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Consider likelihood inference about a scalar function 1y of a parameter 6. Two methods of
constructing a likelihood function for v are conditioning and marginalizing. If, in the model with
held fixed, T is ancillary, then a marginal likelihood may be based on the distribution of 7', which
depends only on ; alternatively, if a statistic S is sufficient when v is fixed, then a conditional
likelihood function may be based on the conditional distribution of the data given S. The statistics T
and S are generally required to be the same for each value of 1. In this paper, we consider the case in
which either 7 or S is allowed to depend on . Hence, we might consider the marginal likelihood
function based on a function T, or the conditional likelihood given a function S,. The properties and
construction of marginal and conditional likelihood functions based on parameter-dependent functions
are studied. In particular, the case in which 7, and S, may be taken to be functions of the maximum
likelihood estimators is considered and approximations to the resulting likelihood functions are
presented. The results are illustrated on several examples.
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1. Introduction

Consider a parametric model P = {Py : 6 € O} for an observed random variable Y. Let g
denote a real-valued function on © such that 1 = g(60) represents the parameter of interest
of the model and consider likelihood-based inference for 1. For models that are
parametrized by 1 alone, inference may be based directly on L(v), the likelihood function
for y. For models with a nuisance parameter, likelihood inference is often based on a
pseudo-likelihood, a function of the data and w that has properties similar to those of a
likelihood function. One commonly used pseudo-likelihood is the profile likelihood, in
which 6 is replaced by éw, the maximum likelihood estimator of O for fixed v, in L(0),
leading to L ,(y) = L(éw). Inference for 1 then proceeds by treating L,(1) as a likelihood
function for 1. Although this approach leads to optimal procedures in terms of first-order
asymptotic theory, in small or moderate samples inferences based on L,(y) may be
misleading.

Two approaches to forming a likelihood function for v are conditioning and
marginalizing. If there exists a statistic 7 such that the distribution of 7 depends only
on 1, then a marginal likelihood may be based on this distribution. Let P, denote the
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model with ¥ held fixed. Then 7 is an ancillary statistic in this model; here, as throughout
the paper, an ancillary statistic in a model will mean a statistic that has the same
distribution under each distribution in the model. Alternatively, if there exists a statistic S
which is sufficient in P, and not sufficient in P, then a conditional likelihood can be based
on the conditional distribution of Y given S. See, for example, Kalbfleisch and Sprott
(1970; 1973) for a discussion of marginal and conditional likelihoods.

Hence, a marginal or conditional likelihood exists only in certain special cases —
specifically when, in P, there exists either an ancillary statistic 7" or a sufficient statistic S
which is not sufficient in the full model. A key part of this assumption is that either the
ancillary statistic or the sufficient statistic is the same for all values of . One way to
weaken these assumptions is to allow either 7 or S to depend on the parameter value .
Hence, we might consider the marginal likelihood function based on a function 7y or the
conditional likelihood given a function S.

In this paper, the construction of marginal and conditional likelihood functions based on
parameter-dependent functions is considered. The important messages and results of the
paper are as follows. First, if a likelihood function is based on a parameter-dependent
function then it is important to include a ‘volume element’ in the specification of the
likelihood. Second, there are a number of important considerations to keep in mind when
specifying this volume element. Third, if likelihoods based on parameter-dependent
functions are considered, there is a close connection between marginal and conditional
likelihoods (at least from an approximation-based point of view). Finally, using likelihoods
based on parameter-dependent functions, it is generally possible to construct an approximate
marginal or conditional likelihood (this is in contrast to the modified profile likelihood,
which requires a specific model structure for its justification).

In Section 2, the general problem of constructing such likelihood functions is discussed.
In Section 3, the cases in which Ty, and S, may be taken to be functions of the maximum
likelihood estimators 6 and éw are considered and approximations to the resulting marginal
and conditional likelihoods are presented. In this section, it is also shown that, using
likelihoods based on parameter-dependent functions, it is generally possible to construct an
approximate marginal or conditional likelihood. These approximations are related to the
modified profile likelihood proposed by Barndorff-Nielsen (1980; 1983), and this connection
is discussed in Section 4. Section 5 contains several examples.

The main discussion of parameter-dependent likelihood functions given in Section 2 is
based on the assumption that the underlying data have an absolutely continuous distribution
and the pseudo-likelihood functions derived in Section 3 are obtained under this
assumption. In Section 6, it is shown that the pseudo-likelihood functions derived in
Section 3 are also valid when the underlying data have a lattice distribution.

The problem of constructing a likelihood function for a parameter of interest has been
considered from many different points of view. Here we follow the same general approach
used by Kalbfleisch and Sprott (1970; 1973). The purpose of this paper is to expand on this
approach and to apply it to the cases in which 7, and S, may be taken to be functions of
the maximum likelihood estimators 6 and 0.

Conditional and marginal likelihood functions based on parameter-dependent functions
are considered by Fraser (1967; 1968; 1972; 1979) for the case of a linear model. Related
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results for more general models are discussed by Fraser and Reid (1989). As noted above,
the approximations obtained here are closely related to the modified profile likelihood
function proposed by Barndorff-Nielsen (1980; 1983); see also Cox and Reid (1987),
McCullagh and Tibshirani (1990), Barndorff-Nielsen and Cox (1994), Fraser and Reid
(1995) and Severini (1998; 2000a).

2. Conditional and marginal likelihood functions

2.1. Marginal likelihoods

Suppose that the distribution of 7" depends only on v so that 7T is ancillary in the model
with 1y held fixed. If T itself does not depend on v, then a marginal likelihood for vy based
on T is given by L(y; T)= p(t; y), where ¢ is the observed value of T; here, and
throughout the paper, the symbol p is used to denote a density function with the argument
of p indicating the specific density under consideration. Unless explicitly stated otherwise,
all density functions will be assumed to be with respect to Lebesgue measure.

However, when the statistic 7 depends on v, T =T, there are difficulties in
constructing a marginal likelihood function for 1y based on 7. These are illustrated by
the following example, which is also discussed, for example, in McCullagh and Nelder
(1989, Exercise 7.6).

Example 1 Ratio of normal means. Consider two independent samples of size n from
normal distributions with means g, and u,, respectively, and each with standard deviation 1.
Let X and Y denote the sample means and take ¥ = u;/u, as the parameter of interest, with
A = u, as a nuisance parameter. Thus, in this example, the data will be denoted by (x, y). The
log-likelihood function for the model is given by

UO) = ni(ypx + ) — g(wz + 1)

The function X — ¥V is normally distributed with mean 0 and variance (1 + v?)/n; the
marginal likelihood based on this function is given by

n(x—ypy?> 1 2
T2 gy 2ol

Alternatively, a marginal likelihood could be based on /n(X —yY)/+/1 + 32 which has
a standard normal distribution; the corresponding marginal likelihood is given by

n(x—yy)
2 1+y?

Hence, equivalent statistics lead to different forms for the marginal likelihood.

The problem with defining the marginal likelihood based on Ty, by p(t,; 1) becomes
apparent when we interpret p(t,; ) as the probability that T, lies in a small set containing
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ty. That is, it is perhaps more accurate to write the marginal likelihood function based on
Ty as p(ty; y)dt, where dt, denotes the volume of a infinitesimally small set containing
ty. If Ty does not depend on 1 then d#, does not depend on  and, hence, it may be
ignored when forming the likelihood function. However, whenever ¢, does depend on 1,
d#, also depends on 1 and, hence, this dependence must be taken into account.
Alternatively, the problem may be viewed as arising from the fact that the densities used
to construct the likelihood function are with respect to a dominating measure that depends
on 1.

One approach to dealing with this issue is to express all volume elements in terms of a
variable that does not depend on v; see, for example, Kalbfleisch and Sprott (1970). Let =z
denote a function of the data y, of the same dimension as #,, such that #, is a one-to-one
function of z for each fixed 1. Note that z does not depend on . Then, using the usual
Euclidean volume for dz, the volume element d#, may be written

oty dz
z

and the marginal likelihood based on 7 may be written

oty
0z

dz;

p(ty; 1/’)‘

in calculating the likelihood, dz, which does not depend on ¥, can be omitted.
In many cases, f, cannot be written as a function of a variable z with the same
dimension as #,. Suppose that we wish to express d#, in terms of dz, where

dim(t,) < dim(z). Then
oty (%) '
0z \ 0z

This result may be derived using the following argument; for further details, see Tjur (1980,
Chapter 3) or Hoffmann-Jergensen (1994, Chapter 8).

Let n denote the dimension of z and let m denote the dimension of ¢ = #(z), where
m < n. The basic idea is that, locally, ¢ depends on z only through a linear function of z of
dimension m, which we denote by v. The correct Jacobian term to include in the
specification of the volume element is |0¢/0v|, which may be expressed in terms of z. To
carry out this approach, consider a fixed value of z, zp; the argument is a local one, near
z = zg, which is all that is needed. Let vy, ..., v, denote vectors of length n that form an
orthonormal basis for the space

ot !
ceR":c= (—(zo)> x, x € R”
0z

and let D denote the matrix with jth row U]T. It is straightforward to show that

12
dz.

dl‘y) =

ot . Ot
&(ZO)D D= a(zo)
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Define v = D(z — zp) and vy = 0. Then, for z near z,

H(2) = t(z0) + %(ZO)(Z — z0) = #(20) + %(ZO)DTU-

1/2 T T
ot ot ! ot ot ot ot
i - — | = DDl = = =z
o (Vo) (81) (U0)> ‘az (20) (82 (Zo)> g (20) (82 (Zo))
It is worth noting that the vectors vy, ..., v, in general, depend on ¥ and, hence, D and v
depend on 1. However, since dv = |DD"|'/>dz and, by construction, DDT is an identity

matrix, the volume element associated with dv does not depend on .
Using this approach, the marginal likelihood function based on T, is given by

0z \ Oz
The marginal likelihood function (1) was given by Kablfleisch and Sprott (1970; 1973). Note

that this marginal likelihood is invariant under one-to-one differentiable transformations of
ty. To see this, let wy, = f(t,) for some one-to-one differentiable function f. Then

Hence,
1/2

1/2

ot
‘%(Uo)

1/2

Pty ¥) (D

) tw = tw(Ww)

ot
Pwys W) = plty; w)‘ﬁ

The result now follows from the fact that
Owy (aww)T ory (%)T
0z 0z 0z \ Oz

Example 1 Ratio of normal means (continued). Consider the function 7, =x— ).

Taking z = (z;, zp) = (x, y) yields
0z \ 0z

the resulting marginal log-likelihood function is given by

2
n(x—yy) @)
2 1+4y?
Now consider 1, = \/n(x — ypy)/\/1+ 2 Then |(dt,/0z)(0t,/0z)"|=n and the
resulting marginal log-likelihood is also given by (2).
In this example, D=0l =(1,y)//(1+v?* and, taking zo =0, v=(z1 +yz)/
V1+9? so that v depends on . However, 0v/0z= (1, y)/\/1+y* so that

(Ov/0z)(0v/dz)T = 1, in agreement with the general result given above.

1/2
/ BW'L/;

ot

1/2’

=14+9%

Suppose that Z is given and that z is a one-to-one function of z; then
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HEIR G
0z \0z 0z 0z \0z 0z
so that the corresponding volume element in terms of z is

Ox ox\) " 82

Hence, the problem of specifying the volume element may be addressed by making a
convenient choice for z and then choosing a non-negative definite symmetric matrix H. Thus,
we are using the metric |(dz)T H(z)' dz|'/? for dz or, equivalently, using a Euclidean metric
for dw = H(z)"'/?dz; a similar approach is used by Fraser and Reid (1989). Using this
approach, the marginal likelihood function based on a particular choice of z and H is given by

8t1/, e )<8t¢)

F=5(z)

T(1/2
p(tws 9)

2.2. Conditional likelihood

Suppose that Sy, the sufficient statistic for P, depends on the value of . Then the
conditional distribution of the data given Sy = s, depends only on % and, hence, this
conditional distribution can, in principle, be used to form a conditional likelihood function.
Let X denote a function of the data Y such that (X, S,) is a one-to-one differentiable
function of Y; a conditional likelihood may be based on the conditional density of X given
S1/,,

p(x, sy; 0)
P(sy; 0)

As with the marginal likelihood, the conditional likelihood given S, is not well defined
unless the densities are expressed with respect to a volume element that is independent of .

p(x[sy; ¥) =

Example 1 Ratio of normal means (continued). Consider the model with 3 held fixed; the
maximum likelihood estimator of A4 is /11/, = (YX + Y)/(¥?* + 1), which is sufficient. The
conditional log-likelihood based on the conditional distribution of X given /lw is given by

n(yx £+
2 g1 Falew D

Alternatively, the conditional likelihood may be based on the conditional distribution of ¥
given A, leading to the conditional log-likelihood
nyx+y?
- 1 -1
2 il og (¥ + 1) — logy.

Hence, the conditional log-likelihood is not well defined.
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To specify a conditional likelihood given S, we need to specify the variable z along with
the matrix H(z). When s, depends on v, different choices of z and H yield different
conditional likelihoods. For particular z and H, the conditional likelihood function given S,
is given by

(s, sys 0) [, s9)/02) H(2)(D(x, s)/92)"|'/2
p(sy; 0) |(Dsy/0z) H(2)(Dsy /0z)T |1/
Conditional likelihoods of this form are considered by Kalbfleisch and Sprott (1970; 1973)
for the case in which H is an identity matrix; see also Fraser and Reid (1989).

The resulting conditional likelihood does not depend on the choice of the complementary
variable x. In particular, the conditional likelihood may be given by

T1-1/2
PO 0) |05y 4y (Gsw>
DPesy; 0) | 0z
To see this, note that, for any complementary variable x,
p(x Sl/)a 0) p(y’ )‘ 8(.x SI/) > y = y(x7 SI/})‘
Hence,
a(xs) (’9()CS)T1/2 dy a(x, sy) 8(xs)T/
y > Sy e > Sy > Sy
P, 55 6) H(z )( o ) = P05 0) 507 ’ = H(z)( = )
5 5 TI1/2
= p(y: 0)[52 H( >( y)

and the result follows from the fact that Jy/0z does not depend on .

2.3. Choice of volume element

Specification of the volume element requires specification of the variable z, a function of
the data y, as well as the matrix H. Although there are relatively few mathematical
requirements on these choices, essentially only that H is non-negative definite symmetric,
there are at least three desirable properties for the volume element to possess; see
Kalbfleisch and Sprott (1970; 1973) for further discussion.

The first property is concerned with invariance of the model under transformations of the
data. Suppose that the model for z = g(z) is the same as the model for z, for some one-to-
one function g. Then, since

ox\"  Ox oz Ox
()( z> 0z 0z ()(8z> <8z> ’

we should have
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0z 0z\"

In particular, suppose that, for some class of #» X n matrices B, the model for Bz is the same
as the model for z. Then H should satisfy H(Bz) = BH(z)B". This holds, for example, if
H(z) is taken to be the covariance matrix of z.

A second issue is ancillarity. Suppose that we may write z = (zq, a), where a is an
ancillary statistic. Then, holding «a fixed, the volume element is expressed in terms of zj
alone. More generally, H(z) corresponds to holding a fixed provided that

T
H(z) (%) =0.

A third consideration is the properties of the resulting likelihood. Note that neither the
marginal likelihood based on a parameter-dependent function nor the conditional likelihood
given a parameter-dependent function is guaranteed to satisfy the Bartlett identities. Hence,
unlike marginal and conditional likelihoods based on statistics 7 and S that do not depend
on 1, these likelihoods are not ‘true’ likelihoods. Consider the case of a marginal likelihood
based on Ty. A likelihood function L(y) for v satisfies the Bartlett identities provided that

for any parameter value 1,
L
gl L&) ol
L(1o)

for all 6 such that g(6) = 1. For the marginal likelihood function based on ¢, this becomes

E J p(ty; ) [(92y/02) H(2)(O1,/02)" |12
p(to; o) [(0to/02) H(2)(0t0/02)"|'/2

where ¢y = t,,. It is easy to see that this does not hold in general; similar considerations
apply to conditional likelihoods. Hence, likelihood functions based on parameter-dependent
functions do not satisfy the Bartlett identities exactly, although they may satisfy them
approximately.

The choice of z and H(z) is an assumption about the data and would not depend, for
example, on the parameter of interest. However, given that the Bartlett identities are central
to likelihood-based statistical inference, it may be desirable in some cases to choose z and
H so that these identities are at least approximately satisfied by the marginal or conditional
likelihood under consideration.

p(y;0)dy =1, z=z(y), ty, =ty(y), to= to(y),

Example 2 Exponential regression. Let Yy, ..., Y, denote independent exponential
random variables such that Y; has mean /lexp(t/)xj)’l, where xi, ..., x, are fixed scalar
constants and 1 and A are unknown scalar parameters. Here the data are denoted by
y= 1, ..., yn). The log-likelihood function for this model is

1
(. ) = —nlogh =y 3= 7> exp(—x;)y;.
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For fixed 9, sy = Y exp(—x;)y; is sufficient and, aside from an additive constant,
log p(y; 0) — log p(sy: 0) = = Y _x; — (n— Dlog Y exp(—yx;)y.

In order to complete specification of the conditional likelihood, we need to choose z and
H(z). Three choices are considered here, leading to three different conditional likelihoods.

First, consider z= (yy, ..., y,) with H taken to be the identity matrix. Then the
conditional log-likelihood is given by

1
—p D x; = (n=Dlog > exp(—yx;)y; — 5 log » | exp(=2yx)). 3)

Note that this model is unchanged if each y; is transformed to ay;, a > 0. Hence, H should
satisfy H(az) = a®>H(z). The choice of H as an identity matrix, which was used to derive
(3), does not satisfy this condition.

Perhaps the simplest matrix H satisfying H(az) = a? H(z) is a diagonal matrix with jth
diagonal element equal to z?, which leads to a second choice for the conditional likelihood.
It is easy to see that this choice is equivalent to using the volume element

dsy (asw) 172
ow \ Ow
where w = (wy, ..., w,), w; = log y;. The resulting conditional log-likelihood function is
1
—p D x;—(n—Dlog Y exp(—yy)y; — 5 log D exp(~2yx))y. 4)
Ancillarity can be used to suggest a third choice for H. Note that the model for
Vi, .-, Vn corresponds to a linear model for wy, ..., w,. Let @ and B denote the least-
squares estimators of a and f3, respectively, in the model w; = a+ fx; + e;; then the
residuals a; = w; —d — fx;, j =1, ..., n, are ancillary in the full model.

It is straightforward to show that
Os Os
8—; = exp(—yx))y; and 8—/;/) =) exp(—px)x;y),

and that the covariance matrix of (d, B) is proportional to

s fo/n —X

—X 1

The volume element based on z = (a, ﬁ) and H(z) =X leads to the conditional log-
likelihood
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—p > x;—(n—Dlog > exp(—px;)y;

2

D exp(—yx;)(x; — X)y;

D (=% /n

2
+

1
-3 log [Z exp(—yx;)y;

®)

These three conditional log-likelihoods may be compared based on the expected value of
the corresponding conditional score function, that is, based on how close they are to
satisfying the first Bartlett identity; the expected value of the score function based on a
given pseudo-likelihood function is sometimes referred to as the score bias of the pseudo-
likelihood. For (3), the score bias is

D exp(—2yx)(x; — %)

= 0(1).
Z exp(—2yx;)
For (4) it is O(n~?), while for (5) it is
> xi(x;— %)’ .
—+0(n7?).

Z(xf e n

Pseudo-likelihood (3), which is based on the naive choice of z = y with H(z) taken to be
an identity matrix, has little to recommend it. Pseudo-likelihood (4), which is based on the
transformation structure of the model and satisfies the first Bartlett identity to a high degree
of approximation, would be a reasonable choice for likelihood inference in this problem.
However, if conditioning on an ancillary statistic is thought to be an important
consideration, (5) may be a more appropriate choice.

2.4. Equivalence of marginal and conditional likelihoods in exponential
family models

For some models, both a marginal and a conditional likelihood function are available. This
is particularly true if likelihoods based on parameter-dependent functions are considered
since then the ancillary statistic or sufficient statistic in the model with ¥ fixed may depend
on the value of ¥ under consideration. Suppose that the sufficient statistic for the full
model is equivalent to (7, Sy) where, in the model with vy held fixed, S, is sufficient and
Ty is ancillary. Furthermore, suppose that Sy is complete for fixed w; this holds, in
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particular, if the model with fixed 1 is a full-rank exponential family model. Then, by
Basu’s theorem (Basu 1955; 1958), T,, and S, are independent.

Using the volume based on the statistic z and matrix H(z), the conditional likelihood
given Sy, is given by

[(D(ty, $4)/02) H(2)( 1y, $3)/02)T| 12
|(Dsy/0z) H(z)(Dsy/ 0z)T|1/2

p(tt/); 1/1)

and the marginal likelihood function based on Ty, is given by

5wH()(3tw>T

It is straightforward to show a sufficient condition for the marginal and conditional

likelihoods to agree is that
ot ds
S H( >< ‘“) =0. (6)

1/2

p(tllh 1/))

Example 1 Ratio of normal means (continued). Taking z = (x, y) and H(z) equal to the
identity matrix, we have seen that the marginal likelihood based on #, = x — vy and the
conditional likelihood given s, = 1x + y are identical. Note that condition (6) is satisfied.

Example 2 Exponential regression (continued). The distribution of 7= )2/, 3/ 71,
.+ Yn/>1) depends only on 1; the marginal likelihood based on ¢ is given by

—p Y x;—nlog Y exp(—yx;)y;.

Note that, since ¢ does not depend on 1, the volume element does not need to be specified.

This marginal likelihood differs from the conditional likelihoods derived for this example.
Suppose that z is given by (log y, ..., logy,) and H is taken to be a diagonal matrix with
jth diagonal element d;. The resulting conditional likelihood given sy is identical to the
marginal likelihood based on ¢ provided that

> djexp(=2yx)yt = exp(—yx))y,  —00 <y < oo

clearly, this cannot occur unless d; depends on .

Now suppose that z = (4, ﬂ) so that the volume element holds ay, ..., a, fixed. The
resulting conditional likelihood given s, is identical to the marginal likelihood based on ¢
provided that H is taken to be of the form

Ha= (6 o)

where ¢ does not depend on . This volume element depends only on variation in ¢, while ¢
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is a function of a4, ..., a, and 3 These results suggest that, for this model, the marginal and
conditional approaches to likelihood inference for 1 are fundamentally different.

3. Likelihood functions based on maximum likelihood
estimators

3.1. A general framework for marginal and conditional likelihoods

We now consider the construction of likelihood functions for a parameter of interest for
models satisfying the following conditions. In the full model, we assume that the sufficient
statistic may be written (é, a), where a is ancillary; similarly, in the model with ¥ held
fixed, we assume that the sufficient statistic may be written (éuu by, a), where by is
ancillary. These assumptions are satisfied if the models are exponential family models or
transformation models, and they are satisfied to a sufficient degree of approximation for a
wide range of models; see, for example, Severini (2000a, Chapter 6) for a detailed
discussion of these issues. We assume that these conditions hold for the remainder of the
paper.

Hence, the distribution of b, may depend on 1 but not on 4. For simplicity, we assume
that the parameter of the model may be written 6 = (1, 1) for some nuisance parameter 4;
in Section 3.4, the likelihood functions derived in this section are expressed in a form that
does not require an explicit nuisance parameter. Throughout this discussion we condition on
the ancillary a, although, for simplicity, this conditioning is not always explicitly stated.

Furthermore, we assume that, for both models, the likelihood ratio approximation to the
conditional density of the maximum likelihood estimator given an ancillary statistic, also
called the p* formula, holds. For a model with parameter 6 this approximation is given by

p*(0la; 0) = c(6; a)| 3|/ exp{(O) — €(6)}

(Barndorff-Nielsen 1980; 1983). The constant ¢ is of the form c(0; a) = (2m)~9/>{1 +
O(n’3/2)}, where ¢ denotes the dimension of 6. Hence, for 0 = 6 + O(n='7%), ¢ depends
only on the data, neglecting terms of order O(n—>/?).

We first show that, in this setting, a conditional or marginal likelihood function based on
a parameter-dependent function always exists. Consider the model with 1 held fixed. In this
model, either (’11/" a) is sufﬁcAient or it is not sufficient. If it is sufficient, the conditional
distribution of the data given 4,, depends only on v and this conditional distribution may be
used to form a conditional likelihood. This approach is considered in Section 3.2.

If, in the model with ¥ held fixed, (/11/,, a) is not sufficient, then a sufficient statistic is
given by (/11/,, by, a) and by, is ancillary in the model with 9 fixed; that is, the distribution
of by depends only on 1. We now consider the construction of a marginal likelihood
function on the distribution of by.

Since by, is ancillary in the model with 1 fixed, the conditional density of /'Lw given by,
may be approximated by
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PFAyla, by; 6,) = c1ljin(6,)]'? exp{U(0) — 4(6,)},

where ]M(Ow) denotes the observed information for fixed 1/), evaluated at 01/, The density of
(L/,, by) given a may be approximated by transforming p (0|a 9)

2y byla: 0) = ca] J2 exp{£0) — ew)}'

8(1’1/19 bi/))
Here ) denotes the observed information. Since the marginal density of b, is given by
PGy, byla; 6)
p(eylby, a; 0)
it may be approximated by
L31'2106/0y. by)|
1722(0)]'/2

In order to complete specification of the marginal likelihood function, we need to specify the
variable z and the matrix H(z). Since (9 a) is sufficient and a is ancillary, we may take
z =0 and then specify the volume element by choosing the matrix H (0)

The matrix H(O) should be chosen so that the assumption that a Euclidean metric is
appropriate for H(6) '/2d# is reasonable. Note that j'/2(6 — 0) is approximately distributed
according to a multivariate normal distribution with mean vector 0 and covariance matrix
equal to the identity matrix. Furthermore, this result holds conditionally on a. This suggests
that a Euclidean metric is appropriate for 312 do; that is, this suggests that a reasonable
choice for H is H(0) = 77!, Note that the resulting volume is locally invariant under
transformations of 6. This metric is discussed further by Fraser and Reid (1989), who refer
to it as the conmstant information metric.

The marginal likelihood based on b, using this approximation and the constant

information metric is therefore given by
Oby i (abl//)T
06 7 \ o6

Here L, is the profile likelihood function. It is straightforward to show that, by rewriting the
differential terms,

Ly() = |jua(0y)| 7/

pr(byla; 0) = xp{l(6,) — UO)}.

1/2

Lo(y) = (0| 1/2L[7(1/))’

8(11/J s bl/))

. NT T|-1/2
Oy (03 Oy (8bw> oby | (8b¢) Vo, (03
b -~ -~ -~ L .
06 ’ (ae) 06 7 \oa) 067 \ o6 26 7 \ o6 2
(7

This expression yields a family of marginal likelihoods for 3 based on the specific choice
used for the statistic by. The case in which by is taken to be null, so that 0b,/00 =0,
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corresponds to the case in which iw itself is sufficient for fixed 1. Hence, in a certain sense,
all marginal and conditional likelihood functions for v based on the p* approximation and
the constant information metric may be generated by (7) using different choices for b,. In
Section 3.3, we take b, to be ry, the signed likelihood ratio ancillary in the model with 1
fixed.

3.2. Conditional modified profile likelihood

Suppose that, in the model with ¥ fixed, (;11/,, a) is a sufficient statistic. A conditional
likelihood function for y may then be based on an approximation to the conditional
distribution of the data given 4,; as noted above, this corresponds to taking b, to be null in
(7). Then

9by _

~=0
00

and the denominator in (7) becomes

R N T2
o, i (on\']
20 7 \ 00 ’

this leads to the conditional likelihood function

. N T|71/2

A oA oA
L = |jaa ()| VAL 5 222 L, ().
c(@) = [j1(0y)] 207 oo ()

An alternative expression for L is sometimes useful. Since iw satisfies 7, (v, iw; é) =0,
it follows that

~ Oy R
Ay, ma—g + 5, Ay) =0

where
¢ A(e)—ie(e- 0)
16 56 O
Hence,
My Ay
891” = 32(0) " 0,4(Ay).

Substituting this in the expression for Lo above shows that

| 322(6,)]'2
1£,.6(0y) 3714;.6(0,)T| 1/

Le(y) = Ly(y).
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The pseudo-likelihood Lo will be called the conditional modified profile likelihood. This
approximation to a conditional likelihood was also derived by Fraser and Reid (1989) using a
closely related, but slightly different approach; its connection to the modified profile
likelihood of Barndorff-Nielsen (1983) will be discussed in Section 4.

It is straightforward to show that, when (Ay, a) is sufficient, Lo approximates the true
conditional likelihood function given 4, to O(n=3/2) for 1y of the form 9 + O(n~'/?).

3.3. Likelihood ratio modified profile likelihood

We now consider an approximation to the marginal likelihood function based on the
distribution of the signed likelihood ratio statistic

R= Ry, = sgn( — y){2000) — (6,1},
Using (7), along with the fact that
or 1 N N 0 R
87 {£.4(0) — £5(6,)}, g(0) = ﬁf((?, 0),

leads to the likelihood function

| 322(0,)]'/?

Lp(p) = ————E 202
10,46, 1714,4(6,)T - DI

1/2 Lp(w)a

where the matrix D is given by
. C,:0(0p) 37 {L5(0) = L5(0,)}1;.5(0,) 7 {L.5(60) — L(6,)} 1"
{€.4(0) — £5(0y)} 1{€45(6) — £5(0y)}T
An alternative expression for Lg is
Le() = | 3 (By)]'"
£45(0) — L4(6,)
gl;é(éw)

We will call Ly the likelihood ratio modified profile likelihood its connection to the modified
profile likelihood of Barndorff-Nielsen (1983) will be discussed in Section 4.

If the distribution of R depends only on v, then Lz(y) approximates the true marginal
likelihood function based on R to O(n=3/?) for 9 = ¢ + O(n=>/?). If, for fixed 1, R is a
second-order ancillary statistic, so that the marginal likelihood function based on R depends
only on 1 to O(n3/?), then Lg(1) approximates this marginal likelihood function with
error O(n—3/?). In the general case, R is a first-order ancillary statistic so that the marginal
likelihood function based on R depends only on 9 to O(n~!). In this case, Lgz(y)
approximates the marginal likelihood function based on R with error O(n~").

[{€.5(0) — L:0(6)} 5~ {€.5(0) — La(0,)} [V Ly ().
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3.4. Expressions for Lo and Ly that do not require an explicit nuisance
parameter

The expressions for Lo and Ly given earlier are all based on a parametrization of the
model of the form 6 = (y, A) where vy is the parameter of interest and A is a nuisance
parameter. We now show that it is possible to calculate these likelihoods without choosing
an explicit form for the nuisance parameter. That is, consider a model with parameter 6 and
let 9 = y(6) denote the real-valued parameter of interest. We may calculate Lo and Lpg
based on this structure alone, without explicitly selecting a form for the nuisance parameter
A. Hence, these results also serve to verify that these likelihoods are invariant under
interest-respecting reparametrizations.

First note that an explicit form for 4 was only used in calculation of the derivatives
EM(H), ZM;(H) and ¢;,(6). Let f(6) be an arbitrary function of 6 and consider calculation of
f2(6) = 0f(0)/0A. By the chain rule,

00
f2(0) = fo(0) s

hence, it is sufficient to obtain an expression for 96/9. Note that

-1

oY
90 90 20
(@ ﬁ) | o
00
and, hence, 00/04 satisfies
04 00 oy 00
20 91— I and a—z 7 0;

here I represents the identity matrix with rank ¢ — 1, where g = dim(6).
Let B = B(0) denote a ¢ X (¢ — 1) matrix such that for all 0,

o o)
%B =0 and 803‘ #0.
Then
Bl or \~!
Hence,
1 T
A oA~ . - .
Gi6(Op) = H%(BW)B(@/})} B(0y) £4.5(0y),
R YR ! - A ror . ! T
600 = [{5500BON [ | BO),46,)50)| {55 @BO) [ | .
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and

T

) e . !
B(Oy)" 3(0,)B(0y) [{%(61,,)13(61/))} 1 :

T
. s oA o 7
Ja(Oy) = l{%(@p)B(ey})} ]
Define the matrix P, by

' 6) ' (0y)

Pw - [ A A
P (0" (0y)"
where
0 = S yo)
Y ~dy .
For a given g X g non-singular matrix M, let vy, ..., v, denote the eigenvectors of
(I — Py)M, corresponding to the non-zero eigenvalues 7y, ..., 7,-1. Then the matrix

B = B(60,) needed for calculation of the sample space derivatives is of the form V' M/, where
V' is the matrix with jth column v; and M is an arbitrary (¢ — 1) X (¢ — 1) non-singular
matrix. It follows that

|B"MoB|'? = |Mi|Gp1 - mg-1)"/* and  |BTMo| = |Mi|(n1 - mg1)-

For a ¢ X ¢ non-singular matrix M define |M|, to be the product of the non-zero eigenvalues
of (I — P,)M. Then we may write

O,
Le(y) = — ~ L,(y)
165.60p) 171400112
and
@1
Lr(yp) = —— ;- L),
|£9;é(0¢) ]7169;9(97/))]“ - D0|11/)/2
where

b Loo(0y) 571{L,5(0) = £.5(0,)} [g.0(6y) 5™ {L,5(0) — £,5(0,)} 1T
0 — = = = = -
{£.4(0) — £5(0y)} 5 71{€.5(0) — £ 5(0y)}T

4. Relationships with the modified profile likelihood

4.1. Modified profile likelihood

The modified profile likelihood function is given by
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Oy |

—-1/2 5,000,172
L) = ‘ 8/1 \JM( w)|

L = =
»(P) 14,26,

Here we give a brief overview of the properties of L,,; see Barndorff-Nielsen and Cox (1994,
Chapter 8) for a more detailed discussion.

The modified profile likelihood is derived as an approximation to either a conditional or a
marginal likelihood. Let 1) denote the maximum likelihood estimator of 1 and let A denote
the maximum likelihood estimator of A. First, suppose that 4 is sufficient in the model with
1y held fixed. A conditional likelihood function may be based on the density of 3 given A,
which is given by

322(0y)

Ly(¥).

p(ii):ila; ¥, )
p(Ala; p, 1)

The density p(zZ;, ;1|a; ¥, A) may be approximated using the p* approximation. In order to
approximate p(A|a; v, 1), we first approximate p(4y|a; v, A) using the p* approximation in
the model with y fixed; since 4 is sufficient for fixed 1, 4, must be a function of 4. Hence,
an approximation to p(4|a; ¥, 1) may be obtained using the usual change-of-variable formula
for density functions. Substituting these approximations in (8) yields L.

Alternatively, suppose that the distribution of 1) does not depend on A. Note that

P4, a; ) = (8)

_ P, Aa . 2)
PAlp, a9, )

and a marginal likelihood function for 1 can be based on (9). The density P, i|a; Y, A)
can be approximated using the p* approximation. The density p(A|, a; 1, 1) can also be
approximated using the p* approximation by noting that, in the model with v held fixed, v is
ancillary. Substituting these approximations in (9) yields L,,.

Whenever either of these assumptions holds, L,/(y) approximates the conditional or
marginal likelihood to order O(n=3/?) for v of the form ¥ + O(n~'/?). In general — when
these assumptions do not necessarily hold — the marginal likelihood based on © is
independent of A to O(n~'/?), that is to say, it does not depend on v excluding terms of
order O(n~'/?) and Ly/(y) approximates this marginal likelihood function to O(n~'/2).
Since, for general models, 4 is not even sufficient to a first-order approximation (Severini
1994) whenever (4, @) is not sufficient for fixed 1, Lj(y) cannot interpreted as an
approximation to a conditional likelihood.

It is worth noting that when A, is sufficient for fixed v, Ly(3) may also be derived by
conditioning on A, by using

p@la; y) )

|31'/2 exp{6(6) — €6)}|00/0(P, 4y)|
| 322(0)]'/2 exp{€(0) — £(6,)}
Simplifying this expression and ignoring terms not depending on the data, this approximation

may be seen to be exactly L. Equivalently, we may derive L) by using the same
approximation used in the derivation of L. with the differential term based on z = 6 and

Py, a; p) =
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H() = (8 HOM)

where Hj, is any full rank matrix not depending on 1.

Barndorff-Nielsen (1994, Section 6.2) shows that the modified profile likelihood function
Ly(y) may be derived as an approximation to the marginal likelihood function based on
the modified signed likelihood ratio statistic R:/k}. The modified signed likelihood ratio

statistic is given by
1 U
R*=R+— log| —
3 0g< R),

where R is the signed likelihood ratio statistic and
£5(0) = L4(0y)
g/l;é(el/’)

Using the fact that #* = r+ O(n~1/?),

exp{— (?z} =2 exp{—%z}[l + 0],

Hence, for the portion of the marginal likelihood based on the p(r*; ), Barndorff-Nielsen
uses

U= | 32400, 712 51712,

u {_ﬁ} u,
rexp 3 ocr »(P).

The volume element used is based on
or*

o

According to Barndorff-Nielsen (1994, Section 6.2), 9r* /0r may be approximated by 1 and

Or@h, dy) _ 13O 5'2 u
81/} |£}L;j(6u)‘ r

_ ‘ or*(r, Ay) Or(y, Ay) . (10)

or oy

so that the resulting marginal likelihood is L,,.
In order to compare this approach to the one used in deriving Ly, we may write the
differential term corresponding to (10) in the notation

T
’ O () (af>
00 96

1/2

Hence, the differential term used by Barndorff-Nielsen corresponds to taking H = Hyy,
where
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Hy = S L0 {0, )T
L300 g (0y)  £5(00) 7 0(0))0.5(0,) {450} )

Note that the matrix H),, in addition to depending on %, is not of full rank. Therefore,
Ly/(y) may be viewed as an approximation to the marginal likelihood based on R, using the
differential term based on H,,; from this point of view Lj, has the same properties as an
approximation to the marginal likelihood as does Ly, the only difference being in the choice
of metric used.

4.2. Large-sample comparison

The likelihood functions Ly, L¢, and Ly have very similar behaviour in large samples. In
particular, in this subsection it is shown that L, (vy), Lc(y) and Lg(y) all agree to order
O(n~") for 9 of the form y = 9 + O(n~'/?); for example,

Cn() — Ly () = Le() — Le() + O(n™h),

where £y =log Ly and {c = log Lc. .
First, consider the term .9(04) 37"0,.5(0,)". Throughout the following argument assume
that ¢ and ¢ differ by O(n~'/?). Note that we may write

Gop(0p) = Jayp + My@ — )+ O0(1) and  £,;(0,) = ju + M@ — ) + O(1),

where M, and M; are O(n) matrices depending only on the data. A tedious, but elementary,
calculation shows that

0,:00p) 370,000 = Guz + (M + M)W — ) + O(1)
so that
1 A - 1 . - - _
> 1og|£.5(0y) 31 4;.5(0,)"| =5 log| Jual + tr( 3 H)h — ) + O(n ™).
A similar calculation shows that
log|¢,.;(6y)| = log| jaa| + tr(j M) — )+ O(n ™),

which establishes the result for L), and Lc.
To establish this result for Ly it suffices to show that the matrix D is O(1). Then

50 37 0,(0)) — D = G + (M + M) — ) + O(1)

as above, which yields the result. It is straightforward to show that E;é(é) — E;é(éw) = O(y/n)
so that

{£50) = £50,)} 5 {€40) — £,56,)}" = O(1).
Using Taylor’s series expansions,

£5(0) — €5(6y) = c(ip — ) + O(1),
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where ¢ = —{}() and 41(0) j(éw) = O(1). Using the facts that
0.5(0) = iy +O(v/m) and  £,;(6,) = 31 + O(/n),
it follows that

0,400,) 77 {L5(0) — £40,)}T = O(1)

and, hence, that D = O(1).

The results of this subsection may be used to consider the extent to which L¢ and Ly
satisfy the first Barlett identity. Ferguson et al. (1991) show that E[¢},(v); 0] = O(n™").
According to the analysis above, both /c(1) — £c(1)) and Lx(y) — Lz(¥) are of the form
() — Ly(P) + O(n™"), where the O(n~') term has a leading term of the form
O —v)* and Q= O(1). Hence, Le(y) = Lu(y) + Qi( — ) + O(n") for some O(1)
term Q). It follows that

E[lc(y); 0] = E[Ly(y); 01+ O(n™ ") = O(n™");

similarly, E[¢%(1); 6] = O(n™"). Thus, both L and Ly satisfy the first Bartlett identity to a
high degree of approximation.

4.3. Exact agreement between L., Lz, and L),

In some cases, either Lo or Ly agrees exactly with L,,. For instance, if ] is sufficient for
fixed 1, then Ly, is valid to O(n=3/?) and Ly = L¢, which follows from the fact that
£;(3, 1) depends on the data only through (ﬂ. a) so that Z,W(Ow) =0.

More generally, Ly = Lc whenever there exists a statistic s, with dimension equal to that
of A, such that (s, ) is sufficient for fixed 1. To show this, let £, 1) = &(w, A; s, a)
denote the log-likelihood function for 4 with 1 fixed, written as a function of (s, a). Then,
for given values of the data,

~ Os ~ Os
é,‘{;é(wa /1) = ‘gl;s(w: /I)% and él;i(wa l) = e/l;s(wa /1)5

0 o (25)'
267 \o6

A ~ | 0Os
£,3(0y) =1 ) 0| —
| i,l( 1/)‘ | /1,( )| P

It follows that

. A 12
1€;.6(0y) 57131;9(%)”1/2 10:5(6,)]

and that

so that Ly, and Lc differ by a factor depending only on the data.

Also, if /lq, does not depend on ¥, then Ly = Lc. This follows immediately from the
fact that in this case ;. W(Ow) = 0. Since L) and Lc are invariant under interest-respecting
parametrizations, L), = L¢ holds provided that /Iw is a function of (v, T), where T is a
statistic with the same dimension as A.
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If the signed likelihood ratio statistic R depends on the data only through Y then
€5(0) — €;(6y) = 0. Hence,

£4(0) = £45(6y)

Zl;g(éw) = 0,50 [£.5(0) — £.45(6,)|

and, neglecting terms depending only on the data,
{£40) = Lo(0y)} 57 {£0(0) — Lo (@)} |2 = [£,4(0) — £4(0y)]

so that Lg = Ly,.

5. Examples

Example 1 Ratio of normal means (continued). Recall that the log-likelihood function for
the model is given by

€40) = nd(yx + ) = S + DA,

where x and y are normal random variables with means 14 and 4, respectively, and each with
variance n~!. Since x = 9¥A and y = A, we may write

UO) = nA(yip + DA — g(yﬂ e
The profile log-likelihood function is given by

n(yx+y)

It is straightforward to show that fc(y) = lr(y) = £,(3). The modified profile log-
likelihood function is given by

n@yx+y> 1 2
l =———+-1 1)—1 .
n(¥) =3 Vi +5 log(y” + 1) — log|yx + ]
At least in some cases, inferences based on ¢ are preferable to those based on ¢;,. Note
that 1) maximizes /(). If x = 0 and y # 0 then /), is maximized at 1 = co while ¥ = 0;
if y =0 and x # 0, then £y, is maximized at 1 = 0 while v is either +o0 or —oo.

Example 3 Linear regression model. Let Y1, ..., Y, denote independent random variables
of the form Y; =y + x;8 4+ o¢; where xi, ..., x,, are known covariate vectors of length p
satisfying ) "x; = 0, 1 and o > 0 are unknown scalar parameters, 3 is a unknown parameter
vector, and the ¢; are independent unobservable standard normal random variables. Assume
that the matrix x with columns xi, ..., x, is of full rank.

The log-likelihood function for the model is given by
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1 R o .
Uy, B, 0) = —nlogo — 20—2[1@62 + 1 — )+ (B —Bx"x(B - B

and £,(y) = —nlog Gy, where 67, = 62 4 (3 — ¥)*. It is straightforward to show that

5y 12
Le(y)=6,""" 2){1+2(waw) }

and that

252
The profile likelihood function is given by L ,(y) = 017 "; it is well known that for this model
Ly(y) = aw(" »=2) (Barndorff-Nielsen and Cox, 1994, Chapter 8).

Thus, there are at least four possible choices of pseudo-likelihood function for . Each of
Lce(y), Lr(y) and Ly(yp) provides a degrees-of-freedom adjustment to L,(1). Note,
however, that when n = p+ 2, the single-degree-of-freedom case, L, () is constant,
suggesting that Lo and Lz may be preferable to L), when the degrees of freedom are small.

For instance, each of these pseudo-likelihood functions is maximized at vy =, the
maximum likelihood estimate. The inverse of the negative second derivative of the log of
the pseudo-likelihood function evaluated at 9 may be used as an estimate of the variance of
. It is straightforward to show that

LR(w) 7(n p){ (1/’ 1/))2}

A2 ~
"o 71_0—_ o (il — o
Gant = =
A2 ~2
7//A71707 7//'\71:07

Recall that the usual unbiased estimate of the variance of v is given by 62/(n — p — 1).
Hence, Ly, Lc and Lg are each a great improvement over L, in terms of estimating the
variance of 1), with the estimate based on Ly being closest to the unbiased estimate.

Example 4 Normal distributions with common mean. Let Yy, k=1, s n, j=1,
, m, denote independent normal random variables such that ¥ has mean u and standard
dev1at1on o0 j. Take the common mean u as the parameter of interest and take (o1, ..., 0,,) as

the nuisance parameter. Let

Z % and S—Z( k—Y)

by sufficiency, the analysis may be based on (Y, S)), ..., (Y, Su). The log-likelihood
function is given by

o) = —anlogaj—%zg(yj uy? ——Z o
J

For this model, exact calculation of the sample space derivatives needed to determine L,
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Lr and L, is not possible. Hence, we use approximations to these functions based on the
approach of of Skovgaard (1996) and Severini (1998) in which sample space derivatives are
approximated by covariances of the log-likelihood function and its derivatives. These
approximations have error O(n~') for v = 9 + O(n~/?).

Let /,; denote the approximation to £;; and so on. It is straightforward to show that

i . _ R 1
Du() == (n; = Dlogdju,  Le(u) == (n; = 2)logd , — - log|F|,

where F' is an m X m matrix with (i, j)th element given by

Anin o o
e f[(u WA~ + o~ DYE—wl i i#

Fy=
— A~ W)} +2n,6? it =,

c=>n;/6% and
_ 1
Cr(p) ==Y (n; —2)log &, + 5 log G,

where

+ + 4
—22 (1’_”> +*—4 ZA%#A%(% <1_‘u21u>
and d = an/a Also, note that £,(u) = —> n;logo j,.

For small sample sizes, {¢ and ( may be very different than /). In particular, £,
ignores any observations (Y}, S;) with n; = 2. If there are several observations of this type
or if those observations have a relatively small standard deviation, this can be a serious
waste of information.

Likelihood inference for this model has been considered by Kalbfleisch and Sprott
(1970), Chamberlin and Sprott (1989) and Barndorff-Nielsen (1983), among others.
Barndorff-Nielsen (1983) obtains the expression for L), obtained here by ignoring the factor
OA) Oy

6. Discrete data

The results in the preceding section were based on the assumption that the underlying data
have a continuous distribution. The main difference in the discrete case is that, if the
relevant densities are with respect to counting measure, it is not obvious that the differential
terms used in deriving Lc and Ly are still appropriate.

Suppose that the underlying data have a lattice distribution. Then Severini (2000b) shows
that the density of 6 may still be approximated using p*; however, the density p* is with
respect to a measure that depends on the structure of the sample space of 6, rather than
with respect to counting measure. Let u*(:; G)) denote this underlying measure, where €)



Likelihood functions based on parameter-dependent functions 445

denote the sample space of 0; see Severini (2000b) for further discussion of w*. Then we
may approximate the density of 6 by

p*(0la; 0) = ¢| 3"/ exp{0(0) — €(0)}du™(6; ©).

Now consider the density function of X = g(é) where g is a one-to-one continuously
differentiable function. It may be shown that an approximation to the density of X is given

by
p*(6la; 0)‘ % ‘dﬂ*(x; ). 0=000;

here X’ denotes the sample space of X. That is, the density of X with respect to u™(-; X) may
be obtained from p*(é|a; 6) using the change-of-variable formula commonly used for
densities with respect to Lebesgue measure. It follows that the methods used to derive L and
Lk hold when the underlying data have a lattice distribution as well.
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