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ABSTRACT. A pseudo-Kidhler manifold is a natural generalization of a Kéhler manifold.
It is well-known that any generalized flag manifold has pseudo-Kdhler metrics. More-
over, there exists a T-root system corresponding to a generalized flag manifold. In this
paper, we investigate the signatures of invariant pseudo-Kéhler metrics on a generalized
flag manifold of which the 7-root system becomes one of the irreducible reduced root
systems (in general, a T-root system is not an irreducible reduced root system).

1. Introduction

A pseudo-Riemannian manifold (M, g) with a complex structure J is called
a pseudo-Kdihler manifold if g is a pseudo-Hermitian metric and the funda-
mental 2-form w, is closed. Thus, a pseudo-Kéhler manifold is a natural gen-
eralization of a Kéhler manifold. We call such a pseudo-Riemannian metirc
g a pseudo-Kdihler metric, and the fundamental 2-form w, the pseudo-Kdhler
structure.

Dorfmeister—Guan [6] proved that a compact homogeneous pseudo-Kéhler
manifold is biholomorphic to the product of a generalized flag manifold and a
complex torus as in the Kéhler case ([4, 8]). Alekseevsky—Perelomov [1] proved
that any generalized flag manifold admits an invariant Kéhler-Einstein metric
by using T-roots (see [1, 2] for the details of T-roots).

In this paper, we showed signatures of invariant pseudo-Kédhler metrics
on generalized flag manifolds from a viewpoint of T-root systems. Let GT/U
be a generalized flag manifold. In the previous paper [9], we showed that
if the T-root system corresponding to GT/U is of type A4;, B, or G,, then the
signatures of the invariant pseudo-Kihler metrics on GT/U can be indeed
computed.

For the case of G¥/U ~ SU(6)/S(U(1) x U(2) x U(3)), we also showed
a relation between the patterns of the signatures of invariant pseudo-Kéhler
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metrics and the moduli space of the invariant complex structures on G®/U
(see [9, Example 3.3, Remark 3.4] for the details). In this paper, we are
interested in the general cases where the T-root systems associated to gener-
alized flag manifolds satisfy the root systems axioms. The main result is the
following:

MAIN THEOREM. Let GC/U be a generalized flag manifold.  Suppose that
the T-root system associated to G®/U satisfies the root system axioms. Then
we give an algorithm to compute the signatures of invariant pseudo-Kdhler metrics
on GC/U in terms of the root reflections (see Section 3).

2. Preliminaries

Let G be a connected compact semi-simple Lie group, g the Lie algebra
of G, and  a maximal abelian subalgebra. We denote by g® and H the
complexifiactions of g and [) respectively. We identify an element of the root
system R of g€ relative to the Cartan subalgebra h® with the corresponding
element of b, = /—1b via the duality defined by the Killing form of gC.

Let IT = {oy,...,4} be a basis of the root system R, and {4;,...,4,} the
fundamental weights of g® corresponding to 7. We denote by R* the set of
all positive roots relative to 77. Let I1y be a subset of I7 and we set IT — I

={oy,...,,}, where 1 <ij <---<i, <l We set [[Iy] =RN{lly},, where
{Ily}; denotes the subspace of 1, generated by I7,p. We set t ={H el|
(H,IlIy) =0}. Then {4,;,...,4;} is a basis of . We consider the restriction
map

K:bhy—t” o ol

and set Ry = x(R). Each element of Ry is called a T-root. The collection
of hyperplanes {x(o) =0} corresponding to T-roots decomposes space t into
a finite number of cones, which are called T-chambers. We denote by B(C)
a basis of t* corresponding to a T-chamber C. We also denote by R;(C) the
set of the positive T-roots corresponding to a 7-chamber C.

Let GT be a simply connected complex semi-simple Lie group whose Lie
algebra is g€ and U a parabolic subgroup of G®. Then the homogeneous
complex manifold G®/U is compact simply connected and G acts transi-
tively on G®/U. Note also that K = GN U is a connected closed subgroup
of G and G®/U can be identified with G/K as a homogeneous manifold
of G.

We set

204
Zt:{/let‘ (4,%)

e Z for each « e R ;.
(o, 1)
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Then Z; is a lattice in t generated by {4,,...,4;}. For each A€ Z;, there
exists a unique holomorphic character X, of U such that X,(exp H) =
exp A(H) for each H e h®.

Let F,4 denote the holomorphic line bundle of G¥/U associated to the
principal bundle U — G® — G%/U by the holomorphic character X,4. Then
correspondence A — F, gives a homomorphism from Z; to H'(G%/U,0).
Then it is well known that the homomorphism

z. L HY(GY /U, 0%) & HYGT /U, Z)
is an isomorphism. In particular,
bz(M) = dim t.

There exists a one-to-one correspondence between the 7-roots ¢ and the
irreducible submodules m: of the Adg(K)-module m® given by

Rral—me= Z gl
r(w)=¢
Then we have a decomposition of the Adg(K)-module m?:
n‘[(E = Z me.
¢eRr

Let us denote by R; the set of all positive T-roots, that is, the restriction
of the system R* on t, and by 7 the complex-conjugation of g€ which is with
respect to the real form g. Then we have a decomposition of Adg(K)-module
m into irreducible submodules:

m= Z (me +m_g)".
EeR;

We denote by w, (x € R) the complex linear form on g% which is dual to the
basis vectors E,, where we take a Weyl basis E, € g<:

@, (Ep) =0, o(h®) ={0}.
For integers ji,...,J, with (ji,...,j) #(0,...,0), we set
!
R(j],...,jr) = {Zm,rx, GRJr ’m,-l :jl,...,miy _],}
J=1

We set R} = R" —[IIy]. Note that

R+ - [HO] = U R(jla--'7jr)‘

JlseeesJr
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By definition, for &= jix(o;) +--- + jix(o;,), we have

(]né + m*f,)r = Z {IR(E& + E—a) + ]R\/—_I(Ex - Efzx)}~

For R(j1,...,jr) # &, we define an Adg(K)-invariant subspace m(j, ..., j.) of
g by

M) = Y AR(E+ ) + RV-1(E — £}

Then we have a decomposition of m into a mutually non-equivalent irreducible
Adg(K)-modules m(ji, ..., j):

m= Z m(jl?"'7jr)'

J1seees Jr

We set m(ji,..., ) =% dimg m(ji,..., ;) and

m(&) =1 dimp " (R(E,+ E-) + RVI(E, - £.,))

re(o)=¢

for each T-root ¢&.
There exists a natural one-to-one correspondence between R; and the set

{R(j1,--.,Jr) # I} given by
RT95:jlx(ai1)+"'+er(ai,.) ’—’R(jl,...,j,.).

We have a decomposition of m into a mutually non-equivalent irreducible
Adg(K)-modules:

m= Z (me +m_g)" = Z m(jt, .- Jr)-

EeR; Jtseesdir

The following formula gives an isomorphism between t* and H?(G/K,R):

LR el > (ho)o,rd_, e H(G/K,R),

2nv -1 2n oe R},

m

t 3 () = —

where we consider 4 as a complex linear form on g by extending.

Tueorem 1 ([9], cf. [7]). Let we H*(GY/U,Z) be a pseudo-Kiihler struc-
ture on a generalized flag manifold GC/U. Then there exists an invariant
pseudo-Kihler structure wy = n(1) such that w and wy have the same signature.
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By the above theorem, on a generalized flag manifold GT/U, in order to
study the signatures of pseudo-Kédhler metrics of which fundamental classes are
contained in H*>(G®/U,Z), we can suppose that the pseudo-Kihler metrics are
invariant.

3. Signatures of pseudo-Kihler metrics

In this section, we consider the signatures of invariant pseudo-Kéhler
metrics on generalized flag manifolds from a viewpoint of T-root systems.
We fix an invariant complex structure on each generalized flag manifold.

From now on, we assume that a 7-root system Ry corresponding to
GT/U becomes one of the irreducible reduced root systems. We denote the
Weyl group of Ry by Wr. We denote by Cy the chamber which contains

%z:oceRJr &.

m

Let V' be a vector space over IR, and R a root system in V. Let C be
a chamber of R. We denote by Sg (f € B(C)) the reflection in a hyperplane
p=0. Let B(C)={¢,...,&}. Then a hyperplane L¢, : & =0 is called a
wall of C, and L; N C is called a facet of C, where C is the closure of
C. A facet F is said to be a panel of C if F is of codimension 1. Two
chambers C and C’ are said to be adjoining if they have a common panel
F: then either C=C’' or F=CnC'. Assume that C and C’ are adjoining
and C # C'. Let F C L¢, where € B(C), be a common panel. Then we
have C’ = S¢(C), because F is a subset of a wall of S;(C) and C # S:(C).
Then the following theorem on the Weyl chambers is known ([5]; Chapter VI,
Theorem 2).

THEOREM 2. (i) The Weyl group W of a root system R acts simply-
transitively on the set of chambers.

(ii) Let C be a chamber. Then C is a fundamental domain for W.

(i) C is an open simplicial cone.

(iv) Let Ly,Ly,...,L; be walls of C. For all i, there exists a unique
indivisible root o; such that L; = L, and such that o; lies on the same
side of L; as C.

(v) The set {o1,...,04} is a basis of R

Note that B(S:(C)) = {S:(&1),...,S:(&)}. Thus, we have the following:

LEMMA 1. Let C be a chamber. Then there exists an element w =
Spo---08p € W such that ;e B(Sp_ o---08p(Co)) for each k, and
w(Cy) = C.

Proor. By the definition of chambers, note that there exists a sequence
(Co, Cy, ..., Cy) of chambers such that Cy_; and C; are adjoining for 1 <k <
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n, Cy_y # Ci, and C; = C. By the above argument, since Cy = S (Ci_) for
some f; € B(Cx_1), we have our lemma. O

By using the fact that Sg(R™(C) — {f}) = RT(C) — {f} and Sp(p) = —p
for f e B(C), we see the following:

LemMA 2 ([9]). Let GC/U be a generalized flag manifold. Suppose that
the T-root system Ry corresponding to GT/U becomes one of the irreducible
reduced root systems. Let C be a T-chamber. Let Ae C, fe B(C). Then

S (ShA) k(@) A B
v RIT)
x(2) e R7(C)

= Y. AWS)osrd,+ > (h—PoAd .,

o€ R\[I1y) o€ R\[I1]
x(x) e RY(C) r(x) e Ry (C)
K(o) #p K(a)=p

Hence, we have following proposition:

PrOPOSITION 1. Let GC/U be a generalized flag manifold. ~ Suppose that
the T-root system R corresponding to GC/U becomes one of the irreducible

reduced root systems. Let C be a T-chamber, and (1) = — ‘/2? e R (A o)y
ANGO_y a pseudo-Kihler metric of type 2(p,q) corresponding to Ae C, and
peB(C). By the reflection in a hyperplane =0, if (f,A) >0 (resp.
(B;2) <0), then n(Sp(4)) is of type 2(p —m(B).q +m(p)) (resp. 2(p + m(p),

q—m(f))).

Let us fix a basis of the irreducible reduced root system Ry, we denote by
{ag, .. .,gx;} the fixed basis in a usual manners ([5]), for example, if Ry is A4,
then >/ .o (1 <i<j<I)is a positive root.

THEOREM 3. Let G/ U be a generalized flag manifold. ~Suppose that the
T-root system Ry corresponding to G /U becomes one of the irreducible reduced
root system. Let C be a T-chamber, and (1) a pseudo-Kdihler metric of type
2(p,q) corresponding to € C. Then there exists an element w = Sp o---0 Sp,
€ Wy such that p € B(Sp,_, o---08p (Co)) for each k, and w(Cy) = C. Con-
sidering the Dynkin diagrams corresponding to a basis {Sg o---0Sg (a1),...,
Sp, 0---08p (o)}, and reflections in a hyperplane f; =0 for k=1,...,t, the
signature of the invariant pseudo-Kdihler metric n(1) on G/U can be written as

2(n — Z;’rzl m(f;), Zilzl m(B;)).

Proor. By Lemma 1, there exists an element w= Sz o---0S8p € Wr
such that f; € B(Sp,_, o---08p (Cy)) for each k, and w(Cy) = C. By using the
properties of reflections, that is,
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o———0 5 R
o I3 —o o+ p
a—>—"o0 5 [ ———)
o s —o o+ f
a—>—0o a—>—»
o s o+2p B
O———20 N e——o0
o i1 —o o+ f
o o=———=
o ﬁ O(+3ﬁ —ﬁ

we have a series of the Dynkin diagram which is obtained by a reflection of
some roots such that their bases are different each other (see examples below).
Then by Proposition 1, we see the signatures of pseudo-Kéhler metrics of
generalized flag manifolds. O

REMARK 1. In (9], we proved that if 2(n — m(ji,. .., Jj.),m(ji,...,J,) is a
signature of some invariant pseudo-Kdihler metric, then Y ;_, jxo;, € B(Cy).
Hence, it is not true that any 2(n— > ,_ m(B,), >, m(B;)) becomes the sig-
nature of an invariant pseudo-Kéhler metrics on G€/U without conditions on
{B1,---, B}, where B; is a T-root for each i

In the rest of this paper, we denote n — p of a signature 2(n — p, p) by s*x
when p is complicated, where n = dim G®/U for short.

For example, consider the following sequence of labeled Dynkin diagrams
of type A3 obtaining stepwisely by the root reflection corresponding to a certain
vertex of each diagram. (black points indicate the negative roots):

O O
o v%] o3
1Sy,
® O
—0o o1 + oo o3
l Sa|+oz2
O L O
o0 —oy — o o] + o + o3
l Sd1+0€z+0<3
O @
[0%) o3 —0] — 0y — O3

1S5,
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[ 4 O L J
—o oy + 03 —0p — Oy — 03
l S12+0(3
O L L J
o3 —0 — U3 — ]
1 Ss

[ 4 L 4 L J
—a3 —2 —0q

By Proposition 1, we see that for the generalized flag manifold
SUL +h+5+1)/S(UL) x Ulh) x U(lz) x U(ly)), there exist pseudo-
Kdéhler metrics of type

2(xx,m(1,0,0)), 2(xx,m(1,0,0) +m(1,1,0)),
2(x,m(1,0,0) +m(1,1,0) +m(1,1,1)),
2(s0%, My, —seq. +m(0,1,0)), 2(s%, My, _seq. + Myy—seq.),
where
My —seq. =m(1,0,0) +m(1,1,0) +m(1,1,1),  my_sq = m(0,1,0) +m(0,1,1).
When we assign the type of a root system Ry, we have the following:

TueoreM 4. Let GC/U be a generalized flag manifold such that the T-root
system corresponding to GC/U is a root system of type A;. For a positive root

Z,izi o, there are pseudo-Kdhler metrics of type 2(n — Z,}(’:im(ﬁk), ,/(’:l.m(ﬁk)),
where B = 2 oy, and h=1,...,j.

Proor. Let Jge Cyp. Then the signature of #(4y) is 2(n,0). Consider
the elements Sy o---oS/;,_ eWr (t=1i,...,j). Let 2(p(t—1), (t— 1)) be the
signature of #(Sp_, -08p,(4)). Since Sp (o) =0, for s=1i,...,t—2 and
Sp,_, (o) = B,, we see ﬂ, € B(Sp_, 0---085(Cp)). Since (fB,,4) > O the signa-
ture of #(Sp o -+ 0Sp(4)) is 2(p (l 1) —m(p,),q(t—1) +m(p,)) by Lemma 2
and Proposition 1. O

TueoREM 5. Let GC/U be a generalized flag manifold such that the T-root
system correspondmg to GC/U is a root system of type B;. For a positive root
’ lock +2Zk, ock, there exzst pseudo-Kdihler metrics of type

(1) 20— m(B), S m(Be) (i<h<l),
2) 2<n—2k:,- m(p >—zi;om<y,_s>7z,é:,-m<ﬂk>+25;0m<y1_.y>> (O<h<
I—j—1),

where f;, = Zf O, and y, = "~ lock —|—2Ek ; Ok
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Proor. Let Ao € Cy. The case 1 is obtained from the elements Sp o--- o
Sp. € Wr (t=1i,...,I) by the same arguments as in the proof of Theorem 4.
For the case 2, consider the elements S, o---0S, 0Sgo0---08p € Wr (s=
0,...,j+1). Since

Sp (Bio1) = =Bt Sp(=Bi_1) = v Sp,(=Pi-1) = o, Sg, () = o

for t=i+1,...,/—1 and u=1¢+1,...,1—1, we have y,,041,...,0_1 €
B(S/;, 0---0 S[gi(CO)). Since SyH“ (OCJ_S) =Y_s» SyHM (ocl_x) = 0l_g for u> 2,
we see y,_, € B(S 0---08,08p0---085(Cp)). Let 2(p(s—1),q(s—1))

Vi-s+1
be the signature of #(S,,  o---08s(4)). Then the signature of #(S, o---o
Sp.(40)) is 2(p(s — 1) —=m(y;_),q(s — 1) +m(y,_)) by Lemma 2 and Proposi-
tion 1. O

THEOREM 6. Let GC/U be a generalized flag manifold such that the T-root
system corresponding to G/ U is a root system of type C;. For a positive root
’ lock + 2Zk ock + oy, there exist pseudo-Kdhler metrics of type

(1) (”—Zk (ﬁk)Zkz m(f )) (i<h<l-1),

(2) 20n— S m(Be) — m(i), it m(Bi) +m(y,),
(3) 2<n—z,i:l-m< B) — ()Zk, (B) +m(),
@) 2 — S m(B) — m(y) — Slom@i-y), Si_m(Be) + m(y,) +

Yo om©iy) (0<h<l—j+1),
where [, —Zsk:, oy, y,-—22,{; oy + oy, and 5, = > 1 lack—l—ZZk ;e + o

Proor. Let 4g € Cy. The case 1 is obtained from the elements Sp o--- o

Sp e Wr (t=1i,...,I—1) by the same arguments as in the proof of Theorem
4. For cases 2 and 3, consider the elements

SV:‘OS/))I—] O"'OS/))N S/”/OSV,'OS/))M OU'OS/”:"

Since Sg, () =7y; and S, (—f,_;) = p,;, the signatures of #(S, oSp  o---o

S/;i(/llo)) and #5(Sg oS, oSp, lo ---08p(A)) are lZ(n — ,l(: m(f) —m(y,),

—im(Br) +m(y;), 2(n =3 m(Bi) —m(ye), Dop—ym(Bi) +m(y;)), respec-
tively. For the case 4, consider the elements

Sy, 0---085, 08508, 08 o0---08  (s=0,...,j—1).
Note that

I—s

[ N A I = B(S/;l o S"/f [¢] S/gkz ©---0 Sﬂi(CO))
because Sg(—f, 1) = for t=i+1,...,1—2. Since
Sp,(ou—1) = 011, Ss, (01—g—1) = 01——1,

if 2(p(s—1),q(s—1)) is the signature of »(Ss_,, o---0Sp(4)). Then the
signature of 7(Sy,., o -0 Sp,(40)) is 2(p(s — 1) = m(31_,),q(s — 1) +m(3,)) by
Lemma 2 and Proposition 1. ]
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THEOREM 7. Let G®/U be a generalized flag manifold such that the T-root
system corresponding to G¥/U is a root system of type D,. For a positive root
’ lock + 2Zk ock 4oy + oc/, there exist pseudo-Kdhler metrics of type
(1) (n—Zk m(B), i m(B) (i <h<I-1),
2) 20— m(B) —m(Br s+ o), Yy m(Be) +m(Brs + o)),
32— m(Be) = m(Br -+ 20), i ym(Bi) +m(Byo + o))
4) 20 = Ygm(B) = m(Bo + @) = Tlamn) Tiem(Be) +
m(Bry + ) + 30, myy) 2<h si-j+l )s
where ﬁk:Zfla;, and y, = > ;_ lockJrZZk o + o1 + oy

(
(
(

Proor. Let Ao e Cy. The case 1 is obtained from the elements Sp o --- o
Sp. € Wr (t=1i,...,1—1) by the same arguments as in the proof of Theorem
4. For cases 2 and 3, consider

Sﬂ,,2+x1 ° S/}H ©-0 Sﬁi’ Sﬁ/ ° S/f,72+a, ° SﬂH 0---08p.

i

Since
S/)’,,z(“/) = ﬂlfz =+ ay, S,B/,2+%1(O(/—l) = ﬁlv

the signatures of n(S/;,era, 0Sp_,0---085()) a?d] 1(Sp, 0 Sp,_y42 08,00
Sp,(40)) are 2(n =3 i m(By) — m(f o + o), m(f) +m(Bys + “1)) and

20— 551 m(Be) —m(By-a +o0), Sy i) + 1 By_a + 1)), respectively. For
the case 4, consider the elements

Sy_ 0+08, 085 08p ,10085,0 08 (s=2,...,5—1).
Note that
i1y .-, 0-2 € B(Sp 08, 08 4y 0---085(Co))
because Sg (—p, 1) = for t=i+4+1,...,1—2. Since

Sﬁ/(al—z) =7Yi-2 S}’]ﬂ-(al—S—l) = Vi—s—1»

if 2(p(s—1),q(s—1)) is the signature of »(Ss_,, o---0Sp(4)). Then the

signature of 7(S;_, o--- 0 8p (%)) is 2(p(s — 1) —m(y, ), q(s — 1) +m(y,_,)) by
Lemma 2 and Proposition 1. O

From now on, we omit the notations | Sz on a sequence of labeled Dynkin
diagrams obtaining stepwisely by the root reflection corresponding to a certain
vertex of each diagram.

ExampLE 1. Consider the following sequence of labeled Dynkin diagrams
of type B3 obtaining stepwisely by the root reflection corresponding to a certain
vertex of each diagram:
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O ) > O
o 0%} o3
@ ) > O
—0 oy + o o3
O ) > @)
o —0 = 0 o 4o + o3
O Q > ®
o op 4 o + 203 —0l] — Oy — 03
O [ ) > O
oy + 200 + 2053 —o — oy — 203 03
@ )] > O
—0] — 20(2 — 20(3 0%} o3

Then we see that for a generalized flag manifold such that the T-root system
is of type Bs, there exist pseudo-Kdihler metrics of type

2(5%,m(1,0,0)), 2(sx,m(1,0,0) +m(1,1,0)),

2(s%,m(1,0,0) +m(1,1,0) + m(1,1,1)),

2055, m(1,0,0) + m(1,1,0) +m(1,1,1) + m(1,1,2)),
2(s,m(1,0,0) +m(1,1,0) +m(1,1,1) +m(1,1,2) + m(1,2,2)).

ExamMPLE 2. Consider the following sequence of labeled Dynkin diagrams
of type Cs obtaining stepwisely by the root reflection corresponding to a certain
vertex of each diagram:

@ D) < O
o1 %2 o3
S ) < @)
—o oy + o o3
@ Q < O
%) —0 — 0 2001 4 200 + o3
O ) < ®
o o1 + o + a3 —201 — 2000 — 03
O Q < O
o + 200 + o3 —0 — 0y — 03 o3
[ )] < O

—0 — 20(2 — 03 o o3
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Then we see that for a generalized flag manifold such that the T-root system
is of type Cs, there exist pseudo-Kdihler metrics of type

2(s%,m(1,0,0)), 2(x,m(1,0,0) +m(1,1,0)),

2(x%,m(1,0,0) + m(1,1,0) + m(2,2,1)),

2(x%,m(1,0,0) + m(1,1,0) + m(2,2,1) + m(1,1,1)),
2(sk,m(1,0,0) + m(1,1,0) + m(2,2,1) + m(1,1,1) + m(1,1,2)).

ExamPLE 3. Consider the following sequence of labeled Dynkin diagrams
of type Dy obtaining stepwisely by the root reflection corresponding to a certain
vertex of each diagram:

o3
o o2

04

o3
—0 oy + 0o

04

o + o + o3
[2%) —0p — A2

o)+ 0 + oy

—0p — 0y — o3
o2 o3

o)+ 0 + 0oy

—0] — 0y — 04
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04

o) + 200 + o3 + oy —22:1 ol

o3

—0o — 20(2 — 03 — 04 o
o3

Then we see that for a generalized flag manifold such that the T-root system

is of Dy, there are pseudo-Kdihler metrics of type

2(x%,m(1,0,0,0)), 2(x*,m(1,0,0,0) +m(1,1,0,0)),

2(x%,m(1,0,0,0) +m(1,1,0,0) +m(1,1,1,0)),

2(s%,m(1,0,0,0) +m(1,1,0,0) +m(1,1,1,0) +m(1,1,0,1)),

2(s%,m(1,0,0,0) + m(1,1,0,0) +m(1,1,1,0) + m(1,1,0,1) + m(1,1,1,1)),

2(s%,m(1,0,0,0) + m(1,1,0,0) +m(1,1,1,0) + m(1,1,0,1)
+m(1,1,1,1) +m(1,2,1,1)).

Acknowledgement

The author would like to express his deep appreciation to Professor Yusuke

Sakane for valuable advices and encouragements.

(1]

(2]

(3]

[4]

(6]

References

D. V. Alekseevsky, Flag manifolds, 11th Yugoslav Geometrical Seminar (Divcibare, 1996),
Zb. Rad. Mat. Inst. Beograd. (N. S.) 6 (14) (1997), 3-35.

A. Arvanitoyeorgos, I. Chrysikos and Y. Sakane, Homogeneous Einstein metrics on gener-
alized flag manifolds Sp(n)/(U(p) x U(q) x Sp(n — p —¢q)), Recent progress in differential
geometry and its related fields, 1-24, World Sci. Publ. Hackensack, NJ, 2012.

D. V. Alekseevsky and A. M. Perelomov, Invariant Kéhler-Einstein metrics on compact
homogeneous space, Funct. Anal. Appl. 20 (1986), 1-16.

A. Borel and R. Remmert, Uber kompakte homogene Kihlersche Mannigfaltigkeiten,
Math. Ann. 145 (1961/1962) 429-439.

N. Bourbaki, Eléments de mathématique, Groupes et algébres de Lie, Masson, Paris,
1981.

J. Dorfmeister and Z.-D. Guan, Classification of compact homogeneous pseudo-Kéhler
manifolds, Comment. Math. Helv. 67 (1992), 499-513.



152 Takumi YAMADA

[7] H. Kamada, Indefinite Kédhler metrics of constant scalar curvature on Hirzebruch surfaces,
Bull. London Math. Soc. 41 (2009), 1060-1072.

[8] Y. Matsushima, Sur les espaces homogenes kéhlériens d’un groupe de Lie réductif, Nagoya
Math. J. 11 (1957), 53-60.

[9] T. Yamada, Invariant pseudo-Kdhler metrics on generalized flag manifolds, Differential
Geom. Appl. 36 (2014), 44-55.

Takumi Yamada
Department of Mathematics
Interdisciplinary Faculty of Science and Engineering
Shimane University
Nishikawatsu-cho 1060
Matsue 690-8504 Japan
E-mail: t_yamada@riko.shimane-u.ac.jp



