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We consider the log-likelihood ratio test (LRT) for testing the number of components in a mixture of
populations in a parametric family. We provide the asymptotic distribution of the LRT statistic under
the null hypothesis as well as under contiguous alternatives when the parameter set is bounded.
Moreover, for the simple contamination model we prove, under general assumptions, that the
asymptotic local power under contiguous hypotheses may be arbitrarily close to the asymptotic level
when the set of parameters is large enough. In the particular problem of normal distributions, we
prove that, when the unknown mean is not a priori bounded, the asymptotic local power under
contiguous hypotheses is equal to the asymptotic level.
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1. Introduction

Mixtures of populations are a modelling tool widely used in applications, and the literature
on the subject is vast. For finite mixtures, the first task is to choose the number of
components in the mixture. This problem is very important for many applications (e.g.,
choosing a genetic model for a quantitative trait). It also provides one of several methods
for choosing the number of clusters in a clustering procedure.

A number of estimation and testing procedures have been proposed for this purpose; see
Titterington et al. (1985), Lindsay (1995), McLachlan and Peel (2000), James ef al. (2001),
Gassiat (2002) and the references therein. Asymptotic optimality of the log-likelihood ratio
test (LRT) in several parametric contexts is well known. Using the LRT for testing the
number of components in a mixture appears quite natural. Simulation studies show that the
LRT performs well in various situations (see Goffinet et al. 1992). However, the asymptotic
distribution and local power of the test must be evaluated to compare with other known
tests. In this paper, we focus on the asymptotic properties of the LRT for testing whether
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independent and identically distributed (i.i.d.) observations X, ..., X, come from a
mixture of py populations in a parametric set of densities F (null hypothesis H,) against a
mixture of p populations (alternative H,;), where the integers py and p satisfy py < p.
Gassiat (2002) gives a rather weak assumption under which the asymptotic distribution of
the LRT statistic is derived in the general situation of testing a small model nested in a
larger one. This result holds under the null hypothesis as well as under contiguous
hypotheses. In Section 2 we explain what remains to be proven in order to apply Gassiat
(2002) to obtain the asymptotic distribution of the LRT statistic for testing H, against H,
under the null hypothesis as well as under contiguous alternatives, and we prove the results
for the number of components in a mixture of populations in a parametric set with a
possibly unknown nuisance parameter. In this way, we obtain more general results than
previously derived in the case where the parameter set is bounded. Specifically,

e they apply to general sets of parametric families with unknown nuisance parameter;
e the asymptotic distribution under contiguous alternatives is considered.

We also recover known results for mixtures of one or two populations under weaker
assumptions, as well as known results concerning particular parametric families such as
Gaussian or binomial distributions; see Ghosh and Sen (1985), Chernoff and Lander (1995),
Dacunha-Castelle and Gassiat (1997, 1999), Lemdani and Pons (1997, 1999), Garel (2001),
Chen and Chen (2001) and Mosler and Seidel (2001).

In Sections 3 and 4 we study what happens when the set of parameters becomes
increasingly large. For simplicity we restrict our attention to the simplest model: the
contamination model for families of distributions indexed by a single real parameter.
Indeed, roughly speaking, the LRT statistic converges in distribution to half the square of
the supremum of some Gaussian process indexed by a compact set of scores. However,
when this set of scores is enlarged, the covariance of the Gaussian process is close to 0 for
sufficiently distant scores, so that the supremum of the Gaussian process may become
arbitrarily large. Thus one also knows that for unbounded sets of parameters, the LRT
statistic tends to infinity in probability, as Hartigan (1985) first noted for normal mixtures.
Here, we prove that under some extreme circumstances the LRT can have less local power
than moment tests or goodness-of-fit tests. More precisely, let T be [—T7, T] and
F ={f1, t €T} be a parametric set of probability densities on R with respect to the
Lebesgue measure. Using i.i.d. observations Xy, ..., X,, we consider the testing problem
for the density g of the observations:

Hy:g=fy against Hy:g=(0-m)fo+af,0s=a=<1,reT. )
We prove the following:

e For general parametric sets F, T =[—T7, T] and 7 large enough, under contiguous
alternatives, the LRT for (1.1) has asymptotic local power close to the asymptotic level
under some smoothness assumptions; see Theorem 4. A set of assumptions is given for
which Theorem 4 applies in the case of translation mixtures, that is, when
f:() = fo(- — 1); see Corollary 1. This is done in Section 3.

e When f; is the Gaussian density with mean ¢ and variance 1, we have the normal



Log-likelihood ratio test for mixtures 777

mixture problem. When the set of means is not a priori bounded, that is, T = R, Liu
and Shao (2004) obtained the asymptotic distribution of the LRT under the null
hypothesis by using the strong approximation proved in Bickel and Chernoff (1993).
We prove in Theorem 5 that the asymptotic local power under contiguous alternatives
is equal to the asymptotic level. This result is related to some results of Hall and
Stewart (2004) — our hypotheses are weaker, but we do not determine the exact
separation speed.

Proofs for most of the results in Sections 3 and 4 are detailed in Section 5.

Our opinion is that the main consequence of our results for large or unbounded
parameter sets is that the theoretical asymptotic study of the LRT for mixtures in the
compact case seems to be the more relevant case. Concerning practical applications:

e It is well known that the convergence to the asymptotic distribution is very slow for
mixtures of populations in general. For example, for the very simple skewness test,
Boistard (2003) showed that n = 10° observations are needed to attain the asymptotic
distribution.

e For maximum likelihood estimates and tests, the problem of the speed of convergence
to the asymptotic distribution is very difficult to address because in practice maximum
likelihood estimates are computed through iterative algorithms and are only
approximate — the most famous being the EM algorithm and its variants. All of
these algorithms depend on tuning constants, in particular concerning the stopping rule.
It is shown, for example, in Table 6.3 of McLachlan and Peel (2000), based on results
due to Seidel et al. (2002), that the distribution of the LRT depends heavily on these
tuning constants.

e Recently, some results and software have become available to compute the distribution
of the maximum of Gaussian processes; see Garel (2001), Delmas (2003) and Mecadier
(2005a). In particular, these results show that, if the means are contained in some ‘non-
huge’ set, the asymptotic local power of the LRT under contiguous alternatives is
generally better than that of moment tests or of goodness-of-fit tests. Nevertheless, the
LRT is not uniformly most powerful.

The only practical consequence of our result is the following: if we have a very large
data set and we suspect a possible contamination with very small probability but with large
parameter, then it is better to use a moment test or a goodness-of-fit test than an LRT.

2. Asymptotic distribution of the LRT for the number of
populations in a mixture under null and contiguous
hypotheses

A general theorem in Gassiat (2002) enables us to find the asymptotic distribution of the
LRT for testing a particular model nested in a larger one, under the null hypothesis as well
as under contiguous alternatives. Roughly speaking, the asymptotic distribution is some
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function of the supremum of the isonormal process on a set of score functions. The theorem
holds under a simple assumption on the bracket entropy of an enlarged set. In many
applications, these sets are parameterized by a finite-dimensional parameter. It remains to:

e prove that the assumption on the bracket entropy holds;
e identify the isonormal process with a Gaussian field with real parameters, and reduce
the asymptotic formula by clever computations.

We first recall the general result of Gassiat (2002) and detail its application to the
contamination mixture model. We then state the result for two populations with possibly
unknown nuisance parameter and for contamination mixtures with unknown nuisance
parameters.

Assume one would like to use the LRT for testing Hy : g € M, against H; : g € M,
where g is the generic density of i.i.d. observations X, ..., X, and My C M are sets of
densities with respect to some measure v on R* (or more generally on some Polish space).
Let /,(g) = > ,log g(X;) be the log-likelihood. Throughout the paper:

e 1, will denote the LRT statistics defined by A4, = sup gep £,(g) — SUp gem, £n(g);
e || |l will denote the norm in L?(go - v).
e g will denote a density in M that is the true (unknown) density of the observations.

When studying £,(g) — £,(go), functions of the form (g — g¢)/go appear naturally.
Define two subsets of the unit sphere in L?(g - v) of such functions when normalized:

(g — 80)/&o (& — 80)/&o
S—{,gGM g0 and So={———— 57—, g € Mo\{go} -
&~ /el & < e~ 20)/al \eo}
A bracket [L, U] of length ¢ is the set of functions » such that L < b < U, where L and U
are functions in L?(go - v) such that ||U — L||, < ¢. Define H}12(S, ¢) to be the entropy with
bracketing of S with respect to the norm || - ||2, as the logarithm of the number of brackets of
length ¢ needed to cover S. To apply the theorem in Gassiat (2002), the only assumption
needed is:

1
J\()V Hp12(S, €)de < +-00. 2)

This assumption implies, in particular, that S is Donsker and that its closure is compact. As
already stated, when M is parameterized, S is also parameterized and smoothness properties
will allow us to verify (2). But, in general, the parameterization will not be continuous
throughout S. The delicate point may be that one needs to find all possible limit points, in
L?*(go - v), of sequences ((g» — go)/ £0)/[(gn — g0)/goll2 when (g, — g0)/oll2 tends to 0.
The set D (Dy) of limit points of sequences (g, — g0)/go)/||(gn — g0)/&oll» Where
I(gn — g0)/goll2 tends to 0, g, € M\{go} (gn € Mo\{go}), will be parameterized in such
a way that Lipschitz properties can be used on subsets.

In general, when M, contains more than one density, Dy C D, and if the
parameterization is smooth enough, it is possible to define a set U in R X R¥ and a
set Uy in R* such that D = {dy, u € U}Dy = {do), v € Uy}. Define the covariance
function r(-, -) on U X U by
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r(UI, u2) = Jdul duz gO dV'

Then, under (2), applying Theorem 3.1 in Gassiat (2002),

2 2
1 & 1 &

24, = sup| max{ — du(X)), 0 — sup [ max{ — divo(X), 0 + op,(1),

.,EB< {ﬁ; (X) }) 5( {ﬁ; (0(X0) }) po(1)

so that 21, converges in distribution to

sup(max{ Z(u), 0})zfsup (max{Z(v, 0), O})z, 3)
ucl vely
where Z(-) is the Gaussian process on U with covariance 7(-, -) and [Py is the joint
distribution of the observations X1, ..., X, under the null hypothesis. In the particular case
where M, is reduced to a single element, a direct application of Corollary 3.1 of Gassiat
(2002) gives that 2 1, converges in distribution to sup,cy(max{Z(u), 0})>.

It will be seen in the examples below that 7(-, -) is, in general, not continuous
everywhere on the closure of U X U. Z(-) is not a continuous Gaussian field, though the
isonormal process on D is continuous, so that the suprema involved in (3) are almost surely
finite. In general, r(-, -) is continuous almost everywhere.

It is also proven in Gassiat (2002) that if the densities g, in M\M, are such that
(g0 — 20)/20)/Il(gx — 20)/ goll2 converges to some dy, with v/n[[(g, — g0)/goll> tending
to a positive constant ¢, then the distributions (go-v)®" and (g, -v)®" are mutually
contiguous, and 24, converges in distribution under this contiguous alternative to

sup(max{ Z(u) 4 ¢ - r(u, ug), 0})*—sup (max{ Z(v, 0) + ¢ - #((v, 0), ug), 0})*.  (4)

uel vely

In general, (3) and (4) reduce to the square of only one supremum, due to the particular
structure of the Gaussian process.

2.1. Contamination mixture

We consider here the contamination mixture model where the parameter t may be
multidimensional: t € T, T being a compact subset of R¥ such that 0 belongs to the interior
of T. Let || - || and (-, -) denote the Euclidean norm and scalar product in R¥. Again,

Mo ={fo} M={grne=0-mfs+tnf, 0sa<1teT}

- (i = S0/ fo }
S_{dt_|(ft—f0)/f0|z’tETT .

We shall use the following assumptions (CM) ensuring smoothness and some non-
degeneracy:

e fi = fo v-ae. if and only if t =0.
e t — f; is twice continuously differentiable v-a.e. at any t € T.
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e There exists 7 > 0 such that, for all t€ T with |[t| <, if 7€ R* is such that
SF 1:0f:/0t; = 0 v-a.e. then 7= 0.

e There exists a positive real 7 and a function B € L*(fy - v) that upper-bounds all the
following functions:

fe 10f; :
A A =1,...,kteT
fo’fo att b l b b b e b

1| &f .

= 8t-8;-’ Lj=1,..., kteT,|t]|<n.
ity

Define now for all non-null s and t in T,
r(s, t) = stdtfo dv. (5)

Notice that, in each direction 7 such that [|t| — 0 with t/||t|| — 7, one may extend r(-, -) by
continuity, setting

i, t) = i(t, 1) = Jc?rdtfg dv and #(r,7) = Jc?rc?,ffo dv.

Theorem 1. Assume (CM) and let 7, and t, be sequences such that:

o lim, e /AT, | fi, = f0)/all2 = ¢ for some positive c;
e cither t, tends to some ty # 0 and \/n7, tends to some positive constant, or t, tends
to 0, and t,/||t,|| converges to some limit t.

Then (fo - v)®" and [((1 — 7,) fo + waft,) - vI©" are mutually contiguous, and 2 A, converges
under (fy - v)®" in distribution to

2
sup(max{ Z(t), 0})*= (supza)) ,
teT teT

and under [((1 — 7,)fo + 7o ft,) - V1¥" to

2
?g(max{z(t) +u(t), 0})*= (flélr)(z(t) + ﬂ(O)) ;

where Z(t) is the Gaussian field with covariance r defined by (5) and

o C'V(t, t()) iftn—>t()7é0
My = { ¢ f(t, ) if |[ta]] — 0 and t,/[[t,] — 7. ©)

Remark. Set m = 0 under (fo - v)®" and m = g under [((1 — 7,)fo + Tuft,) - v]®". Letting t
to go 0 radially in two opposite directions and using covariance properties in the
neighbourhood of 0, we see that almost surely sup¢T(Z(t) + m(t)) > 0, which justifies the
equalities in the preceding theorem.

A detailed proof of this theorem may be found in Mercadier (2005b). The theorem
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applies, for instance, to translation mixtures, Gaussian mixtures, binomial mixtures (with a
result equivalent to that of Chernoff and Lander 1995) and mixtures in exponential families
(see Mercadier 2005b).

2.2. Two populations against a single one

We consider here the case where one wishes to test a single population in the family of
densities fi, t € T, T a compact subset of R*, against a mixture of two such populations:

./\/lo = {ft, te —II}, M= {gﬂ,tl,tz = (1 —.7'L')j{t1 +.7Tft2, Osxg=< l, t € T, t, € —[I}

We suppose, moreover, that 0 is an interior point of T and that fy is the unknown distribution
of the observations (with no loss of generality).

We shall use the following assumptions (TP), ensuring smoothness and some non-
degeneracy:

o (1 —m)fy, +xfy, = fo v-ae. if and only if either 7 =0 and t;, =0 or 7 =1 and
t2:0 or t; =0 and t2:0.

e t — f; is three times continuously differentiable v-a.e. at any t € T.

e Forall 7 € R, forall t€ T, for all s € T, for all p =0, p(f — fo) + Zf‘zlriaﬁ/ati =0
v-a.e. if and only if ps =0 and 7 = 0; and there exists 7 = 0 such that, for all te T
with ||t| < # if 7 € R* is such that Efizlritj(’)zft/atiatj =0 v-a.e. then 7 =0.

e There exists a function B € L?( fy - v) that upper-bounds all of the following functions:

fo V|ofe] 1] &fi .

—, — — =1, ..., kteT

f(],_fo 3t, ’f(] at,atj ’ l’] s s Iy S ]

1| & o

EW;‘}?@[}’ l,],l=1,...,k,t€—|]—,||t||$77.
ey

Let 7(-, -) be as in Section 2.1:

(b \[ e
e, 0= J <||hs||2) (nhm)f v,

with k¢ = (ft — f0)/fo, and Z(-) the associated Gaussian field.
Let W be the k-dimensional centred Gaussian variable with variance = having entries

= I\ f0os/oull) NI/ f0dfe/onll )7 ™

For any t, let C(t) be the k-dimensional vector of covariances of Z(t) and W:
(1//0)0// 01, >( hy ) .
C(tiJ< : dv, i=1,...,k
= Niarmwasoni) i)’

Then S C D, Sy C Dy, D= {diar; t € T\{o}, T€RF, a =0, &® +1"3r + 2ar"C(t) = 1},
with

ij=1,..., k.
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a(fe — fo)/ fo+ S 11/ £0)0f0/0t;
la(fe = fo)/fo + i1l f0)0fo/Otil2

and Dy = {dg o, T' 27| = 1}. Then 24, converges under (fp ..., v)*" in distribution to

tat —

2

2

sup (aZ(t) + (z, W)) —( sup (1, W)) . (7)
a=0,teT,reR* TSr=1

@+t Sr+2at" C(H)=1

Computation shows that this equals

COTNOW \’ .
b ( (Z R C(t>TN<t>C(t)) (1+cw Nmat}))’

where N = N(t) = (£ — C(t)C(t)")".
Theorem 2. Assume (TP), let 7, t] and t} be sequences such that

(A =z fe + 7ty — f0)/ fo
(1 =) fer + 7afr — fo)] foll2

tends to some dy, 407, in D, with lim,_ « +/n||((1 — ) for + Tnfy — f0)/foll2 = ¢ for some
positive constant c. Then, (fo-v)*" and [((1 —m,)fo +7,fe) - v]®" are mutually
contiguous, and 2 A,, converges under (fo-v)®" in distribution to

COTNOW \’ .
e ( (Z“) Ty C(t>TN(t>C(t)) (1+co Nmat)))’

and under [((1 —7w,)fo + 7ufir) - V]?" to

_ COTNOW + cS1o + caOC(to))>2

et [<“Z(t> + ager(t, to) + cC(H)Trg T+ COTNOC)

teT
< (1+ C<t)TN<t)C<t))} :

where Z(t), C(t), N(t) W and 2 are defined above, and if ty =0 then ay = 0.

Remark. Notice that when ty=0 we have dogqz =door, and (dooz, dtar) =

cC(t)T1y + c=Z10. This is why one has to take ayp = 0 when ty = 0 in the last formula of

Theorem 2.

We refer to Mercadier (2005b) for a detailed proof and the description of applications to
particular models.
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2.3. Contamination with unknown nuisance parameter

We consider here the contamination mixture model with some unknown parameter, which is
the same for all populations. A typical example may be that of mixtures of Gaussian
distributions with the same unknown variance, or translation mixtures with the same
unknown scale parameter. We shall assume that the nuisance parameter is identifiable, so
that its maximum likelihood estimator is consistent. This will allow us to reduce the
possible nuisance parameters in the definition of the set S to be in a neighbourhood of the
true unknown one.

Let F={fta.t€T,a €A} be a set of densities with respect to some dominating
measure v, where T is a compact subset of R and A is a compact subset of R". We
consider here the case where

Mo ={fou a € A}, M=A{grta =0 - foa+7fta, 0=m<1,tcT, acA}.

The unknown true distribution of the observations will be fy,. We suppose that (0, o) is an
interior point of T X A.

We shall use the following assumptions (CMN), ensuring smoothness and some non-
degeneracy:

o (1 —m)fou+7fta = fou, v-a.e. if and only if a = ap and either w =0 or t = 0.

e (t, a) — fiq 18 twice continuously differentiable v-a.e. at any (t, @) € T X A.

e There exists # >0 such that, for all 6 € R", for all tc T, for all a € A with
et — aol| < 1, for all p =0, p(fea — foa) + >or-10:0f0.a/Dci = 0 v-a.e. if and only
if pt=0 and 0=0, and for all 7TeRL |t|<n |a—al=<mn
Zf;lti@ft,ao/at,»—k Z?:léiafo,a/ﬁai =0 v-a.e. if and only if 7 =0 and & = 0.

e There exists a function B € L*(foq, -v) that upper-bounds all of the following

functions:
f"“, ! aft’a,izl,..‘,k, ! 8ft’a,i:1,...,h,
fO,ag fﬁ,ao ati fO,ag aai
(t,a) e T XA, |la—al =7,
1 | 1| o
Jta Jij=1,..., k Jia Ji=1,.. ., kj=1,...,h
f(),ao 81‘,‘81‘]‘ fO,aO 81,‘80(]'
1 | &fia
— i, j=1,..., h, t,a)e T XA, — =, ||t| <n.
e (t @) ot = aoll <, el <7

Then, since the maximum likelihood estimator of parameter a is consistent, one only
needs to verify assumption (2) for

_ { (1 =) fo.u + Tfta — fo.00)/ fo.a0
(1 =) fou + Tfta — fo.00)/ foall2’

where we restrict our definition to 77, t and a such that (1 — ) fo, + 7 fr differs from fo .
One also has

Osa<sl,teT, ach, |a—a0||$17},
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80 _ { (f(),a - fO,an)/fO,ao
1(fo.x — fo.u0)/ Sfo.a0l2

Define, for (t, p, d, 7) € T X R, X R" X R,

h k
0 0
Ht,p,é,r = p(ft,ao - fO,ao) + Z 61’ f0,<?co + Z T; f
i=1 ! i=1

,0sa<1l,ach, ||aa0||<77}.

0,(1()
da 8t,~ ’
and

Ht,p,é,r/fo,ag
H Ht,p,é,r/fO,ao ||2

The sets Dy and D can be parameterized as follows:
Dy = {doge9, 0 €R", ||| = 1},
D= {dt’p’é’r, teT,p=00cR" reR p>+||0]> +|z]* = 1}.

dt,p,é,r =

Note that because of the existence of the nuisance parameter which is fixed to «g, now D

does not contain S.
hg h¢
s, ) = J(_> <_) o v,
25112/ \l Ae]2

Again, let
with e = (fray — f0.00)/ f0.00>» a0d Z(-) the associated Gaussian field. Note that this process
is the same as that of Section 2.1 if we set fo = fo4,. Furthermore, let W, X and C(t) be the
same as in Section 2.1, replacing dfy/0t; by 0fo.q,/0t:
Let V' be the h-dimensional centred Gaussian variable with variance I':
r.— J( (1/f0.2)0 0.0 Dt ) ( (1/f0.2)0f0.0 /Ot
Y 11/ fo.a0)0 0,00/ Octill2) \I[(1/ fo.00)0f 0,00/ Ot}

For any t, let G(t) be the h-dimensional vector of covariances of Z(t) and V:
(1/£0,0))9f 0,0,/ Ot he .
G(t)i:J( ’ : fo.a, dv, i=1,...,h
10/ foa)0 oy /0aill2) \Thell2)”*

Also let S be the covariance matrix of W and V, with entries:

5 = (20 (O oo
Y 11/ f0.00)0f0.00 / Otill2 ) \|I(1/ f0.0)0f 0,000 / O]

)fo,agdva 19]21,31’[

)fo,au dV)

Define the matrices U(t) and N(t) by
T T -1
U(t) = (CG((‘t)) ) Nt = ((? Sr > . U(t)U(t)T) .

Theorem 3. Assume (CMN), and let m,, t, and o, be sequences such that
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(A=) fou, + Tnft,a, = fo.00)/ [0
”((1 - ﬂn)fO,a,, + ﬂnft,,,an *fO,uo)/fO,uoHZ

tends to some dy 5,7, in D, with  lim,_oo/n||(1 — ) fo.u, + Tnft,a,—
So.u)/ fo.wll2 = ¢ for some positive constant c. Then, in the above notation, (foq, - v)*"
and [(1 — ) fou, + Tnft,a,) V1" are mutually contiguous, and 2 A, converges under
(fo - v)®" in distribution to

T 2
supl(Z(t)— v No (Z)) (14+ U®TN@U()

teT 1+ UM®OTNU(t)
w\" /(s sT\ '/w B
(V)G T) ()

and under [(1 — 7,) fo.u, + Tnft,a,) V" t0

sup [(Z(t) + cpor(t, to) + cC(t) 1o 4+ cG(t) o
teT

U(t)TN(t) < W+ cZty + cpo C(to)

2
T
1+ UW®TN@DU() )) (1+U®'NOU®)

V + ¢l + cpoG(ty)

( W+ ¢Sty + chC(t0)>T (2 ST ) o ( W+ ¢Sty + chC(t0)>
_|_
S T V + cI'dg + cpo Gty
—(V 4 cTdg + cpoG(tg)) ' TH(V + Loy + cpoGty)),

V + cI'dg + cpo Gty

where py = 0 when ty = 0.

For instance, it is easy to apply Theorem 3 to translation mixtures with unknown scale
parameter or Gaussian mixtures with unknown variance, as illustrated in Mercadier (2005b).

3. The LRT for contamination mixtures when the set of
parameters is large

As already stated in the Introduction, the asymptotic distribution of the LRT for compact T
and A can be used in practice for large data sets. In this case, the LRT happens to be more
powerful than moment tests, as shown in Delmas (2003). Nevertheless:

e the distribution is not independent of the location of the null hypothesis inside T;
e for testing one population against two (or py against p) the LRT with bounded
parameter is not invariant by translation or change of scale.

Several solutions to the first point exist. Threshold calculation can be conducted under the
‘worst” form of the null hypothesis (see Delmas 2003) or one can use a ‘Plug-in’, that is, an
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estimate of fy. It remains the case that results would be nicer if one were able to get rid of
the compactness assumption. This section and the next answer tell us that we cannot do so,
showing that in the simplest case, contamination for translation mixtures on R, the LRT is
theoretically less powerful than moment tests under contiguous alternatives.

We consider in this section the contamination mixture model (1) with T = [—T, T] for a
given positive real number 7 and Lebesgue measure v. We use the notation and results of
Section 2.1. Let 7, and t, be sequences such that:

(K1) lim,—toov/n7,||(f1, — f0)/Soll2 = ¢ for some positive c;
(K2) either ¢, tends to some #y # 0 and /nm, tends to some positive constant, or 7,
tends to 0, and ¢,/||#,|| converges to some limit 7.

Let Py ;. = (g, - V)" and Py = (fo - v)*". To evaluate the asymptotic local power and
the asymptotic level for large values of T, one has to investigate the behaviour of suprema of
the Gaussian processes Z(f) and Z(f) + m(¢) as defined in Theorem 1. Z is the centred
Gaussian process defined in Section 2.1 with covariance given by (5). For simplicity we
consider this process as defined on the whole real line R. We will use assumptions under
which the supremum of Z(-) over [—T7, T] tends to infinity as 7 tends to infinity, and is
achieved for some ¢ tending to infinity. So the study of this supremum on [0, 7] for large T
can be replaced by the study of the supremum on [1, 7']. The discontinuity of the covariance
function r at 0 will have no effect on the extreme behaviour of the process Z here. We shall
use Azais and Mercadier (2003) to derive the asymptotic distribution of suprema of Gaussian
processes. Hence, let
M(a, by = sup (Z(t) + m(t)). ®)
1e(a,b)

Because the asymptotic distribution of 24,, under the null hypothesis or under contiguous
alternatives, in Theorem 1 can be written as M(—T, T)? (taking m(f) = 0 under the null
hypothesis and m(#) = u(t) as defined by (2.5) under contiguous alternatives), we wish to
characterize asymptotic behaviours of M(—T7, T) as T — 4o0.

We therefore introduce further notation and assumptions. Write ry(s, f) instead of
O r(s, £)/0'sd’t and define

R(t) = J; S ds,  a = J2logo R, by — a, — &0 ©)

a

Let V ={V(t)= Z(R"'(¢)) + m(R"' (1)), t € R} be the ‘unit-speed’ transformation of
Z + m in the sense that the variance of V'(¢) equals 1 for all ¢ in R. We denote by r”
its covariance function.

We shall use the following assumptions (G) on » and u:

(Gl) For all t€ R, r(¢, ) >0 and lim, ., o, R(?) = +o0.

(G2) (s, Dlog|R(s) — R(#)| — 0 as |R(s) — R(t)] — +o0.

(G3) For all & >0, sup|ris—rey|>e| (s, D] < 1.

(G4) r is four times continuously differentiable and s — 7(s, s) three times
continuously ~differentiable. For all y >0, s}, and rl, are bounded on

{(s, t) € R?, |s| >y and |#] > y}.
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(G5) VlogoR(Hu(t) — -+ 0.

Theorem 4. Assume (CM), (G), (K1) and (K2). Define M(—T, T) by (8) and ar, by by (9).
Then, as T tends to infinity, ar(M(—T, T)— by) tends in distribution to the Gumbel
distribution when m(t) =0 as well as when m(t) = u(t). In other words, if crqn is a
sequence of thresholds of the test satisfying

lim Py(4, > cran) = a,

n—+00
then, for any contiguous alternative, the limiting local power of the LRT equals its level:
lim lim P, , (A, > cran) = a.

T—+00 n—+00

This theorem says that for 7 large enough, asymptotically, the LRT cannot distinguish the
null hypothesis from any contiguous alternatives. The theorem is proven in Section 5.
We consider the translation mixture model, where v is the Lebesgue measure and

Ji() = fo(- = 0.

Let fy be a density on R satisfying the following assumptions (H), where we denote by f
the derivative of f; of order i:

()
0

(H1) For all x € R, fo(x) >0, fp four times continuously differentiable, and for all
i=1,...,4, there exists K; > 0 such that

(i)
‘%(}C) = Ki-

(H2) For all x € R,

iy SO foe D)
i=+oe fo(1) t==oc  fo(t)
(H3) There exists M > 0, such that, for all x, t € R fo(x)fo(8)/fo(x+ 1) < M.
(H4) There exists F € L*(4) such that supj,= log|t[/7o(x + 1) < F(x).
(H5) lim;_, o log()/fo(?) = 0.

Our result, which is proven in Section 5, is now:
Corollary 1. Assume (H). Then Theorem 4 applies to the translation mixture model.

Remarks.

e Among the possible choices of the thresholds are: the asymptotic threshold given by
Theorem 1, which does not depend on n; and the exact threshold for each n, which
can be calculated by a Monte Carlo method.

e Assumptions (H) are essentially conditions on the tail of f;. (H4) and (HS) are very
weak and hold for all usual distributions. But (H1)—(H3), though rather weak, are more
restrictive. They hold, for example, if fo(#) = O(t+ %) for a >0 as ¢t — +oo and
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fo(f) = O(t™P) for B> 0 as t — —oo. For instance, they hold when fj is the inverse
of a polynomial, and in particular for the Cauchy density.

e The proof relies on the verification of assumptions of Theorem 4. In particular,
asymptotic behaviours of the covariance » and its derivatives must be checked.
Assumptions (H) only express sufficient conditions under which the asymptotic analysis
is done with some generality. However, though (H2) does not hold for the Gaussian
density, we also verified that Theorem 4 holds for other densities such as the Gaussian
and the normalization of cosh™!(x) in spite of different justifications.

The LRT needs to be compared with other testing procedures such as sample mean or
Kolmogorov—Smirnov testing procedures. Write u; = [x'fo(x)dv(x). Without loss of
generality, one can assume that u; =0. If u, < +4oo applying Le Cam’s third lemma,
(i.e. Theorem 6.6 of van der Vaart 1998), \/n X, converges in distribution, as 7 tends to
infinity, to the Gaussian N(0, u;) under Py and to the Gaussian N(y, u,) under P ,,,
where

if ¢, — 0,

_c
176/ foll2”

cty

o Folfelh T h#0

Consequently, the asymptotic local power is greater than the level.

Remark that, when no condition of moment is available, other tests can be also proposed.
Define [F,, the random distribution function, and F, the distribution function associated
with fy. Let I denote the identity function on [0, 1] and let U be a Brownian bridge on
[0, 1]. Let || - ||o denote the supremum norm. The natural normalization of [, leads to the
definition of the Kolmogorov—Smirnov statistic I, = \/n||F, — Fy||« and the Cramér—von
Mises statistic Wi = fjoo n[F,(x) — Fo(x)]> dFo(x). Set, on [0, 1],

[o¢]

Fo(F: N (x)—t,) —
AW =y tim PO @ Zta) —x
n—-+00 t,

where ¢, is the translation parameter of the alternative. Hence A depends on the asymptotic
behaviour of #,. Then K, converges in distribution, as # tends to infinity, to ||U||» under P
and ||U+ Al under P, , and W? converges in distribution, as 7 tends to infinity, to
J, U*dI under Py and [;(U + A)*dl under P, . See Shorack and Wellner (1986) for a
version of theses convergences. Simulations show that, in both cases, the distribution under
P,.., 1s stochastically greater than that under [Py. Consequently the asymptotic local power is
greater than the level.
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4. Asymptotic distribution of the LRT for Gaussian
contamination mixtures with unbounded mean under
contiguous alternatives

Theorem 5. Consider T = R (no prior upper bound) and the testing problem (1) with
1 (x— t)2>
X) = exp| — .

Set g0 = foand g, =1 —m)fo+naf,0<na<1teT. Let m, and t, be sequences such
that im,,_, o/nt,t, =y € R and lim,_, o t, = ty € R. Note that ty can be equal to 0. 4,

is now given by:
n t2
Ap = sup 10g(1+n<exp[tX,-——] —1>).
ne[O,l],teR; 2

Then as n tends to infinity, 2A, — logolog n + log(27?) tends in distribution to the Gumbel
distribution under Py as well as under P, , for any v and ty. In other words, let us define
as rejection values the region A, > cq , with

1
lim (ca,,, —logologn + log(an)) =5 Gi_a, (10)

n—-+00
where Gi_q is the 1 — a fractile of the Gumbel distribution. We have, by definition,
lim Py(A, > cqn) = a. (11)

n—-—+o0
Then, for any v and ty, the limit local power of the LRT is

lim P, . (Ay > can) = a.

n—-+00

The theorem says that, asymptotically, the LRT cannot distinguish the null hypothesis from
any contiguous alternative. This is true if we use asymptotic thresholds (equality for all » in
(10)) as well as exact thresholds (equality for all » in (11)). Indeed, this has to be compared
with other testing procedures such as moment testing procedures. For example, if X, is the
sample mean, applying Le Cam’s third lemma, \/n X, converges in distribution, under Pr,.s,
as n tends to infinity, to the Gaussian N(y, 1). Thus the test based on the statistic /7 X, has
an asymptotic local power that is strictly greater than the level. As mentioned in the
Introduction, this makes sense in practice only for very large data sets.

Proof of Theorem 5. The separation of the hypotheses is greater when y # 0. Using Lemma

14.31 of van der Vaart (1998), it is easy to see that this is the only case to consider.
Moreover, by symmetry, we can suppose also that y > 0. Let us introduce the empirical

process S defined by
S (t)—iil eXp[l‘Y-fl‘z]feXp ,ﬁ
! \/—” i=1 l '
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Liu and Shao (2004: Theorem 1) recall results obtained by Bickel and Chernoff (1993) on the
process S,:

sup S, (1) = sup S,(?) + op,(1), (12)

teR |t|e4s,,

where Ay, = [an, Bal, @y = 24/logologologn and 3, = y/logn/2 —2+/logolog n.
Through the proof of their Theorem 2, Liu and Shao (2004) state that

24, = supS,(£)* + op,(1).
teR

Combined with (12), the last equality becomes
22, = sup S,(£)* + op,(1).

[

Let us denote by P, Bickel and Chernoff’s (1993) extension of P, by Hungarian
construction. According to their formula (39), we obtain

22, = sup So(1)? + op, (1) (13)

|t|€As,n

where Sy is the zero-mean non-stationary Gaussian process with covariance function

p(s, 1) = exp {— (s _2 t)z] — exp {— 32—2 — %2] .

In their paper, Bickel and Chernoff remark that this process is very close to a stationary
process, namely S. Because we need it later, we will use another method here. We define the
standardized version of S,

So() _ So(®)
\/p(t7 t) \/1 — 6712 ’
in order to be able to apply the normal comparison lemma (Li and Shao 2002: Theorem 2.1).

Yy is a zero-mean non-stationary Gaussian process, with unit variance and covariance
function

Yo() =

exp(st) — 1
Vexp(s2) — 1y/exp(£2) — 1 .

r(s, t) = (14)

We have
0 < sup [Yo(t) = So(t)] < sup (1 —+/p(t, 1)) sup |Yo(7)].

[t|€42.p [fledy,, [tl€4s,,

Now the function r satisfies the conditions of Corollary 1 of Azais and Mercadier (2003).
Consequently we know the exact order of the maximum: supcq,,|Yo(?)| =
Op, ((logolog n)!/?). This last equation can also be deduced from standard results on the
maximum of stationary Gaussian processes using the process S, introduced by Bickel and
Chernoff (1993).
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On the other hand, the maximum of 1 — \/p(#, t) on A, , is obtained at a,. This permits
us to write

0= sup |Yo(t) = So()| < Op, ((logolog m)'/*~%).

‘[‘EAZJ,
Finally, this approximation allows us to replace Sy by Yy in (4.4) to obtain

22, = sup Yo()* + op (1) (15)

[t €42,
With the same idea as before, we define

Su()
Vi—e

For all 7y and all y, using arguments close to those that lead to formula (7) in Gassiat (2002),
we have

Yu(t) =

dP C(y, to)?
log Lotn (0, LX) = v, to)Yaltn) — SL 4 o 1) (16)
dPy 2
with
Vs if 10 =0,
C()/, t(]) = et(z) —1
s YT it >0

fo

Since y can be supposed positive, #, is positive. Using formula (39) of Bickel and Chernoff
(1993), we can replace Y, by Y, to obtain

C(y, 1)
2

| dP,,

t
(X, ..., X)) = C(y, to)Yo(t,) —
dP, (X1, ..., X,) (y» to)Yo(t,)

+ op, (1) (17)
We next use the following lemma, the proof of which is given in Section 5.

Lemma 1. For all ty, 2A,—logologn +log(2n?) and log(m)(;‘Té’(;t“(Xl, o Xy)  are
asymptotically independent under P,.

Then, having proved Lemma 1, the theorem follows from Le Cam’s third lemma. The proof
of Lemma 1 relies on a suitably chosen discretization, following ideas in Azais and
Mercadier (2003), and an application of the normal comparison lemma as refined in Li and
Shao (2002). O

5. Proofs

Proof of Theorem 4. Set ur, = x/ar + I;T and M”(a, b) = SUPse(a,p) V¢ for V the unit-speed
transformation of Z 4+ m. We have:
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P(M(=T, T) < ur) = P(M"(=R(T), R(T)) < ur).
Now, applying Proposition 4 of Azais and Mercadier (2003) with p =2, D, =
(—=R(T), —+/R(T)) and D, = (/R(T), R(T)), we obtain
P(M"(DyUD,) < ur,) =P(M"(Dy) < ur,)P(M"(Dy) < ur,) + o(1).

Remark that in Azais and Mercadier (2003) sizes of intervals are defined as functions of
the level; here the opposite is the case. Furthermore, repeated application of Corollary 1 of
Azais and Mercadier (2003) enables us to state for 7 = /R(T) and 7 = R(T) the conver-
gence of a,(MV(0,7)—b;) and a,(M"(-1,0)— b,) to the Gumbel. It follows that
M"(—/R(T), /R(T)) is stochastically negligible compared with M"(—R(T), R(T)) and
also that M(0, \/R(T)) (M(—+/R(T), 0)) is stochastically negligible compared with
MV (0, R(T)) (M"(—R(T), 0)). Taking the foregoing together, we obtain

P(M"(=R(T), R(T)) < ur,)
= PM"(0, R(T)) < ur,)P(M"(=R(T), 0) < ur,,) + o(1),
as T tends to infinity, and which becomes
PM(-T,T)<ury) =P(M©O, T) < ur )P(M(-T,0) < ur,) + o(1)

when we return to the initial process Z + m.
Let G(x) = exp(—exp(—x)) denote the distribution function of the Gumbel. Corollary 1 of
Azais and Mercadier (2003) yields, as T tends to infinity,

P(M(0, T) < ur,) = P(ar(M(0, T) — br) < x) + o(1)
— P(ar(M(0, T) — br) < x + log(2)) + o(1)
= G(x +log(2)) + o(1).
Since the same equality holds on (—7, 0), one can conclude that

P(M(~T, T) < ur,) = G(x + log(2))* + o(1) = G(x) + o(1).

Proof of Corollary 1. The proof relies on the verification of assumptions of Theorem 4,
beginning with (CM). Since fy is continuous and positive, for any 7,
infei_7,71f0(f) = 07 > 0. Using (H3), for all € [-7, T] and x € R,

Ji=Jfo | — o [Sox =D fo()] 1 M
’ 7o TN A mo T Te
and using (H1) and (H3),
o] =[] <5

Let us now prove assumptions (G). Set
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Jolx — ) folx — 5)
So(x)

Differentiation of r, for s and 7 in R\{0}, is a consequence of that of N(s, 7). Now, for any
integers i < 4 and j < 4, using (H1) and (H3),

(1) (/)
IOE= D=9 g fole =06 =9) _ 1o o)
So(x) ‘ So(x) Jo(0)fo(s)
and fo(?)fo(s) is positively lower-bounded on the neighbourhood of any (sy, #), which proves
that N is differentiable at any (s, ) € (R\{0})> with

N(s, t) = J dv(x).

IHN _ i+ g)(x - t)fﬁj)(x — )
W(S, t) = (*1) J fo(x) d'l/(x).
We first prove (G1). We have, for ¢ # 0,

}"11(1, t) =
176 = 0/ foOIBI o = O = fo(N/ o0l = ({F6¢ = D/ Fo(), (fol- = ) = fo(D/fo())2)?
1(fo(- = O = o)/ FoOI:

which is positive by the Cauchy—Schwarz inequality. Now,

2
Jﬁﬁﬁﬁw—(ﬁuwﬁ

7 2
(J fo dv>
Indeed, define the functions

(S [ S [ fo@ S5
A(t) = Jm dV(x), B(t) = Jfo(x n [) dV(x), C(t) = Jm dV(x).

Then write the function ry; in the following form:

B(0)fo(D(AD)fo(1) = fo(1) = (C(O.fo(1)’

(A fo(H) = fo(1)?
By virtue of (H1) and (H3), the integrands of Af, Bfy and Cf| are respectively dominated by
M fo(x), K%M fo(x), and K| M fy(x). By application of (H2) and the Lebesgue theorem, we

conclude the proof of (G1) using the fact that A(¢)fo(z), B(?)fo(t), C(f)fo(t) converge
respectively to

lim (¢, t) =
Jim 1z, 1)

V][(f, t) =

Jf%(X)dV(xL Jfézcx>dv(x), Jfb(x)fé(x)dV(X)

Thus for a positive constant R,
R(1)~ iR 1. (18)

We turn now to (G2). Considering (18), we need to prove that
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‘ J‘im+ r(s, Hlogl|s — t| = 0. (19)
Using (H3),
So()f5(x) -
Tt M fo(x),

so that using (H2),

[ So(Df5(x) [
lim J m dv(x) = J So(x)dv(x),

and there exists a constant C such that, for |s — ¢| large enough,

Hs, 1) = CJ\/fo(t)\/fo(S) Jolr = fto)(f;))(x =9 ().

t—+00

Then, using (H3),

(s, t) < JCM VoV fox + s — t)dv(x).

But according to (H5), for any x € R,

‘ l‘im log|s — tf|\/fo(x +s—1) =0,
s—t|—+00
and so one may apply the Lebesgue theorem using (H4) to obtain (19).
To prove (G5), we observe that it is a consequence of (G2) and formula (6) giving u(?).
Moving on to (G3), using (18) and »;; > 0, one only needs to prove that, for any ¢ > 0,
sup |r(s, 1) < 1. (20)
|s—t]>¢
First of all, (s, 7) is a continuous function of (s, 7) and |r(s, 7)| < 1 if s # ¢ by the Cauchy—
Schwarz inequality. Thus for any & > 0, for any compact set K,
sup [r(s, 1) < 1.
|[s—t|>¢e,teK,se K
On the other hand, because of (G2) for |s — ¢| sufficiently large, (s, ¢) is bounded away from
1, so we may suppose that |s — #| is bounded. Suppose that there exists s, and ¢, such that
|sn — t| is bounded, |s, — t,| > € and r(s,, t,) — 1. By compactness it would be possible to

choose subsequences s, and t,(,) such that sy, — o) — c. But using the same tricks as
before (using (H2), (H3) and the Lebesgue theorem),

Jfooc)fo(x 4 Odv()

nEIPOCr(Sq)(n), trp(n)) =

Jf%(x)dwx)

Since |c| =& >0, this value differs from 1. Hence we obtain a contradiction with
assumptions made on sequences s, and 7, and (20) is true.
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Finally we round off the proof of (G4), having already dealt with the first part. We use
the same arguments to prove that s+ (s, s) is three times continuously differentiable.
Now, this last regularity asociated with (18) allows us to reduce our study to that of
functions ry; and ry4.

The first derivative r¢(s, f) can be written as:

—{/oC = D/ fo, (fo(- =) = f0)/fo)2
[(foC = 5) = f0)/foll2I(foC- — ) — fo)/ foll2
(fo- = O = fo0)/ fo, (fol- = 8) = f0)/ fo) 1, (f6(- = D)/ fo, (fol- — 1) = fo)/ fo) s,
1ol = 9) = f0)/ folla ol = 5 = fo)/ foll3 '

o

Then the Cauchy—Schwarz inequality leads to

Ifo(- = )/ foll2
ICfoC- — O = fo)/ foll2”

|}"0](S, t)| =2

This upper bound is a continuous function on ¢. By making fy(¢) appear, it is easily seen that
it converges, as ¢ tends to infinity, to

[ v

’ [r3er

Moreover, for any ¢ > 0, the denominator is lower-bounded on Ds = {(s, ), s € R, 7] > J}.
Consequently, for any & > 0, (s, £) — 7o1(s, £) is bounded on R?\D;.

Using easy but tedious computations and the Cauchy—Schwarz inequality once more, we
have

[Ty 1/67C = 0/ folly”
, D = .
|ro4(s, )] ;; 1o — 0 — o)/ folls

where the sums on i and j are finite and where, for any i and j, Zi:laijk = i. Previous
arguments apply again and permit us to assert that for any 6 >0 the function
(s, £) — ro4(s, £) is bounded on R*\D;. O

Proof of Lemma 1. First, we set ¢, = (logolog n)'/> and we recall that 4, , = [a,, 8,] with
a, = 2+/logologologn and B, = /logn/2 — 2y/logolog n.

From to (15) and (17), we need to prove that sup,cu,,(Yo(?) —c,) and Yo(ty) are
asymptotically independent. To this end, we consider the discretized process
{Yo(gnk), k € Z} with a discretization step g, depending on 7 in a sense which must be
defined. Let us gather the discretized points of 45, in 42" ={d\, ..., dyw}-

By triangular inequalities and simplifications we have, for any x and y,



796 J-M. Azais, E. Gassiat and C. Mercadier

‘P< sup Yo(?) — ¢, < x; Yo(to) < y) —P(sup Yo(?) — ¢ = x)P(Yo(t) < y)‘

t€As , IS e

<2 P( sup Yo(d) — ¢, = x; sup Yo(t) — ¢, > x) 21

dGA;"'l teAZ,rx

+ ‘P( sup Yo(d) — ¢, < x; Yo(ty) = y) — P( sup Yo(d) — ¢, < x) P(Yo(to) < y)’.

qn an
dedj” dedy),

The task is now to prove that for fixed x and y each component of the upper bound converges
to 0.
We define the following modification of the function r:

#(tg, 1) = 0, when ¢t € A"t # to,
(s, 1) = 1(s, 1), for s, t € A% .

Note that under the Gaussian distribution defined by 7, the value of the process at £ is
independent of the values of the process at other locations whose distributions do not change.
This proves that 7 is a covariance function. We define &(#) = sup,, |y |>/| 7(u, to)|. From (14)

we have
2
&) = O(exp (— 7) ) )

We restrict our attention to ns such that ¢, > 2|x| and &(a,) <% so that

2 2
(e <y

2(1 + &(an)) 7

The normal comparison lemma (Li and Shao 2002: Theorem 2.1) gives bounds on terms of
the type

PhMh<wu,..BbV=< u,,)—[lj’(Yl <u,..., Y, < u,,),
where Y and Y are two centred Gaussian vectors with the same variance and possibly
different covariances p; and py, i, j =1, ..., n. It says that
[P)(Yl SuUpy, ..., Y, = u,,)—[lj’(fl S Uy, .., }7,, = u,,)
1 , TR up + 15
= — arcsin(p;;) — arcsin(p;;)) exp| ————— |, (22
By Lresinon) —aresin(py) p( i) @

where z' =max{z, 0}, p; = max{|p;|, |y|}. Let Const. represent a generic positive
constant. Since arcsin(x) < xsr/2 for 0 < x < 1, applying inequality (22) in both directions to
the vector Y, with covariance r and to the vector ¥, with covariance 7 corresponding to the
points belonging to {7} U 43", we obtain:
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’P( sup Yo(d) — ¢, < x; Yo(to) < y) — [P’( sup Yo(d) — ¢, = x) P(Yo(to) < y)‘

q q
dedy, deAy,

< Const. Z |7(d, to)| exp

qn
dedy’,

2
< Const. Z |r(d, to)exp< 12)

deAi”

Const. 2\ [T Const c?
= - t)dt = -2,
(=3[ o= ew(-55)

which tends to zero if, for example, ¢, = (logologn)~? if 6 > 0.

To deal with the first term of (21), we denote by U, and U?" the point processes of up-
crossings of level z for Y, and its ¢,-polygonal approximation (linear interpolation),
respectively. For any subset B of R,

(_ (x4 cn)* + 57 )
2(1 +|r(d, 1))

U.(B) = #{t € B, Yo(t) =z, Y{(¢) > 0}
Ui (B)=#{l € Z, q.(1 = 1) € B, gyl € B, Yo(q,(I — 1)) <z < Yo(q,D}.

Set @ to be the standard Gaussian distribution function and @ = 1 — ®. Then

|]3’< sup Yo(d) — ¢, =< x; sup Yo(t) — ¢, > x>

deA;’{’; teds ,
< P(Yo(an) > x+cn) +P(Yo(an) < x+ cu, Usre,(42.0) =1, UHCn(Az,,,) =0)
= 6(x + Cn) + |]E(lj)chc,,(AZ,n) UZlcn(AZ,n))’

where the last upper bound is a result of the Markov inequality. The first term above tends
trivially to zero, as for the second if we set ¢, = (logolog n)70 with 6 > %, Condition (U7)
of Lemma 2 of Azais and Mercadier (2003) is met. It is easy to check that because
E(Uyic,(A2,,)) is bounded we are in the condition of application of that lemma and

[E(Ux+6n(A2,n) - x+c,,(A2 n)) — 0(1)
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