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Convergence of scaled renewal processes
and a packet arrival model
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We study the superposition process of a class of independent renewal processes with long-range
dependence. It is known that under two different scalings in time and space either fractional Brownian
motion or a stable Lévy process may arise in the rescaling asymptotic limit. It is shown here that in a
third, intermediate scaling regime a new limit process appears, which is neither Gaussian nor stable.
The new limit process is characterized by its cumulant generating function and some of its properties
are discussed.
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1. Introduction

This study is concerned with the asymptotic scaling behaviour of sums of independent
random processes with long-range dependence. Specifically, the long-range dependent
process will be a renewal counting process with heavy-tailed inter-renewal times. It is
known that the superposition process of independent copies of such processes, suitably
scaled, may exhibit rescaling limits. In fact, different limit processes may arise depending
on the details of the rescaling scheme.

To explain the framework, consider

s
. N — Tt
b(m, T);( n = 7D,

the summation process of m independent and identically distributed copies of a centred
random process {X,}, where b(m, T) is a normalization constant as m and T tend to infinity.
Taqqu and Levy (1986), and recently Levy and Taqqu (2000), take X; to be a renewal—
reward process and study the limit under assumptions of heavy tails of both renewal times
and rewards, hence implementing Mandelbrot’s (1969) idea of using renewal-reward
processes with a heavy-tailed distribution of the inter-renewal times to study long-range
dependence phenomena in physics and economics. The scaling limits investigated in
Willinger et al. (1997) and Taqqu ef al. (1997) refer to the case X, = fot Zyds, where {Z,} is
an on/off process with heavy-tailed distributions for on periods, off periods, or both. This
application is related to the nature of network traffic, with {Z,} being a traffic rate process,
and the results discussed in Willinger et al. (1997) relate a global self-similarity property,
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claimed to be intrinsic to Internet traffic, to the local property of heavy-tailed distributions of
on or off periods. The main result for both of these models is that if m tends to infinity first,
followed by 7, then the rescaled process converges to fractional Brownian motion, whereas if
the order of the limit operations is reversed then the limit is a stable Lévy motion.

This motivates the search for a simultaneous limit regime in which one of the parameters
m or T is a function of the other, with the hope of finding a new limiting process which
would provide the ‘missing link’ between fractional Brownian motion and stable Lévy
motion. This is the idea behind this paper, as well as those of Mikosch et al. (2002) for on/
off processes (and the infinite-sources Poisson model) and Pipiras ef al. (2002) for a class
of renewal-rate processes. It is shown by Mikosch et al. (2002) that the limit process
depends on the ‘connection rate’, i.e. on the rate of growth of the number of users
m = M(T) compared to the time scale 7% !, where a is the regular variation exponent of
the tail of the distribution of the on periods. However, the limiting processes are still the
same as in the double-limit case. That is, if the connection rate is fast, meaning that M(T)
grows faster than 7% !, the limit is fractional Brownian motion. If the connection rate is
slow the rescaled process converges to a stable Lévy motion. Analogous results are reported
in Pipiras et al. (2002) for the case of renewal-rate processes.

We investigate the third limiting regime corresponding to an ‘intermediate’ connection
rate, using standard renewal processes with heavy-tailed inter-renewal time distribution, and
derive a new non-Gaussian and non-stable limit process. Section 2 introduces the model,
and Section 3 contains the main convergence result. Section 4 studies various properties of
the limit process. In Section 5 we bring together the results for the underlying heavy-tailed
renewal process required for the proof, some of which may also be of independent interest.
Finally, in Section 6 we give a proof of the theorem based on cumulant generating
functions.

2. A renewal-based model for the arrival process

Consider the renewal process {S,} generated by a sequence of independent non-negative
random variables {U}i=1, i.e. S, =Y ;_;Ui. The inter-renewal times {Uj}i= are
supposed to be identically distributed with distribution function F(#), while the distribution
of the first inter-renewal time U; can be different. Our basic assumption is that the inter-
renewal distribution F(#) has a regularly varying tail with exponent 143, 0 <pf <1, i.e.
there exists a slowly varying function L(f) such that

1 — F(f) ~ P L(1), as t — oo. (1)

Thus the variables Uy, k = 2, possess finite expectation ¢ but the variance is infinite. As for
the distribution of the first renewal U, in the context of our applications it is natural to
choose it to be equal to the equilibrium distribution

Fi(h) = 1j (1 F(s))ds,
HJo
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so that the resulting renewal point process becomes stationary. In particular, this implies that
the corresponding renewal counting process,

N, =max{n: S, < t},

has stationary increments. The usual pure renewal processes, with the same distribution F(¢)
for all renewal intervals, also emerge as we proceed. Henceforth, we denote by N, the
stationary renewal counting process, while N, corresponds to a pure renewal process.

Let {N(,’)}, i=1,...,m be m independent copies of the stationary renewal counting
process {N,}. We are interested in the asymptotic properties of the superposition process

m
W(m, t)=> N,
i—1
which counts the total number of renewal events occurring in corresponding renewal
sequences {S(ni)}, i=1,...,m, up to time t = 0.

The summation processes discussed in Section 1 have been suggested as models for the
total workload at a network node arising from m independent sources sharing a common
medium, such as a local area network. In the light of such applications the process studied
here can be thought of as a rudimentary packet arrival model with heavy tails, which in a
sense acts as a skeleton for more detailed models designed to capture the workload
behaviour in real systems. In this simple model source i generates one packet at each time
epoch {S(n’) }u=1. The amount of work from source i up to time # =0 is N(,’), and W(m, t)
represents the cumulative arrival process of the system counting the accumulated work
generated by all users. We will investigate the behaviour of the (rescaled) process W(m, t)
as the number of sources m grows to infinity and time is suitably rescaled, under the
assumption that the distribution of packet inter-arrival times is heavy-tailed.

3. Convergence result

Our object of interest is the centred and rescaled process

Yom(p) = bi <W(m, ant) — m“'”’), @)
" u

where the sequence a, governs the rescaling of time and b, is the corresponding
normalization of ‘space’. The centring sequence ma,,t/u corresponds to the expected value
EW(m, t) = mt/u.

We assume that the scaling sequence a,, is any sequence such that a,, — oo. The rate of
growth of a,, relative to m determines the asymptotic behaviour of Y™ as m — oo, and it
is known that the choice of such growth rate conditions results in a fundamental dichotomy
in the asymptotic limit under the rescaling scheme (2). Essentially, if a, grows slowly
compared to m then the limit is fractional Brownian motion, and if a,, grows fast relative
to m the limit is a stable Lévy process. The contribution in this work is the derivation of a
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new limit process under a third, intermediate, limit regime. Thus we will discuss the
following three options:

e fast connection rate (number of users grows faster than rescaling of time),

mL(a,,) _

00;
dn

(FCR)

e slow connection rate (time is rescaled faster than the number of users grows),

mL(an)
p

Am

—0; (SCR)

e intermediate connection rate (time is rescaled proportionally to the growth of the
number of users),

mL(an)
ﬂ —

am

(ICR)

The conditions (FCR) and (SCR) are equivalent to the fast- and slow-growth conditions used
in Mikosch et al. (2002), as can be verified similarly to their Lemma 1.

Some further remarks are in order concerning the choice of the rescaling scheme (2). In
this paper the time scale a, is taken to be a function of the number of users m, and the
rescaled process W(m, a,t) is studied as m tends to infinity. In contrast, Mikosch et al.
(2002) consider the number of users M(7T) in the on/off model and the connection intensity
AT) in the M/G/oco model to be functions of a time parameter 7, and let 7 tend to
infinity. The latter limiting scheme is also used by Taqqu and Levy (1986) and Pipiras et al.
(2002) in the renewal-reward process setting. This is in effect an inverse scaling as
compared to (2), which in our case would correspond to the process W(my, Tt), where
T — oo. In the limiting scheme (2) the sequence a,, can be regarded as an inverse function
of M(T).

The term ‘connection rate’ is used above in a descriptive sense, only indicating the
relationship between the number of sources and the time interval over which the sources are
active, and should not be thought of as a rate in the sense of number of connected users per
unit of time.

We begin by stating in Theorem 1 the limit results for ¥ under (FCR) and (SCR)
scaling. The results are in complete analogy with those found by Mikosch ef al. (2002) and
Pipiras et al. (2002) for the more complex but related models studied in these papers, in the
case where the heavy tails are parametrized by a single parameter. In our case of simple
renewal processes the proof of convergence under (FCR) can be carried out by modifying
selected parts of the proof of Theorem 2 below (see Section 6.5). The convergence result
under (SCR) will be discussed in a more general framework elsewhere.

Theorem 1. Under assumption (1) and either (FCR) or (SCR) the following limiting relations
hold:

(a) Under condition (FCR), as m — oo,
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o2
P BA-Pp2-Pp)

/4 5 mt - mt
(m, ant) — mant/u

-3/2
ml/zal,:ﬁ/zL(am)l/z lu OﬂBH(t),

3

where = denotes weak convergence of processes in the space of cadlag functions and
By (1) is standard fractional Brownian motion with index H =1 — f3/2.

(b) Under condition (SCR), let L*(u) be a slowly varying function at infinity such that
L(u" P L*(w))/L* ()P — 1 as u — oo. Then as m — o,

W(m, ant) — ma,t/u fid
e

(ma,)V/H+P L*(ma,,) ﬂi(Hﬁ)/(Hﬂ)Aam’ @

where ey denotes convergence of the finite-dimensional distributions and A(?) is a-
stable Lévy motion with index a =1+ f5, such that A,(f) ~ Sa(cgl/“t‘/a, 1, 0),
¢ = (1 —a)/(T'(2 — a)cos(ma/2)).

Our main result establishes a new limit process in the asymptotic regime between parts
(a) and (b) of Theorem 1, corresponding to the condition (ICR), where the appropriate
norming sequence in (2) is seen to be simply b, = a,,.

Theorem 2. Under assumption (1) and the intermediate growth condition (ICR), as m — oo
the weak convergence of processes

m 1 & ; Amt W(m, a,t) — ma,t _

moj=1

holds, where Yg(t) is a zero-mean, non-Gaussian and non-stable process with stationary
increments. The limit process is not self-similar, it is continuous and has finite moments of all
orders. The finite-dimensional distributions of the increments of Yg(t) are characterized by
the following cumulant generating function:

n

IOgECXp{Z 01(Y5(t,) — Yﬁ(l,]))} — %i Q?Jt,‘filj;)exp(eiu)uﬁ dudv
i=1

i=1 0

n—1 n Jj—1
+%Z Z 0,6 exp Z Or(tr — tr—1)

=1 j=itl k=i+1

fi—ti1 ti—ti

X J dUJ exp(0;u)exp(0;v)(tj—1 — t; + u+ v) P du, (6)
0 0

where 0 =tg < t) < ... < t,.

Remark. We have chosen the constant in front of the process Yg(¢) in (5) to be negative since

it turns out that the limit process of Y(")(¢) has negatively skewed marginal distributions.
Hence Yg(2) is ‘positively skewed’.
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4. Properties of the limit process

4.1. Elementary properties

Property 1 (Marginal distributions). The cumulant generating function of the marginal
distributions of Yp(t) is

02 t (v
log Ee?%(0 — 5 ereuu—ﬁ du dv. (7

This also can be written as

log B0 — ezt—HM(l —B,3—f; 01 (3)
B — P2 —p) ’ T

where

M(a, b; z) =

T(b) ST(a + k)z*
T(a) ; T(b + k)k!

is Kummer’s special function from the family of confluent hypergeometric functions.

Proof. Expression (7) follows from (6) with n = 1. To prove (8), observe that for parameter
values with Re b > Re a > 0 Kummer’s function M(a, b; z) possesses the following integral
representation (Abramowitz and Stegun 1992, Formula 13.2.1):

e”’ua*l(l . u)bfafl du.

1
M(a, b; z) = ') J

F(@I'(b = a) )o

On the other hand, changing the order of integration in the double integral (7), together with
the change of variables u' = u/t, gives

t (v 1
J J e u P dudv = tZ*ﬁJ ™y — wydu,
0o 0

and (8) follows. O

Property 2 (Moments). The process Yg(t) has finite moments of all orders. In particular,
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EY4(1) = 0,

2040 2 2-p 9

O g he—p" ®
3 / _ — B3/
Skewness = E[fﬁ(t)] :3 pe—pa ﬁ)32tﬁ/2,
ELV3(0PP V23— )

. E[Yi0] B = B2 =P 4

Kurtosis = gryaipp =3 (” G-pu—p ')

In general, for k=1,

(k=Dk 4y
Plk—1 =Pk~ p)

EYj(1) ~ , as t — 00. (10)

Proof. Since the moment generating function of Y(#) exists for each real 6, all moments are
finite. Relation (8) yields

1SN (k= Dkt*Pok
log Ee?M() = — .
o8 ﬁ,;(k—l—ﬂ)(k—ﬁ)k!

The cumulants of the marginal distribution are now obtained by differentiation with respect to
0:

=Dk
oo BE=1=P)k—P)

In our case, since EYg(f) = Ci(f) =0, the first three moments of Yg(#) are equal to the
cumulants. Computations for any higher moment can also be carried out but do not lead to
simple expressions. However, the moments have the same asymptotic behaviour when ¢ — oo
as the cumulants, and thus (10) follows from (11). d

dk
Cul(t) = 57 log Eef/1:() (11)

Property 3 (Covariance). The covariance function of Yp(t) equals
EYy(1)Yp(s) = o3(2 P 4+ 77 — |1 — s P), (12)
where the constant o% is defined in (3).

Proof. Since the process Ys(?) has stationary increments, (12) follows from (9):

1
EYp(2)Yp(s) = E(Var[Y/;(t)] + var[ Yg(s)] — var[Y5(¢ — $)]).
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Property 4 (Regularity). The trajectories of the process Yg(t) are Hdlder continuous of
order vy, for any 0 <y < 1.

Proof. This property follows from the general asymptotic form (10) of the moments by
applying the Kolmogorov—Chentsov criterion (Karatzas and Shreve (1991), Theorem 2.8).
O

4.2. Relation to fractional Brownian motion

We have seen above that the first two moments of Ys(#) coincide with the corresponding
moments of the (multiple of) fractional Brownian motion o3By(f) with index H =1 — /2,
while higher-order cumulants and moments are different. For comparison with (10),

EBZ(I) ~ const t1=A/2), as t — o0.

The Kolmogorov—Chentsov criterion applied to this case yields that fractional Brownian
motion of index H is Hdlder continuous of order y only for 0 < y < H. Consequently, the
process Yz is more regular than fractional Brownian motion.

Note also that the process Yg(?) has the same covariance function as the (multiple of)
fractional Brownian motion ogBy(t). Since this function is self-similar in the sense of self-
similarity of deterministic functions, the process Yg(f) is second-order self-similar. However,
it is not self-similar in general. The relationship of the limit process Yz to fractional
Brownian motion as well as its scaling properties are further clarified in the next result.

Corollary 1. The process Yg(t) obeys the scaling limit relation
M Yy(t/c) = o5Bu(t), H=1- g ¢ — 00, (13)

in the sense of weak convergence of continuous processes.

Proof. This result is easily derived from (6), by observing that the cumulant generating
function of the finite-dimensional distributions of increments of fractional Brownian motion
with index H =1 — /2 can be written
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logEexp{ 0:(By(t;) — BH(ti_l))}
—1

1

= %Z Z 0,0 cov(By(t;) — By(ti—1), Bu(t)) — BH(tj—l))

i=1 j=1

1 n n 3 B B B
EZZGIHJ(VI'—I — PP =t = )PP = PP =t — 'B)

i=1 j=1

n—1 n ti—tiy ptj—tj-1
rory, Y 06 L (tj1— i+ u+ vy P dudo,

i=1 j=i+1 0

where 01 = (1 — §)(2 — ). By comparing this representation with (6), it is seen that under
the scaling (13) all the exponential factors appearing in (6) are wiped out, leaving only the
Gaussian distribution of the fractional Brownian motion. O

4.3. Relation to stable Lévy motion

In order to indicate the relationship of Yj(¢) to a stable Lévy motion, consider the stable
Lévy motion A,(f) with marginal distributions totally skewed to the right, which appears in
(4). The cumulant generating function of (Ay(#1), ..., Aq(t,)) exists for (6, ..., 6,) such
that 6, <0, i =1, ..., n (Samorodnitsky and Taqqu 1994, Proposition 1.2.12), even if it
does not characterize the distribution. Since the increments of the process A,(7) are
independent and Ay(t;) — Aa(tio1) ~ Su(ca '/ *(t: — t:-1)'/%, 1, 0), where ¢, is as introduced
in (4), the same proposition yields

1ogEexp{Z O:(Au(ti) - Au(m»} = log Eexp{6(Au(t) — Aulti1)}
i=1

i=1

-1 n
7
= —<ca cos 7(1) ;(_ai)a(ti —ti1)

1 n ti—ti_y o0
— _BZ GIZJ J ey =P du dv.
=1

0 0

This expression may now be compared with (6).
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4.4. Interpretation as packet arrival model

Recall that an application we have in mind of the summation scheme in (2) is that W(m, ¢)
counts the accumulated number of packets generated by m independent users sharing a
common medium, when the arrival stream from each source is characterized by a heavy-
tailed interarrival distribution. It follows from Theorem 2, applying (ICR), that for large m,

mt  a, t mt 1 _ t
W(m l)fv?——Y/}< )N——W\/mL(ama;ﬁﬂYﬂ(a).

u Am u

Invoking Corollary 1 as well gives the coarser approximative representation

W(m, t) ~ ; mt — Tﬂ\/mL(am Bi_g2(0).

This provides a verification of the model for Ethernet-type traffic proposed by Norros (1995).
A more comprehensive discussion of arrival process modeling with long-range dependence
and further references can be found in Kaj (2002).

5. Some properties of renewal processes

To prepare for the proof of Theorem 2 we need structure results for the functionals
Elexp(}>_7 ,0:N,,)] as well as the precise asymptotics of high-order moments E(N, — t/u)*,
and the analogous results for the pure renewal process N,. The technical key to our proof
of Theorem 2 is Proposition 1 below, which is somewhat related to an integral equation in
Kaj and Sagitov (1998, Lemma 3), derived in a different context.

5.1. Moment generating function for the n-dimensional distributions

We give two results for the multivariate moment generating functions of general renewal
processes, not necessarily subject to a tail condition such as (1). It is assumed only that
{N,} is a stationary renewal process with inter-renewal times {U,},=> having distribution
function F(f¢) and finite mean value u = E(U,), and that the first renewal time has the
equilibrium distribution F,(7). The notation {N,} is used for the corresponding pure
renewal process with all inter-renewal times having the same distribution function F(¢).

Proposition 1. Fix n =2 and a sequence of time points 0 < t| < ... < t,. The moment
generating function of the finite-dimensional distributions of the stationary renewal counting
process {N,} satisfies the recurrence relation
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E [exp <2”: 9iNt,>] =E [exp (211: 9,-Nt‘.>]
i=1 i=2
L= eXP(—nGI) JtlE [exp (Z 0, NHN dE [exp (Nu i:&-)] ,
1 —exp (—20,) ’ =2 =1
=1

(14)

where N, is the corresponding pure renewal counting process.

Proof. We have

E [exp <i 0,-N,,,>] —E [exp (i GiN,,)] =E [exp (i 0,<Nf,.> (expl0i N, ] — 1)‘| .
i=1 i=2

i=2

By summing over all jumps in (0, #;] the term on the right-hand side can be written

E lexp( y 9iNz,>(eXp[91 Ny]— 1)]
P

=E Z lis,<s} €Xp (Z O[N,i> (exp[61 Ns,] — exp[01 N5, ])
— i—2

J=1

=E Z lis,<s} €Xp (Z 0;(N;, — Ngj)> — exp (Z 0:Ns, ) exp <Z 9,-) (exp[61]—1)|.
=1 i=2 i=1 i=2

For any j and i = 2, on the set {S; < #} the increment N, — N, has the same distribution
as Ny_s,, by stationarity. Now conditional on {S; =u}, Ny, t=u, is the pure renewal
process associated with the sequence {S,}, n = 2. It follows that

E lexp <§n: GiN,i>] —E lexp (2’[: 9,‘Nt,->] = exp (i 0i> (exp[6h] — 1)
i=1 i=2 i=2

X E zl: 1{Sl_gtl}E |ﬁxp <Z 9,'](5,5/.) ‘fs;| exXp <zl: 9,-NS/.>
J= i=

i=2

Moreover,
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) exp( > 6:Ns, Xp ZBNS,
(o) 3;: s

>
el
a
>
o
s L
=
=
M=
S
N——

and so

exp (Z a«) (expli]—1) )
= =2/ E 21{3/5[1}}5[%;)(20,»1\1,sj> ’fs, A
exp (Z 91‘) -1 = =
i=1

Tl Tt o))

— — h . 7 ;
el g h e el
0 i—2 =1

1 —exp ( Z 0;
i=1
O

Lemma 1. The moment generating function of the finite-dimensional distributions of the
process {N,} is differentiable in the time variable and relates to the corresponding function
for the pure renewal process {N,} as follows:

Elexp (Z: 0,«1(7,,)] = mzat lexp (Z 9,~N,,.>]. (15)

Proof. We will use a counterpart to the one-dimensional renewal theory in higher dimensions
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developed by Hunter (1974). The author considered the two-dimensional case, but the ideas
are based on two-dimensional Laplace transforms and convolutions, and carry over to any
higher dimension. We will prove our claim for n =2 as well; the proof for any other n
follows the same pattern. Consider the two-dimensional convolution

A xx B(s, t) = JSJIA(S —u, t —v)dB(u, v).
oJo

It is commutative with respect to A(s, ) and B(s, f) and, if A(s, ¢) is differentiable almost
everywhere, then

0 0
a(/l wxx B)(s, t) = <&A> s B(s, 1)+ A0, ) xx B(s, f). (16)
Proceeding with the proof, we have
00 o0
EehNH 0N =N "N " PN = n, Ny = m), (17)
n=0 m=0

and the same holds of course for the process {N,}. We will prove that the probability
P(Ny, = n, N, = m) is differentiable in both s and 7, and

0 0
&P(NS =n, N, = m)—&-aP(NS =n, Ny = m)

_{ﬂ_l(P(Ns:n—1~,N,:m—1)—P(NS:n,]\~/;=m)), iftn=1m=1,

= . 1
—u'P(N, = n, N, = m), ifrn=0orm=0. ¥

In view of these relations, the claim of the lemma will follow by differentiating both sides of
(17131.tr0duce the bivariate renewal distribution
G, )=PU, =5, U, <=t)=PU,<=sNt)=F(sN\t).
By Corollary 3.1.1 of Hunter (1974), for n, m = 0,
P(Ny = n, Ny = m) = H %% G* """ (s, 1), (19)
where
Hyp(s, t) =

1 — G(s, t) — G(s, 1) + G(s, 1), if n=m,
Gum(s, ) = Gy 1(8, 1) — Gy #% G(s, 1) + G,y %% G(s, 1), if n>m,
Gmfn(sa t) - GmfnJrl(S? t) - Gmfnfl Hok G(S, t) + Gmfn Hok G(S> t)> it n < m,
with the notation A(s, t) = A* *(s, 1), A(s, t) = A(s, 00), and A(s, t) = A(oco, t) for any
function A(s, 7). Observe that G(s, 1) = G* (s, c0).
In the stationary case the same argument, with slight modifications, gives for n = 1,
m=1,

P(Ns =n, N,= m) = Hpyp % K 5% G* nAm*l(S: t): (20)
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where K(s, t) = Fi(s A t). Cases where n =0 or m = 0 are special:
P(Ny=n, N, = m)

1 — K(s, 1) — K(s, ©) + K(s, ©), it n=m=0,
= l;nfl(sa t) - Z:,,(S, ZL) - G:H,I Hok K(Sa t) + Gﬂ Hok K(S, t)a if n= 19 m = 0’ (21)

Ly, 1(s, t) — Ly(s, t) — Gy xx K(s, 1)+ G, #% K(s, 1), ifn=0 m=1,

where Li(s, t) = K xx Gy(s, 1).
To prove (18) for n, m = 1, consider the probability in (20). Since F;(¢) is differentiable,
so is the function K(s, f) for s # ¢ and

0
aK(S, 1) = Fi(S)l{s<t}.

In particular, for s # ¢,

0 0 o _1-G(s, 1)
aK(s, t)—|—EK(s, )=Fi(sNt)=————.

Consequently, the convolution (20) is also differentiable, and an application of (16) with
A=K and B = H,, *x G* """ yields

0 0
&P(NS =n, N, = m)—l—EP(NS =n, N, =m)

= H,, *% <8K) sk G NN (1) 4 H oy <8K) s G N p)
Js ot

= U Hypy wx (1 — G)sx G* "\ Y(s, 1), (22)

The function H,,(s, ) depends only on the difference |n— m|, so that
H,(s, t) = H,_1 m—1(s, t). Hence, combining (22) and (19), we obtain the first part of (18).
In the case where n = m = 0, observe that K(s, {) = F;(s), which implies

1 —G(s, 1)

0 - 0 -
aK(s, 1) +EK(S, t) = Fi(s) = (23)

Thus, differentiating (21) in this case yields

%P(NS =0, N, = 0) —s—%P(NS =0, N, =0)=—u'(1 — G(s, 1) — G(s, 1) + G(s, 1))

= —u""Hoo(s, 1),

which gives (18) for n» = m = 0 in view of (19).

It remains to prove (18) in the case where only one of n and m is equal to zero. As
earlier, since the function K(s, f) is differentiable almost everywhere, so is the convolution
(Gy #x K)(s, t), and due to (16),
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0 - 0 — — 0 — o0
&(Gk % K)(s, 1)+ E(Gk sk K)(s, 1) = Gy xx (a K) (s, 1) + Gy *x (EK) (s, 1)

= u "Gy xx (1 — G)(s, 1). (24)
Further, since Li(s, 1) = K *x G(s, t) is differentiable, we can interchange the limits:
0 - 0 /.. .0
5 Lr(s 0 =5 ( lim (K s+ G, t)) = lim 55 (K% G)(s, ).
Hence
%Zk(s, t)+%fk(s, f) = <§SK> xx Gi(s, 00) + (;K) xx G (s, 00)
= u (1 = G) % Gy(s, 0)
=1 (G(s, 1) = Grpa(s, 1)) (25)
Thus differentiatiation of (21) in view of (24) and (25) yields
0

0
&P(NS =n, N, = m)—&-EP(NS =n, Ny = m)

_ —ﬂl{ Guls, 1) = Guyi(s, 1) = Gyt %% G(s, 1) + Gy % G(s, 1), ifn=1m=0,

Gon(s, 1) — Gi1(s, £) — Gy %% G(s, 1) + G #x G(s, 1), ifn=0,m=1,
The right-hand side is the function —u ! H,,, where either n or m is equal to zero. But in
this case the right-hand side of (19) is equal to H,,, and the second part of (18) follows.
O

5.2. Moments of the renewal counting process

As we shall see, the limit of the one-dimensional distributions is determined by the
asymptotic behaviour of the moments EN f of the counting process. Introduce as usual the
renewal function U(7) = Y, F*"(¢). Observe that for a pure renewal process EN, = U(?),
while in the stationary case we have EN, = Fi(¢)+ Fy * U(t) = t/u. A result due to
Teugels (1968) states that if the renewal distribution F(7) has a regularly varying tail with
index a, 1 < a < 2, then for the pure renewal process, as ¢ — oo,

1 Zt27a

Ut —t/p~ @-D2—a) 2 L(1) (26)
and
N 2 . L(t
N e e M

where the relation f ~ cg for some functions f, g and a constant ¢ € R is defined as
lim, o f(x)/g(x) =cC.
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It is a well-known fact that all moments of the renewal counting process exist and are
finite (Asmussen 1987). The following proposition extends (26) to cover arbitrary moments
EN f and stationary renewal processes.

Proposition 2. If the renewal distribution F(t) has a regularly varying tail with index a,
1 < a <2, then for any integer k =1, as t — oo, we have:

(a) for the pure remewal process,

o (N k- RTQ—a) ke
BN (“) - (0 — DIk +2 — a) uhkt! L(n), (27)

(—1)kk tk-‘rl—a

E(N,—EN)" ~ o T e L (28)
(b) for the stationary renewal process,
k AN (k—=1)-kI'Q2 — a) thtl—a
e <_) Yla—Ditk 2 —ay e A (29)
£\ * (—Dfk— Dk (k+i-e
E<Nt - ;) T - Dk —a)k+1—a) gk L(D). (30)

In the proof we need some properties of the class R, of regularly varying functions with
index p. The following are stated in Bingham et al. (1987, Proposition 1.5.7):

(i) If f € R,, then f“ € Ry,.
(i) If f; € R,,, i =1, 2, then fi + f2 € R,, where p = max{pi, p>}.

Lemma 2. Further properties of regularly varying functions are as follows:

(i) If fi€R,, i=1,....n pi#p; for i#j and c; € R, then Y ! c;fi(x) ~
crfr(x), as x — oo, where k is the index of the largest p;, i=1, ..., n.

(iv) If fi(x) ~ a;xP L(x), as x — oo, with a; € R, L(x) slowly varying and c; € R, then
Sorcifix) ~ >0 ciaixP L(x), x — oo.

Proof. (iii) Property (ii) yields that Y "  c;fi(x) € R,,, where p; = max{pi, ..., p,} and
hence > ¢ fi(x) ~ cif +(x)L(x), for some slowly varying L(x). We claim that if p; # p; for
i#j, even more is true: L(x)=1. This follows trivially from the representation
Yorieifi(x) =>"" cixPiLi(x) by dividing by cjfi(x) = cxxP*Li(x) and taking x — oo.
(iv) Follows from the equality lim,_.« (c1/f1(x) + c2/2(x))/ (X" L(x)) = c1a; + c2as. UJ

The idea of the proof of Proposition 2 is that arbitrary moments EN¥ can be expressed
as ‘polynomials’ with respect to convolutions of the renewal function, hence the
asymptotics for them can be obtained from Teugels’s result (26). Standard techniques
when dealing with convolutions involve Laplace—Stieltjes (LS) transforms and Karamata’s



Convergence of scaled renewal processes 687

Tauberian theorem (Bingham et al. 1987, Theorem 1.7.1), which states that the behaviour of
a function at infinity is determined by the behaviour of its LS transform at zero.

Denote Vi(f) =EN f, where, to start with, no assumptions are made about the
distribution of the first renewal. Note that the LS transforms of Vi(f) and U(¥),

vils) = EO e dVi(n),  u(s) = J:O e dU(1),

exist and are finite. We proceed with some supplementary lemmas.

Lemma 3. The LS transforms vi(s) of Vi(t), k = 1, satisfy the recurrence relation

k—1
o(s) = (1 + u(s))Z(’; )(—1)’f-f+‘ui<s> Do), k=2 G
i=1

Proof. For k = 0, consider the generalized renewal measure
Zu(t) = i nFFy s« F*"71(0).
n=1
Observe that Zy(7) = V(¢) and for k = 1,
Vi(t) = i n*P(N(t) = n) = i n*(Fy+ F*" (1) — Fy x F*"(1))
n=1 n=1

= Zk(t) — 7 * F(t)
Thus V() is the coefficient of the renewal equation
Zi(t) = Vi(t) + Z * F(2), (32)

which involves the function Z;(f). By the classical renewal theorem (Asmussen 1987), the
unique solution of (32) is given by

Zi(t) = Vi(t)+ Vi = U(2). (33)
On the other hand, the relation n* — (n — 1)F = =S5 1(¥)ni(—1)k~ inserted into V4(7)
yields

Vi) = S 00 = (= DOF « F (0
n=1

00 k—1
Z(_z(if)ni(_l)ki) Fy s (0

n=1 i=0

k

1
> (H)evzo (34)

i=0
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Hence, by (33),

k-1
k i
Vi) = Z( i)(—l)k L@+ Vs U@) + (=D 1), (35)
=1
and the recurrence property (31) is just the LS transform counterpart of (35). O

Lemma 4. For any integer k =1, the LS transform vi(s) can be expressed in terms of the LS
transform u(s) as follows:

k
vils) = vi(s) Y exuls) ™, (36)
j=1

where cyy :j!{f} = {:O({)(—l)j’iik, j=1,..., k and {f} is the Stirling number of the
second kind.

Proof. The existence of constants cy;, j =1, ..., k, such that (36) holds follows from the

recurrence property (31) for v,(s) by a standard induction argument. Indeed, assuming that
(36) is true for v;(s), i < k — 1, we have

k—1 i
vi(s) = (1 + u(s)) Z(’f )(—l)k—’*‘ul(s) S cyulsy ™ + (=D ui(s)
i=1 j=1

oo [ S it gy
=u@| D | )ED T e + (=1
i=1

k

k—1
+oi)Y (Y ( f)(—l)"’“czy +
i=

J=2

k—1

(§)enta fuor
1

i=j—
+ v1(s)kcy 1 k,lu(s)kfl,
so that (36) is true for vi(s) as well, with the constants

k—1 k ]
Z( i )<—1)"’“c,«1 + (=D, j=1

i=1

4=\ o k k—i+1 — [k k—it1
—1* . — - iy <i;i< k-
Z<i>( 1) c,ﬁ}_/Z_l(i)( Doy, 2<j<k-1,

i=j i

ker_15-1, j=k
Now ¢y = 1 yields ¢ =1 and ¢y = k! for all £ = 1. Also, for k = 2,
¢y = j(Cr—1j + Cr—1j-1), J=2,...,k—1L

Thus if we define the triangular sequence ay = ci/j!, for j=1, ..., k, k= 1, it will satisfy
awy. =1, k=1, and
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Ay = jar-1j+ ag-1j-1, J=2, . k=L

This recurrence relation defines the sequence {jk} of Stirling numbers of the second kind (see
Rosen et al. 2000), which gives us the claim of the lemma. O

Lemma S. If the renewal distribution F(t) has a regularly varying tail with index a,
1 < a <2, then, for any integer j =1,

T2—a) 1

T g L(s™Y, as s | 0. (37)

u(sy — (us)™/ ~

Proof. By binomial expansion,

o) — ) =3 (2)(w0-2) () o (38)
e\ us) s

Karamata’s Tauberian theorem applied to Teugels’s estimate (26) gives

re-a) 1

-1
a1 2 L(s™ ), as s | 0.

us) — (us) ™" ~

In particular, wu(1/s)—s/u € Ry_, and property (i) implies (u(1/s)—s/uw) (s/wy =" €
Ry2—a)+j—r. Property (iii) of Lemma 2 now shows that the dominating term in the expansion

(38) is
. —1
(Do) ()

us ) \us

corresponding to the regular variation index

j+tl—a= 1max{r(Z—oz)—&—j— r}.
=srsj

. , i 1 1\/!
() oo )2

i—1
er(2—a) 1 L(S_l)(l)j
u

a—1 lu2s27a

Thus, as s | 0,

and the claim of the lemma follows. O

To prove parts (27) and (29) of Proposition 2, we will use Lemma 4 to express the
function vx(s) in terms of the function u(s) and then employ Lemma 5, which describes the
behaviour of the terms of the expansion at zero. Indeed, for a pure renewal process we have
U1(s) = u(s), and by Lemma 4,
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k .
Oi(s) = ) cxusy,
J=1

hence

k—1
Ok(s) — cur(us) ™ = cu(u()* — (us) )+ eyulsy. (39)
=

Lemma 5 yields u(1/s)* — (s/u)* € Riy1-o. Moreover, u(1/s)/ € R;. Hence, again by
property (iii) of Lemma 2, the dominating term in (39) as s | 0 is k!(u(s)* — (us)~*) with the
regular variation index

k+1—a=max{l,...,k—1, k+1—a},
so that

kT2 = a) 1

-1
1 luk+lsk+17aL(S )- (40)

Du(s) — Ki(us)™* ~ kl(u(s)* — (us) ™) ~ k

To finish the proof of (27), it remains to apply Karamata’s Tauberian theorem to (40) (note
that the LS transform of ¢* is equal to kls~).

The proof of (29) is completely analogous; we have only to take into account that
vi(s) = 1/(us). Again, Lemma 4 implies

k

i) = 2> eyuts)

J=1

and consequently
—k 1 k—1 —(k—1) 1 ! j—1
0i(s) = cu(ps)™" = en (" = (us) >+%ch,-u<s)- :
j=1

By an argument analogous to the pure renewal case,

1) K(us) ™~ K9 = )

e -a 1 (41)
Us a—1 uksk—a

which is equivalent to (29) by Karamata’s Tauberian theorem.
To prove (28), we first consider the shifted moment E(N, — ¢/u)*. Exploiting the relation
S i o()(=1)/ = 0, we obtain
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(3 -5 ()G
FOE-E)E @

By (27), just proved, for any j =0, ..., k, we have
N\ [0\ (=D T2 - a) e e
Evi— (L)) (=) LED e e L(1).
u) ) Cu (@—DIG+2—a) uh
Thus property (iv) of Lemma 2 applied to (42) yields

- 0\ &R ()R - a) e
B(73) ~ %)) ot s g 10

=AY

- k(—l)k tk+1—a
T (k—a)(k+ 1 —a) pk

L(%). (43)

But due to property (iii) of Lemma 2, the expansion
k

E(N, ~EN)* =" ( ! ) E(N, — 1/ (~(EN, = t/w)

J=0
now gives
E(N; — EN)" ~ E(N, — t/ﬂ)k,
hence (28). The proof of (30) is analogous to that of (43). O

6. Proof of Theorem 2

Consider

mt
Z0(1) = —uy () = — L (W(m, Apt) — m; ) 1= 0. (44)
a

m

It will be proved that the process { Z(")(#)} converges weakly in the (ICR) scaling regime to
a process {Yg(#)} with finite-dimensional distributions characterized by (6). For convenience,
we write a,, = a in this section.

6.1. Convergence of one-dimensional distributions

The proof is based on the method of moments. We will prove that all cumulants of the
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marginal distributions of Z(")(f) defined in (44) converge to those of the limit process
Ys(t), from which convergence of the one-dimensional distributions follows.
Indeed, due to independence, for the cumulant generating function of Z(")(f) we have

log Eexp{0Z™(#)} = mlogE exp{—0u(Ny — at/u)/a}.
The k-th order cumulants of Z(")(¢),

dk
() = mw(log e~ OvNaatfiolay |, o, k=1,

are hence determined by the cumulants of the process —u(N,, — at/u)/a, which is a rescaled
and centred renewal counting process up to a constant. It is well known that such cumulants
can be expressed as polynomials with respect to the moments, i.e. there exist constants oy,
j=0,..., k, such that

k
CY (1) =my " ay(—1) wWENy — at/uy ja’ (45)
j=0

Moreover, it can be proved that ay = 1 for all k. Since a — oo as m — oo, by Proposition 2
we have

L(a), as m — o0.

_an\* (=D*(k =Dk (a)*P
E(N” > Bk — 1Pk —p) uh

Hence the terms of expansion (45) are regularly varying and property (iii) of Lemma 2 yields
(1) ~ aem(= D W E(No — at/w)*/a

(k— 1Dk th=p
Blk—1=p)k—p) u
But ma?L(a) — u by assumption (ICR), thus

(k=Dk 4y
Plh—T1-Pk-p"

~ ma_ﬁL(a)

(1) —

where the limit expressions are the cumulants of Yg(#) by formula (11). Hence Z(¢1)
converges in distribution to a random variable Ys(?), where Yp(¢) satisfies (7).

6.2. Convergence of n-dimensional distributions

Here we use the asymptotic relation
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n n
logEexp{ eiz(m)(ti)} =m logEexp{— Z Oi(Nar, — ati/#)/a}
= P

1

+ O(ﬁ), as m — oo. (46)
a

~ mE [exp (— i 0;u(Ny, — at,//A)/a) -1
i=1

Forn=1and 1 =<k < n, put

ék’n:(ek, ctt Hn)a ik,n:(t/m M tn)s

where 0 =ty <t < ... < t,, and let

D@, (01.: 1)) =E [GXP <z": Oi(Ny, — 1:‘//‘)]
P

be the multivariate moment generating function for the centred renewal process
{N/— t/u}=o. Similarly, let ®,(6,; #1,,) denote the corresponding function for the pure
renewal process {N, — t/u}=o. By Proposition 1,

1 —exp(—0))

1-— eXp (— zn: 0,)
=1
XJ 1 exp[—0;(t — u)//t]fi),,,l(éz,,,; fr.n — U)EXp <—u20i/u> dE [exp (Nu ZG,-)] .
i=1 i=1

0

(I)n(él,n; Z],n) = Eq)n—](éz,n; fz,n)eXP(—el tl //,t) + (47)

Here and in what follows the sequel the subtraction #;, —u= (ty —u, ..., t, —u) is
interpreted componentwise.
For m =1 and the given scaling sequence a = a,,, consider the scaled functions

A0 5 1) = m(@ o (—pb ) a; aty ) — 1)

exp <— zn: 0;u(Ny, — at,/u)/a) — 1],
i1

= mE

and, analogously,
A(Jn)(él,n; Zl,n) = m((i)n(fluél,n/a; ail,n) - 1)

According to (46) it is the limit functions of A(,,m)(9_1,n; t1.,) as m — oo that determine the
cumulant generating function of Yg.

Lemma 6. The limit functions

An(él,n; il,n) = n}grolc A(nm)(él,n; il,n)a n= la

exist and satisfy the system of recursive integral equations
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n
An(el,n; Zl,n) = An—1(92,n; Z2,n — 1) + A <Z 0;; tl)
i=1

0 n :
—[1--2 MDA (Y 0 u
o |
i=1
6, f -
— [ 1+ 7 eel(t'_u) d/\,,,l(ez,n; ton — u),
0
>0
=2

where, in the case n =1, we put A,_; = 0.

Proof. The proof is by induction on n. The relation (7), established in the previous
subsection, provides the existence of a limit function A;(6; ¢) for the case n = 1. The
integral equation for n =1 is trivial. Fix n = 2 and assume that Anr(éljn; f1,n) exist for
n' < n—1. It follows, in particular, that the limit functions An,kﬂ(ﬁ_k,,,; tr.n) exist for
2<k=<n.

To study the asymptotic behaviour of A(n’")(él,n; t1.,) as m — oo, we apply the defining
scaling relation to (47). This gives

A Ors 11.0) = AT Oos )" + 1+ 197 + 197, (48)

where

1 ~ _
](lm) _ 7%(6‘1401/11 . I)JO 691(11714)/\(}171)1(92’"; Z2,n o u)du,
t 1 ~ B
1M = —Z(enor/a _ 1)J efini—u <1 +— A (0,05 10 — u)) H™(du),
u 0 m

ub/a _
Igm) _ m<1 _ Cl(e lue 1)) (691 o 1)’
1

and the integration in [ gm) is with respect to the signed measure
U exp (u Z 0,»)
i:: dE [exp <—,uNau Z Oi/a>] — du
i—1
a (1 —exp [,uz 6,-/a]>
i=1

H™(du) = m

Since

m
](3"7):0—, as m — oo,
a
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we need only to investigate the terms / (lm) and 13"
To evaluate [(lm) we apply Lemma 1, which implies

E [exp (Z G,N,l.,,>] = — +dqu lexp (Z 9,~N,iu>] .
= exp (Z 0; — 1) =
=1
Hence,

opo{gr(e o)
S ")

1 <& " 1
+ﬁ; 0;E [eXp{;: i(Nt,-—u _;(ti - u)) H

which can be written

>0
i=1

exp (Zn: 49,-) —1
i=1

U d

exp (i: 0,~> -1 du
i=1

(i)n(él,n; fl,n - u) = q)n(e_hn; Zl,n - u)

(Dn(él,n; Zl,n - Ll)

Under the given rescaling scheme the same relation takes the form
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u Z 0;
=1
a(l — exp [—/AZ 0:/a >
=1

d .
£ _A(nm)(el,n; tl,n - Ll)

B n du
a(exp l—ﬂz Hi/a] - 1)

ﬂzei
i=1

a<1 — exp [_#ie,./ab

If we apply the preceeding identity with the choice of index » — 1, then the induction
hypothesis allows us to replace the coefficients with their asymptotic limits, adding a
remainder term, thus

[\(nm)(e_l,n; Zl,n - LI) = A(nm)(e_l,n; Zl,n - u)

+m -1

[\(nni)l(éln; Z2,n - u) = A(n”i)l (éZ,n; Z2,n - u)

1od o~ -
+ 7 d_A(n_)l(QZ,n; t2,n_u)+0(ﬂ>'
>0 “
i=2

It follows that

1 _
I(lm) = — H]J e0|(t|7u)A(nWi)l (02,71; E2,}1 - u)du
0

_ 0
>0
i—2

Moreover, the integration by parts

g O(ti—1) JA(M) (A .7 m
M0 AN (6, : By — )+ O 2 ).
0 a

I _ B _ _ ~ -
01J OTONT, (O T — )t = &N (Bt Tr) = A (Ons Fan — 1)
0

I3t B
] AN B - )
0

gives
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I =N Onns T — 1) = €A (B Fa)

0\ [ .
—[1+ 2 J eh(n—u d/\(,,'i)l(ez,n; tryn — u) + 0(ﬂ>
o a

>0
i=2

Turning to / g’"), this integral is evaluated with respect to the measure

U exp (u Zn: (9,)
i=1

p dE lexp (—/,tNauzn:Gi/a>] —du
a(l —expl,uZG,/a]) =
=1
=— nl d<mE lexp{—uwi&} — 1])
Zei a i=1
=1
eXP(‘#Min> —1 du—|—0(%>
=1

1 n n
=—— dAﬁ"”( 0; u) + A <§ 0; u> du + 0(ﬂ>.
- - a
E 01‘ i=1 i=1

i=1

H™(du) = m

+ mE

Since

f n n t
] cong (Z 0 ) du— —AP (Z 0 n) o
0 i=1 i=1

0 i=1

n
= A <Z 0i; u) ;

by a partial integration, it follows that

n 0 3] n
15" = A (Z 0:; t1> — (1 JO (1= dA (™ (Z 0:; u) - 0(%).
i=1 01‘ i=1

Summarizing,
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n
A Orn5 T10) = AT Ors o — 1) + A (Z 0s tl)
i=1

t ~
eel(tl_u) dA(nri)l(GZ,n; z2,n - u)

<
(=]

9 1 n

—[1—— ! ehtn-u dA(lm) <Z 0;; u) + O(%).
Z@i i=1

i=1

Now take m — oo and apply the induction hypothesis to conclude that the limit function
An(01,0; 1) exists and satisfies the equation

(=]

An(Or03 T10) = N1 (Or0; To — 1) + A <Z 0;; tl)

i=1

5] _ ~
J eel(tl_u) dAnfl(GZ,n; ZL2,n - u)
0

01 Jtl 0 B n
—[1- e (= gA, E 0 u |.
. 0

i=1

This completes the proof of the lemma and the proof of convergence of the finite-dimensional
distributions. 0

6.3. Cumulant generating function for the increment process

The logarithmic moment generating function for the increments of the limit process Yz is
given by

1

rn(e_l,n; il,n) = logEexp{ Gl(Yﬁ(tl) - Yﬂ(ttl))}
=1

In particular,
rn(él,n, Zl,n) = An((el - 02, ceey Gn—l - ena 9,,), il,n)-

Lemma 6 shows that these functions satisfy the recursive system
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Cu(01.05 11.0) = o1 (On; o — 11) + A1(61; 1)

0 (" 00

+0_1J DM AN (01 1 — u)
0

0, (" _ _

+ B_ZJ 6(91762)11 drnfl(GZ,n; ZL2,n — 1+ u)
0

=1L+ 1L+ 13+ I4. (49)

Note that in the integral terms of Lemma 6 we also made the change of variable u — #; — u.
To complete the proof of the characterization of the limit process Y it remains to verify

that the functions given in (6) are the solutions of the integral equation stated above. To this

end, assume that I“,,,l(éz,n; fr.,, — t1) is given by the representation (6). Then, by (49),

_ B 1 n ti—ti_y U
L0105 t1,n) = BZ 93] J exp (Ou)u" dudv
i=1 0 0

n—1 n J=1
+%Z > Oibexp| Y Ou(ti — tiy)

i=2 j=it1 k=it1

ti—ticy (lj—tj-1
X J J exp(0u)exp(0,0)(t; 1 — t; + u+ v) P dudv
0 0

+ I3 + 14,

and it remains to establish that

1 !
Iy + 1y = —Z 010, exp lz Or(ti — fkl)]
B = =2

typti—tj-1
X J J exp(0;u)exp(01v)(tj—1 — t1 + u + v) P du dv. (50)
0Jo

But by the induction hypothesis, changing the order of integration, and with the change of
variable u' = t; +v — u,
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151 u

I; = — e*(91*92)(u*f1)J 69100*/5 dvdu
B o 0

hopt
- % 1 J L 0001 gy 0B dp
0 Jov

H rh
=—-—= J e =0 gy e®y=F qp
0 Jou

' u
- _ % l e(o'_HZ)”J =P du du.
ﬂ 0 0

Further, since

d _ B Q% [—ntw 1< j—1
—anl(ez’n; thy— 1t + W) —ZJ exp (sz)u‘ﬁ dv +—= E 020j exp E Hk(lk — lkfl)
dw B ﬁj:} k=3

ti—tj
x| exp@explOates — 1+ Wity — 1w+ o) P,
0

we obtain

h—t+u
J exp[(6; — 92)M]J exp(6,v)v " dv du
0

j—1
BZ 0,0, exp lz Or(r — fkl)]
— k=3

ti—tj1
J exp[(6; — 6r)ulexp[Bx(t, — t; + u)]J exp(0;v)(tj—1 — ti +u+ v) P dvdu
0

and (50) follows. UJ

6.4. Tightness

To finish the proof of the convergence result in Theorem 2, it remains to establish tightness
as the sequence of laws of Y™ converges to the law of —u~! Yg. As usual the trajectories
of Y™ are considered to be elements in the Skorokhod space D(0, T) of cadlag functions
on a real interval [0, 7], equipped with the Skorokhod topology. To prove tightness in
D(0, T) for any fixed 7, fix 0 < <1 and consider time points 0 < t; < ¢t <1, < T. By
stationarity of Y™,

E(|Y"(t) — YU (11)] | Y1) — Y (1))

< var(Y" (1 — 1,))"? var(Y " (1, — 1))'/?
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By (45),

it 2
var(y(sy = 20 _ %E(Na, - “—> :
w a u

As proved in Proposition 2, the function E(N, — #/u)? is regularly varying and

N2 2 28
B(%-3) ~ Fpa s Gh

The Potter bounds for a regularly varying function (Bingham ez al. 1987, Theorem 1.5.6)
yield that, for any ¢ > 0, there exists mg such that
E(Ny — at/p)?
E(N, — a/u)?*
Hence, for m = my,

E([Y"(0) — Y (1)] [Y (1) = Y (D))

= %(E[Na(l*fl) - a(t - tl)/,u]z)l/z(E[Na(tzft) - a(tZ - t)/‘u]2)1/2

<(1+ e)max{tz’ﬁ“, tzfﬁ*‘}, as m = my.

< a—”l(l +OE(N, — a/uyClt, 1, 1),
where

C(t, 1, 1) = max{[(t — t))(12 — D]'"P=2 [(t — 1))t — 0)]'"FT9/2}

= max{(tz — 11)2_ﬂ+6, (t, — ll)z_ﬂ_g}.

Slllce 51 aIld the COIldlthIl ICI{ lmply that mj/a E N —da — 0 N we haVe that,
a Al't ﬂ#
fOI an) a > O) thele exists my SUCh that

E( Y1) — Y ()| [Y " (1) = Y 1))
=@+ 6)(02”72 + O)max{(t — 1)) P, (t, — 1) P~}

for m = m,. Take ¢ < 1 — 3. Then the desired tightness property follows from Billingsley
1968, Theorem 15.6).

6.5. Proof of the convergence of Y™ under condition (FCR)

Selected parts of the proof of Theorem 2 can be modified to provide the limit result (3) for
the process Y(")(f) under condition (FCR) with the normalizing sequence

by = (ma% P Lan))"/?. (52)

Since in this case the limit process is Gaussian, it is enough to show that the marginal
distributions of Y(")(f) converge to Gaussian distributions and that the covariance function
converges to that of a multiple of fractional Brownian motion.
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The convergence of the marginal distributions of Y(")(f) under the new scaling b,, = b
can be obtained by the method of moments along the same lines as for the marginals of
Z"(#) in Section 6.1. Now the cumulants of Y(")(¢) read as follows:

n d* - - »
D(k )(t) — MW(IOgEeH(N"’ at/#)/b)|9:0 _ mZanE(Nat —at/uy /b
j=0

Continuing as earlier, due to Proposition 2 we have
D(t) ~ agemE(Ny — at/w)* /bF
N ma*PL(a) (—Df(k— Dk &P
bh o Bk —1—=B)(k = purtt’
Observe that (52) and condition (FCR) yield
ma*PL(a) { 1, if k=2,

bk (maPL(a))'~%? = 0, if k> 2.
Hence,
-3 _.2.2-f ; _
(m) u Gﬁt 5 if k= 2,
Dy (t)_’{o if k> 2, (53)

and since D(lm) (f) = 0, it follows that the cumulants of the random variable Y(")(f) converge
to those of a Gaussian random variable with the same distribution as x>/ 2oﬁBH(t).

It remains to prove that the covariance function of the process Y(”)(¢) converges to that
of u=3/264By(1). But the process Y™(¢) has stationary increments, whence

EWWmWWm=gwwwmuwmﬂWm—mmwm—mx

and the convergence follows from (53).
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