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Abstract. A pseudo-Kähler manifold is a natural generalization of a Kähler manifold.

It is well-known that any generalized flag manifold has pseudo-Kähler metrics. More-

over, there exists a T-root system corresponding to a generalized flag manifold. In this

paper, we investigate the signatures of invariant pseudo-Kähler metrics on a generalized

flag manifold of which the T-root system becomes one of the irreducible reduced root

systems (in general, a T-root system is not an irreducible reduced root system).

1. Introduction

A pseudo-Riemannian manifold ðM; gÞ with a complex structure J is called

a pseudo-Kähler manifold if g is a pseudo-Hermitian metric and the funda-

mental 2-form og is closed. Thus, a pseudo-Kähler manifold is a natural gen-

eralization of a Kähler manifold. We call such a pseudo-Riemannian metirc

g a pseudo-Kähler metric, and the fundamental 2-form og the pseudo-Kähler

structure.

Dorfmeister–Guan [6] proved that a compact homogeneous pseudo-Kähler

manifold is biholomorphic to the product of a generalized flag manifold and a

complex torus as in the Kähler case ([4, 8]). Alekseevsky–Perelomov [1] proved

that any generalized flag manifold admits an invariant Kähler-Einstein metric

by using T-roots (see [1, 2] for the details of T-roots).

In this paper, we showed signatures of invariant pseudo-Kähler metrics

on generalized flag manifolds from a viewpoint of T-root systems. Let GC=U

be a generalized flag manifold. In the previous paper [9], we showed that

if the T-root system corresponding to GC=U is of type Al , B2, or G2, then the

signatures of the invariant pseudo-Kähler metrics on GC=U can be indeed

computed.

For the case of GC=U GSUð6Þ=SðUð1Þ �Uð2Þ �Uð3ÞÞ, we also showed

a relation between the patterns of the signatures of invariant pseudo-Kähler
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metrics and the moduli space of the invariant complex structures on GC=U

(see [9, Example 3.3, Remark 3.4] for the details). In this paper, we are

interested in the general cases where the T-root systems associated to gener-

alized flag manifolds satisfy the root systems axioms. The main result is the

following:

Main Theorem. Let GC=U be a generalized flag manifold. Suppose that

the T-root system associated to GC=U satisfies the root system axioms. Then

we give an algorithm to compute the signatures of invariant pseudo-Kähler metrics

on GC=U in terms of the root reflections (see Section 3).

2. Preliminaries

Let G be a connected compact semi-simple Lie group, g the Lie algebra

of G, and h a maximal abelian subalgebra. We denote by gC and hC the

complexifiactions of g and h respectively. We identify an element of the root

system R of gC relative to the Cartan subalgebra hC with the corresponding

element of h0 ¼
ffiffiffiffiffiffiffi
�1

p
h via the duality defined by the Killing form of gC.

Let P ¼ fa1; . . . ; alg be a basis of the root system R, and fL1; . . . ;Llg the

fundamental weights of gC corresponding to P. We denote by Rþ the set of

all positive roots relative to P. Let P0 be a subset of P and we set P �P0

¼ fai1 ; . . . ; airg, where 1a i1 < � � � < ir a l. We set ½P0� ¼ R \ fP0gZ, where

fP0gZ denotes the subspace of h0 generated by P0. We set t ¼ fH A h0 j
ðH;P0Þ ¼ 0g. Then fLi1 ; . . . ;Lirg is a basis of t. We consider the restriction

map

k : h0 ! t� a 7! ajt
and set RT ¼ kðRÞ. Each element of RT is called a T-root. The collection

of hyperplanes fkðaÞ ¼ 0g corresponding to T-roots decomposes space t into

a finite number of cones, which are called T-chambers. We denote by BðCÞ
a basis of t� corresponding to a T-chamber C. We also denote by Rþ

T ðCÞ the

set of the positive T-roots corresponding to a T-chamber C.

Let GC be a simply connected complex semi-simple Lie group whose Lie

algebra is gC and U a parabolic subgroup of GC. Then the homogeneous

complex manifold GC=U is compact simply connected and G acts transi-

tively on GC=U . Note also that K ¼ G \U is a connected closed subgroup

of G and GC=U can be identified with G=K as a homogeneous manifold

of G.

We set

Zt ¼ L A t

���� 2ðL; aÞða; aÞ A Z for each a A R

� �
:

140 Takumi Yamada



Then Zt is a lattice in t generated by fLi1 ; . . . ;Lirg. For each L A Zt, there

exists a unique holomorphic character XL of U such that XLðexp HÞ ¼
exp LðHÞ for each H A hC.

Let FL denote the holomorphic line bundle of GC=U associated to the

principal bundle U ! GC ! GC=U by the holomorphic character XL. Then

correspondence L 7! FL gives a homomorphism from Zt to H 1ðGC=U ;O�Þ.
Then it is well known that the homomorphism

Zt !
F

H 1ðGC=U ;O�Þ !c1 H 2ðGC=U ;ZÞ

is an isomorphism. In particular,

b2ðMÞ ¼ dim t:

There exists a one-to-one correspondence between the T-roots x and the

irreducible submodules mx of the AdGðKÞ-module mC given by

RT C x 7! mx ¼
X

kðaÞ¼x

gC
a :

Then we have a decomposition of the AdGðKÞ-module mC:

mC ¼
X
x ART

mx:

Let us denote by Rþ
T the set of all positive T-roots, that is, the restriction

of the system Rþ on t, and by t the complex-conjugation of gC which is with

respect to the real form g. Then we have a decomposition of AdGðKÞ-module

m into irreducible submodules:

m ¼
X
x ARþ

T

ðmx þm�xÞt:

We denote by oa ða A RÞ the complex linear form on gC which is dual to the

basis vectors Ea, where we take a Weyl basis Ea A gC
a :

oaðEbÞ ¼ dab; oðhCÞ ¼ f0g:

For integers j1; . . . ; jr with ð j1; . . . ; jrÞ0 ð0; . . . ; 0Þ, we set

Rð j1; . . . ; jrÞ ¼
Xl

j¼1

mjaj A Rþ
����mi1 ¼ j1; . . . ;mir ¼ jr

( )
:

We set Rþ
m ¼ Rþ � ½P0�. Note that

Rþ � ½P0� ¼
[

j1;...; jr

Rð j1; . . . ; jrÞ:
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By definition, for x ¼ j1kðai1Þ þ � � � þ jrkðairÞ, we have

ðmx þm�xÞt ¼
X

a ARð j1;...; jrÞ
fRðEa þ E�aÞ þR

ffiffiffiffiffiffiffi
�1

p
ðEa � E�aÞg:

For Rð j1; . . . ; jrÞ0q, we define an AdGðKÞ-invariant subspace mð j1; . . . ; jrÞ of
g by

mð j1; . . . ; jrÞ ¼
X

a ARð j1;...; jrÞ
fRðEa þ E�aÞ þR

ffiffiffiffiffiffiffi
�1

p
ðEa � E�aÞg:

Then we have a decomposition of m into a mutually non-equivalent irreducible

AdGðKÞ-modules mð j1; . . . ; jrÞ:

m ¼
X
j1;...; jr

mð j1; . . . ; jrÞ:

We set mð j1; . . . ; jrÞ ¼ 1
2 dimR mð j1; . . . ; jrÞ and

mðxÞ ¼ 1

2
dimR

X
kðaÞ¼x

fRðEa þ E�aÞ þR
ffiffiffiffiffiffiffi
�1

p
ðEa � E�aÞg

for each T-root x.

There exists a natural one-to-one correspondence between RT and the set

fRð j1; . . . ; jrÞ0qg given by

RT C x ¼ j1kðai1Þ þ � � � þ jrkðairÞ 7! Rð j1; . . . ; jrÞ:

We have a decomposition of m into a mutually non-equivalent irreducible

AdGðKÞ-modules:

m ¼
X
x ARþ

T

ðmx þm�xÞt ¼
X
j1;...; jr

mð j1; . . . ; jrÞ:

The following formula gives an isomorphism between t� and H 2ðG=K ;RÞ:

t� C l 7! hðlÞ ¼ � 1

2p
ffiffiffiffiffiffiffi
�1

p dl ¼ �
ffiffiffiffiffiffiffi
�1

p

2p

X
a ARþ

m

ðl; aÞo�a5o�a A H 2ðG=K ;RÞ;

where we consider l as a complex linear form on g by extending.

Theorem 1 ([9], cf. [7]). Let o A H 2ðGC=U ;ZÞ be a pseudo-Kähler struc-

ture on a generalized flag manifold GC=U. Then there exists an invariant

pseudo-Kähler structure o0 ¼ hðlÞ such that o and o0 have the same signature.
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By the above theorem, on a generalized flag manifold GC=U , in order to

study the signatures of pseudo-Kähler metrics of which fundamental classes are

contained in H 2ðGC=U ;ZÞ, we can suppose that the pseudo-Kähler metrics are

invariant.

3. Signatures of pseudo-Kähler metrics

In this section, we consider the signatures of invariant pseudo-Kähler

metrics on generalized flag manifolds from a viewpoint of T-root systems.

We fix an invariant complex structure on each generalized flag manifold.

From now on, we assume that a T-root system RT corresponding to

GC=U becomes one of the irreducible reduced root systems. We denote the

Weyl group of RT by WT . We denote by C0 the chamber which contains
1
2

P
a ARþ

m
a.

Let V be a vector space over R, and R a root system in V . Let C be

a chamber of R. We denote by Sb ðb A BðCÞÞ the reflection in a hyperplane

b ¼ 0. Let BðCÞ ¼ fx1; . . . ; xlg. Then a hyperplane Lxi : xi ¼ 0 is called a

wall of C, and Lxi \ C is called a facet of C, where C is the closure of

C. A facet F is said to be a panel of C if F is of codimension 1. Two

chambers C and C 0 are said to be adjoining if they have a common panel

F : then either C ¼ C 0 or F ¼ C \ C
0
. Assume that C and C 0 are adjoining

and C0C 0. Let F � Lx, where x A BðCÞ, be a common panel. Then we

have C 0 ¼ SxðCÞ, because F is a subset of a wall of SxðCÞ and C0SxðCÞ.
Then the following theorem on the Weyl chambers is known ([5]; Chapter Vl,

Theorem 2).

Theorem 2. (i) The Weyl group W of a root system R acts simply-

transitively on the set of chambers.

( ii ) Let C be a chamber. Then C is a fundamental domain for W.

(iii) C is an open simplicial cone.

(iv) Let L1;L2; . . . ;Ll be walls of C. For all i, there exists a unique

indivisible root ai such that Li ¼ Lai , and such that ai lies on the same

side of Li as C.

( v ) The set fa1; . . . ; alg is a basis of R.

Note that BðSxðCÞÞ ¼ fSxðx1Þ; . . . ;SxðxlÞg. Thus, we have the following:

Lemma 1. Let C be a chamber. Then there exists an element w ¼
Sbt � � � � � Sb1 A W such that bk A BðSbk�1

� � � � � Sb1ðC0ÞÞ for each k, and

wðC0Þ ¼ C.

Proof. By the definition of chambers, note that there exists a sequence

ðC0;C1; . . . ;CtÞ of chambers such that Ck�1 and Ck are adjoining for 1a ka
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n, Ck�1 0Ck, and Ct ¼ C. By the above argument, since Ck ¼ Sbk ðCk�1Þ for

some bk A BðCk�1Þ, we have our lemma. r

By using the fact that SbðRþðCÞ � fbgÞ ¼ RþðCÞ � fbg and SbðbÞ ¼ �b

for b A BðCÞ, we see the following:

Lemma 2 ([9]). Let GC=U be a generalized flag manifold. Suppose that

the T-root system RT corresponding to GC=U becomes one of the irreducible

reduced root systems. Let C be a T-chamber. Let l A C, b A BðCÞ. ThenX
a ARn½P0�

kðaÞ ARþ
T
ðCÞ

ðSbðlÞ; kðaÞÞo�a5o�a

¼
X

a ARn½P0�
kðaÞ ARþ

T
ðCÞ

kðaÞ0b

ðl;SbðaÞÞo�a5o�a þ
X

a ARn½P0�
kðaÞ ARþ

T
ðCÞ

kðaÞ¼b

ðl;�bÞo�a5o�a:

Hence, we have following proposition:

Proposition 1. Let GC=U be a generalized flag manifold. Suppose that

the T-root system RT corresponding to GC=U becomes one of the irreducible

reduced root systems. Let C be a T-chamber, and hðlÞ ¼ �
ffiffiffiffiffi
�1

p

2p

P
a ARþ

m
ðl; aÞo�a

5o�a a pseudo-Kähler metric of type 2ðp; qÞ corresponding to l A C, and

b A BðCÞ. By the reflection in a hyperplane b ¼ 0, if ðb; lÞ > 0 (resp.

ðb; lÞ < 0), then hðSbðlÞÞ is of type 2ðp�mðbÞ; qþmðbÞÞ (resp. 2ðpþmðbÞ;
q�mðbÞÞ).

Let us fix a basis of the irreducible reduced root system RT , we denote by

fa1; . . . ; alg the fixed basis in a usual manners ([5]), for example, if RT is Al ,

then
P j

k¼i ak ð1a i < ja lÞ is a positive root.

Theorem 3. Let GC=U be a generalized flag manifold. Suppose that the

T-root system RT corresponding to GC=U becomes one of the irreducible reduced

root system. Let C be a T-chamber, and hðlÞ a pseudo-Kähler metric of type

2ðp; qÞ corresponding to l A C. Then there exists an element w ¼ Sbt � � � � � Sb1

A WT such that bk A BðSbk�1
� � � � � Sb1ðC0ÞÞ for each k, and wðC0Þ ¼ C. Con-

sidering the Dynkin diagrams corresponding to a basis fSbk � � � � � Sb1ða1Þ; . . . ;
Sbk � � � � � Sb1ðalÞg, and reflections in a hyperplane bk ¼ 0 for k ¼ 1; . . . ; t, the

signature of the invariant pseudo-Kähler metric hðlÞ on GC=U can be written as

2ðn�
P t

i¼1 mðbiÞ;
P t

i¼1 mðbiÞÞ.

Proof. By Lemma 1, there exists an element w ¼ Sbt � � � � � Sb1 A WT

such that bk A BðSbk�1
� � � � � Sb1ðC0ÞÞ for each k, and wðC0Þ ¼ C. By using the

properties of reflections, that is,
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y y �!Sa
v y

a b �a aþ b

y y> �!Sa
v y>

a b �a aþ b

y y> �!
Sb

y v>
a b aþ 2b �b

y y> �!Sa
v y>

a b �a aþ b

y y> �!
Sb

y v>
a b aþ 3b �b

we have a series of the Dynkin diagram which is obtained by a reflection of

some roots such that their bases are di¤erent each other (see examples below).

Then by Proposition 1, we see the signatures of pseudo-Kähler metrics of

generalized flag manifolds. r

Remark 1. In [9], we proved that if 2ðn�mð j1; . . . ; jrÞ;mð j1; . . . ; jrÞÞ is a

signature of some invariant pseudo-Kähler metric, then
Pr

k¼1 jkaik A BðC0Þ.
Hence, it is not true that any 2ðn�

P t
i¼1 mðbiÞ;

P t
i¼1 mðbiÞÞ becomes the sig-

nature of an invariant pseudo-Kähler metrics on GC=U without conditions on

fb1; . . . ; btg, where bi is a T-root for each i.

In the rest of this paper, we denote n� p of a signature 2ðn� p; pÞ by ��
when p is complicated, where n ¼ dim GC=U for short.

For example, consider the following sequence of labeled Dynkin diagrams

of type A3 obtaining stepwisely by the root reflection corresponding to a certain

vertex of each diagram. (black points indicate the negative roots):

y y y

a1 a2 a3

# Sa1

v y y

�a1 a1 þ a2 a3

# Sa1þa2

y v y

a2 �a1 � a2 a1 þ a2 þ a3

# Sa1þa2þa3

y y v

a2 a3 �a1 � a2 � a3

# Sa2
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v y v

�a2 a2 þ a3 �a1 � a2 � a3

# Sa2þa3

y v v

a3 �a2 � a3 �a1

# Sa3

v v v

�a3 �a2 �a1

By Proposition 1, we see that for the generalized flag manifold

SUðl1 þ l2 þ l3 þ l4Þ=SðUðl1Þ �Uðl2Þ �Uðl3Þ �Uðl4ÞÞ, there exist pseudo-

Kähler metrics of type

2ð��;mð1; 0; 0ÞÞ; 2ð��;mð1; 0; 0Þ þmð1; 1; 0ÞÞ;

2ð��;mð1; 0; 0Þ þmð1; 1; 0Þ þmð1; 1; 1ÞÞ;

2ð��;ma1�seq: þmð0; 1; 0ÞÞ; 2ð��;ma1�seq: þma2�seq:Þ;

where

ma1�seq: ¼ mð1; 0; 0Þ þmð1; 1; 0Þ þmð1; 1; 1Þ; ma2�seq: ¼ mð0; 1; 0Þ þmð0; 1; 1Þ:

When we assign the type of a root system RT , we have the following:

Theorem 4. Let GC=U be a generalized flag manifold such that the T-root

system corresponding to GC=U is a root system of type Al. For a positive rootP j
k¼i ak, there are pseudo-Kähler metrics of type 2ðn�

Ph
k¼i mðbkÞ;

Ph
k¼i mðbkÞÞ,

where bk ¼
Pk

s¼i as, and h ¼ i; . . . ; j.

Proof. Let l0 A C0. Then the signature of hðl0Þ is 2ðn; 0Þ. Consider

the elements Sbt � � � � � Sbi A WT ðt ¼ i; . . . ; jÞ. Let 2ðpðt� 1Þ; qðt� 1ÞÞ be the

signature of hðSbt�1
� � � � � Sbiðl0ÞÞ. Since SbsðatÞ ¼ at for s ¼ i; . . . ; t� 2 and

Sbt�1
ðatÞ ¼ bt, we see bt A BðSbt�1

� � � � � SbiðC0ÞÞ. Since ðbt; l0Þ > 0, the signa-

ture of hðSbt � � � � � Sbiðl0ÞÞ is 2ðpðt� 1Þ �mðbtÞ; qðt� 1Þ þmðbtÞÞ by Lemma 2

and Proposition 1. r

Theorem 5. Let GC=U be a generalized flag manifold such that the T-root

system corresponding to GC=U is a root system of type Bl. For a positive rootP j�1
k¼i ak þ 2

P l
k¼ j ak, there exist pseudo-Kähler metrics of type

(1) 2ðn�
Ph

k¼i mðbkÞ;
Ph

k¼i mðbkÞÞ ðia ha lÞ,
(2) 2ðn�

P l
k¼i mðbkÞ�

Ph
s¼0 mðgl�sÞ;

P l
k¼i mðbkÞþ

Ph
s¼0 mðgl�sÞÞ ð0aha

l � j � 1Þ,
where bk ¼

Pk
s¼i as, and gt ¼

P t�1
k¼i ak þ 2

P l
k¼t ak.
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Proof. Let l0 A C0. The case 1 is obtained from the elements Sbt � � � � �
Sbi A WT ðt ¼ i; . . . ; lÞ by the same arguments as in the proof of Theorem 4.

For the case 2, consider the elements Sgl�s
� � � � � Sgl � Sbl � � � � � Sbi A WT ðs ¼

0; . . . ; j þ 1Þ. Since

Sbl�1
ðbl�1Þ ¼ �bl�1; Sbl ð�bl�1Þ ¼ gl ; Sbtð�bt�1Þ ¼ at; SbuðatÞ ¼ at

for t ¼ i þ 1; . . . ; l � 1 and u ¼ tþ 1; . . . ; l � 1, we have gl ; aiþ1; . . . ; al�1 A
BðSbl � � � � � SbiðC0ÞÞ. Since Sgl�sþ1

ðal�sÞ ¼ gl�s, Sgl�sþu
ðal�sÞ ¼ al�s for ub 2,

we see gl�s A BðSgl�sþ1
� � � � � Sgl � Sbl � � � � � SbiðC0ÞÞ. Let 2ðpðs� 1Þ; qðs� 1ÞÞ

be the signature of hðSgl�sþ1
� � � � � Sbiðl0ÞÞ. Then the signature of hðSgl�s

� � � � �
Sbiðl0ÞÞ is 2ðpðs� 1Þ �mðgl�sÞ; qðs� 1Þ þmðgl�sÞÞ by Lemma 2 and Proposi-

tion 1. r

Theorem 6. Let GC=U be a generalized flag manifold such that the T-root

system corresponding to GC=U is a root system of type Cl. For a positive rootP j�1
k¼i ak þ 2

P l�1
k¼ j ak þ al , there exist pseudo-Kähler metrics of type

(1) 2ðn�
Ph

k¼i mðbkÞ;
Ph

k¼i mðbkÞÞ ðia ha l � 1Þ,
(2) 2ðn�

P l�1
k¼i mðbkÞ �mðgiÞ;

P l�1
k¼i mðbkÞ þmðgiÞÞ,

(3) 2ðn�
P l

k¼i mðbkÞ �mðgiÞ;
P l

k¼i mðbkÞ þmðgiÞÞ,
(4) 2ðn �

P l
k¼i mðbkÞ � mðgiÞ �

Ph
s¼0 mðdl�sÞ;

P l
k¼i mðbkÞ þ mðgiÞ þPh

s¼0 mðdl�sÞÞ ð0a ha l � j þ 1Þ,
where bk ¼

Pk
s¼i as, gi ¼ 2

P l�1
k¼i ak þ al , and dt ¼

P t�1
k¼i ak þ 2

P l�1
k¼t ak þ al .

Proof. Let l0 A C0. The case 1 is obtained from the elements Sbt � � � � �
Sbi A WT ðt ¼ i; . . . ; l � 1Þ by the same arguments as in the proof of Theorem

4. For cases 2 and 3, consider the elements

Sgi � Sbl�1
� � � � � Sbi ; Sbl � Sgi � Sbl�1

� � � � � Sbi :

Since Sbl�1
ðalÞ ¼ gi and Sgið�bl�1Þ ¼ bl , the signatures of hðSgi � Sbl�1

� � � � �
Sbiðl0ÞÞ and hðSbl � Sgi � Sbl�1

� � � � � Sbiðl0ÞÞ are 2ðn�
P l�1

k¼i mðbkÞ �mðgiÞ;P l�1
k¼i mðbkÞ þmðgiÞÞ, 2ðn�

P l
k¼i mðbkÞ �mðgiÞ;

P l
k¼i mðbkÞ þmðgiÞÞ, respec-

tively. For the case 4, consider the elements

Sdl�s
� � � � � Sdl�1

� Sbl � Sgi � Sbl�1
� � � � � Sbi ðs ¼ 0; . . . ; j � 1Þ:

Note that

aiþ1; . . . ; al�2 A BðSbl � Sgi � Sbl�2
� � � � � SbiðC0ÞÞ

because Sbtð�bt�1Þ ¼ at for t ¼ i þ 1; . . . ; l � 2. Since

Sbl ðal�1Þ ¼ dl�1; Sdl�s
ðal�s�1Þ ¼ dl�s�1;

if 2ðpðs� 1Þ; qðs� 1ÞÞ is the signature of hðSdl�sþ1
� � � � � Sbiðl0ÞÞ. Then the

signature of hðSdl�s
� � � � � Sbiðl0ÞÞ is 2ðpðs� 1Þ �mðdl�sÞ; qðs� 1Þ þmðdl�sÞÞ by

Lemma 2 and Proposition 1. r
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Theorem 7. Let GC=U be a generalized flag manifold such that the T-root

system corresponding to GC=U is a root system of type Dl. For a positive rootP j�1
k¼i ak þ 2

P l�2
k¼ j ak þ al�1 þ al , there exist pseudo-Kähler metrics of type

(1) 2ðn�
Ph

k¼i mðbkÞ;
Ph

k¼i mðbkÞÞ ðia ha l � 1Þ,
(2) 2ðn�

P l�1
k¼i mðbkÞ �mðbl�2 þ alÞ;

P l�1
k¼i mðbkÞ þmðbl�2 þ alÞÞ,

(3) 2ðn�
P l

k¼i mðbkÞ �mðbl�2 þ alÞ;
P l

k¼i mðbkÞ þmðbl�2 þ alÞÞ,
(4) 2ðn �

P l
k¼i mðbkÞ � mðbl�2 þ alÞ �

Ph
s¼2 mðgl�sÞ;

P l
k¼i mðbkÞ þ

mðbl�2 þ alÞ þ
Ph

s¼2 mðgl�sÞÞ ð2a ha l � j þ 1Þ,
where bk ¼

Pk
s¼i as, and gt ¼

P t�1
k¼i ak þ 2

P l�2
k¼t ak þ al�1 þ al .

Proof. Let l0 A C0. The case 1 is obtained from the elements Sbt � � � � �
Sbi A WT ðt ¼ i; . . . ; l � 1Þ by the same arguments as in the proof of Theorem

4. For cases 2 and 3, consider

Sbl�2þal � Sbl�2
� � � � � Sbi ; Sbl � Sbl�2þal � Sbl�2

� � � � � Sbi :

Since

Sbl�2
ðalÞ ¼ bl�2 þ al ; Sbl�2þal ðal�1Þ ¼ bl ;

the signatures of hðSbl�2þal � Sbl�2
� � � � � Sbiðl0ÞÞ and hðSbl � Sbl�2þal � Sbl�2

� � � � �
Sbiðl0ÞÞ are 2ðn�

P l�1
k¼i mðbkÞ �mðbl�2 þ alÞ;

P l�1
k¼i mðbkÞ þmðbl�2 þ alÞÞ and

2ðn�
P l

k¼i mðbkÞ �mðbl�2 þ alÞ;
P l

k¼i mðbkÞ þmðbl�2 þ alÞÞ, respectively. For

the case 4, consider the elements

Sgl�s
� � � � � Sgl�2

� Sbl � Sbl�2þal � Sbl�2
� � � � � Sbi ðs ¼ 2; . . . ; j � 1Þ:

Note that

aiþ1; . . . ; al�2 A BðSbl � Sgi � Sbl�2þal � � � � � SbiðC0ÞÞ

because Sbtð�bt�1Þ ¼ at for t ¼ i þ 1; . . . ; l � 2. Since

Sbl ðal�2Þ ¼ gl�2; Sgl�s
ðal�s�1Þ ¼ gl�s�1;

if 2ðpðs� 1Þ; qðs� 1ÞÞ is the signature of hðSdl�sþ1
� � � � � Sbiðl0ÞÞ. Then the

signature of hðSdl�s
� � � � � Sbiðl0ÞÞ is 2ðpðs� 1Þ �mðgl�sÞ; qðs� 1Þ þmðgl�sÞÞ by

Lemma 2 and Proposition 1. r

From now on, we omit the notations # Sx on a sequence of labeled Dynkin

diagrams obtaining stepwisely by the root reflection corresponding to a certain

vertex of each diagram.

Example 1. Consider the following sequence of labeled Dynkin diagrams

of type B3 obtaining stepwisely by the root reflection corresponding to a certain

vertex of each diagram:
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y y y>
a1 a2 a3

v y y>
�a1 a1 þ a2 a3

y v y>
a2 �a1 � a2 a1 þ a2 þ a3

y y v>
a2 a1 þ a2 þ 2a3 �a1 � a2 � a3

y v y>
a1 þ 2a2 þ 2a3 �a1 � a2 � 2a3 a3

v y y>
�a1 � 2a2 � 2a3 a2 a3

Then we see that for a generalized flag manifold such that the T-root system

is of type B3, there exist pseudo-Kähler metrics of type

2ð��;mð1; 0; 0ÞÞ; 2ð��;mð1; 0; 0Þ þmð1; 1; 0ÞÞ;

2ð��;mð1; 0; 0Þ þmð1; 1; 0Þ þmð1; 1; 1ÞÞ;

2ð��;mð1; 0; 0Þ þmð1; 1; 0Þ þmð1; 1; 1Þ þmð1; 1; 2ÞÞ;

2ð��;mð1; 0; 0Þ þmð1; 1; 0Þ þmð1; 1; 1Þ þmð1; 1; 2Þ þmð1; 2; 2ÞÞ:

Example 2. Consider the following sequence of labeled Dynkin diagrams

of type C3 obtaining stepwisely by the root reflection corresponding to a certain

vertex of each diagram:

y y y<
a1 a2 a3

v y y<
�a1 a1 þ a2 a3

y v y<
a2 �a1 � a2 2a1 þ 2a2 þ a3

y y v<
a2 a1 þ a2 þ a3 �2a1 � 2a2 � a3

y v y<
a1 þ 2a2 þ a3 �a1 � a2 � a3 a3

v y y<
�a1 � 2a2 � a3 a2 a3
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Then we see that for a generalized flag manifold such that the T-root system

is of type C3, there exist pseudo-Kähler metrics of type

2ð��;mð1; 0; 0ÞÞ; 2ð��;mð1; 0; 0Þ þmð1; 1; 0ÞÞ;

2ð��;mð1; 0; 0Þ þmð1; 1; 0Þ þmð2; 2; 1ÞÞ;

2ð��;mð1; 0; 0Þ þmð1; 1; 0Þ þmð2; 2; 1Þ þmð1; 1; 1ÞÞ;

2ð��;mð1; 0; 0Þ þmð1; 1; 0Þ þmð2; 2; 1Þ þmð1; 1; 1Þ þmð1; 1; 2ÞÞ:

Example 3. Consider the following sequence of labeled Dynkin diagrams

of type D4 obtaining stepwisely by the root reflection corresponding to a certain

vertex of each diagram:

y

a3
y y

a1 a2
y

a4

y

a3
v y

�a1 a1 þ a2
y

a4

y

a1 þ a2 þ a3
y v

a2 �a1 � a2
y

a1 þ a2 þ a4

v

�a1 � a2 � a3
y y

a2 a3
y

a1 þ a2 þ a4

v

�a1 � a2 � a3
y y

a2
P4

k¼1 ak
v

�a1 � a2 � a4
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y

a4
y v

a1 þ 2a2 þ a3 þ a4 �
P4

k¼1 ak
y

a3

y

a4
v y

�a1 � 2a2 � a3 � a4 a2
y

a3

Then we see that for a generalized flag manifold such that the T-root system

is of D4, there are pseudo-Kähler metrics of type

2ð��;mð1; 0; 0; 0ÞÞ; 2ð��;mð1; 0; 0; 0Þ þmð1; 1; 0; 0ÞÞ;

2ð��;mð1; 0; 0; 0Þ þmð1; 1; 0; 0Þ þmð1; 1; 1; 0ÞÞ;

2ð��;mð1; 0; 0; 0Þ þmð1; 1; 0; 0Þ þmð1; 1; 1; 0Þ þmð1; 1; 0; 1ÞÞ;

2ð��;mð1; 0; 0; 0Þ þmð1; 1; 0; 0Þ þmð1; 1; 1; 0Þ þmð1; 1; 0; 1Þ þmð1; 1; 1; 1ÞÞ;

2ð��;mð1; 0; 0; 0Þ þmð1; 1; 0; 0Þ þmð1; 1; 1; 0Þ þmð1; 1; 0; 1Þ

þmð1; 1; 1; 1Þ þmð1; 2; 1; 1ÞÞ:
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