined, and onlyQn
i¼1 gðowitþhi jÞ is well-defined since we assume that

P
i wi and

P
i hi are equal

to zero in Z=dZ.
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Remark 12. The notation in Theorem 9 di¤ers from that in [6, Theorem

2]. In [6, Theorem 2], the summation of the second term is over s A
ðd=ðq� 1ÞÞZ=Z and w A W . We obtain an expression that is equivalent to

the identity (2) by replacing s with ds and summing over s A ð1=ðq� 1ÞÞZ=Z.

3.3. An application of Koblitz’s formula. We explain our strategy for proving

the main theorem. As a first step, we apply Koblitz’s formula to the Dwork

hypersurfaces of degree six and we list up all of the elements of W=@. Next,

we calculate the right hand side of the identity (3), which is given in this sub-

section. From
P

w AW Nqð0;wÞ ¼
P

½w� AW=@

P
w A ½w� Nqð0;wÞ, we calculate the

right hand side of the identity (3) for each ½w� A W=@.

By (2) with d ¼ n ¼ 6 and ðh1; . . . ; hnÞ ¼ ð1; 1; 1; 1; 1; 1Þ, we have the

following.

Corollary 13. For l A Fq with l0 0 and l6 0 1, we have

aX 6
l ðFqÞ ¼

X
w AW

Nqð0;wÞ þ
1

q� 1

X
½w� AW=@

Xq�2

j¼0

Q6
i¼1 gðowitþjÞ
gðo6jÞ o6jð6lÞ: ð3Þ

Let S6 be the symmetric group of degree six. An action of S6 on W=@ is

naturally defined.

Definition 14. We let

h½w1; . . . ;w6�ik ¼ ½x1; . . . ; x6� A W=@
There exists s A S6 such that

½xsð1Þ; . . . ; xsð6Þ� ¼ ½w1; . . . ;w6�

����
� �

;

where

k ¼a ½x1; . . . ; x6� A W=@
There exists s A S6 such that

½xsð1Þ; . . . ; xsð6Þ� ¼ ½w1; . . . ;w6�

����
�
:

�

By abuse of notation, we denote a ¼ a for a A Z=6Z. Then, we have

W=@¼ h½0; 0; 0; 0; 0; 0�i1 [ h½0; 0; 0; 0; 1; 5�i30 [ h½0; 0; 0; 0; 2; 4�i30

[ h½0; 0; 0; 0; 3; 3�i15 [ h½0; 0; 0; 1; 1; 4�i60 [ h½0; 0; 0; 1; 2; 3�i120

[ h½0; 0; 0; 2; 2; 2�i20 [ h½0; 0; 0; 2; 5; 5�i60 [ h½0; 0; 0; 3; 4; 5�i120

[ h½0; 0; 1; 1; 2; 2�i90 [ h½0; 0; 2; 2; 4; 4�i30 [ h½0; 0; 2; 2; 3; 5�i180

[ h½0; 0; 1; 3; 3; 5�i180 [ h½0; 0; 1; 2; 4; 5�i360:
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We put

S½w� :¼ ðq� 1Þ�1
Xq�2

j¼0

Y6
i¼1

gðowitþjÞ=gðo6jÞ
 !

o6jð6lÞ:

Proposition 15. We obtain the following identities:X
w A ½0;0;0;0;0;0�

Nqð0;wÞ þ S½0;0;0;0;0;0�

¼ q5 � 1

q� 1
þ q45F4

o6 o3 o2 o3 o6

� � � �

���� 1
l6

� �
q

ð4Þ

X
w A ½0;0;0;0;1;5�

Nqð0;wÞ þ S½0;0;0;0;1;5� ¼ q3o6ð�1Þ3F2
o3 o2 o3

� �

���� 1
l6

� �
q

ð5Þ

X
w A ½0;0;0;0;2;4�

Nqð0;wÞ þ S½0;0;0;0;2;4� ¼ q33F2
o6 o2 o6

� �

���� 1
l6

� �
q

ð6Þ

X
w A ½0;0;1;1;2;2�

Nqð0;wÞ þ S½0;0;1;1;2;2� ¼ q33F2
o2 o3 o6

o6 o3

���� 1
l6

� �
q

: ð7Þ

Proof. We give the proof of the identity (4). First, we calculate S½0;...;0�.

We obtain

S½0;0;0;0;0;0� ¼
1

q� 1

Xq�2

j¼0

gðo jÞ6

gðo6jÞ o
6jð6lÞ

¼ 1

q� 1

ð�1Þ6

�1
þ
P5

i¼1 gðo itÞ6

�1
þ

X
j¼0

j00; t;...;5t

gðo jÞ6gðo�6jÞ
q

o6jð6lÞ

8>><
>>:

9>>=
>>;

¼ 1

q� 1

(
�1�

X5
i¼1

gðo itÞ6 þ 1

q

Xq�2

j¼0

gðo jÞ6gðo�6jÞo6jð6lÞ

� 1

q
ð�1Þ6 � ð�1Þ � 1

q

X5
i¼1

gðo itÞ6 � ð�1Þ
)

¼ 1

q� 1
� q� 1

q
� q� 1

q

X5
i¼1

gðo itÞ6 þ 1

q

Xq�2

j¼0

gðo jÞ6gðo�6jÞo6jð6lÞ
( )

¼ � 1

q
�

X
w A ½0;0;0;0;0;0�

Nqð0;wÞ þ
1

qðq� 1Þ
Xq�2

j¼0

gðo jÞ6gðo�6jÞo6jð6lÞ:
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Second, we calculate the hypergeometric function. We have

5F4
o6 o3 o2 o3 o6

� � � �

���� 1
l6

� �
q

¼ q

q� 1

Xq�2

j¼0

�
o jð�1Þ

q5
Jðo tþj;o jÞJðo2tþj;o jÞJðo3tþj;o jÞ

� Jðo4tþj;o jÞJðo5tþj ;o jÞo j 1

l6

� ��

¼ 1

q4ðq� 1Þ
Xq�2

j¼0

gðo�jÞ5o j �1
l6

� �Q5
i¼1 gðo itþjÞQ5

i¼1 gðo itÞ

¼ 1

q4ðq� 1Þ
Xq�2

j¼0

gðo6jÞo�6jð6Þgðo�jÞ5o j �1
l6

� �
gðo jÞ

¼ 1

q4ðq� 1Þ
�1 � ð�1Þ5

�1
þ
Xq�2

j¼1

gðo6jÞgðo�jÞ6o�6jð�6lÞ
q � o jð�1Þ

( )

¼ 1

q4ðq� 1Þ �1� 1

q
ð�1Þ � ð�1Þ6 þ 1

q

Xq�2

j¼0

gðo6jÞgðo�jÞ6o�6jð6lÞ
( )

¼ �1

q5
þ 1

q5ðq� 1Þ
Xq�2

j¼0

gðo6jÞgðo�jÞ6o�6jð6lÞ

¼ �1

q5
þ 1

q5ðq� 1Þ
Xq�2

j¼0

gðo�6jÞgðo jÞ6o6jð6lÞ:

Here, the first equality follows from the definition of the hypergeometric

function. The second equality follows from the definition of the Jacobi sum.

The third equality is obtained by using Corollary 8. The fourth equality is

obtained by using the identity gðo jÞgðo�jÞ ¼ q � o jð�1Þ for j0 0.

This completes the proof of the identity (4). Similarly, we can show the

identities (5), (6) and (7). r

Proposition 16. We obtain the following identities:X
w A ½0;0;0;0;3;3�

Nqð0;wÞ þ S½0;0;0;0;3;3�

¼ �q3o6ð�1ÞJðo2;o3;o6Þ4F3
o6 o6 o3 o3

� � o2

���� 1
l6

� �
q

ð8Þ
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X
w A ½0;0;2;2;4;4�

Nqð0;wÞ þ S½0;0;2;2;4;4�

¼ �q2Jðo6;o6ÞJðo6;o3;o2Þ3F2
o6 o2 o6

o3 o3

���� 1
l6

� �
q

ð9Þ

X
w A ½0;0;0;2;2;2�

Nqð0;wÞ þ S½0;0;0;2;2;2�

¼ q3o6ð�1ÞJðo6;o3;o2Þ4F3
o6 o2 o3 o6

� o3 o3

���� 1
l6

� �
q

: ð10Þ

Proof. We give the proof of only the identity (8) since we can show the

identities (9) and (10) similarly. From a calculation similar to S½0;0;0;0;0;0�, we

obtain

S½0;0;0;0;3;3� ¼
1

q� 1

Xq�2

j¼0

gðo jÞ4gðo3tþjÞ2

gðo6jÞ o6jð6lÞ

¼ 1

q� 1
� ð�1Þ4gðo3tÞ2

�1
þ 1

q� 1

P5
i¼1 gðo itÞ4gðo3þitÞ2

�1

þ 1

q� 1

Xq�2

j¼0
j00; t;...;5t

gðo jÞ4gðo3tþjÞ2gðo�6jÞo6jð6lÞ
q

¼ � 1

q� 1
gðo3tÞ2 � 1

q� 1

X5
i¼1

gðo itÞ4gðo3tþitÞ2

þ 1

qðq� 1Þ

 
�ð�1Þ4gðo3tÞ2 � ð�1Þ �

X5
i¼1

gðo itÞ4gðo3tþitÞ2 � ð�1Þ

þ
Xq�2

j¼0

gðo jÞ4gðo3tþjÞ2gðo�6jÞo6jð6lÞ
!

¼ � 1

q� 1
gðo3tÞ2 � 1

q� 1

X5
i¼1

gðo itÞ4gðo3tþitÞ2

þ 1

qðq� 1Þ gðo
3tÞ2 þ 1

qðq� 1Þ
X5
i¼1

gðo itÞ4gðo3tþitÞ2

þ 1

qðq� 1Þ
Xq�2

j¼0

gðo jÞ4gðo3tþjÞ2gðo�6jÞo6jð6lÞ
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¼ � 1

q
gðo3tÞ2 � 1

q

X5
i¼1

gðo itÞ4gðo3tþitÞ2

þ 1

qðq� 1Þ
Xq�2

j¼0

gðo jÞ4gðo3tþjÞ2gðo�6jÞo6jð6lÞ

¼ �o tð�1Þ � q�Nqð0; ½0; 0; 0; 0; 3; 3�Þ

þ 1

qðq� 1Þ
Xq�2

j¼0

gðo jÞ4gðo3tþjÞ2gðo�6jÞo6jð6lÞ:

Next, we calculate the hypergeometric function. In a similar way to the proof

of the identity (4) in Proposition 15, we obtain

4F3
o6 o6 o3 o3

� � o2

���� 1
l6

� �
q

¼ q

q� 1

Xq�2

j¼0

o tð�1Þ
q4

Jðo tþj ;o jÞJðo5tþj;o jÞJðo4tþj;o jÞJðo2tþj;o3tþjÞo j 1

l6

� �

¼ o tð�1Þ
q3ðq� 1Þ

Xq�2

j¼0

gðo tþjÞgðo5tþjÞgðo4tþjÞgðo2tþjÞgðo jÞ3gðo3tþjÞo�6jðlÞ
gðo tÞgðo5tÞgðo4tÞgðo�tÞ

¼ o tð�1ÞJðo2t;o3tÞ
q3ðq� 1Þ

Xq�2

j¼0

gðo6jÞgðo�jÞ3gðo�3t�jÞo�6jð6lÞ
gðo jÞgðo3tþjÞ

¼ o6ð�1ÞJðo3;o2Þ
q3ðq� 1Þ

0
BB@ ð�1Þð�1Þ3gðo3tÞ

ð�1Þgðo3tÞ þ ð�1Þgðo�3tÞ3ð�1Þ
gðo3tÞð�1Þ

þ
Xq�2

j¼0
j00;3t

gðo6jÞgðo�jÞ4gðo�3t�jÞ2o�6jð6lÞ
q2o�j�3t�jð�1Þ

1
CCA

¼ o6ð�1ÞJðo3;o2Þ
q3ðq� 1Þ

 
�1� gðo3tÞ2 þ 1

q
þ gðo3tÞ2

q

þ
Xq�2

j¼0

gðo6jÞgðo�jÞ4gðo�3t�jÞ2o�6jð6lÞ
q2o tð�1Þ

!
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¼ o6ð�1ÞJðo3;o2Þ
q3ðq� 1Þ

 
�ðq� 1Þ

q
� ðq� 1Þgðo3tÞ2

q

þ
Xq�2

j¼0

gðo6jÞgðo�jÞ4gðo�3t�jÞ2o�6jð6lÞ
q2o tð�1Þ

!

¼ o6ð�1ÞJðo3;o2Þ
q3

�1

q
� gðo3tÞ2

q

 !

þ Jðo3;o2Þ
q5ðq� 1Þ

Xq�2

j¼0

gðo6jÞgðo�jÞ4gðo�3t�jÞ2o�6jð6lÞ

¼ Jðo3;o2Þ
q3

�o6ð�1Þ
q

� 1

� �

þ Jðo3;o2Þ
q5ðq� 1Þ

Xq�2

j¼0

gðo6jÞgðo�jÞ4gðo�3t�jÞ2o�6jð6lÞ:

Then, the identity (8) follows from the identity

q4

Jðo3;o2Þ
¼ �q3o6ð�1ÞJðo2;o3;o6Þ: r

Proposition 17. We obtainX
w A ½0;0;0;1;1;4�

Nqð0;wÞ þ S½0;0;0;1;1;4� þ
X

w A ½0;0;0;2;5;5�
Nqð0;wÞ þ S½0;0;0;2;5;5�

¼ q2o6ð�1ÞJðo6;o6;o3ÞJðo2;o3;o6Þ3F2
o6 o3 o2

� o6

���� 1
l6

� �
q

þ q2Jðo3;o3;o3ÞJðo2;o3;o6Þ3F2
o3 o6 o2

� o6

���� 1
l6

� �
q

:

Proof. By an argument similar to that in Proposition 16, we haveX
w A ½0;0;0;1;1;4�

Nqð0;wÞ þ S½0;0;0;1;1;4�

¼ q2 � Jðo3;o3;o3ÞJðo2;o3;o6Þ � 3F2
o3 o6 o2

� o6

���� 1
l6

� �
q

þ 1

q
gðo tÞ2gðo4tÞ � 1

q
gðo5tÞ3gðo3tÞ þ o tð�1Þgðo2tÞ3

� 1

q
gðo2tÞgðo5tÞ2 þ 1

q
gðo tÞ3gðo3tÞ � o tð�1Þgðo4tÞ3;
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and X
w A ½0;0;0;2;5;5�

Nqð0;wÞ þ S½0;0;0;2;5;5�

¼ q2o6ð�1ÞJðo6;o6;o3ÞJðo2;o3;o6Þ � 3F2
o6 o3 o2

� o6

���� 1
l6

� �
q

þ 1

q
gðo5tÞ2gðo2tÞ þ o tð�1Þgðo4tÞ3 � 1

q
gðo tÞ3gðo3tÞ

� 1

q
gðo tÞ2gðo4tÞ � o tð�1Þgðo2tÞ3 þ 1

q
gðo5tÞ3gðo3tÞ:

This completes the proof of Proposition 17. r

In the same fashion as the proof of [1, Proposition 4.6], we can obtain the

following results by using Lemma 8.

Proposition 18. We obtain the following identities:

X
w A ½0;0;0;1;2;3�

Nqð0;wÞ þ S½0;0;0;1;2;3� ¼ �q2Jðo6;o3;o2Þ2F1
o6 o3

�

���� 1
l6

� �
q

ð11Þ

X
w A ½0;0;0;3;4;5�

Nqð0;wÞ þ S½0;0;0;3;4;5� ¼ �q2Jðo2;o3;o6Þ2F1
o3 o6

�

���� 1
l6

� �
q

ð12Þ

X
w A ½0;0;1;3;3;5�

Nqð0;wÞ þ S½0;0;1;3;3;5� ¼ �q2Jðo6;o3;o2Þ2F1
o3 o3

o2

���� 1
l6

� �
q

ð13Þ

X
w A ½0;0;2;2;3;5�

Nqð0;wÞ þ S½0;0;2;2;3;5� ¼ �q2Jðo6;o3;o2Þ2F1
o3 o6

o3

���� 1
l6

� �
q

: ð14Þ

Proof. In the same way as the proof of [1, Proposition 4.6], we

have X
w A ½0;0;0;1;2;3�

Nqð0;wÞ þ S½0;0;0;1;2;3�

¼ �q2o tð�1ÞJðo t;o2t;o3tÞ � o
tð�1Þ
q

X
y AFq

o2tðyÞo5tð1� yÞo4tð1� l6yÞ

¼ �q2o6ð�1ÞJðo6;o3;o2Þ � 2F1
o3 o3

o6

���� l6
� �

q

 !
:

Then, the substitution y 7! y=l6 implies

300 Satoshi Kumabe



X
w A ½0;0;0;1;2;3�

Nqð0;wÞ þ S½0;0;0;1;2;3�

¼ �q2o tð�1ÞJðo t;o2t;o3tÞ � o
tð�1Þ
q

X
y AFq

o2t y

l6

� �
o5t 1� y

l6

� �
o4tð1� yÞ

¼ �q2o tð�1ÞJðo t;o2t;o3tÞ � o
tð�1Þ
q

X
y AFq

o2tðyÞo4tð1� yÞo5t 1� y

l6

� �

¼ �q2Jðo6;o3;o2Þ � 2F1
o6 o3

�

���� 1
l6

� �
q

: r

Finally, we calculate in the case of ½w� ¼ ½0; 0; 1; 2; 4; 5�.

Proposition 19. We obtain

X
w A ½0;0;1;2;4;5�

Nqð0;wÞ þ S½0;0;1;2;4;5� ¼ q2o2ð1� l6Þ:

Proof. First, we obtainX
w A ½0;0;1;2;4;5�

Nqð0;wÞ ¼ Nqð0; ð3; 3; 4; 5; 1; 2ÞÞ

¼ 1

q
gðo3tÞ2gðo4tÞgðo5tÞgðo tÞgðo2tÞ ¼ q2:

Second, we calculate S½0;0;1;2;4;5�. From Corollary 8, we have

S½0;0;1;2;4;5� ¼
1

q� 1

Y5
k¼1

gðoktÞ
Xq�2

j¼0

gðo jÞ2gðo tþjÞgðo2tþjÞgðo4tþjÞgðo5tþjÞ
gðo jÞ � � � gðo5tþjÞ o6jðlÞ

¼ q2o tð�1Þgðo3tÞ
q� 1

Xq�2

j¼0

gðo jÞ
gðo3tþjÞo

6jðlÞ:

We consider gðo jÞ=gðo3tþjÞ. If j0 3t, we have

gðo jÞ
gðo3tþjÞ ¼

gðo jÞgðo�3t�jÞ
gðo3tþjÞgðo�3t�jÞ ¼

1

q
o tþjð�1Þgðo jÞgðo�3t�jÞ:

If j ¼ 3t, we have

gðo jÞ
gðo3tþjÞo

6jðlÞ ¼ gðo3tÞ
�1

� 1 ¼ �gðo3tÞ:
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By Lemma 1, we obtain

Xq�2

j¼0

gðo jÞ
gðo3tþjÞo

6jðlÞ ¼
Xq�2

j¼0; j03t

gðo jÞ
gðo3tþjÞo

6jðlÞ þ gðo3tÞ
gðo3tþ3tÞo

6�3tðlÞ

¼ 1

q

Xq�2

j¼0; j03t

o tþjð�1Þgðo jÞgðo�3t�jÞo6jðlÞ � gðo3tÞ

¼ 1

q

(Xq�2

j¼0

o tþjð�1Þgðo jÞgðo�3t�jÞo6jðlÞ

� o tþ3tð�1Þgðo3tÞgðo�3t�3tÞo6�3tðlÞ
)

� gðo3tÞ

¼ 1

q
fo tð�1Þ � ðq� 1Þgðo�3tÞo�3tð�1Þo3tð1� l6Þ

� gðo3tÞ � ð�1Þg � gðo3tÞ

¼ 1

q
fðq� 1Þgðo3tÞo3tð1� l6Þ þ gðo3tÞg � gðo3tÞ:

Hence, we concludeX
w A ½0;0;1;2;4;5�

Nqð0;wÞ þ S½0;0;1;2;4;5�

¼ q2 þ 1

q� 1
q2o tð�1Þgðo3tÞ 1

q
fðq� 1Þgðo3tÞo3tð1� l6Þ þ gðo3tÞg � gðo3tÞ

	 


¼ q2 þ q2o3tð1� l6Þ þ q2 � q3

q� 1

¼ q2o3tð1� l6Þ: r

Let us prove Theorem 3.

Proof. From Equation (3), we obtain

aX 6
l ðFqÞ ¼

X
w AW

Nqð0;wÞ þ
1

q� 1

X
½w� AW=@

Xq�2

j¼0

Q6
i¼1 gðowitþjÞ
gðo6jÞ o6jð6lÞ

¼
X

½w� AW=@

X
w A ½w�

Nqð0;wÞ þ
1

q� 1

X
½w� AW=@

Xq�2

j¼0

Q6
i¼1 gðowitþjÞ
gðo6jÞ o6jð6lÞ
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¼
X

½w� AW=@

X
w A ½w�

Nqð0;wÞ þ
1

q� 1

Xq�2

j¼0

Q6
i¼1 gðowitþjÞ
gðo6jÞ o6jð6lÞ

8<
:

9=
;

¼
X

½w� AW=@

X
w A ½w�

Nqð0;wÞ þ S½w�

8<
:

9=
;:

Then, Propositions 15 through 19 complete the proof of Theorem 3. r

Appendix A. The proof by Miyatani’s formula

In this appendix, we give a proof of Theorem 3 by Miyatani’s formula

which is expressed in terms of McCarthy’s finite-field hypergeometric functions.

In [13, Proposition 3.9], Miyatani expressed the number of rational points on

hypersurfaces

Xl : c1X
a1 þ � � � þ cnþ1X

anþ1 ¼ lX1 � � �Xnþ1;

where l A F�
q such that Xl is smooth, c1; . . . ; cnþ1 A F�

q , and ai :¼ tða1; i; . . . ;
anþ1; iÞ A Znþ1

b0 with a1; i þ � � � þ anþ1; i ¼ nþ 1 and none of ai’s being equal to
tð1; . . . ; 1Þ (for i ¼ 1; . . . ; nþ 1). Note that the notation X ai means the mono-

mial X
a1; i
1 � � �X anþ1; i

nþ1 for ai ¼ tða1; i; . . . ; anþ1; iÞ. In our case, McCarthy’s hyper-

geometric function can be expressed as a product of the normalized Jacobi

sums and Greene’s hypergeometric function. (See Proposition 25.) Thus, we

can also obtain Theorem 3, [1, Theorem 1.1] and [2, Theorem 1.2] by Miyatani’s

formula.

A.1. McCarthy’s finite-field hypergeometric functions. In this subsection, we

introduce the finite-field hypergeometric function defined by McCarthy in

[4].

For A1; . . . ;Anþ1, B1; . . . ;Bnþ1 A F̂F�
q , we define McCarthy’s finite-field

hypergeometric function nþ1
~FFnþ1 by

nþ1
~FFnþ1

A1 � � � Anþ1

B1 � � � Bnþ1
; x

� �
Fq

:¼ �1

q� 1

X
w A F̂F�

q

Ynþ1

i¼1

gðAiwÞ
gðAiÞ

gðBiwÞ
gðBiÞ

wð�1Þnþ1
wðxÞ:

Furthermore, we use the following notation.

Definition 20. Let A1; . . . ;Anþ1, B1; . . . ;Bnþ1 be characters on F�
q in

C�. By sorting index, we assume that fA1; . . . ;An 0þ1g and fB1; . . . ;Bn 0þ1g
have no intersection and that fAn 0þ2; . . . ;Anþ1g and fBn 0þ2; . . . ;Bnþ1g are

equal as multisets. Then we define the hypergeometric function with reduced
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parameters over Fq by

� ~FF� Red
A1 � � � Anþ1

B1 � � � Bnþ1
; x

� �
Fq

:¼ n 0þ1
~FFn 0þ1

A1 � � � An 0þ1

B1 � � � Bn 0þ1
; x

� �
Fq

:

A.2. Miyatani’s formula. In this subsection, we recall Miyatani’s formula.

To state his formula, we introduce some notations. For the matrix A 0 :¼
ðai; j � 1Þ1ai; janþ1, the kernel D of the homomorphism Znþ1 ! Znþ1 defined by

A 0 is generated by a uniquely determined vector tða1 . . . ; anþ1Þ with all ai > 0.

(See [13, Proposition 2.2].) We put a :¼
Pnþ1

i¼1 ai. Let N be a positive integer

divisible by all ai and a, and we put ZN :¼ Z=NZ: Let

fN : ðZNÞnþ1=D ! ðZNÞnþ1

be the morphism induced by the endomorphism of ðZNÞnþ1 defined by the

matrix A 0 mod N and let d1; . . . ; dn be non-zero elementary divisors of A 0.

By an isomorphism Imð fNÞF0n

i¼1
diZ=NZ, we see that the kernel of fN con-

sists of d :¼ d1 � � � dn elements. We fix s0 :¼ tð0; . . . ; 0Þ, s1; . . . ; sd�1 A f0; . . . ;
q� 2gnþ1 that represent Kerð fq�1Þ. For sj :¼ tðs1; j; . . . ; snþ1; jÞ, we put jsjj :¼P

i si; j, ti; j :¼ si; j=ai and tj :¼ ð
P

i si; jÞ=a. To simplify notations, we put ob :¼
oðq�1Þ=b for a positive integer b. Note that ob is well-defined if q is congruent

to 1 modulo b. For each j ¼ 0; . . . ; d � 1, we put

FðsjÞ :¼
� ~FF� Red

½oa�
½oa1 � � � � ½oanþ1

� ;Cl�a

� �
Fq

ð j ¼ 0Þ

qdsj�1
� ~FF� Red

½oa�
o t1; j ½oa1 � � � � o tnþ1; j ½oanþ1

� ;Cl�a

� �
Fq

ð j0 0Þ;

8>>><
>>>:

where ½ob� and o ti; j ½ob� are respectively the sequences e;ob;o
2
b ; . . . ;o

b�1
b and

o ti; j ;o ti; j � ob;o
ti; j � o2

b ; . . . ;o
ti; j � ob�1

b , and where C :¼ aa �
Qnþ1

i¼1 ðci=aiÞ
ai and

dsj :¼
1 ðjsj j1 0 mod q� 1Þ
0 ðjsj j2 0 mod q� 1Þ:

�

For each j ¼ 0; . . . ; d � 1, we put

gðsjÞ :¼
Ynþ1

i¼1

osi; j ða�1
i ciÞojsj jðð�lÞ�1

aÞ

�
Ynþ1

i¼1

gðo�ti; j Þ
Yai�1

bi¼1

gðo�ti; jobi
ai
Þ

gðobi
ai Þ

 !
gðo tj Þ

Ya�1

b¼1

gðo tjob
a Þ

gðob
a Þ

:

For the matrix A :¼ ðai; jÞ, we define ðnþ 2Þ � ðnþ 1Þ matrix ~AA as
~AA :¼ A

1���1
� �

. For a k � l matrix M :¼ ðmi; jÞi; j with coe‰cients in Z, we
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define the morphism jðMÞ : ðF̂F�
q Þ

l ! ðF̂F�
q Þ

k by jðMÞððwiÞi¼1;...; lÞ ¼ ðwmj; 1

1 � � �
w
mj; l
n Þj¼1;...;k. Let J :¼ f j1; . . . ; jtg be an arbitrary subset of f1; . . . ; nþ 1g with

tb ðnþ 1Þ=2 elements, let sðJÞ be the number of indices i A f1; . . . ; nþ 1g with

ai; j ¼ 0 for all j B J and let i1; . . . ; isðJÞ be all such indices. (We may assume

that i1; . . . ; isðJÞ are elements of J. See [13, Proposition 2.1].) Then we put

u :¼
X

J�f1;...;nþ1g
ðnþ1Þ=2aaJan

XaJ�sðJÞ

i¼0

ð�1ÞaJ�sðJÞ�i
q i�1

XYsðJÞ
j¼1

gðw�1
j ÞwjðcjÞ;

where the most inner sum runs through all elements tðw1; . . . ; wsðJÞÞ A Kerðjð ~AAÞÞ
such that exactly n� 2i þ 1 components are non-trivial. Then Miyatani’s for-

mula is the following.

Theorem 21 ([13, Proposition 3.9]). Suppose that the following conditions

hold:

(1) q� 1 is divisible by all ai’s and by a.

(2) Each si; j is divisible by ai and jsj jð¼
P

i si; jÞ is divisible by a.

(3) All elementary divisors of the ðtþ 1Þ � sðJÞ matrix

aj1; i1 � � � aj1; isðJÞ

..

.

ajt; i1 � � � ajt; isðJÞ
1 � � � 1

0
BBBB@

1
CCCCA

divide q� 1.

Then for l A F�
q such that Xl is smooth and la 0Cð¼ aa

Qnþ1
i¼1 ðci=aiÞ

aiÞ, we

have

aXlðFqÞ ¼
Xn�1

i¼1

qi þ uþ qðn�1Þ=2 �Dþ ð�1Þn
Xd�1

j¼0

gðsjÞF ðsjÞ;

where D is defined to be the number of subsets J � f1; 2; . . . ; nþ 1g such thataJ

is equal to ðnþ 1Þ=2 and that for all i ¼ 1; . . . ; nþ 1 there exists j B J such that

ai; j b 1.

A.3. The proof of the main theorem. First, we give a lemma to apply

Theorem 21 to the Dwork hypersurfaces. From the Hasse-Davenport product

relation (Theorem 7), we have the following.

Lemma 2. We have

gðsjÞ ¼ gðo tjaÞo�tjaðaÞ
Ynþ1

i¼1

osi; j ða�1
i ciÞojsj jðð�lÞ�1aÞ

Ynþ1

i¼1

gðo�ti; jaiÞo ti; jaiðaiÞ:
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Next, we apply Miyatani’s formula to the Dwork hypersurfaces of degree

six. By definition, u and D in Theorem 21 are equal to zero, and the matrix

A 0 is of size 6� 6 and is given by

A 0 ¼

5 �1 � � � �1

�1 5 . .
. ..

.

..

. . .
. . .

.
�1

�1 � � � �1 5

0
BBBB@

1
CCCCA:

D is the group generated by tð1; 1; 1; 1; 1; 1Þ. (See [13, Example 2.5].) Then,

we have

Kerð fq�1Þ

¼ tðx1; . . . ; x6Þ A ðZq�1Þ6=D
6x1 ¼ � � � ¼ 6x6;

x1 þ � � � þ x5 � 5x6 ¼ 0 in Zq�1

����
� �

¼ tðw1t ðmod q� 1Þ; . . . ;w6t ðmod q� 1ÞÞ w1; . . . ;w6 A Z; t ¼ q�1
6

w1tþ � � � þ w6t ¼ 0 in Zq�1

�����
( )

:

Note that Kerð fq�1Þ has 64 elements since the elementary divisors of A 0 are

1; 6; 6; 6; 6; 0. (See also [13, Example 3.3].) From Theorem 21 and Lemma 2,

we have the following.

Corollary 22. Let q ¼ pe be a power of a prime number such that q is

congruent to 1 modulo 6. For l A Fq with l0 0 and l6 0 1, we have

aX 6
l ðFqÞ ¼

q5 � 1

q� 1
�

X
sj¼ tðs1; j ;...; s6; jÞ A fs0;...; s64�1

g
gðsjÞF ðsjÞ;

where

gðsjÞ ¼ �
Y6
i¼1

gðo�si; j Þ

and

FðsjÞ

¼
� ~FF� Red

� o6 o3 o2 o3 o6

� � � � � �
;
1

l6

� �
Fq

ð j ¼ 0Þ

� ~FF� Red
ojsj j=6 o tþjsj j=6 o2tþjsj j=6 o3tþjsj j=6 o4tþjsj j=6 o5tþjsj j=6

o s1; j o s2; j os3; j o s4; j o s5; j o s6; j
;
1

l6

� �
Fq

ð j0 0Þ:

8>>>><
>>>>:
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Remark 23. For the Dwork hypersurfaces of degree six, condition (1) in

Theorem 21 is equivalent to q1 1 mod 6, and conditions (2) and (3) are auto-

matically satisfied. (See [13, Example 3.3].)

From the definition of Kerð fq�1Þ, an action of the symmetric group of

degree six S6 on Kerð fq�1Þ is naturally defined. We put

h tðs1; . . . ; s6Þik

:¼ tðv1; . . . ; v6Þ A fs0; . . . ; s64�1g
There exists a permutation s A S6

such that tðvsð1Þ; . . . ; vsð6ÞÞ ¼ tðs1; . . . ; s6Þ

����
� �

;

where

k ¼a tðv1; . . . ; v6Þ A fs0; . . . ; s64�1g
There exists a permutation s A S6

such that tðvsð1Þ; . . . ; vsð6ÞÞ ¼ tðs1; . . . ; s6Þ

����
� �

:

Then, we have

fs0 . . . ; s64�1g ¼ h tð0; 0; 0; 0; 0; 0Þi1 [ h tð0; 0; 0; 0; t; 5tÞi30 [ h tð0; 0; 0; 0; 2t; 4tÞi30

[ h tð0; 0; 0; 0; 3t; 3tÞi15 [ h tð0; 0; 0; t; t; 4tÞi60

[ h tð0; 0; 0; t; 2t; 3tÞi120 [ h tð0; 0; 0; 2t; 2t; 2tÞi20

[ h tð0; 0; 0; 2t; 5t; 5tÞi60 [ h tð0; 0; 0; 3t; 4t; 5tÞi120

[ h tð0; 0; t; t; 2t; 2tÞi90 [ h tð0; 0; 2t; 2t; 4t; 4tÞi30

[ h tð0; 0; t; 3t; 4t; 4tÞi180 [ h tð0; 0; t; 3t; 3t; 5tÞi180

[ h tð0; 0; t; 2t; 4t; 5tÞi360:

Next, we calculate AðsÞ :¼ gðsÞF ðsÞ for

s ¼ tð0; 0; 0; 0; 0; 0Þ; tð0; 0; 0; 0; t; 5tÞ; . . . ; tð0; 0; t; 2t; 4t; 5tÞ

by using Theorem 22.

Proposition 24. We have the following identities:

Að tð0; 0; 0; 0; 0; 0ÞÞ ¼ �5
~FF5

o t o2t o3t o4t o5t

� � � � �
;
1

l6

� �
Fq

ð15Þ

Að tð0; 0; 0; 0; t; 5tÞÞ ¼ �qo tð�1Þ3 ~FF3
o2t o3t o4t

� � �
;
1

l6

� �
Fq

ð16Þ

Að tð0; 0; 0; 0; 2t; 4tÞÞ ¼ �q3 ~FF3
o t o3t o5t

� � �
;
1

l6

� �
Fq

ð17Þ
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Að tð0; 0; 0; 0; 3t; 3tÞÞ ¼ qo tð�1Þ4 ~FF4
o t o2t o4t o5t

� � � o3t
;
1

l6

� �
Fq

ð18Þ

Að tð0; 0; 0; t; t; 4tÞÞ ¼ �qJðo2t;o5t;o5tÞ3 ~FF3
o2t o3t o5t

� � o t
;
1

l6

� �
Fq

ð19Þ

Að tð0; 0; 0; 2t; 5t; 5tÞÞ ¼ �qJðo t;o t;o4tÞ3 ~FF3
o3t o4t o t

� � o5t
;
1

l6

� �
Fq

ð20Þ

Aðtð0; 0; 0; 2t; 2t; 2tÞÞ ¼ �qJðo4t;o4t;o4tÞ4 ~FF4
o t o3t o4t o5t

� � o2t o2t
;
1

l6

� �
Fq

ð21Þ

Að tð0; 0; 0; 3t; 4t; 5tÞÞ ¼ �qJðo t;o2t;o3tÞ2 ~FF2
o2t o t

� �
;
1

l6

� �
Fq

ð22Þ

Að tð0; 0; 0; t; 2t; 3tÞÞ ¼ �qJðo3t;o4t;o5tÞ2 ~FF2
o4t o5t

� �
;
1

l6

� �
Fq

ð23Þ

Að tð0; 0; t; t; 2t; 2tÞÞ ¼ �qJðo4t;o4t;o5t;o5tÞ3 ~FF3
o3t o4t o5t

� o t o2t
;
1

l6

� �
Fq

ð24Þ

Að tð0; 0; 2t; 2t; 4t; 4tÞÞ ¼ �q23 ~FF3
o3t o5t o t

� o2t o4t
;
1

l6

� �
Fq

ð25Þ

Að tð0; 0; t; 3t; 4t; 4tÞÞ ¼ qJðo2t;o2t;o3t;o5tÞ2 ~FF2
o2t o5t

� o4t
;
1

l6

� �
Fq

ð26Þ

Að tð0; 0; t; 3t; 3t; 5tÞÞ ¼ �q22 ~FF2
o2t o4t

� o3t
;
1

l6

� �
Fq

ð27Þ

Að tð0; 0; t; 2t; 4t; 5tÞÞ ¼ �q2o tð�1Þ1 ~FF1
o3t

�
;
1

l6

� �
Fq

: ð28Þ

Finally, we rewrite Proposition 24 by using Greene’s hypergeometric func-

tion. McCarthy gave the relation between his hypergeometric function and

Greene’s hypergeometric function.

Proposition 25 ([4, Proposition 2.5]). For characters A0; . . . ;An, B1; . . . ;

Bn with A0 0 � and Ai 0Bi ði ¼ 1; . . . ; nÞ, we have

nþ1
~FFnþ1

A0 A1 � � � An

� B1 � � � Bn

; x

� �
Fq

¼
Yn
i¼1

Ai

Bi

� ��1
 !

nþ1Fn

A0; A1; . . . An

B1; . . . Bn

���� x
� �

q

:
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Theorem 3 follows from using Propositions 24 and 25 and applying the

identity

1F0
oa

���� x
� �

q

¼ eðxÞoað1� xÞ

(see [8, (3.11)]) to the identity (28).

Remark 26. We can also prove [1, Theorem 1.1] and [2, Theorem 1.2]

similarly.
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