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Abstract

The purpose of this paper is to prove the quadruple coincidence point theorems for a mixed
g-monotone mapping satisfying nonlinear contractions in partially ordered G-metric spaces.

Our results generalize some results on the topics in the literature.
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1 Introduction

Fixed point theory is a very popular tool in solving existence problems in many branches of math-
ematical analysis. Metric spaces are used as an important tools used in the modeling of day-to-day
life problems and provide a more general setting for mathematicians in various fields such as op-
timization, mathematical modelling and economic theories. Generalizations of metric spaces were
proposed by Gahler ([11], [12]) (called 2-metric spaces) and Dhage ([8], [9], [10]) (called D-metric
spaces) to extend known metric space theorems in more general setting, but different authors proved
that these attempts are invalid (for detail see [13], [24], [27]). In 2005, Mustafa and Sims [25] intro-
duced a new structure of generalized metric spaces called G-metric spaces, to develop and introduce
a new fixed point theory for various mappings in this new structure.

In recent times, there has been an increasing interest in studying the existence of fixed points
for contractive mappings satisfying monotone properties in ordered metric spaces. The first fixed
point result on a partially ordered metric space was given by Turinici [33]. Further, Ran and
Reurings [30] presented some applications of Turinici’s theorem to matrix equations. Subsequently,
Nieto and Ldpez [28] extended the result of Ran and Reurings [30] for nondecreasing mappings and
used these results to obtain a unique solution for a first order ordinary differential equation with
periodic boundary conditions. Later, Agarwal et al. [1] established some new results for generalized
contractions in partially ordered metric spaces, and have shown that the results of [28, 30] follow
from their results as particular cases.

Bhaskar and Lakshmikantham [4] introduced the concept of coupled fixed point for contractive
mappings F': X x X — X satisfying the mixed monotone property, where X is a partially ordered
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metric space and proved some interesting coupled fixed point theorems. Whereas Lakshmikantham
and Ciri¢ [20] introduced the concept of a mixed g-monotone mapping and proved coupled coinci-
dence and coupled common fixed point theorems and thereby extending theorems due to Bhaskar
and Lakshmikantham [4]. There after, many authors have obtained number of coupled coincidence
and coupled fixed point theorems in ordered metric spaces (see ([2], [7], [6], [21], [29], [31]) as ex-
amples). In [3], Berinde and Borcut introduced the concept of tripled fixed point and established
fixed point results for mappings having a monotone property and satisfying a contractive condition
in ordered metric spaces. Very recently, Karapinar [19] introduced the concept of quadruple fixed
point and establish some related fixed point theorems. Further, work related to Quadruple fixed
point is developed and related fixed point theorems are obtained (see [16, 17, 18, 19, 23]).

In the present work, we establish quadruple coincidence point theorems for a mixed g-monotone
mapping satisfying nonlinear contractions in partially ordered G-metric spaces. Our theorems gen-
eralize the very recent results of Karapinar [15], Karapinar and Berinde [18] and various other
related results in the literature. Before stating and proving our results, we shall recall some math-

ematical preliminaries.

2 Preliminaries

Throughout this paper, a partially ordered set with the partial order ”=<” is denoted by (X, <).
Further, "z > y holds” means that "y < z holds” and "z < y holds” means "2 =< y holds and
x # y”. Throughout the manuscript we denote X x X x X x X by X%

Definition 2.1. (G-Metric space [25]) Let X be a nonempty set and let G: X x X x X — R* be
a function satisfying the following properties:

(1) G(z,y,2) =0ifz =y = 2,

(2) 0 < G(z,z,y) for all x,y € X with z # y,

(3) G(z,z,y) < G(x,y, 2) for all z,y,z € X with z # y,

4) G(z,y,2) = G(z, z,y) = G(y, z,x) = ...( symmetry in all three variables).

(5) G

Then the function G is called a G-metric on X, and the pair (X, G) is called a G-metric space.

(z,y,2) < G(z,a,a) + G(a,y, z) for all x,y,z,a € X (rectangle inequality),

Definition 2.2. ([25]) Let (X, G) be a G-metric space and let {z,,} be a sequence of points of X,
a point x € X is said to be the limit of the sequence {z,} if . }yilIBOOG(an,xm) = 0 and we say
that the sequence {z,} is G-convergent to z. Thus, if {x,} — 2 in a G-metric space (X, G), then
for any € > 0, there exists a positive integer N such that G(z,zp, ) < €, for all n,m > N.

It has been shown in [25] that the G-metric induces a Hausdorff topology and the convergence
described in the above definition is relative to this topology. The topology being Hausdorff, a

sequence can converge at most to one point.
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Definition 2.3. ([25]) Let (X, G) be a G-metric space, a sequence {z,} is called G-Cauchy if for
every € > 0, there is a positive integer N such that G(x,,, xm,x;) < €, for all n,m,l > N, that is,
if G(zp,Tm, ) = 0, as n,m,l — oco.

Lemma 2.1. ([25]) Let (X, G) be a G-metric space, then the following are equivalent:
(1) {zn} is G-convergent to x.

(2) G(zp, zpn,z) = 0, as N — 00.

(3) G(xp,z,z) = 0, as n — 0.
4) G

4) G(xm, Tn,z) — 0, a8 m,n — 0.

Lemma 2.2. ([25]). If (X, G) is a G-metric space then G(z,y,y) < 2G(y,z,z) for all z,y € X.

Lemma 2.3. ([7]) If (X, G) is a G-metric space then {z,} is a G-Cauchy sequence if and only if
for every € > 0, there exists a positive integer N such that G(z,, m, zm) < &, for all m > n > N.

Definition 2.4. ([25]) Let (X, @), (X', G") be two G-metric spaces. Then a function f: X — X'
is G-continuous at a point x € X if and only if it is G sequentially continuous at z, that is, whenever

{zn} is G-convergent to x, {f(z,)} is G-convergent to f(x).

Definition 2.5. ([25]) A G-metric space (X, G) is called symmetric G-metric space if G(z,y,y) =
G(y,z,x) for all z,y € X.

Definition 2.6. ([25]) A G-metric space (X, G) is said to be G-complete (or complete G-metric
space) if every G-Cauchy sequence in (X, G) is convergent in X.

The following concept of a mixed monotone property has been introduced by Bhaskar and
Lakshmikantham [4]

Definition 2.7. Let (X, <) be a partially ordered set and F' : X x X — X be a mapping. The
mapping F' is said to have the mixed monotone property if F' is monotone non-decreasing in its
first argument and is monotone non-increasing in its second argument, that is, for any x1,zs € X,
21 < o implies F(z1,y) < F(xa,y) for y € X and for all y1,y2 € X, y1 =< yo implies F(z,y1) =
F(z,yz), for z € X.

Definition 2.8. ([4] Coupled Fixed Point) An element (z,y) € X x X, when X is any non-empty
set, is called a coupled fixed point of the mapping F': X x X — X if F(z,y) = x and F(y,z) = y.

Definition 2.9. ([7]) Let (X, G) be a G-metric space. A mapping F': X x X — X is said to be
continuous if for any two G-convergent sequences {x,, } and {y,} converging to z and y respectively,
{F(2n,yn)} is G-convergent to F(z,y).

Lakshmikantham and Cirié [20] introduced the following concept of a g-mixed monotone map-

ping.
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Definition 2.10. Let (X, <) be a partially ordered set. Let us consider mappings F': X x X — X
and g : X — X. The map F is said to have mixed g-monotone property if F'(z,y) is monotone
g-non-decreasing in = and is monotone g-non-increasing in y; that is, for any z,y € X,

21,29 € X, gx1 < gxo implies F(z1,y) < F(z2,y),

y1,y2 € X, gy1 = gyo implies F(z,y2) < F(z,y1).

Definition 2.11. ([20]) An element (z,y) € X x X is called a coupled coincidence point of the
mappings F: X x X - X and g: X — X if F(x,y) = gz and F(y,z) = gy.

Definition 2.12. ([20]) We say that mappings F : X x X — X and g : X — X are commutative
if g(F(z,y)) = F(gz,gy) for all z,y € X.

Just recently, Karapinar [19] has introduced the following partial order on the product space
X4
(u,v,7,t) 2 (1,y,2z,w) if and only if x = u,y < v,z = r,w < t, where (u,v,r,t),(z,y,2,w) € X%
Regarding this partial order, we have the following definitions from [19, 18]:

Definition 2.13. ([19]) Let (X, <) be a partially ordered set and F : X* — X. We say that F
has the mixed monotone property if F(x,y,z,w) is monotone non-decreasing in x and z, and is
monotone non-increasing in y and w, that is, for any x,y, z,w € X,

z1,x9 € X, 21 =% a9 implies F(z1,y, z,w) =< F(z2,y, z,w),

y1,Y2 € X, y1 <X yo implies F(x,y1, z,w) = F(x,y2, z,w),

21,22 € X, 21 =X z9 implies F(x,y, z1,w) 3 F(z,y, 22, w)

and

wy, W2 € Xa wi j w2 1mphes F(x,y,z,wl) i F(m,y,z,wg).

Definition 2.14. ([19] Quadruple fixed point) An element (z,y,2,w) € X* is called a quadruple
fixed point of F : X* — X if F(x,y,2,w) =z, F(z,w, 2,y) =y, F(2,y,z,w) = z and F(z,w,z,y) =
w.

Definition 2.15. ([18]) Let (X, <) be a partially ordered set and F' : X* — X. We say that F
has the mixed g-monotone property if F(z,y, z,w) is monotone g-non-decreasing in z and z, and
is monotone g-non-increasing in y and w, that is, for any x,y, z,w € X,

x1,29 € X, g(x1) =X g(x2) implies F(z1,y, z,w) = F(x9,y, z,w),

y1,Y2 € X, g(y1) = g(y2) implies F(z,y1, 2z, w) = F(x,y2,z,w),

21,22 € X, g(21) = g(22) implies F(z,y, z1,w) <X F(x,y, 22, w)

and

wy,we € X, g(wy) < g(wy) implies F(x,y,z,w1) = F(x,y,z,ws).

Definition 2.16. ([18]) An element (z,y,2,w) € X* is called a quadruple coincidence point of
F:X* > Xandg: X — X if F(z,y,2,w) = g(x), F(z,w,2,y) = g(y), F(2,y,7,w) = g(z) and
F(z,w,z,y) = g(w).
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Definition 2.17. ([18]) We say that mappings F : X* — X and g : X — X are commutative if
9(F(z,y,z,w)) = F(gz, gy, gz, gw), for all z,y, z,w € X.

We denote by 1 the set of functions ¢ : [0,400) — [0, +00) satisfying
(a) o(t) < tforallt >0,
(b) 1i1r£1+ p(r) <t for all t > 0.
Th7ne_>aim of this paper is to extend the results concerning partially ordered metric spaces of
Karapinar and Berinde [18] to partially ordered G-metric spaces. For this purpose, we give the

following definition:

Definition 2.18. Let (X, G) be a G-metric space. A mapping F : X% — X is said to be contin-
uous if for any four G-convergent sequences {x,}, {yn}, {2} and {w,} converging to z,y, z and w

respectively, {F (2, Yn, 2n, wn)} is G-convergent to F(z,y, z,w).

3 Main result

Our first main result is the following coincidence point theorem.

Theorem 3.1. Let (X, <) be a partially ordered set and G be a G-metric on X such that (X, G)
is a complete G-metric space. Suppose that there exists ¢ € ¢, F': X* — X and g : X — X such
that

G(F(x1,y1, 21, w1), F(x2,y2, 22,w2), F (23,3, 23, w3))

(G(gl'l,g.’l/'z,gl'g) + G(gy17gy25 gy?)) + G(gzla 9227923) + G(gw17gw27gw3)>
4

<o

(3.1)

for all x;,y;, z;,w; € X where 1 < i < 3 for which gxs =X gze < gx1, gy1 = 9y2 = gys, gz3 =
gzs = gz and gw; =X gws = gws. Suppose also that F' is continuous and has the mixed g-
monotone property, F(X?) C g(X) and g is continuous and commutes with F. If there exist z,
Yo, 20, wo € X such that gz < F(z0, Yo, 20, wo), gyo = F(xo, w0, 20,Y0), 920 = F (20, Yo, o, wo) and
gwo = F(z0,wo,xo,y0), then F and g have a quadruple coincidence point in X.

Proof. Let xq, yo, 20, wo € X be such that gzg = F(xo, Yo, 20, wo), gYo = F(xo, w0, 20,Y0), 920 =

F(20, Y0, To,wo) and gwo = F(z9,wo, To,%0). Since F(X*) C g(X), choose z1, y1, 21, w1 € X such
that

g1 = F(z0,%0, 20,w0), gy1 = F (20, wo, 20,%0), 921 = F (20, Yo, To, wo) and gwi = F(20, wo, To, Yo)-
For the same reason, we can again choose z9, y2, 22, wy € X as
gr2 = F(21, 91, 21, w1), gy2 = F(21, w1, 21,1), 922 = F(21, 41,21, w1) and gwz = F(z1, w1, 21,91).

Using the mixed g-monotone property, we have
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gro 2 gr1 X g2, gy2 = gy1 = gYo, 9zo = gz = g2z and gwz X gwi X gwo.
By continuing this process, we can define sequences (), (yn), (2») and (w,) in X in such a manner
that

9Tn = F(Tn-1,Yn-1, 201, Wn-1) = gZn+1 = F(Tn, Yn, Zn, Wn),
9Yn+1 = F(Tn, Wn; 20, Yn) = gyn = F(Tn—1, Wn—1, 2n—1,Yn-1),
9zn = F(2n—1,Yn-1, Tn—1,Wn-1) 2 g2n41 = F(2n, Yn, Tn, wn)
and
JWnt1 = F(zn, W, Ty Yn) = gWn = F(Zn—1, Wn—1, Tn—1,Yn—1)-
If (9Zn+t1, GYnt1,92n+1, GWnt1) = (9Tn, GYn, §2n, gwy,) for some n, then F and g have a quadruple

coincidence point.

So, we assume

(9Tn41, 9Yn+1, 9Zn+15 JWni1) 7 (90, 9Yn,> 9%n, gwy) for all n € N.
For n € N, let

tn = G(9Tn11, 9%n11, 9%n) + G(GYn+1, 9Ynt1, 9Yn) + G(92n41, 92n41, 9%n) + G(gWnt1, gWnt1, GWy).
(3.2)

Since for a G-metric, G(z,z,y) > 0 for all z, y € X with  # y, so ¢, > 0 for all n € N. Using
inequality (3.1), we have

G(gxn+1a 9Tn+1, gxn) = G(F(zna Yny Zn, wn)v F(zna Yny Zn, ’LUn), F(zn—h Yn—1,2n—1, wn—l))
<G(gxn7gxnagxn1) + G(gynagyrugynfl) + G(gzrngznvgznfl) + G(gwnvgwn7gwn1)> (3 3)

<

4

G(gyn+1,gyn+1’9yn) = G(F(xnawnvZnayn)vF(xnawmZnayn)vF(xn—lvwn—hZn—lvyn—l))

<G(gxnagxnagxn—l) + G(gwnagwnagwn—l) + G(gznagznagzn—l) + G(gynagyn7gyn—l)> (3 4)

< 1

G(gzn+lvgzn+17gzn) = G(F(zrwynaxruwn)>F(zn>ynawnvwn)>F(zn717ynflaxn71;wnfl))

(G(gzn, 9%n, 92n—1) + G(9Yn, 9Yn, 9Yn—1) + G(gZn, 9T, 9Tn_1) + G(gwn, gwn, gwn—1)> (35)

< 1

and

G(.qwnJrlvgwnJrlagwn) = G<F(Zn7wna$nayn>7F(Z’ruwnaxnayn)7F(anlawnflaxnflvynfl))

<y (G(gzn,gzn,gzn—l) + G(gwn, gWn, gwn_1) + G(gTn, GTn, gTn_1) + G(gymgyn,gyn—1)> (3.6)
1 .
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Adding (3.3)-(3.6), we get

tn < dp (tT—) (3.7)

Since p(t) < t for all ¢ > 0, it follows that (¢,) is monotone decreasing. Therefore, there is some
§ > 0 such that lim ¢, = d+.
n—-+oo
We now assert that § = 0. However, contradictorily let us suppose that § > 0.
Taking the limit as n — 400 on both sides of (3.7) and using the properties of the map ¢, we get

th— .
0= lim t, <4 lim <p< 41>:4 lim () <4,

n—-+00 n—-+oo tﬁ(%ﬁ

which is a contradiction. Thus § = 0.
Therefore, from (3.2), we have
lim ¢, =0. (3.8)

n—-+oo

Next, we prove that (gz,), (9yn), (92n) and (gw,) are Cauchy sequences in the G-metric space
(X,G). Suppose on the contrary that at least one of (g9x,), (9yn), (92n) and (gw,) are not a
Cauchy sequence in (X, G). Then there exist ¢ > 0 and sequences of natural numbers (p(r)) and
(¢(r)) such that for every natural number r, p(r) > ¢(r) > r and

lr = G(gxp(r)agxp(r)agxq(r)) + G(gyp(r)a 9Yp(r), qu(r))+G(gzp(r)7gZp(r)a gzq(r))
+G(gwp(r), JWp(ry, gwq(r)) > €. (3.9)

Now, corresponding to ¢(r) choose p(r) to be the smallest for which equation (3.9) holds.
So,

G(gxp(r)—la GTp(r)—1; gxq(r)) + G(gyp(r)—l y 9Yp(r)—1 7qu(7‘)) + G(gzp(r)—l y9Zp(r)—1> gzq(r))
+ G(gwp(r),l,gwp(T),l, gwq(r)) <e. (3.10)

Making use of the rectangle inequality property of a G-metric, we have

IN

15 l,

IA

G(97p(r)s 9Tp(r), 9Tp(r)—1) + G(ITp(r) =1, 9Tp(r)—15 9Tq(r)) T G(9Yp(r)s 9Yp(r)> GYp(r)—1)
+G(9Yp(r)—15 9Yp(r)—15 9Yq(r)) + G(92p(r), G2p(r)» I2p(r)—1) + G(92p(r)—15 92p(r)—15 GZq(r))
+G(gWp(rys GWp(r)s Wp(r)—1) + G(GWp(r)—15 GWp(r)—1, JWy(r))

G(9Tp(r)—15 9Tp(r)—15 9Tq(r)) + G(GYp(r)—1> GYp(r) 1> 9Ya(r)) + G(92p(r) 1, 92p(r)—15 GZ4(r))
+G(gWp(r)—1, JWp(r) -1, JWq(r)) + tp(r)—1-



36 P. Shahi, J. Kaur, S. S. Bhatia

Using equation (3.8), (3.10) and letting » — +oco in the above inequality, we get

lim [, =¢*
r—400

(3.11)
Again using the rectangle inequality property, we have

l. = G(gwp(r),gxp(r),gﬂcq(r)) + G(gyp(r)a gyp(r)7qu(r)) + G'(g'zp(r)7 gZp(r)7ng(7«))
+G(gwp(7")v GWp(r), gwq(?“))

IN

G(92p(r)> 92p(r)» 9Tp(r)+1) + G(ITp(r)41 9Tp(r)+15 9Tq(r)+1) + G(GTq(r) 415 9T (1) 415 9Tq(r))

+G(gyp(r> 9Yp(r)s 9Yp(r)+1) T G(9Yp(r) 11> 9Yp(r)+1> WYa(r)+1) + G(9Yq(r)+15 9Yq(r) 11> IYq(r))
+G(92p(r), 97p(r) 1 9Zp(r)+1) T G(92p(r)+15 92p(r) 415 9Zq(r)+1) + G(920() 41, 9Zq(r)+15 9Z4(r)

+G(gWp(r), JWp(rys JWp(r)+1) T G(GWp(r)+15 IWp(r) 1, IWq(r)+1)

+G(gWq(r)+1, Wq(r)+1, 9Wq(r))

=ty + G(gl‘p(r), ITp(r)> 9Tp(ry 1) + G(GYp(r)s Gp(r)» IYp(r)+1) + G(92p(r)> 92p(r)s 9Zp(r)+1)

+G(gWp(r)> JWp(r)s Wp(r)+1) + G(ITp(r) 41> Tp(r)+15 9Tq(r)+1)

+G(9Yp(r)+1> 9Yp(r)+15 Ya(r)+1) T G(G2p(r) 115 92p(r)+15 9Zq(r)+1)

+G(gWp(r)+15 GWp(r) +15 Wq(r)+1)

Using lemma 2.2, we obtain

Ir < gy +2G(92p(rys 9Tp(r)+15 9Zp(ry+1) + 2G(GYp(r)s 9Yp(r)+15 9Yp(r)+1)
+2G(92p(r) 92p(r) 415 9Zp(r)+1) + 2G(9Wp(r) s GWp(r) 115 GWp(r) 41)
+G(9Tp(r) 415 9Tp(r)4+1, 9Tq(r)+1) + G(9Yp(r) 415 9Yp(r)+15 9Yq(r)+1)
+G(92p(r)+1, 92p(r)+15 9Zq(r) +1) + G(GWp(r) 15 JWp(r) 15 GWq(r)+1)

= tg(r) + 2pir) + G(9Tp(r)+1, 9Tp(r) +15 GTq(r)+1)
+G(9Yp(r)+1> 9Yp(r)+1> 9Ya(r)+1) T G(G2p(r) 115 92p(r) 115 9Zq(r)+1)
+G(9Wp(r) 115 FWp(r) +1> JWq(r)+1)-

(3.12)
Making use of the inequality (3.1), we have

G(gxp(r)Jrlv 9Tp(r)+1> gfﬂq(r)ﬂ)

= G(F(@p(r)s Up(r)» Zp(r)> Wp(r) )s F(@p(r)s Up(r) > Zp(r)> Wp(r) )y F(@q(r)5 Ya(r)s Za(r)» Wa(r)))
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)

< (G(gzp(r)agmp(r)7gzq(7‘))+G(gyp(T)7gyp(7‘)7qu(7‘))+G(gZp(r)7gzp(7‘)7gzq(7‘))+G(gwp(T))gwp(r)vgwq(r)))
4

G(9Yp(r)+1> 9Yp(r)+15 IYq(r)+1)
= G(F(Tp(r), Wp(r): 2p(r)s Yp(r) ) F(@p(r)s Wp(r)s Zp(r) s Yp(r) )s F(Tq(r)s Wa(r)» Zq(r)» Ya(r)))

<y (G(gzp('r')7gmp(r)7grq('r'))+G(gU)p('r')7gu}p('r‘)7gU)q(r‘))+G(gZp(T‘)7gzp('r')7gzq('r‘))+G(gyp(r)7gyp('r')7qu('r')))
> 1 )

G(gzp(r)+1a 9Zp(r)+1, gzq(r)—i—l)

= G(F(2p(r)» Yp(r)» Tp(r)> Wp(r) )s F'(Zp(r) s Yp(r)> Tp(r)> Wp(r) ) F(2q(r) s Ya(r) Ta(r)» Wa(r)))

< (G(gzp(r)agzp(r)wgzq(r))+G(gyp(7‘)5gyp(7‘)7qu(7‘))+G(gwp(r)agzp(r)wgwq(r))+G(gwp(r)agwp(r)vgwq(r)))
— 4

and

G(gWp(r)+1, JWp(r)+15 JWq(r)+1)

= G(F(2p(r)s Wp(r) s Tp(r)s Yo(r))s F(Zp(r)s Wp(r) s Tp(r)s Yo(r) )s F(Za(r)s Wa(r)s Ta(r)s Ya(r)))

<y (G(gzp(r)1gzp(r)vgzq(7‘))+G(gwp(7‘)1gwp(7‘)ugwq(r))+c(gzp(r)7gmp(7‘)1gzq(r))+G(gyp(r)vgyp(r)ﬂqu(r)))
— 4 .

Summing up the above four inequalities, we get

G(gxp(r)—i-lagxp(r)—i-l,gmq(r)—l—l) + G(gyp(r)+1vgyp(r)+lv qu(r)—i—l) + G(gzp(r)+1vgzp(r)+1v gzq(r)—i—l)
+ G(gwp(r)+17 JWp(ry+1, gwq(r)+1) < 4()0 (lzr) (313)

Now, it follows from inequalities (3.12) and (3.13) that
b < tg(r) + 2ty + 40 () - (3.14)

Utilizing the properties of the function ¢, inequalities (3.8),(3.11), and letting » — +o00 in the above
inequality, we have

e<4 lim ¢<ZT>:4 lim () <e,

r—+oo 4 t—(e/4)+
which is a contradiction. Therefore, the sequences (gz,), (9yn), (92n) and (gw,) are Cauchy se-
quences in the G-metric space (X, G). Moreover, since (X, G) is a complete G-metric space, there
exists x,y, z,w € X such that (gz,), (9yn), (92) and (gw,) are G-convergent to z, y, z and w
respectively, that is, from lemma 2.1, we have
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lim G(gzn,gxn,z) = lim G(gz,,z,z) =0

n—-+oo n—-+oo

Jum G(gyn, gyn,y) = lim  Glgyn,y,y) =0 (3.15)
hril G(92n,9%2n,2) = lim G(gzn,2,2) =0

n—-+0oo n—

nEIEMG(gwn,gwn7w) = llrfoo G(gwn,w,w) =0

Now, using the continuity of g, we get from definition 2.4

Jm  Glg(gzn), 9(92a), 97) = lim  G(g(gan), gz, 97) =0
Jm  G(g(gyn), 9(9yn),9y) = lim  G(9(gyn), 9y. 9y) =0 (3.16)
Jm Gg(92n). 9(92n), 92) = lm  G(g(gzn), 97, 92) =0

lim G(g(gwn), 9(gwn), gw) = hm G(g(gwn), gw, gw) = 0

Since 9Tn4+1 = F(xruyny zn,wn), 9Yn+1 = F({,En, W, zn7yn)7 9Zn+1 = F(Zn, yn7xn>wn)
and gwp 41 = F(2n, Wn, Tn,Yn). So, the commutativity of F and g yields that

9(gTn+1) = g(F (T, Yns 2ns wn)) = F(9Tn, gYn, 92n, gwn)
9(9yn+1) = 9(F(Tn, wn, 20, Yn)) = F(9Zn, gn, 92n, gyn) (3.17)
g<gzn+1 g(F(Zmymmnawn)) = F( ngynagxnagwn)
9(gwn+1) = 9(F (20, Wn, Tny Yn)) = F(92n, 9Wn, 90, gYn)

Now we show that F' and g have a quadruple coincidence point. Since the sequences (gz,,),
(9yn), (g2zn) and (gw,) are respectively G-convergent to x, y, z and w, so by using the defini-
tion 2.18, the sequence (F(gxn, gYn, 9zn, gwn)) is G-convergent to F(z,y,z,w). Therefore, from
(3.17), (g(gxn+1)) is G-convergent to F(z,y,z,w). By uniqueness of the limit and using (3.16),
we have F(x,y, z,w) = gz. Similarly, we can show that F(z,w, z,y) = gy, F(z,y,z,w) = gz and

F(z,w,z,y) = gw. Hence, (z,y, z,w) is a quadruple coincidence point of F' and g. Q.E.D.

Theorem 3.2. Let (X, <) be a partially ordered set and (X, G) be a G-metric space such that X
satisfies the following property:
(i) if a non-decreasing sequence {z,} — z, then x,, < z for all n, (3.18)
(ii) if a non-increasing sequence {y,} — y, then y <y, for all n, (3.19)
Suppose that there exists ¢ € 1 and mappings F : X* — X and ¢g : X — X such that

G(F(xhyh 217w1),F($27y2, 22,w2),F(a:3,y3, 237103))
<o (G(g:vl, gz2, 923) + G(gy1, 9y2, gys) + G(gz1, 922, g23) + G(gw1, gwa, gw3)> (3.20)
—_— 4 .

for all z;,y;, z;,w; € X where 1 <1 <3 with gz < gre < g1, gy1 = gy2 = gys, 923 = gz2 2 gz1
and gw; < gws = gws. Suppose also that (g(X),G) is complete, F' has the mixed g-monotone
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property and F(X*) C g(X). If there exists x¢,vo, 20, wo € X such that gzo < F(x0,vo, 20, Wo),
9y0 = F(z0, w0, 20,%0), 920 = F (20,0, %0, wo) and gwo = F(z0,wo,Z0,Y0), then ' and g have a

quadruple coincidence point.

Proof. Proceeding exactly as in Theorem 3.1, we have that (gz,,), (9yn), (92,) and (gw,,) are Cauchy
sequences in the complete G-metric space (¢(X),G). Then, there exists x,y,z,w € X such that
9Tn — 9T, gYn — 9y, 92, — gz and gw, — gw. Since (gx,), (g9z,) are non-decreasing and (gy,),
(gwy,) are non-increasing, using equations (3.18) and (3.19), we have gx,, =< gz, gyn = 9y, 92n = gz
and gw, = gw for all n > 0. If gx,, = gx, gy, = 9y, 9zn, = gz and gw,, = gw for some n > 0, then

9T = 9Ty = GTni1 2 gT = Gp,
9Y = GYn+1 = GYn = 9Y,
9z = 9gzn = gZn+1 X gz = gzn
and
gw =X gWp41 = gw, = gw,

which implies that (z,,, Yn, 2n, w,) is a quadruple coincidence point of F' and g. Then, we suppose
that (92n, 9Yn, 92n, gwn) # (92, gy, gz, gw) for all n > 0. Using the rectangle inequality, (3.20) and
the property o(t) < t for all t > 0, we get

(F((E Y,z w) (x),g(x)) = G(F(m,y,z7w),g(xn+1),g(xn+1))—I—G( (xn+1),g( ) g( ))
= G( (x,y,z,w),F(xn,yn,zn,wn),F(xn,ymzn,wn))+G(g(xn+1),g( ) (QE))

G(g92, gn, 92n) +G(9Y, 9Yn: 9Yn) + G (92, 97n; 97n) + G gw, gwn, gwn
<o ( )+G( ) . ( )+G( ) +G(g(zn41), 9(x), g(2))

G TydTn,dTn +G sy 9Yn, GYn +G Zy9Zn, 9%n +dG W, qWnp, gWnp
<< (92, 92, 97) +G gy, gy gy)4 (92,920, 97n) +G(gw, gwn, g )>+G( (i1, 9(2), 9()).

Letting n — oo implies that G(F(z,y, z,w), g(z), g(z)) < 0. Hence, g(z) = F(z,y, z,w).
Analogously we can get that

9ly) = F(z,w, z,y), g(z) = F(z,y,z,w) and g(w) = F(z,w,z,y).
Thus, we proved that (z,y, z, w) is a quadruple coincidence point of F' and g. Q.E.D.

Corollary 3.3. Let (X, <) be a partially ordered set and G be a G-metric on X such that (X, G)
is a complete G-metric space. Suppose that there exist k € [0,1), F : X* - X and g: X — X
such that

k
G(F(x1,y1,21,w1), F(x2,y2, 22,w2), F(3,Y3, 23, w3)) < 4[G(9I1,9$2,9$3)+G( Y1, 9Y2, 9Y3)
+G(g21,922, ng) + G(gw17 quwa, g’UJ3)]
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(3.21)
for all z;,y;, z;, w; € X where 1 <14 < 3 for which gxs < gzo < gz1, gy1 = gy2 = gys, 923 = gz2 =
gz1 and gw; = gws = gws. Suppose also that F' is continuous, has the mixed g-monotone property,
F(X%) C g(X) and g is continuous and commutes with F. If there exist g, yo, 20, wo € X such that
gxo = F(x0,Y0, 20, w0), 9Y0 = F(x0,wo, 20,Y0),920 = F(z0,Y0, %0, wo) and gwg = F (20, wo, To,Yo),
then F' and g have a quadruple coincidence point in X.

Proof. Taking ¢(t) = kt with k € [0,1) in Theorem 3.1, we obtain Corollary 3.3. Q.E.D.

Corollary 3.4. Let (X, <) be a partially ordered set and (X, G) be a G-metric space such that X
satisfies the following property:
(i) if a non-decreasing sequence {z,} — x, then z, < x for all n, (3.22)
(ii) if a non-increasing sequence {y,} — y, then y <y, for all n. (3.23)
Suppose that there exists k € [0,1), F: X* = X and g : X — X such that

G(F(l‘hy17Zlawl)aF(any27Z2aw2)aF(x3,y3aZ3;w3))
k
< Z[G(gfch 972, 9x3) + G(gy1, 9y2, gy3) + G(g21, 922, 923) + G(gw1, gws, gws)] (3.24)

for all z;,y;, z;,w; € X where 1 < ¢ < 3 with gzs = gxs < gx1, 9y1 = gy2 = gys, 923 = gz X gz1
and gw; < gws = gws. Suppose also that (g(X),G) is complete, F' has the mixed g-monotone
property and F(X%) C g(X). If there exists xg,vo, 20, wo € X such that gzo =< F(x0,vo, 20, Wo),
gyo = F(x0,wo, 20,%0), 920 = F (20, Y0, x0,wo) and gwy = F(zo,wo,Zo,Yo), then F and g have a
quadruple coincidence point.

Proof. Taking ¢(t) = kt with k € [0,1) in Theorem 3.2, we obtain Corollary 3.4. Q.E.D.

Remark 3.1. [5] It is to be noted that some of the fixed point theorems on G-metric spaces can
be deduced from fixed point theorems on metric spaces (see, e.g., [14, 32]). But these results are
quite clear due to the strong connection between the usual metric and G-metric space (see, e.g.,
[22, 25, 26]). The originality of a G-metric space comes from the fact that the G-metric space tells
us about the distance of three points instead of distance between two points. We also accentuate
that the methods used in [14, 32] cannot be applied to our main result since we are considering the
nonlinear contractive condition.

We present the following example to illustrate our main result.

Example 3.1. Let X = R with a usual ordering. Define G : X x X x X — X by G(z,y,2) =
max{|z —yl|,|y — z|,|xr — 2|}. Let g: X - X and F: X x X x X x X = X be defined by

5 — —
0(0) = S0, Py, 2w = VLI



Quadruple fixed point theorems for nonlinear contractions 41

4
for all z,y,z,w € X. Take ¢ € v be given by ¢(t) = 51& for all ¢ € [0,+00). Clearly, (X,G,<) is
a complete ordered G-metric space. Let z1, %2, x3,Yy1,Y2,Ys3, 21, 22, 23, W1, W, w3 € X with gr; >

gxa > g3, gys > gy2 > gyi, gz1 > gze > gzz and gws > gws > gwp. Then

1
|F(x1,y1, 21,w1) — F(22,Y2, 22, w2)| = — ((x1 — x2) + (y2 — 1) + (21 — 22) + (w2 — w1))

24
< 112—296(max{|331 — xa|, |we — w3, |3 — 21|} + max{|y1 — 2|, lv2 — vsl, lys — v1|}
+ max{|z1 — 22|, |22 — 23, |23 — 21|} + max{|wy — wal, |wy — ws], |ws — w1|})
= %%.(%maxﬂm — a|, |22 — 23], |3 — 21[} + %max{\yl — sl ly2 — ysl, lys — w1 |}

) b)
+ 8 max{|z1 — 22|, |22 — 23|, |23 — 21|} + 8 max{|w; — wsl, |wa — w3, |ws —w1|})

(G(gxla gra, gl’g) + G(th gy27gy3) + G(gzlu gz2, ng) + G(gwh guwz, gw3))

(G2

S
AN e e

<

G(gx1, 92, gx3) + G(9y1, 9y2. 9y3) + G921, 922, gz3) + G(gws, ng,gw3)>
4

Similarly,

|F($2792,Z27w2) - F(I3ay37z3aw3)‘

<o <G(9$179$279$3) + G(gy1, 9y2, 9y3) + G(gz1, 922, g23) + G(Qwhng,gws))

4

and

|F(x3,y3,2:3,w3) - F(Ilayhzlawl)‘

< © (G(gxhgxg,gx;;) + G(9y179y279313) + G(92179227gz3) + G(gw17gw27gw3)>

4

Therefore,

max{|F(z1,y1, 21, w1) — F(x2,Y2, 22, w2)|, | F (T2, Y2, 22, w2) — F(x3,y3, 23, w3)|,
|F($37y3,237w3) - F($1,Z/17Z1,w1)\}

<G(gx1, gz2, 973) + G(gy1, 9y2, 9ys) + G(gz1, 922, g23) + G(gw1, gwa, gw3)>
4

<

Hence,

G(F(x1,y1, 21, w1), F(x2,y2, 22,w2), F (23,3, 23, w3))

(G(gm,gﬂszv gx3) + G(gy1, gy2, gys) + G(gz1, gz, gz3) + G(gw1, gwa, gw:a))

< 1




42 P. Shahi, J. Kaur, S. S. Bhatia

Now, we proceed to show that F' has the mixed g-monotone property. Let x,y, z,w € X. To show
that F'(z,y, z,w) is g-monotone non-decreasing in x, let x1, 29 € X with gx; < gao. Then z1 < o,
and so 1 —y+z—w < xo—y—+z—w. Hence, F(z1,y, z,w) < F(x2,y, z,w). Therefore, F(x,y, z,w)
is g-monotone non-decreasing in x. Similarly, we can show that F(z,y, z,w) is g-monotone non-
decreasing in z.

Now, we have to prove that F(z,y,z,w) is g-monotone non-increasing in y, let y;,y2 € X
with gy; < gya, then y1 < yo. Hence, z —yo + 2 —w < z —y1 + z — w, so F(z,y2,2z,w) <
F(z,y1,2,w). Therefore, F(z,y,z,w) is g-monotone non-increasing in y. Similarly, we can also
show that F(x,y,z,w) is g-monotone non-increasing in w.

Let g = yo = 20 = wg = 0. Obviously, all the other hypothesis of Theorem 3.1 are satis-
fied. Thus, F' and g have a quadruple coincidence point in X. Here, (0,0,0,0) is the quadruple

coincidence point.
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