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Consider a nonparametric regression model with one-sided errors and regression function in a general
Holder class. We estimate the regression function via minimization of the local integral of a polynomial
approximation. We show uniform rates of convergence for the simple regression estimator as well as for a
smooth version. These rates carry over to mean regression models with a symmetric and bounded error dis-
tribution. In such a setting, one obtains faster rates for irregular error distributions concentrating sufficient
mass near the endpoints than for the usual regular distributions. The results are applied to prove asymptotic
J/n-equivalence of a residual-based (sequential) empirical distribution function to the (sequential) empirical
distribution function of unobserved errors in the case of irregular error distributions. This result is remark-
ably different from corresponding results in mean regression with regular errors. It can readily be applied to
develop goodness-of-fit tests for the error distribution. We present some examples and investigate the small
sample performance in a simulation study. We further discuss asymptotically distribution-free hypotheses
tests for independence of the error distribution from the points of measurement and for monotonicity of the
boundary function as well.

Keywords: goodness-of-fit testing; irregular error distribution; one-sided errors; residual empirical
distribution function; uniform rates of convergence

1. Introduction
We consider boundary regression models of the form
Yi =g(x;) +¢i, i=1,...,n,

with negative errors &; whose survival function 1 — F(y) near the origin behaves like a multi-
ple of |y|* for some o > 0. Such models naturally arise in image analysis, analysis of auctions
and records, or in extreme value analysis with covariates. For such a boundary regression model
with multivariate random covariates and twice differentiable regression function, Hall and Van
Keilegom [17] establish a minimax rate for estimation of g(x) (for fixed x) under quadratic loss
and determine pointwise asymptotic distributions of an estimator which is defined as a solution
of a linear optimization problem (cf. Remark 2.7). Relatedly, Miiller and Wefelmeyer [25] con-
sider a mean regression model with (unknown) symmetric support of the error distribution and
Holder continuous regression function. They discuss pointwise MSE rates for estimators of the
regression function that are defined as the average of local maxima and local minima. Meister
and Reif3 [24] consider a regression model with known bounded support of the errors. They show
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asymptotic equivalence in the strong LeCam sense to a continuous-time Poisson point process
model when the error density has a jump at the endpoint of its support. For a regression model
with error distribution that is one-sided and regularly varying at O with index « > 0, Jirak et al.
[19] suggest an estimator for the boundary regression function which adapts simultaneously to
the unknown smoothness of the regression function and to the unknown extreme value index .
Reif} and Selk [29] construct efficient and unbiased estimators of linear functionals of the regres-
sion function in the case of exponentially distributed errors as well as in the limiting Poisson
point process experiment by Meister and Reif [24].

Closely related to regression estimation in models with one-sided errors is the estimation of a
boundary function g based on a sample from (X, Y) with support {(x, y) € [0, 1] x [0, co]|y <
g(x)}. For such models, Hardle et al. [18] and Hall et al. [16] proved minimax rates both for
pointwise estimation of g(x) and for the L;-distance between g and its estimator. Moreover,
they showed that an approach using local polynomial approximations of g yields this optimal
rate. Explicit estimators in terms of higher order moments were proposed and analyzed by Girard
and Jacob [14] and Girard et al. [13].

Our first aim is to develop uniform rates of convergence for a local polynomial regression es-
timator in boundary models. To our knowledge, uniform rates so far have only been shown by
Daouia et al. [6] who consider spline estimation of a support frontier curve, but obtain slower
rates. Our results can also be applied to mean regression models with bounded symmetric er-
ror distribution. For regression functions g in a Holder class of order 8, we obtain the rate
((logn)/n)P/@F+D_ Thus, for tail index a € (0,2) of the error distribution, the rate is faster
than the typical rate one has in mean regression models with regular errors. For pointwise and
LP-rates of convergence, it has been known in the literature that faster rates are possible for non-
parametric regression estimation in models with irregular error distribution, see, for example,
Gijbels and Peng [12], Hall and Van Keilegom [17], or Miiller and Wefelmeyer [25].

The uniform rate of convergence for the regression estimator enables us to derive asymptotic
expansions for residual-based empirical distribution functions and to prove weak convergence of
the residual-based (sequential) empirical process. We state conditions under which the influence
of the regression estimation is negligible such that the same results are obtained as in the case of
observable errors.

Our results allow us to develop several hypotheses tests for boundary regression models. In
particular, we will suggest asymptotically distribution-free tests for

e parametric classes of error distributions (goodness-of-fit),
e independence of the error distribution from the points of measurement,
e monotonicity of the boundary function.

Testing for a parametric class of distributions is a classical topic. The approach to compare
the empirical distribution function with the parametrically estimated c.d.f. dates back to Darling
[7] and is presented in detail in Chapter 5.5 of Shorack and Wellner [32] for i.i.d. data. Using an
analogous approach for the error distribution in mean regression models (based on the residual
e.d.f.) is hindered by the fact that the regression estimation strongly influences the asymptotic
behavior of the empirical distribution function in these regular models (see Koul [23], for linear
models and Akritas and Van Keilegom [1], for nonparametric mean regression). Therefore either
resampling procedures (see Neumeyer et al. [26]) or martingale transformations (see Khmaladze
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and Koul [20,21]) are employed in order to obtain asymptotically distribution-free tests. As we
will show, in boundary regression models with an irregular error distribution, neither is necessary,
but standard critical values from the i.i.d. theory can be used.

In production frontier models, x; corresponds to the input and Y; to the output of the ith con-
sidered firm. Then g is the production frontier or optimal boundary, corresponding to the most
efficient firms (g(x) is the maximal possible output with input x). Thus, &; = ¥; — g(x;) corre-
sponds to the (in)efficiency of firm i, see, for example, Daouia et al. [6]. So the hypothesis of
independence of errors from covariates means independence of the (in)efficiency from the input
level. This hypothesis is certainly of interest for applications in economics. It may be violated,
for example, because higher input levels may correspond to larger firms with better managers and
thus more efficiency. For a detailed discussion, see Wilson [37] who considers several possible
tests for assumptions of independence in a related model, but does not derive asymptotic dis-
tributions. Moreover, those independence assumptions are not only of intrinsic interest, but are
also needed to prove validity of bootstrap procedures for nonparametric frontier models and are
thus crucial in applications; see Simar and Wilson [33]. Tests for independence in nonparametric
mean and quantile regression models that are similar to the test we will consider are suggested
by Einmahl and Van Keilegom [8] and Birke et al. [4].

There is an extensive literature on regression with one-sided error distributions and similar
models (in particular production frontier models) which assume monotonicity of the boundary
function; see Gijbels et al. [11], the literature cited therein and the monotone nonparametric
maximum likelihood estimator in Reifl and Selk [29]. In a production frontier model as above
the production axiom of free disposability of input and output says that if x can produce y and
x" > x,y <y, then x’ can produce y’. This means that the boundary curve g is increasing. This
assumption is important for applications, but may often not be fulfilled; see, for example, Fire
and Grosskopf [9]. To give a simple example, the use of more fertilizer will increase crop only
until it is too much. To mention an entirely different area of application for monotonicity tests
consider annual sport records. Here Y; corresponds to the record in year i and g corresponds the
best possible result for a given year, see Knight [22]. Non-monotonicity of g might be connected
to changes in doping control procedures, see Jirak et al. [19] who consider yearly best men’s
outdoor 1500 m times. We are not aware of hypothesis tests for monotonicity or other shape
constraints in the context of boundary regression, but would like to mention Gijbels’ [10] review
on testing for monotonicity in mean regression. Tests similar in spirit to the one we are suggesting
here were considered by Birke and Neumeyer [3] and Birke et al. [4] for mean and quantile
regression models, respectively.

The remainder of the article is organized as follows. In Section 2, the regression model un-
der consideration is presented and model assumptions are formulated. The regression estimator
is defined and uniform rates of convergence are given. A smooth modification of the estimator
is considered and uniform rates of convergence for this estimator as well as its derivative are
shown. In Section 3, residual empirical distribution functions based on both regression estima-
tors are investigated. Conditions are stated under which the influence of regression estimation is
asymptotically /n-negligible. Furthermore, an expansion of the residual empirical distribution
function is shown that is valid under more general conditions. In Section 4, goodness-of-fit tests
for the error distribution are discussed in general and in some detailed examples. We investigate
the finite sample performance of the tests in a small simulation study. We further discuss hypothe-
ses tests for independence of the error distribution from the design points, a test for monotonicity
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of the boundary function and tests on the parameter « which governs the (ir)regularity of the
error distribution as well. All proofs are given in the Appendix.

2. The regression function: Uniform rates of convergence

We consider a regression model with fixed equidistant design and one-sided errors,

y,:g(’;>+g,-, i=1,...n @.1)

under the following assumptions:

(F1) The errors €1,...,¢&, are independent and identically distributed and supported on
(—0o0, 0]. The error distribution function fulfills

Fy)=1—clyl*+r(). y<0,
for some « > 0, with r(y) = o(|y|*) for y /0.

(G1) The regression function g belongs to some Holder class of order 8 € (0, 00), i.e. g is
| B]-times differentiable on [0, 1] and the | 8 |th derivative satisfies

1gBD (1) — g 1BD (x)|
|t — x|F—LA]

Cg = sup
t,xe€[0,1]
t#x

In Figure 1, some scatter plots of data according to model (2.1) are shown for different tail
indices « of the error distribution.

Remark 2.1. Strictly speaking, we consider a triangular scheme in (2.1), and the errors ¢; de-
pend on 7 too, as the ith regression point i /n varies with n. For notational simplicity, we suppress
the second index, because the distribution of the errors does not depend on 7.

Figure 1. Scatter plots of (”1;, Y;),i=1,...,n, and the true regression function g(x) = —3(x — 0.4)3. The
error distribution is Weibull F'(y) = exp(—(|y|/0)"‘)1(_oo’0) () + 1[0,00) () with scale 6 = 0.3 and shape
parameter «.
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We consider an estimator that locally approximates the regression function by a polynomial
while lying above the data points. Polynomial estimators for boundary curves were already con-
sidered by Hall et al. [16], Hall and Park [15], Hall and Van Keilegom [17] and Jirak et al. [19].
For x € [0, 1], let

8n(x) :=8(x) = p(x),

where p is a polynomial of degree 8* € Ny and minimizes the local integral
x+hy
/ p(r)dt (2.2)
x—hy,

under the constraints p(%) >Y; forall j €{l,...,n} such that |£ — x| < hy,. This estimation
procedure can be realized by linear programming. For the asymptotic analysis of this estimator,
we need the following assumption:

(H1) Let (hn)nen be a sequence of positive bandwidths that satisfies lim,_,» 4, = 0 and
lim,,— oo nhy, /logn = oo.

We obtain the following uniform rates of convergence.

Theorem 2.2. In model (2.1), under the assumptions (F1), (G1) with 8 € (0, 8* + 1], and (H1),
we have

1 hn 1/
sup !§<x>—g<x>1=o<hg)+op<<log |> )

xelhp, 1=hy] nhy

Note that the deterministic part O (hf ) arises from approximating the regression function by a
polynomial, whereas the random part originates from the observational error. Balancing the two

1
sources of error by setting h,, < ((logn)/n)*+1 gives

~ logn ocﬁ%
sup Ig(x)—g(x)|=0p(( n) ) 2.3)

x€[hn,1—hy]

(Here a,, < b, means that 0 < liminf,_, |a,/b,| <limsup,_, o, la,/b,| < 00.)

This result is of particular interest in the case of irregular error distributions, i.e. @ € (0, 2),
when the rate improves upon the typical optimal rate Op(((logn)/n)?/?A+D) for estimating
mean regression functions in models with regular errors. This improvement for small values of
« is intuitively expected since then many data very close to g are observed (see Figure 1).

Remark 2.3. If the degree 8* of the polynomial in our estimator is chosen smaller than [8] — 1,
then we obtain the rate

1/a
sup - [3x) — g ()| = O () + 0P<<|loghn|) )
]

x€lhy,1—=hy, nhy
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This is a direct conclusion from Theorem 2.2 and the fact that if g is Holder of order § then it is
also Holder of order B’ for all B/ < B.

Remark 2.4. Jirak et al. [19] consider a similar boundary regression estimator while replacing
the integral in (2.2) by its Riemann approximation ) 7_, p(%)] {|,l—.Z — x| < hy,}. In particular,
using the Lepskii method, they propose a fully data-driven bandwidth (merely assuming an upper
bound on B, but no information about «) such that the resulting estimator converges pointwise
with the optimal rate. (Proposition 3.2 in that paper is not fully correct, but the error can be fixed
by using an estimator of « of the type considered in Section 4.4 of the present paper instead
of their estimator (3.10) and modifying the estimator (3.13) accordingly.) We conjecture that an
analogous adaptive choice of the bandwidth leads to an estimator which converges at the rate
((ogn)/ n)ﬂ/ @B+D) wr.t. the supremum norm on [A,, 1 — h,], too. Indeed, one of the main steps
in the proof of adaptivity has been established in Proposition 3.1 of Jirak et al. [19] for a general
seminorm.

Remark 2.5. For local constant approximation (i.e. * = 0) the estimator reduces to a local
maximum g(x) =max{Y;li=1,...,ns.t. |% — x| < hy,}. In this case we obtain the rate of con-
vergence as given in Theorem 2.2 uniformly over the whole unit interval.

Remark 2.6. Miiller and Wefelmeyer [25] consider a mean regression model Y¥; = m(X;) + n;,
i =1,...,n, with symmetric error distribution supported on [—a, a] (with a unknown); see the
left panel of Figure 2. The error distribution function fulfills F(a — y) ~ 1 — y* for y \ 0. The
local empirical midrange of responses, that is,

1
ﬁz(x):—( min  Y; + max Y,-)
2 \iegfl,...,n) ie{l,...,n}
|Xi—x|<hy, |Xi—x|<hy

is shown to have pointwise rate of convergence O(hf Y+ Op((nhy,) V%) to m(x) if m is
Holder continuous with exponent 8 € (0, 1]. Theorem 2.2 enables us to extend Miiller’s and

mean regression with symmetric compactly supported error mean regression: boundary curves

Figure 2. Example for data as in Remark 2.6.
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Wefelmeyer’s [25] results in two ways (in a model with fixed design X; = r’lé): we consider more
general Holder classes with general index 8 > 0, and we obtain uniform rates of convergence.
To this end, we use the mean regression estimator m = (g — §) /2 with g as before and § de-
fined analogously, but based on (ril, —Y;),i=1,...,n; see the right panel of Figure 2. The rates
obtained for sup, ¢, 1-4,] M (x) —m(x)| are the same as in Theorem 2.2.

Remark 2.7. For g € (1,2], Hall and Van Keilegom [17] consider the following local linear
boundary regression estimator:
)

Because of f;jh};” (ag + aq (f — x)) dt = 2aph,, this estimator coincides with g for 8* = 1. How-
ever, in the case f* > 2 replacing the linear function in the definition of ¢ by a polynomial of
degree B* renders the estimator useless. One obtains g(x) = —oo for x ¢ {,]—1 |j=1,...,n} while

i
- —x

2(x) =inf{a0’(ao,a1) cR?: Yi < —i—ozl(i —x) Vie{l,...,n}s.t
n n

g(%) =Y;, j=1,...,n. This was already observed by Jirak et al. [19].

Note that typically the estimator g is not continuous. One might prefer to consider a smooth
estimator by convoluting ¢ with a kernel. Such a modified estimator will also be advantageous
when deriving an expansion for the residual based empirical distribution function in the next
section. Therefore we define

- 1= 1 xX—z
g(X)_/I;,, g(Z)EK< b, )dz 2.4)

and formulate some additional assumptions.

(K1) K is a continuous kernel with support [—1, 1] and order 8* + 1, that is, f Kw)du=1,
f u" K(u)du =0Vr =1,..., 8% Furthermore, K is differentiable with Lipschitz-continuous
derivative K’ on (—1, 1).
(B1) The sequence (b,),en of positive bandwidths satisfies lim;,_, o0 b, = 0.
(B2.6)

logn\ /¢ (B _
h§+< g ) zo(br(ll+25)\/(3 B-1(1/s 1)))
nhy

o(by™) if§ < %

115 .
o(by P7DURD) if8>ﬂT.

Here we assume that the parameter §, which quantifies the minimal required smoothness of the
estimator of g’, lies in (0, 1 A (8 — 1)). For example, if 8 € (1,3) and the bandwidth A, =<
((logn)/n)Y/@B+D i5 chosen, then (B2.8) is fulfilled with § = (8 — 1)/2 for any b, that satisfies
hy, =o(by).

The estimator g is differentiable and we obtain the following uniform rates of convergence for
g and its derivative g’.
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Theorem 2.8. Assume the model assumptions (2.1), (F1), (G1) with 8 € (1, B* + 1], (H1), (K1),
and (B1) are valid, and define I, = [h,, + by, 1 — hy, — b, 1. Then it holds that

(i) Sup,ey, 1300) — g(¥)| = Oh) + O(hl) + Op(HBMlyz),
(i) supye; 18'(x) — ')l =0Wh )+ 0, lhﬁ)-i-OP(b (Loglulyg.
If additionally assumption (B2.8) holds for 6 € (0, 1 A (B — 1)), then

1§ x)—g'®0)-gWM+e WMl _
—yP =or(D).

(lll) Supx’yeln’x;&y

Note that Theorem 2.8(ii) gives sup,.; 18'(x) — g'(x)| =op(1) if hf + (logn/(nh,))V/* =
o(by,). This holds in particular if (B2.6) is fulfilled for some § € (0, 1 A (B — 1)).

3. The error distribution

3.1. Estimation

In this section, we consider estimators of the error distribution in model (2.1). For the asymptotic
analysis, we need the following additional assumption.

(F2) The c.d.f. F of the errors is Holder continuous of order o A 1.

We define residuals & =Y; — g(; L) and a resulting modified sequential empirical distribution
function by

Lns]
Fu(y.s) = Zl{s,<y}1{h <—<1_hn},

where m, = i{i € {1,...,n}lh, < IZ <1—h,}=n— |nh,]| — [nh,]. We consider the sequen-
tial process, because it will be useful for testing hypotheses in Section 4. With slight abuse of
notation, let F,, )= E, (¥, 1) denote the corresponding estimator for F(y).

We first treat a simple case where the influence of the regression estimation on the residual
empirical process is negligible. To this end, let F,, denote the standard empirical distribution
function of the unobservable errors €1, ..., &,. Further, define 5, = (|[n(s A (1 — hy))| — [n(s A
hy)])/m, and interpret 5,/ |ns| as O for s = 0. Note that 5, =1 if s =1 and 5, — s as n — oo,
for each fixed s.

Theorem 3.1. Assume that the conditions (F1), (G1), (H1) and (F2) are fulfilled and that
SUP,cpn 1—i,1 18 (X) — ()| = 0p (n™V/ @ D) Then we have

sup |ﬁn(yss)_§nFLnsJ(y)|=0P(n_1/2)~
yveR,s€[0,1]

Thus the process {ﬁ(ﬁn(y, s) — s, F(y))|s € [0, 1], y € R} converges weakly to a Kiefer pro-
cess Kr, a centered Gaussian process with covariance function ((s1, y1), (52, y2)) — (51 A
$2)(F(y1 A y2) = F(y1) F(y2)).
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Remark 3.2. The assumption sup,c, 1-p,] 18(x) — g(x)| = op (n~1/ @@ D)y ig satisfied under
the following condition on the bandwidth A,,:

(B3) The sequence of bandwidths satisfies 4, = o(n =1/ @@ DB @D/2=1 160y = o(hy,).

Condition (B3) can be fulfilled if and only if % <a<?2-— %, which requires § > 1. Note
that the condition can be met for all o € (0, 2), provided the regression function g is suf-
ficiently smooth (i.e. B is large enough). In this case, a bandwidth 4, < ((logn)/n)l/("‘ﬁH)
fulfills (B3). Moreover, an adaptive version of ¢ as discussed in Remark 2.4 would satisfy
SUP, i 1,1 18(X) — g(X)| = op (n~ /@D,

Remark 3.3. Theorem 3.1 implies that for « € (1/8,2 — 1/B) the estimation of the re-
gression function has no asymptotic impact on the estimation of the irregular error distribu-
tion. This is remarkably different from corresponding results on the estimation of the error
distribution in mean regression models with regular error distributions. Here the empirical
distribution function of residuals, say F,, is not asymptotically «/n-equivalent to the em-
pirical distribution function of true errors. The process ﬁ(ﬁn — F) converges to a Gaus-
sian process whose covariance structure depends on the error distribution in a complicated
way; cf. Theorem 2 in Akritas and Van Keilegom [1]. In the simple case of a mean regres-
sion model with equidistant design and an error distribution F with bounded density f one
has

; _ SO,
Vn(Fy(y) — Fa(y)) = NG ;81—}—012(1)

uniformly with respect to y € R when the regression function is estimated by a local polyno-
mial estimator, under appropriate bandwidth conditions (see Proposition 3 in Neumeyer and Van
Keilegom [27]).

In order to obtain asymptotic results for estimators of the error distribution for o > 2 — % a
finer analysis is needed. In what follows, we will use the smooth regression estimator g defined
in (2.4). Let F,, denote the empirical distribution function based on residuals £; = Y; — g(,il),
that is,

- 1 n .
Fn<y)=m—21{é,-§y}l{ﬁeln}, 3.1)

where I, = [k, + by, 1 —hy — byl and m, =8{j € {1,....n}hy + by <L <1—h, —b,} =
n —2[n(h, 4+ by)] + 1. Then the following asymptotic expansion is valid.
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Theorem 3.4. If the conditions (F1), (F2), (G1) with 8 > 1, (H1), (K1), (B1), and (B2.5) for
some § € (OV (1/a—1), 1 A(B — 1)) are fulfilled, then

B 1 n 1 n . .
P ==Y 1e; <31+ m—Z(F(yHé—g)(%)) - F(y))l{% e In}

J= J= (3.2)
1
ror()
uniformly for all y € R.

Remark 3.5. One can choose bandwidths #, and b, such that the conditions (H1), (B1) and
(B2.5) are fulfilled for some § € (0V (1/a — 1), 1 A (B — 1)) if this interval is not empty, which
in turn is equivalent to & > 1/(B8 A 2). Thus, the expansion given in Theorem 3.4 is also valid for
regular error distributions.

If one assumes (B2.6) for some § € (0, 1 A (8 — 1)), but drops the condition § > 1/« — 1 and,
in addition, replaces (F2) with the assumption that F is Lipschitz continuous on (—oo, «] for
some k < 0, then expansion (3.2) still holds uniformly on (—o0, k] for all ¥ < «. In particular,
this holds if F has a bounded density on (—o0, x].

Next, we examine under which conditions the additional term in (3.2) depending on the esti-
mation error is asymptotically negligible. Beyond that the expansion in Theorem 3.5 might be
the starting point for a more general investigation of the empirical residual process in the future.
Here, we focus on those arguments y which are bounded away from 0, because in this setting
weaker conditions on « and § are needed. Moreover, for the analysis of the tail behavior of the
error distribution at O, tail empirical processes are better suited and will be considered in future
work.

Note that the estimator g tends to underestimate the true function because it is defined via a
polynomial which is minimal under the constraint that it lies above all observations (i /n, ¥;),
which in turn all lie below the true boundary function. As this systematic underestimation does
not vanish from (local or global) averaging, we first have to introduce a bias correction.

Let E,—¢ denote the expectation if the true regression function is identical 0. For the remaining
part of this section, we assume that u = Eg=0(¢(1/2)) is known or that it can be estimated
sufficiently accurately. For example, if the empirical process of residuals shall be used to test a
simple null hypothesis Hy : F = Fp, then one may calculate or simulate x under the given null
distribution. If the process is used for testing for a parametric class Hy : F € {Fy|0 € O} (see
Section 4.1), then p(9) = Ey, ,=0(g(1/2)) can be estimated by i = ,u(z?}n), where 19,, denotes a
consistent estimator for the true parameter under the null. If the expectation has no explicit form,
it can be approximated via Monte Carlo methods. The results of Theorem 3.7 hold true under the
condition ¢(d,) — u(9) = op, (n~'/?) if one defines g*(x) := g(x) — u(Dy).

We define a bias corrected version of the smoothed estimator by

gn(0) =g (x) — Eg=0(£(1/2)),
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for x € I,. Note that Ey—0(8,(x)) = E4=0(8,(1/2)) for any x € [h,, 1 — h,] because under
g =0 we observe i.i.d. data ¥; = ¢;, i = 1, ..., n. The following lemma ensures that the above
results for g carry over to this variant if the following condition on the lower tail of F holds:

(F3) There exists T > 0 such that F(—r) =o0(t™ %) as t — o0.

Lemma 3.6. If model (2.1) holds with g identical O and the conditions (F1), (F3), (G1), and
(H1) are fulfilled, then for all x € [hy,, 1 — hy,]

Eg=0(|&x(0)]) = 0((1:]%,1 )W)

We need some additional conditions on the rates at which the bandwidths 4,, and b,, tend to O:

(H2) hy =o(n= /P Ap=1/@B+D) na/d=l1ogn = o(hy),

(B4) bﬂ = O(n_l/(2ﬂ) A (h;zﬂn—l) A ((%)2/0(”—])).

In particular, these assumptions ensure that the bias terms of order hf + b,‘? are of smaller order
than n~'/2 and (nh,)~ /% and hence asymptotically negligible, and that quadratic terms in the
estimation error are uniformly negligible, that is, sup,.c; 18 (x) — g =o0pn~1?).

Theorem 3.7. Suppose the model assumptions (2.1) with « € (0,2), B > 1, (F1), (F3), (Gl),
(H1), (H2), (K1), (B1), (B2.5) for some & > 0, and (B4) hold and F has a bounded density on
(—o00, k] for some k < 0. Then

a2+ 6= () -ro)| e}

Remark 3.8. The conditions on 4, and b, used in Theorem 3.7 can be fulfilled if and only
if « <28 — 1. In particular, this theorem is applicable if 8 > 3/2 and the error distribution is
irregular, i.e., o < 2. A possible choice of bandwidths is

sup = op(n~1?).

ye(—00,k]

1 26—1
h, = (n—l/(Zﬂ) /\n—l/(ﬁtﬁﬂ))/logm by =<n—* for some A € | —, P A b .
28 afp+1  2ap

We obtain asymptotic equivalence of the empirical process of residuals (restricted to (—oo, x])

to the empirical process of the errors. To formulate the result, let F,* be defined analogously to
F,,, but with g replaced by g*.

Corollary 3.9. Under the assumptions of Theorems 3.4 and 3.7, we have sup ¢ ) |I:": ) —

F,(y)| = op(n~?). Thus, the process (\/ﬁ(ﬁf()’) — F(¥)))ye(—oo,x] converges weakly to a
centered Gaussian process with covariance function (y1,y2) = F(y1 A ) — F(y1)F(y2),
yls YZ € (_OO, K]'

Note that for the corollary one needs the condition 1/(B A2) <a < (28 —1) A 2.
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4. Hypotheses testing

4.1. Goodness-of-fit testing

Let F = {Fy|v € ®} denote a continuously parametrized class of error distributions such that
foreach ¥ € ®, Fy(y) =1 — cp|y|* 4+ rp(y) with ry(y) = o(|y|*?) for y 0. Our aim is to
test the null hypothesis Hp : F € F. We assume that oy € (1/8,2 — 1/8) for all ¥ € ®, such
that Theorem 3.1 can be applied under Hy. Let ¥, denote an estimator for ¢ based on residuals
&=Y; — g(,;—'), i =1,...,n. The goodness-of-fit test is based on the empirical process

S: =vn(E.(»)—F (),  yeR,

where, as before, I:“,, (y) = I:”n (v, 1). Under any fixed alternative that fulfills (F1) for some o,
g still uniformly consistently estimates g, and thus F, is a consistent estimator of the error
distribution F. If z§n converges to some #* € ® under the alternative, too, then a consistent
hypothesis test is obtained by rejecting Hp for large values of, for example, a Kolmogorov—
Smirnov test statistic SUPyer |S; (y)]. Note that under Hy it follows from Theorem 3.1 that

Sn() = Nn(Fu(y) = Fo () = Vn(F3 () = Fp(»)) +op (1),

where ¥ denotes the true parameter. We consider two examples.

Example 4.1. Consider the mean regression model Y; = m(r’l;) +ni,i=1,...,n, with symmet-
ric error ¢.d.f. F and 8 > 1, and define m as in Remark 2.6 with some bandwidth £, that fulfills
(B3). We want to test the null hypothesis Hy : F € F = {Fy | € ©} for some ® C (0, 0o), where
Fy denotes the distribution function of the uniform distribution on [—, ¢] (with ay = 1 for all
¥ > 0). Define residuals 7; = Y; — rh(”l—'), i=1,...,n,and let

D, = max( max ni, — min ﬁi)
nhy,<i<n—nh, nh,<i<n—nh,

= max nil.
nhy,<i<n—nhy, |771 |

Then |1A9,Z — | is bounded by |maxun,<i<n—nh, Ml — | + SUPyen, 1-n,] m(x) — mx)| =

20
Fs(y)| = op(n—1/2). Thus, the process S, converges weakly to a Brownian bridge B com-
posed with F. The Kolmogorov—Smirnov test statistic sup,cg S (y)| converges in distribution
to sup,¢[o.1 | B(#)|. Thus, although our testing problem requires the estimation of a nonparamet-
ric function and we have a composite null hypothesis, the same asymptotic distribution arises as
in the Kolmogorov—Smirnov test for the simple hypothesis Hp : F = F{y based on an i.i.d. sample
with distribution F'.

op(n~1/?). Since Fy(y) = MI[_ly,,y](y) + 1(9,00)(y), one may conclude sup g [F3 () —

Example 4.2. Again assume that the Holder coefficient § is greater than 1. Consider the null
hypothesis Hy : F € F = {Fy |0 € (0,00)}, where Fy(y) = e~ I _o0.0) () + I[0.00)(y) de-
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notes a Weibull distribution with some fixed shape parameter « € (1/8,2 — 1/8) and unknown
scale parameter ¢. Note that Fy satisfies (F1) with ¢ = 9*.

Define the moment estimator 1§n = (min Z?:l (—&p“I{h, < ﬁ <1-— hn})_}x which is moti-
vated by Ey[(—&1)*] =9 ~%. A Taylor expansion of x > x* at x = —¢; yields

n

~ ~ 1 ]
DL — 9% = — (D, )® <— Z((—sj)“ — z?_‘")l{hn < ﬁ <1- h,,}
n ]=1

@S et (5(2) o2 iy
e e (12 -+ (D) <310

1< _ j _
= _ﬂzam_n;((—gj)a — a)[{l’ln < ; <1 —hn} +0P0(n 1/2)

= OP17 (l’l_l/z)

for some &; between &; and ¢;, where in the last steps we have applied Theorem 2.2, the law
of large numbers and a central limit theorem. With a Taylor expansion of G(60, y) = e~"? in
0 =¥ around 6§ = ¥* one obtains

Fj, () = Fy () ===y T (9 —9%) + Op, (n7")

uniformly for all y € (—o0, 0]. Now analogously to the proof of Theorem 19.23 in van der Vaart
[35], we can conclude weak convergence of

Sn(y) Zﬁ(Fn(y)_F(y))
PRV Y SUN Joq_
eI e (—yyr Z(( ) ﬁa)l{h,,<n§1 hn}

n ]=1

+op, (1),

y € R, to a Gaussian process with covariance function (y1, y2) = Fy(y1 Ay2) — Fy(y1) Fy (32) —
e~ DUOTHD) (1, y2)?92¢ | where the covariance function follows by simple calculations and
the fact that Ey[I{e] < y}((—&)* — 9 ~%)] = (—y)%e~ """ For the special case of a test for
exponentially distributed errors (o = 1), the asymptotic quantiles for the Cramér—von-Mises test
statistic f S (y)2 dF B (y) are tabled in Stephens [34].

Simulations

To study the finite sample performance of our goodness-of-fit test, we investigate its behaviour
on simulated data according to Examples 4.1 and 4.2 for samples of size 50, 100, 200 and 500.
In both settings, the regression function is given by g(x) = 0.5sin(2wx) + 4x. We use the local

. . . . . 1 .
linear estimator (corresponding to 8 = 2) with bandwidth n™~ 3, which corresponds to the rate
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Figure 3. Monte-Carlo simulations for Example 4.1.

considered in (2.3) for « = 1 and B =2 (up to a log term). The hypothesis tests are based on the
adjusted Cramér—von-Mises test statistic % f Sn (y)zd F B (y) and have nominal size 5%. The
results reported below are based on 200 Monte Carlo simulations for each model.

In the situation of Example 4.1, the errors are drawn according to the density f:(y) =0.5(¢ +
D — |y|)§I[,1,1](y) for different values of ¢ € (—1, 0]. Note that the null hypothesis Hyp : 39 :
& ~ U[—1, ¥] holds if and only if ¢ = 0. Figure 3 shows the empirical power of the Cramér—
von-Mises type test. The actual size is close to the nominal level for all sample sizes and the
power function is monotone both in ¢ and the sample size n. For parameter values ¢ € [—0.2,0),
one needs rather large sample sizes to detect the alternative, as the error distribution is too similar
to the uniform distribution.

In the setting of Example 4.2, we simulate Weibull(¢}, ) distributed errors for % = 1 and
different values of o > 0. We test the null hypothesis Hy : 39 : —e; ~ Exp(¥) of exponentiality,
which is only fulfilled for @ = 1. In Figure 4, the empirical power function of our test is displayed
for different sample sizes. Again the actual size is close to the 5% and the power increases with
« departing from one as well as with increasing n.

To examine the influence of the bandwidth choice, in addition we have simulated the same
models with i, =c - n_% for different values of ¢ ranging from ¢ = 0.2 to ¢ = 1.2. The results
for the test of uniformity in Example 4.1 are similar to those displayed in Figure 3 for all these
bandwidths. In the situation of Example 4.2, we obtain similar power functions as reported above
for ¢ between 0.8 and 1.2, whereas for smaller bandwidths the actual size of the test exceeds its
nominal value substantially.
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Figure 4. Monte-Carlo simulations for Example 4.2.
4.2. Test for independence
In model (2.1), we assume that the distributions of the errors ¢; (i =1, ..., n) do not depend on

the point of measurement x; = i /n. We can test this assumptlon by comparing the sequential em-
pirical distribution function F (v, s) with the estimator snF (y), which should behave similarly
if the errors are i.i.d. The following corollary to Theorem 3.1 describes the asymptotic behavior
of the Kolmogorov—Smirnov type test statistic

Tr= sup  n|Eu(y,s) =5, E, ()|
s€[0,1],yeR

under the null hypothesis of i.i.d. errors.

Corollary 4.3. Assume model (2.1) with (F1), (F2), (G1) and that sup,.¢[, 1_p,) lgx)—g(x)| =
op(n~ V@D holds. Then T, converges in distribution to SUPsep0.17.z¢10.11 |G (8, 2)| where G
is a completely tucked Brownian sheet, that is, a centered Gaussian process with covariance
Junction ((s1,21), (s2,22)) = (s1 A 52 — s152)(21 A 22 — 2122)-

The proof is given in the Appendix. Note that under the assumptions of the corollary the limit
of the test statistic 7}, is distribution free. The asymptotic quantiles tabled by Picard [28] can be
used to determine the critical value for a given asymptotic size of the test.
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4.3. Test for monotone boundary functions

We consider model (2.1) and aim at testing the null hypothesis
Hj : g is increasing,

which is a common assumption in boundary models. Let g denote the smooth local polynomial
estimator for g defined in (2.4). Such an unconstrained estimator can be modified to obtain
an increasing estimator g;7. To this end, for any function # : [0, 1] — R define the increasing
rearrangement on [a, b] C [0, 1] as the function I'(h) : [a, b] — R with

b
C(h)(x) = inf{z € R(a +/ Hh(t) <z}dt = x}.

Denote by I',, the operator I' with [a, b] = I,. We define the increasing rearrangement of
g as gr =TI',(g2), so that g7 = g if g is nondecreasing (see Anevski and Fougeres [2], and
Chernozhukov et al. [5]). We now consider residuals obtained from the monotone estimator:
gri=Y — g,(%), i =1,...,n. Under the null hypothesis, these residuals should be approxi-

mately i.i.d., whereas under the alternative they show a varying behavior for ﬁ in different subin-
tervals of [0, 1]. For illustration, see Figure 5 where we have generated a data set (upper panel)
with true non-monotone boundary curve g (dashed curve). The solid curve is the increasing re-
arrangement g;. The lower left panel shows the errors €;,i =1, ..., n, with i.i.d.-behaviour. The
lower right panel shows g7, =Y; — gI(jl;), i=1,...,n, with a clear non-i.i.d. pattern.
Similarly as in Section 4.2, we compare the sequential empirical distribution function

|ns] .
= ~ J
Fra(y,s)= o 21{81,,’ < y}I{; € In}
j=1
based on the increasing estimator g; with the product estimator s, F,(y), where again I, :=
[hp + by, 1 —hy, —by)and my, :=n —2[n(h, + b,)] + 1 and F,, is defined in (3.1). Let
Gn(s,y) =Vn(Fra(y,5) =5, F(»)),  se€l0,1],yeR.
To derive its limit distribution under the null hypothesis, we need additional assumptions:
(I1) Let infxe[O,l] g/(x) > 0.
(B5) Let b = o(n=1/C@ D)y and h? + (logn/(nhy))V/* = o(by).
Note that under (B5), from Theorem 2.8(ii), we obtain uniform consistency of g’.

Theorem 4.4. Assume model (2.1) with (F1), (F2), (G1), (K1), (I1) and (BS5), and that
SUP, i 1,1 18 (X) — g(x)| = 0p (n™V/ @@ D) holds. Then,

sup [ Frn(y,5) = 5u Fias)(0)] = 0p(n ') 4.1)
yeR,s€[0,1]
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Figure 5. The upper panel shows data points and the true boundary function (dashed curve) as well as the
increasing rearrangement (solid curve). The lower left panel shows the errors. The lower right panel shows

residuals built with respect to the increasing rearrangement.

Thus the Kolmogorov—Smirnoy test statistic SUp¢(o, 11, yeR |G (s, y)|, converges in distribution to
SUPse0.1].z€(0.1] |G (5, 2)| where G is the completely tucked Brownian sheet (see Corollary 4.3).

Remark 4.5. A test that rejects Hy for large values of the Kolmogorov—Smirnov test statistic
Ty = supse(o,1], yerR |G (s, y)| is consistent. To see this, note that by Theorem 1 of Anevski and
Fougeres [2], sup,¢; 1871(x) — g1(x)| < sup,¢; 18(x) — g(x)| = op(1) with g; denoting the
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increasing rearrangement of g. Thus, n~!/2T,, converges to

T= sup
sel0,1],yeR

fo F(y+ (g1 —g)@)dx —sF(y)|.

Since T > 0 under the alternative hypothesis g # g7, the test statistic 7;, converges to infinity.

4.4. Tests for irregularity

For some of our results (e.g., Corollary 3.9), we assume an irregular model, that is condition
(F1) with @ < 2. In this subsection, we discuss tests of this assumption and related hypotheses.
We focus on a rather simple test statistic which directly uses the observations Y; locally in the
neighborhood of some fixed xo. A more refined approach based on an approximation of the tail
behavior of the empirical c.d.f. of all residuals is the topic of future research.

Fix some xg € (0, 1) and let 17,- = Y|uxg)+i> 1 £i <1, <n — |nxp], for some intermediate
sequence (I,),eN, that is, I, — oo, but [,,/n — 0. Denote the corresponding order statistics by
Y 1, < )?211” <...< 171,1;1”. For another intermediate sequence k,, = o(l,) let

kn = = -1
N Yi 0, — Yi,—i+11
ay = — |:Z dp; log Tl il ,
s Vi1, = Yi,—kyt,

with d,; =k, lq (i / k) for some continuously differentiable function d : [0, 1] — R such that

1
/ d(t)|logt|dt = —1 4.2)
0

and that there exists A > 0 such that d(¢) =0 for all 7 € [0, )).
The basic assumption (F1) on the error c.d.f. F is equivalent to

F(1l—t)=—(/o)Y* +F() 4.3)

for some function 7(f) = o(t'/*) as ¢ | 0. Here F < denotes the quantile function (generalized
inverse) pertaining to F.

Proposition 4.6. Suppose that the condition (F1) and (G1) hold for some B > 1, that o« < 2,

k7T = o) 4.4)
and, for some 1 > 0,
k>R sup [F@)| - 0. (4.5)
0<t<(1+0)kn /Iy

Then

1/2 A ! B(1)
ky'(@n —a) > @ d(t)T dt weakly (4.6)
A
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for a Brownian bridge B. The limit has a centered normal distribution with variance
1,1
05 = 20? / / s~ d(s)d(t)dsdt.
A Jr

Remark 4.7. (i) In extreme value theory, it is common to assume a second order condition of
the type

Fy=0@M P ast |0

for some p > 0. Then condition (4.5) is fulfilled if k, = o(/2"/***®)). This condition can be
jointly fulfilled with (4.4) if and only if Z/*T@D/@?) — 5(n). In particular, for o < 2, this last
condition is satisfied for I, = O (n2r/ Gty

(ii) A close inspection of the proof of Proposition 4.6 reveals that &, is a consistent estimator
of o (not assumed to be less than 2), provided the basic assumptions (F1) and (G1) hold with
B >1andk, /213 — o).

Now tests of hypotheses on o can be easily deduced. The following exemplary result is an
immediate consequence of Proposition 4.6 and Remark 4.7(ii).

Corollary 4.8. Consider the problem of testing the null hypothesis a € (0, ag] for some oy < 2.
If the conditions of Proposition 4.6 are fulfilled with « = «, then the test that rejects the null

172

hypothesis if &, > ao + k, 0a0<l>_1 (1 — 1) is consistent and has asymptotic size T € (0, 1).

Appendix: Proofs

A.1. Auxiliary results

Proposition A.1. Assume that model (2.1) holds and that the regression function g fulfills
condition (G1) for some B € (0, B* 4 1] and some c, € [0, c*]. Then there exist constants
Lg+ o+, Lg+ > 0 and a natural number jg« (depending only on the respective subscripts) such
that

6(x) — g(x)| < Lgs +h? + Lg» max ( min e').
186 = g(0| = Lol + L TR VTR ey L

This proposition can be verified by an obvious modification of the proof of Theorem 3.1 by
Jirak et al. [19].

Lemma A.2. Under assumptions (F1) and (H1) for any fixed set I, ..., I, of disjoint non-
degenerate subintervals of [—1, 1] we have

. |logh,|\/*
sup max min lei| = Op .
x€lhy,1—h,] 15i<m ie{l,...,n} nh,

@i/n—x)/hn€l;
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Proof. Let r, := (|logh,|/ (nhp))le. Obviously it suffices to prove that for all non-degenerate
subintervals I C [—1, 1] there exists a constant L such that

lim P{ sup min lei| > Lr,,} =0.
n—o00 x€lhy,1—h,] ie{l,..., n}
(i/n—x)/hpel

Denote by d = sup! — inf I > 0 the diameter of / and let d,, := [nh,d] — 1 and [, := |n/d,].
Then for all y > 0

PH sup ~ min l&;| > y}
x€lh,,1—hy] ie{l,...,n}
(i/n—x)/hnel

IA

n el >y (A1)

l even [ odd
with

My = max min lei].
jelldy+1,...,(A+1)dy Y i€l ... j+dn}

Since the random variables M,, ; for / even are i.i.d., we have

P{l {maxl}M,,l>y}—l— (1= P{Myo > y)) /2,
€{0,...,

and an analogous equation holds for the maxima over the odd numbered block maxima M,, ;.
Let G be the c.d.f. of |g;]. If M, ¢ exceeds y, then there is a smallest index j € {1, ..., d,} for
which min;e(;, ... j+a,)l€i] > y. Hence,

,,,,,

)dn+1 )dn+1

=(1-GW) + (dn — l)G(y)(l -Gy

<(14+d,G()(1=G()™

To sum up, we have shown that

P[ Sup min - leil > L’"} <2(1— (1= (1 +duG(Lr) (1 — G(Lry)) ™),
x€[hp,1—h,] i€{l,...n}
(i/n—x)/hpel

It remains to be shown that the right hand side tends to O for sufficiently large L which is true if
and only if

(1+d,G(Lr)) (1 = G(Lr)) ™ =0(1/1,).
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This is an immediate consequence of 1//,, ~ dh, and

|log hy|
G(Lry) =cL*——
(Lry) =c wh

n

(14 0(1))
dn a|10ghn|
= (1=G(Lry))™" =exp| —nhpdcL T(1+o(1))

= (1+duG(Lr))(1 = G(Lry))"
= 0(| log h,,|exp(—ch“| loghn|(1 + 0(1)))) =o(hy)

if cdL* > 1. ]

A.2. Proof of Theorem 2.2

The assertion directly follows from Proposition A.1 and Lemma A.2.

A.3. Proof of Theorem 2.8

(i) Using Theorem 2.2, a Taylor expansion of g of order | 8] and assumption (K1), one can show
by direct calculations that for some 7, € (0, 1)

sup|g(x) — g(x)|

xel,
I=hy 1 Xz
< sup / (g(z)—g(z))—K< >dz‘
xel,|Jhy, bn bn
1=hy 1 X —7
+ sup (g(z)—g(x))b—K 5 dz
xel,|Jhy n n
< sup |2 —g@]OM) (A.2)
z€lhp,1—hy,]
1
+sup/ (g(x—ubn)—g(x))K(u)du
xel,|J—1
1
|loghn| '\«
<o(h®)+op( | —=
- (n)+ P(( nhy
1 1
+ 518 sup _/ WP (18D (x — tyuby) — gD ) KWydu|.  (A3)
xel,| LBIN ) 1

Now the Holder property of g combined with (K1) yields the desired result.



Estimation and hypotheses testing in boundary regression models 445

(ii) Since g is bounded on [h,, | — hy,] and sup, (s, 1-p,118(X) — g(x)| = 0p(1), & is even-
tually bounded on [k, 1 — h,] too. Note that the partial derivative of g(z)b, YK ((x — 2)/bp)
with respect to x is continuous and bounded (for fixed ). Thus, we can exchange integration and
differentiation and obtain

sup |g'(x) — g’ (x)|

xel,
1-h
" 1 X =2z
¢(2) K’ dz—g'
/n g(z)b}% ( b ) z— g x)

= sup
xel,

Integration by parts yields

1-h
n 1 X —2z
V=K' d
/hn g(z)bg ( by ) Z
1—h, 1 X —z
= ") —K d
/n g(z)bn ( b, ) z

since K(—1) = K(1) = 0. Therefore,

sup|g’(x) — g'(x)| < sup

xel, xel,

1-h, ) 1 (x—z
/Il (g(Z) - g(Z)) b_%K < bﬂ ) dz'
+ sup

1=hy , , 1 X —2z
| [ - (Y ) o

< sup ]|§(Z)—g(2)|0(b;l)

z€[hy, 1—hy,

+ sup

xel,

1
/ (' (x —uby) — g'(x)) K (u) du

1

Similarly as in the proof of (i), assertion (ii) follows by Theorem 2.2, a Taylor expansion of g’ of
order | 8] — 1 and the Assumptions (K1) and (G1).

(iii) We distinguish the cases |x — y| > a,, and |x — y| < a, for some suitable sequence (a,),eN
with lim,,_, » a, = 0 specified later. In the first case, we obtain

1§'(x) —g'(x) = g'(y)+ & (]

sup |x — |6
xayEIn"x_Y‘>an y
<2sup|g'(x) — g (¥)]a,” (A4)
xel,

(ot y+ (00 + 0r((122)) )i Yor
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In the second case, we use a decomposition like in the proof of (ii):
18'(x) —g'(x) =g’ () + 8’
sup 5
x,yel,, 0<|x—y|<ay, |x — y]

) — 8(@) (K'(555) — K' () dz

n

= sup —
x,y€ly 0<|x—y|<ay lx =yl
1—h, _ _
18'() — g/ ()] | " & @ (K (555 — K(55)) dz]
+ sup 5 + sup 3 .
x,yel, |x — y] x,yel, |x — y]
O<|x—y|<an O<|x—y|<ay

By Lipschitz continuity of K’ and Theorem 2.2, the first term on the right-hand side is of the

order
1
[loghn|\ e\ 1 _

For B8 > 2, the second term is of the order a,l_‘s as g’ is Lipschitz continuous, while for 8 € (1, 2)
assumption (G1) yields the rate a,’? 179 n both cases, condition (B2.8) ensures that the second
term converges to 0.

The last term on the right-hand side can be rewritten as

|1 (8 (= hyu) — &' (y — hou)) K (u) dul

8
x,yely, |x — y]
O<|x—y|<an

and is thus of the same order as the second term by assumption (G1).
To conclude the proof, one needs to find a sequence a,, = o(1) such that (A.4) and (A.5) tend
to 0 in probability, that is,

1 Un 8 1-6 b,
PN+ =0(a)) and ayP=o 2
by, Un

with ¢, 1= hf + (| loghy, |/(nhy))'/e. Obviously, such a sequence a,, exists if and only if

P
» B3\ 15
pp-1 4 7" Zn ,
ot =0\,

which in turn is equivalent to condition (B2.§).

A.4. Some preliminaries

For easy reference, we give some preliminaries on empirical process theory that is used in Sec-
tions A.5 and A.6. See, for example, van der Vaart and Wellner [36] for details.
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Let T denote an index set. P* and E* denote outer probability and outer expectation. Weak
convergence of a sequence (X,),en in £%°(T) to a tight limit X is equivalent to convergence
of the finite dimensional distributions and the existence of a semimetric p on T, such that T is
totally bounded and

Ve,n>05|8>0:limsupP*( sup |X,,(s)—X,,(t)|>e)<n.
n—oo s,teT
p(s,1)<$

The latter condition means that (X,),cn is asymptotically equicontinuous with respect to p. If it
holds, then for sequences 4, \ O one has

sup [ Xa(s) — X, (0)] = 0p(1). (A6)
s,teT
p(s,) <8y
For stochastic processes Z,1, ..., Z,, with index set F and for € > O the bracketing number

Np(e, F, Lg) is defined as the minimal number N, of sets in a partition F = Uj'v;] F f/. of the
index set F such that '

SE[ swp |Zuw)— zu)|] <€

o levers

for every partitioning set F. 6"] We now state Theorem 2.11.9 of van der Vaart and Wellner [36]
(p. 211) that will be applied in Section A.6.

Theorem. For eachn € Nlet Z,1, ..., Zu, be independent stochastic processes with finite sec-
ond moments indexed by a totally bounded semimetric space (F, p). Suppose that

ZE*[sup|z,,,-(go)|1[ Sup | Zui (¢)| > n]] >0 foralln>0, (A7)
i=1 peF peF

n

sup Z E[(Zm- (o) — Z,,i(lp))z] -0 for every sequence &, \(0, (A.8)
P9, ) <dn i=1

Sn
/ \1og Npj (e, F, Lg) de -0 for every sequence &, \(0. (A.9)
0

Then the sequence Z;’:l(Zm' — E[Z,;]) converges weakly in £*°(F) provided it converges
marginally.

A.5. Proof of Theorem 3.1

By our assumptions, there exists a sequence a, = o(n~1/ @)y such that

P( s 200 g <an) — 1.
xel ] n—00

nal—hy
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For this rate a, we then have by Holder continuity of F,
|F(y +an) — F(»)| = 0(a2"") = o(n""/?). (A.10)

Let F,(y,s) i= - ZLMJ Iej < yM{ihy, <—<1—h,1} Since

|ns] . .
R 1 )
Fu(y.s) = m—Zl{ej 5y+(g—g)<£>}1{hn < i <1 —hn}

n J:1
we may conclude

\/;l(ﬁn(y —ay,s) _EnFLnsJ(Y)) =< \/E(ﬁn(y’ s) _EnFLnsJ(Y))
S\/E(Fn(y'i_ams)_gnFLnsj()’))

forall y € R and s € [0, 1] with probability converging to 1.
We take a closer look at the bounds. The sequential empirical process

Lns]
Ey(y,s)=n""?Y (I{e; <y} = F(y)),  yeR,s€[0,1], (A-11)
j=1

converges weakly to a Kiefer process; see, for example, Theorem 2.12.1 in van der Vaart and
Wellner [36]. Now, n ~ m,,, the asymptotic equicontinuity of the process E, (see (A.6)), the
Holder continuity (F2) and (A.10) imply

\/ﬁ(ﬁn(y *ay,s) _EnFLnsJ (y))

- mi(En(yia,,,sA(l — 1)) = En(y,s A (1= hy))

n

—Ey(y£an, s ANhp) + En(y,s A hn))
+ V15, (F(y £ay) = FO)) + Vn(Fu(y,5) = 5, Fins) ()
=o0p(1) + Vn(Fu(y,5) — 54 Fns) ()

uniformly for all y € R, s € [0, 1].
It remains to be shown that

Vi (Fa(y,8) = 52 Fins) ()

— |ns]
Z Iej <y) = FO)I{hy < <1 —hn} L”SSJ Z(l{a, <y} = F()

_ (i _ 1>(En(y, $ A= hy)) = En(y.s A ) (A.12)

npy
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ns,
B (LnSJ B 1>E"(y’s)

+ (En(y,s A= hp)) = En(y,5 Ay) = En(y, s))

tends to O in probability uniformly for all y e R, s € [0, 1].

The first term vanishes asymptotically, because E, is uniformly stochastically bounded and
n~my.

Next note that 5,, = 0 for s < h,,, while for s > h,,

nsy 1= [n(s A (1 —hy))| — |nhy,] 1= Onhy)
[ns]  (1=2h,+ O~ ) |ns] (1 =2hy+0n ) ns)’

(A.13)

which is uniformly bounded for all s € [h,, 1] and tends to O uniformly with respect to s €
[h,i/ 2, 1]. Moreover, E, is uniformly stochastically bounded and Sup,_. 112 yeR |E,(y,s)| =
op(1), because E, is asymptotically equicontinuous with E,(y,0) =0 (Ef.n (A.6)). Hence, the
second term in (A.12) converges to O in probability, too. Likewise, the convergence of the last
term to O follows from the asymptotic equicontinuity of E, and (A.6). This concludes the proof.

A.6. Proof of Theorem 3.4 and of Remark 3.5

For any interval I C R and constants k > 0, § € (0, 1), define the following class of differentiable
functions:

C,lJ”S(I) = {d 1 — R‘max{sup]d(x) , sup M} Sk}.
xel

, sup|d’ (x)
xel x,yel,x#y Ix — yl®
Then Theorem 2.8 yields P((g — g) € Cll;"z‘s(l,,)) — 1 as n — o0. Hence, there exist ran-
dom functions d, : [0,1] — R such that d,(x) = (g — g)(x) for all x € I, and P(d, €
C11+5([0, 1])) — 1 for n — oo. (For instance, one may extrapolate ¢ — g linearly on [0, /,,]
andon [1 — Ay, 1].)

On the space F :=R x C :H ([0, 1]) we define the semimetric

o((v. d), (v*,d*))

:max{ sup sup |F(y+y(x)) —F(y*+y(x))|, sup |d(x)—d*(x)|}.
xE[O,l]yecll‘Hs([o’l]) x€[0,1]

For ¢ = (y,d) € F let

. . |
Zyj(9) = %I{e; §y+d(£>}l{£ el,,} - e =)

n

and

n

Gu(9) =Y (Zuj (@) — E[Z4j ().

j=1
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Note that

Gu(y.dy) = i Z <y —8Gi/m +EG/m I/ € 1)

1 n
iz y+(§—g)(j/n))1{j/n€ln}—ﬁzl{eij}Jr«/ﬁF(y)
j=1 j=1

. 1<
= ﬁ(my) -~ Hej=y)
Jj=1

Lol -ropfien)

In the following, we will apply Theorem 2.11.9 of van der Vaart and Wellner [36] (see Sec-
tion A.4) to show that the process (G (¢))yeF converges to a (Gaussian) limiting process. In
particular, G, is asymptotically equicontinuous. Note that for

Gn(y,0) = \/_Z«——I)I{S, <yH{j/nel}—Ie; <yH{j/n ¢l }>

mpy

we have

| 2
Var (G, (y,0)) =—Z<<——1>1{1/n61 Y=Hij/n¢ I }> F)(1-F®©))

n

1 n 2 n—my,
<=({l—-1) + -0
2\ \m, n

for n — o0o. Now note that supyeRp((y,dn), (5, 0)) = sup,¢(o,1] ldn(x)| = op(1). From the
asymptotic equicontinuity of G, it follows that G, (y, d,;) = op(1) uniformly in y (see (A.6))
and the assertion holds.

One may proceed as in the proof of Lemma 3 in Neumeyer and Van Keilegom [27] (see the
online supporting information to that article) to prove that the conditions of Theorem 2.11.9 of
van der Vaart and Wellner [36] are fulfilled. The proof of (A.7) and (A.8) are analogous. The
only difference is that Neumeyer and Van Keilegom [27] assume a bounded error density while
we use Holder continuity of F', see assumption (F2). Next, we show that the bracketing entropy
condition (A.9) is fulfilled and that (F, p) is totally bounded.

To this end, let dk <dY, m =1,..., M, be brackets for C}*‘S([O, 1]) of length %/ @ D
w.r.t. the supremum norm. Accordlng to van der Vaart and Wellner [36], Theorem 2.7.1
and Corollary 2.7.2, M = O(exp(kn~2/((1+D@AD)y) prackets are needed. For each m de-
fine Ff(y):=n""Y"_| F(y +df(j/n)) and choose y}: \, k=1,...,K = 0(7;*2) such that
FEGE ) —FEGE ) <n?forall ke {l,..., K + 1} with yb ;= —o00 and yf | =00,




Estimation and hypotheses testing in boundary regression models 451

Define Y and yY , analogously, 5%  := y% , and denote by §{/ , the smallest y" , larger than
or equal to yrﬁ’kﬂ. Then F is covered by

Fuk:={.d) € FIS x <y < 4o diy <d <df) }, m=1,....M,k=1,...,K.
Check that by condition (F2)

suplFU<y) FL<y>|<su£n 1Z|F y+dy(j/m) = F(y+dui/m)|
AAS j=1

N (A.14)
< Lpsup|dY (x) —dhx)|*" < Lpn®
xeR

with L g denoting the Holder constant of F. Thus,

1 < )
_ZE[ sup - |I{ej <y+d(i/m}—I{e; §y*+d*(j/n)}|]
I DO A e F
1 < ) . ) |
< Y E[Hej <5y dn G/m) = 1{e; < 3y +dyG/m)]
j=1

< Fy ) = Fr i)

=< | (ym k) m (ym k+l)|+|F (ym k+l) FnI;(inI;’k+1)|+|Fn1;(57,{‘1’k+1)_FnI1‘(5)rIr‘z,k)|

<Q2+Lp)n?

where the last step follows from (A.14) and the definitions of %,  and i,,l{, - Hence we obtain
for the squared diameter of JF;,;x w.r.t. L}

ZE[ sup | Znj (y. d) _Zn./(y*’d*)i]z

Dl N0 dneF

2
<253 B[ s r{ey s ydGm) - e <y +a G| 1/m e )
My L), 6 dn) e F

+%ZE[ sup |1{8j§y}—1{815y*}|]2

j=1 0D d)EFmk
<3Q2+ Lp)n?

for sufficiently large n. This shows that the bracketing number satisfies log Npj(n, F, L) =
O(logM +log K) = O (n~2/(1+) @A)y "and (A.9) follows from § > 1/a — 1.

It remains to show that (F, p) is totally bounded, that is, that, for all n € (0, 1), the space
F can be covered by finitely many sets with p-diameter less than 55. To this end, choose d’
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and dY as above. Foreachm € {1,..., M} and j € {0, ..., J := [~ !}, let s; := jn'/@ "D A1
and Fj;,(y) :==P(e1 <y + d,ﬁ(sj)), and choose an increasing sequence yjmx, k=1,..., K :=
Ln_lj, such that Fjp, (Yjm k) — Fim(Yjmr—1) <nforallk e {1,..., K + 1} with y;;,, 0 := —00
and yj;, k41 :=00. Denote by y;, 1 </ < L, all points yjuk, j €{0,...,J},me{l,..., M},
k € {l,..., K}, in increasing order. We show that all sets F,,; := {(y,d)|yi—1 <y < ¥, d,]; <
d< d,f{ } have p-diameter less than 57. Check that, for all 1 </ < L, one has

sup  sup [F(3+y (@) = F(y-1+y )]
¥el0.1lyeci* (0,17

<max sup max sup [|F(+yx)—FG+rGs))l

1Sj=Jsj 1 =xss; 1Sm=M g1 o\, qu
+|FGi+y(s)) = FGi+dk(s))|
[ F (31 +dy () = F(5i-1 +dyy (5)))] (A.15)
+|F(Gr1+dy(s) = Fho1+y6))| + | FGi1+ v () — FGio + vy ()]
< max [(s) =) o7 007+ (5 = 5-0)"]
< 5.
Therefore, for all (y, d), (y*, d*) € Fu

p((v, d), (y*,d*))

smax{ sup sup  [F(5i+y )= FGio+y @), sup df ) - dfo)
XE[O’IJVECII-HS([O,I]) x€[0,1]

< max{5n, ¥/ @V} = 5p,

which concludes the proof of Theorem 3.4.
If we drop the assumption § > 1/« — 1 but require F to be Lipschitz continuous, then we use
brackets for C }M([O, 1]) of length 772 (instead of nz/ @ADy and replace (A.14) with

suplFU<y> FL(y>|<su§n 1ZlF (y+dy (/1) = F(y +dy(i/m)|
ye j=1

< Lpsup|dl (x) — dk(x)| < Lpn?
xeR

with L ¢ denoting the Lipschitz constant of F to prove log Njj(n, F, L}) = O (n~2/(+9)) which
again yields (A.9). Likewise, in the last part of the proof, one defines s; := jn A 1 and replaces
(A.15) with maxi<;<s[(s; —sj—1) + 0> +n+n>+ (s; —s;-1)] < 5n.

In the remaining proofs to Section 3, we use the index n for the estimators to emphasize the
dependence on the sample size and to distinguish between estimators and polynomials corre-
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sponding to a given sample on the one hand and corresponding objects in a limiting setting on
the other hand.

A.7. Proof of Lemma 3.6

Proposition A.1 and the proof of Lemma A.2 show that there exist constants d, d>0 depend-
ing only on 8 and ¢, such that E(g,(x)) < JE(M,,,o) and P{M,o >t} < (1 4+ dnh,(1 —
F(—t)(F (=) forall t > 0.

Let a, := a(log n/(nh,,))l/"‘ for a suitable constant a > 0 and fix some 7y > 0 such that (1 —
F(—1))/(ct*) € (1/2,2) forall ¢ € (0, fy]. Then

E(Mp.0)
o0
=/ P{M,o>t}dt
0

dnh

I
<ant [0k ann (1~ F0)(FC0) s

+ (1 +dnhy) f (F(=)"™" ar.
fo

Now, for sufficiently large n,

fo dnh
/ (14 dnh, (1= F(=0)))(F(=1))"""" dt

10 c dnh,
5/ (1+2cdnhnta)<1—§ta> dt
an

Cc

fo
<(1+ 2cd)nhn/ ¢ exp(—i dnh,ﬂ“) dt
Qn

1o

fo 0 c
<@ +2cd)nhn—f exp ) dnhyu | du
o

o
ap

2(1 + 2cd)nhpt
S Mexp<_%daa 10gn>

acdnh,
= o(n_g)

for all £ > 0 if a is chosen sufficiently large. Hence the assertion follows from (H1) and (F3)
which imply

/ T (F0)™ dt < iy (F(—10)) " + | " g = o(~)
fo

nhy,

for all £ > 0.



454 H. Drees, N. Neumeyer and L. Selk

A.8. Proof of Theorem 3.7

As the density f is bounded and Lipschitz continuous, one has

|F(y+(gr—2)G/m) — F») — f)(gr —8)G/n)|

&5 =8)(i/n)
/0 fO+n—fyde

~ 2, .

=0((& — &) (/m)
uniformly for y < yg and j/n € I,,. Hence, the remainder term can be approximated by a sum of
estimation errors as follows:

n

1
— > (F(y+ (& —8)i/m) — FW)I{j/n € l,)

mi‘l .
Jj=1
- fng) ;(&T —8)(/mI{j/n eIy
=¢ (mL ;@Z —8)’G/mi/ne 1,,})
2/a
=or (hﬁﬁ +b5ﬁ * <1;(1)%) ) =0P(n—1/2),

where for the last conclusions we have used Theorem 2.2, Lemma 3.6 and the assumptions (H2)
and (B4). Thus the assertion follows if we show that

1 n
m, > (@ —g)/mi{j/ne L)y =op(n'?).
n ]=1

To this end, note that g} (x) and g (y) are independent for |x — y| > 2(h, +b,). For simplicity,
we assume that 2n(h, + b,) =: k, is a natural number. If we split the whole sum into blocks with
k,, consecutive summands, then all blocks with odd numbers are independent and all blocks with
even numbers are independent. It suffices to show that

1 [n/(2kn)]
— Z Apog—1 = OP(n_l/z),
Mn 42y
[n/(2kn)]

m ; An,zzZOP(ffl/z),
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where A, = Zy:(zl)f’{)_ki (& —8)(j/n), 1 <€ < |n/k,]. We only consider the second sum,
because the first convergence obviously follows by the same arguments.
It suffices to verify

E(A} ) = okn), (A.16)
E(An20) = o(n™ k) = o(n' 2 (hy + by)) (A.17)

uniformly for all 1 <€ < |n/(2k,)], since then

L/ (2kn)) 2 |n/Qky)] L/ (2kn)) 2
E( > An,%) = > Var(An,uH( > E(An,ze)> =o(n),
=1

(=1 =1

which implies the assertion.
To prove (A.16), note that according to the definition of g, and Lemma 3.6

suplgn (x) — g()|

x€ly

logn \ 1/*
< sup|g(x> 20|+ 0(( ) )
xely nhy

1/a
<co sup |g(x)—g)|+0(b ﬂ)+0<(logn) )

xelhy, 1=hy] nhy,

by (A.2) and (A.3) in the proof of Theorem 2.8(i). (Here and in the sequel, ¢; denote generic
constants depending only on 8, ¢, and the kernel K.) Further, by Proposition A.1 and (A.1) in
the proof of Lemma A.2, we obtain

logn 1o . s
sup|gn(x) g)|<0(h )+0( )+0((nh> >+c1max(M1,M2),

xely,

where M| =max;co,....1,}.1 even Mn,; and M3 = max;e(o. ....1,}.1 odd Mn,i-
Because k, (b2 + bf + (logn/(nh,))/*) = o(kl/?) by (H2) and (B4), it suffices to show that

o
E((M})?) =/ P{M} > "2} di = o(1/ky). (A.18)
0
Recall from the proof of Lemma A.2 that P{M >t} <1 — (1 — P{M, o> t})e2tntbn)/ I with

P{Mn,() >t} < (1 + C3l’l/’ln(1 — F(_t)))(F(—[))C‘”m"_

Fix some fg € (0, (2¢)~2/%) such that (1 — F(—=1))/(ct*) € (1/2,2) for all t € (0, p]. In what
follows, d denotes a generic constant (depending only on B, ¢, ¢ and K') which may vary from
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line to line. Applying the inequalities exp(—2pu) < (1 — u)? < exp(—pu), which holds for all
p>0andu € (0, 1/2), we obtain for (nh, /log n)’z/"‘ <t <ty and sufficiently large n

P{M; > 1"} < 1—[1 = (1+ c3nhy2e1%/?) (1 — c1@/2 j2) 3| 2Ot bn) o
< 1—[1—3cscnh,t*? exp(—03cnhnt°‘/2/2)]02(h"+b")/h”
< 1 —exp(—dn(hy + by)t** exp(—c3cnh,t*/?/2))

< dn(hy + by)t*/? exp(—c’gcnhnt“/z/Z).

Therefore, for sufficiently large a > 0,

2

1,
/0 P{m; >1"?} dr
0

nhy, \ "¢ fo
< (—) + dion(hy + by) 142V exp(—c3enhat®/? /2) dt
IOgn a(nhn/logn)—z/"‘
(A.19)
<

a
o(1/(n(hn + by))) + dton(hy + by) exp(—C3ca°‘/2 logn/2)
o(1/(n(hy + by))).

where in the last but one step we apply the conditions (B4) and (H2). Now, assertion (A.18) (and
hence (A.16)) follows from

oo o0
J R P I R R o s R
1 1,

2 2
0 0

[o9]
h}l
</t.2 1—exp(—dn(hn+bn)(F(_t1/2))C3n )di

0

00
t—TC3nh,, /2 dl‘)

<dn(h, + bn)(nhn (F(_tO))C3nhn +/
nhy

= o)

for all £ > 0 and sufficiently large n, where we have used (H2) and (F3).
To establish (A.17), first note that for a kernel K of order greater than or equal to [S]

1 [B1-1 g(j)(x) }
E(gn(x) — g(x)) =E</l<§n(x+bnu)— E 7 (bnu)j>K(u)dM)
_ s !

1

= / E(8n(x + byu) — g(x + byu)) K (u) du + O (bf)
-1
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uniformly for all x € [k, + b,, 1 — h, — b,]. In view of (K1), (H2) and (B4), it thus suffices to
show that

|E(8n(x) — g(x)) — Eg=0(8x(1/2))| = |E(8n(x) — 8(x)) — Eg=0(&n(x))]

(A.20)
= o(n_l/z)

uniformly for Lebesgue almost all x € [k, 1 — h,]. Note that the distribution of g,(x) does not
depend on x if g equals 0.

Recall that g, (x) = p,(0) where p, is a polynomial on [—1, 1] of degree 8* that solves the
linear optimization problem

1
f Dn(t) dt — min!
-1

under the constraints

. (i/n—x .
pn( p ) >Y;, Vie [n(x —hy),n(x +hn)].

Define polynomials

L]

1 -
gx(0):=) =gVt @)= h) (pa () — g5 (), rel=11].
k=0

Then g, ((u — x)/ h,) is the Taylor expansion of order | 8] of g(u) at x and the estimation error
can be written as

8n(x) — g(x) = (nhy) "V p, (0). (A21)

Note that p, is a polynomial of degree 8* that solves the linear optimization problem

1
/ pn(t) dt — min!

1

subject to

with

_ . i/n—x
& :=8i+g(t/n)—qx( ; )

We now use point process techniques to analyze the asymptotic behavior of this linear program.
Denote by

Ny = Z 8((i /n=x)/ hu, (b V7))
ie[n(x—hy),n(x+hy)]
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a point process of standardized error random variables. Then the constraints (A.22) can be refor-
mulated as N, (Ap,) =0 where Ay :={(t,u) € [-1, 1] xRJu > f(z)} denotes the open epigraph
of a function f.

Since by (H2) |5; — & = g(in) — qx((i/n — x)/ hp) = O(hE) = o((nhy)~1/%) uniformly for
alli € [n(x — hy),n(x + hy)], one has

E(Nu([-1,1] x (=1,00))) ~ 2nh, P{&; > —(nhy)~"/*} - 2c.

Therefore, N, converges weakly to a Poisson process N on [—1, 1] x R with intensity measure
2c¢U[-1,11 ® vq Where v, has Lebesgue density x — a|x|0‘_11(—oo, 0) (see, e.g., Resnick [31],
Theorem 6.3). By Skorohod’s representation theorem, we may assume that the convergence holds
a.s.

Next, we analyze the corresponding linear program in the limiting model to minimize
f_] | p(t)dt over polynomials of degree B* subject to N(A,) = 0. In what follows, we use a
representation of the Poisson process as N = Y o, 8(r;,z,) Where T; are independent random
variables which are uniformly distributed on [—1, 1].

First, we prove by contradiction that the optimal solution is almost surely unique. Suppose
that there exist more than one solution. From the theory of linear programs, it is known that
then there exists a solution p such that J := {j € N|p(T;) = Z;} has at most 8* elements.
Because p is bounded and N has a.s. finitely many points in any bounded set, n := inf{| p(T;) —
Zilli e N\ J} > 0 a.s. Since p is an optimal solution, all polynomials A of degree 8* such that
A(T;) =0, j € J,and |Allcc < 1 must satisfy f_ll A(t)dt =0, because both p+ A and p — A
satisfy the constraints N(A,+A) = 0. In particular, for all polynomials ¢ of degree g* — |J|,
A(t) =t [];e;(t — Ti)q (1) is of that type if T > 0 is sufficiently small. Write [[;.,;(t — T;) in
the form ¢/ + Z;ilo_l a;t'. Then necessarily

1 IJ]—1
. 2 2a;
t —THt/ dt = ————1{|J| + j even} + ———I{l+ jeven} =0,
/_1;3( & Ty Wi even] gl—i-J—i-l ] even)

forall j € {0, ..., 8* — |J|}. This implies that (T;);e; lies on a manifold M| g+ of dimension
[J|—(B*—1|J|+1)=2|J| — B* — 1 which only depends on |J| and 8*. However, by Proposi-
tion A.1, || plloc < Kpg* Zmax Where

Zmax = max min{|Zi|T; € [=1+ G = D/ig~, =1+ j/jp]}-

<i<jgx
The above conclusion contradicts P{Z,x > K} — 0 as K — o0, since

P{37 CN: 11 < 87 (T))jes € My oo max | Z)] < Kge K} =0
J

for all K > 0 (i.e., the fact that among finitely many values 7; a.s. there does not exist a subset
which lies on a given manifold of lower dimension).

Therefore the solution p must be a.s. unique which in turn implies that it is a basic feasible
solution, that is, |J| > B* 4+ 1. On the other hand, because the intensity measure of N is abso-
lutely continuous, |J| < 8* 4+ 1 a.s. and thus |J| = * + 1. Because of N, — N a.s., one has
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Ny ([—1,1] X [-K g+ Zmax, 00)) = N([—1, 1] x [=K g+ Zmax, 00)) =: M for sufficiently large n.
Moreover, one can find a numeration of the points (7, Z,;), | <i <M, of N, and (T}, Z;),
1 <i<M,of Nin[~1,1] x [=Kg«Zpax, 00) such that (T,, ;, Z, ;) — (T3, Z;).

Next we prove that the solution to the linear program to minimize f_ll pn(t)dt subject to
N, (Ap,) =0 is eventually unique with p, — p a.s. Since any optimal solution can be written
as a convex combination of basic feasible solutions, w.l.0.g. we may assume that J,, :={1 <i <
M|py(Tyi) = Zy,i} has at least 8* 4 1 elements. The polynomial p, is uniquely determined
by this set J,,. Suppose that along a subsequence n’ the set J, is constant, but not equal to J.
Then p), converges uniformly to the polynomial p of degree 8* that is uniquely determined by
the conditions p(7;) = Z; for all i € J,y. In particular, p is different from the unique optimal
polynomial p for the limit Poisson process, but it satisfies the constraints N(A,) = 0. Thus,

f_ll p)dt > f_l , p(t)dt. On the other hand, for all n > 0 the polynomial p + 1 eventually

satisfies the constraints N, (A ;) = 0 and thus fil p)+ndt > fil Pn(t) dt, which leads to a
contradiction.

Hence, J, = J for all sufficiently large » and the optimal solution p, for N, is unique and
it converges uniformly to the optimal solution p for the Poisson process N. Moreover, using
the relation (p,,(Ty,;))jes = (Zn,j) jes (wWhich is a system of linear equation in the coefficients
of p,), pn(0) can be calculated as wﬁl(Z,,, j)jes for some vector w, which converges to a limit
vector w (corresponding to the analogous relation for p).

Exactly the same arguments apply if we replace & with ¢;, which corresponds to the case that
g is identical 0. Since the points (Tn,,-, Zn, ;) of the pertaining point process equal (7 ;, Zn,; —
(nhn) " (g (i /n) — qx((i/n) — x)/ hy)) and thus | Z,, ; — Zy ;| < cg (nhy) /%Y | the difference of
the resulting values for optimal polynomial at 0 is bounded by a multiple of (nh,)!/ “hﬁ. In view
of (A.21) and (H2), we may conclude that the difference between the estimation errors can be
bounded by a multiple of 22 = o(n~1/2), which finally yields (A.20) and thus the assertion.

A.9. Proof of Corollary 4.3

Note that ij (Fins) ) = Fa () = En(,8) — 2L E, (v, 1) with E,, defined in (A.11). A similar

reasoning as in the proof of Theorem 3.1 (see (A.13)) shows that

sup
yeR,s€[0,1]

NSy [ns]
<Lnsj - 1>W(Ftnsj(y)—Fn(y)) =op(1).

Hence, by Theorem 3.1, uniformly for all y e R, s € [0, 1],

Vn(Fa(y, ) = 5 Fa (1))
= \/’Tl(ﬁn(y, §) = S Flus) (}’)) - gn\/%((ﬁn()’) - Fn(y))) +§nﬁ(FLnsJ » - Fn(y))

ns, |ns|
= Lns ] W(FUZSJ » - Fn()’)) +op(1)
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Lns ]
=E,(y,s)— TEn(yv D +op(1)

=E,(y,8) —sE,(y,1)+op(1)

which converges weakly to Kr(y,s) — sKFr(y, 1) for the Kiefer process K defined in Theo-
rem 3.1. Check that this Gaussian process has the same law as G(s, F'(y)), because they have
the same covariance function. Thus, the Kolmogorov—Smirnov statistic 7,, converges weakly
10 Sup;cio,17,yer |G (s, F(¥))| = Supseo,13,z¢10,17 |G (s, 2)|, where the last equality holds by the
continuity of F.

A.10. Proof of Theorem 4.4

Note that under the given assumptions, the statements of Theorem 2.8(i) and (ii) are valid with
rate op(1). Let Q, := {infye;, &' (x) > 0}. From assumption (I1) and Theorem 2.8(ii) it fol-
lows that P(£2,) — 1 for n — oco. But on 2, the estimators g; and g are identical, and thus
F Ilns) = F lns]- Now (4.1) can be concluded as in the proof of Theorem 3.1, because as in Theo-
rem 2.3(i) we may conclude from our assumptions that sup,.., |g(x) —g(x)| =op (n~ Y/ @@nl)y,
The convergence of the Kolmogorov—Smirnov test statistic then follows exactly as in the proof
of Corollary 4.3.

A.11. Proof of Proposition 4.6

Let & := €nxy|+i> 1 < i <I,. By assumption (G1) we have Y, = g(xo) + & + O(,/n). Let
Ui, 1 <i <I,, be i.i.d. standard uniform random variables so that (&;)1<;<;, has the same dis-
tribution as (F (1 — U;))1<i<,- Let R, = SUPO.< <(140)kp /1, |7 (t)]. Since (I,/k,)Uk,, — 11in
probability and Uy, = Op(k,; 1), we obtain

kn B ;
Elyily — Ely—i+1d, + Oy /n)
— "dyilog = |
Ely:ly — Ely—ky:ly + O(In/l’l)

n il:l/a—Ul/a-i-Op(l /n+ Ry)
= =) _duilog T/a

1
Ug/1a, = Uty + Opln/n + Ry)

Fn B .
= =Y dyilog Uit/ Upt 1007 = Wi, / Uy 4100 Y% + O (G / 1) (/1 + Ry))
- = ni .

1= U,/ Uy 41,12 + O ((kn/ 1n) =12 (U /n + Ra)

Ull/: Ul/a+ bk 12

dpi log —
Z ni ]_Ul/a+ oplks 1/2)

- _de log[U4% +op (ki "?)].



Estimation and hypotheses testing in boundary regression models 461

where in the last but one step we have used Corollary 1.6.2 of Reiss [30] and the conditions (4.4)
and (4.5).
For suitable versions of U; and B, one has

sup [kn'> (Ui, —i/kn) — B(i/ka)| = 0 as.

1<i<kp

(see, e.g., Shorack and Wellner [32], Theorem 3.1.1, p. 93). Therefore,
N 1/2 1/a
l k 2
Ulll/cj = (k_> |:1 n ( L )i|
n

NV 1/2
=<k’_> [1 kn [/ k) + ok, ‘/2)}

uniformly for Ak, <i <k,. Thus,

k1/2
Z dpi log Z dni 10g|: )+0( 1/2)i|
i=[ky ] n i=[kn]
1 rl kl/2 —1/2
- a/ d(n)|logt|dt + O(k Z dm[ (ki )}

i=[\ky]

In view of (4.2), we conclude

11 1!
k1/2( _ _) N __/ d(t)t~ ' B(r) dt weakly,
o Jy

o, o

from which assertion (4.6) easily follows.
The asymptotic variance can be calculated as o? fol fol d(s)d(t)(st) "L Cov(B(s), B(t))ds dt.
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