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This paper is concerned with statistical inference for infinite range interaction Gibbs point processes, and
in particular for the large class of Ruelle superstable and lower regular pairwise interaction models. We
extend classical statistical methodologies such as the pseudo-likelihood and the logistic regression methods,
originally defined and studied for finite range models. Then we prove that the associated estimators are
strongly consistent and satisfy a central limit theorem, provided the pairwise interaction function tends
sufficiently fast to zero. To this end, we introduce a new central limit theorem for almost conditionally
centered triangular arrays of random fields.
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1. Introduction

Spatial Gibbs point processes are an important class of models used in spatial point pattern
analysis [26,33,41]. Gibbs point processes can be viewed as modifications of the Poisson point
process in order to introduce dependencies, such as attraction or repulsion, between points. These
models initially arise from statistical physics to approximate the interaction between pairs of par-
ticles [21,37,38]. The most well-known example is the Lennard—Jones model [30] which yields
repulsion at short scales and attraction at long scales.

Assuming that the Gibbs model has a parametric form, an important question concerns the
estimation of the parameters from a realization of the point process observed on a finite subset
of R4. Popular solutions include likelihood (e.g., [25,36]), pseudo-likelihood (e.g., [4,7,29]) and
logistic regression [1]. The two latter methods are more interesting from a practical point of view
as they avoid the computation of the normalizing constant in the likelihood, which is in most
cases inaccessible for Gibbs point processes and must be approximated by simulation-based
methods. We focus in this paper on the pseudo-likelihood and logistic regression methods.

When the Gibbs model is assumed to have a finite range interaction, consistency and asymp-
totic normality of the pseudo-likelihood and logistic regression estimators are established in
[1,8,11,19,28,29], for large families of Gibbs models. The finite range assumption means that
there exists R > 0 such that the particles do not interact at all if they are at a distance greater than
R > 0 apart. For the two aforementioned inference methods, this assumption turns out to be cru-
cial from both a practical point of view and a theoretical point of view, as explained below. How-
ever, this assumption may imply an artificial discontinuity of the interactions between particles,
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where two particles at a distance R — € apart interact while they do not at a distance R + ¢, for any
small € > 0. This is, for instance, the case for the widely used Strauss model; see, for example,
[33]. In fact, this assumption rules out many interesting Gibbs models from statistical physics
like the Lennard—Jones model. The purpose of this work is to extend the pseudo-likelihood and
logistic regression methods to infinite range interaction Gibbs models.

From a practical point of view, an important issue is edge effects. Assume we observe a Gibbs
point process with finite range interaction R > 0 on a window W C R¢. Then the pseudo-
likelihood computed on W actually depends on the point process on W & R, where W & R
denotes the dilation of W by a ball with radius R. Some border correction is often used to make
the pseudo-likelihood score unbiased. An obvious solution is to compute the pseudo-likelihood
on the eroded set W © R, and in view of (W & R) @ R C W (see [10]) the observation of the
point process on W is sufficient for the computation. From a theoretical point of view, standard
technical tools for unbiased estimating equations are available to derive the asymptotic proper-
ties of the associated estimator. If the Gibbs point process has infinite range interaction, then the
pseudo-likelihood computed on W depends on the point process over the whole space R?. It is
in general impossible to apply a border correction that preserves unbiasedness of the pseudo-
likelihood score function. We propose in Section 2 a family of contrast functions that involve
an eroded set, following the previous border correction, and a truncated range of interaction.
The details are exposed in Section 2. However, these contrast functions still lead to biased score
functions and the standard ingredients to derive consistency and asymptotic normality of the
estimators do not apply.

The strong consistency of the maximum pseudo-likelihood estimator was studied by [31] for
pairwise interaction Gibbs point processes, including the infinite range interaction case, but un-
der the assumption that the configuration of points outside W is known. Under the more realistic
setting where the point process is observed only on W, we prove the strong consistency of our
pseudo-likelihood estimator in Proposition 3.1. Our result is valid for a large family of pairwise
Gibbs models, namely the class of Ruelle superstable and lower regular models. The asymp-
totic normality is more challenging to establish. When the pseudo-likelihood score function is
unbiased, the main ingredient is a central limit theorem for conditionally centered random fields
proved and generalized in [12,15,18,23,28]. It allows in particular to avoid mixing assumptions
for Gibbs point process that are only known in restrictive frameworks (see, e.g., [24,27]). In our
infinite range setting where the score function is biased, a new ingredient is needed. We establish
in Appendix A a new central limit theorem for triangular arrays of almost conditionally centered
random fields. This allows us to derive in Theorem 3.3 the asymptotic normality of our pseudo-
likelihood estimator. Assume the potential decreases with a hyperbolic rate with exponent y».
While y» > d is (in general) required to ensure the existence of a Gibbs measure and the con-
sistency of the pseudo-likelihood estimator, we require the condition y» > 2d to ensure a central
limit theorem. The asymptotic normality when d < y» < 2d remains an open question. Nonethe-
less, our result includes the important example of the Lennard—Jones model in dimension d = 2,
for which y» = 6. Proposition 3.4 discusses similar asymptotic results for the logistic regression
estimator.

The remainder of this paper is organized as follows. In Section 2, we recall some basic facts
about Gibbs point processes and we explain how to generalize inference methods for Gibbs
models with infinite range interaction. We derive in Section 3 the asymptotic properties of our
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estimators. Section 4 contains a simulation study concerning the estimation of the Lennard—Jones
potential, where some recommendations are derived for the practical choice of tuning parameters
in the pseudo-likelihood contrast function. Appendix A contains our main technical tool, namely
a central limit theorem for almost conditionally centered random fields, and Appendix B gathers
auxiliary lemmas.

2. Background and statistical methodology

2.1. Notation

We write A € R? for a bounded set A in R?. A configuration of points X is a locally finite subset
of R, which means that the set x A :=XMN A is finite for any set A € R4, We use the notation
xac =X\ X, and denote by Qg the space of all locally finite configurations of points in R¢. For a
(p, q) matrix M with real entries, we denote by | M || = tr(M Tml/ 2 its Frobenius norm where
tr is the trace operator and M T is the transpose matrix of M. For a vector z € R?, ||z|| reduces to
its Euclidean norm. For a bounded set E C Z¢, | E| denotes the number of elements of E, while
forz e R? ori € Z?, |z| and |i| stand for the uniform norm.

At many places in the document, we use the notation ¢ to denote a generic positive constant
which may vary from line to line.

2.2. Pairwise interaction Gibbs point processes

We briefly recall the needed background material on point processes and we refer to [16] for
more details. A point process is a probability measure on €2g. The reference distribution on ¢
is the homogeneous Poisson point process with intensity 8 > 0, denoted by 7#. For A € R¢, we
write nf for the restriction of 77 to A. For any A € R and x € Qq, Na (x) denotes the number
of elements of XN A. Let A; be the unit cube centered at i € Z¢. We consider the following space
of tempered configurations:

QTz{ero;3t>0,Vnzl, Z Nii(x)ft(2n+l)d}.

ieZd |i|<n

From the ergodic theorem (see [22]), any second-order stationary measure on $2¢ is supported
on Q7. We denote by & : R¢ — R U {400} a pair potential function, to which we associate the
pairwise energy function Hy : Q7 — R U {400}, indexed by Borel sets A € R? and defined by

1

HA(x)z5 Z O(u—v) (2.1
U, VEX,u#v,
{u,v}Nxp £

and we let

Q={xeQr,VA €R? Hx(x) < 0o}.
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Following the Dobrushin—Lanford—Ruelle formalism (see [37]), we say that P is a Gibbs
measure with activity parameter 8 > 0 for the pair potential function ® if P(2) =1 and
for P-almost every configuration x and any A € RY, the conditional law of P given xxc

is absolutely continuous with respect to nfi with the density exp{—Hx (x)}/Za (Xac), where

ZA(Xpc) = fQ exp{—Hx(xa U xAc)}nﬁ (dxc) is the normalizing constant.

We use at many places in this paper the GNZ equation, after [20] and [35], recalled below,
which is a characterization of a Gibbs measure. It is given in terms of the Papangelou conditional
intensity A : R? x Q — R defined for any A > u by

o~ Ha(xUn) o
Mu,X) = B~y = Be” b 070, 22)

This quantity does not depend on A, provided u € A, and can be viewed as the conditional
probability to have a point in a vicinity of u, given that the configuration elsewhere is x.

Theorem 2.1 (GNZ formula). A probability measure P on 2 is a Gibbs measure with activity
parameter B > 0 for the pair potential function ® if for any measurable function f : 2 x R? — R
such that the following expectations are finite:

E{Zf(u,xw)} =E{ff(u,X)x(u,X>du}, (23)
ueX
where E denotes the expectation with respect to P.
This result can be refined by a conditional version stated in the following lemma. Its proof is

actually part of the initial proof of (2.3); see also [8], proof of Theorem 2, for a particular case.
We reproduce the demonstration below.

Lemma 2.2 (Conditional GNZ formula). Let P be a Gibbs measure with activity parameter
B > 0, with pair potential ® and Papangelou conditional intensity A. Then for any measurable
function f: Q2 x R? — R and for any A € R? such that the following expectations are finite:

E{ > @ X \u)

ueXp

XAC} =E{/ £, X)A(u, X) (XA} (2.4)
A

where E denotes the expectation with respect to P.

Proof. By definition of the conditional law of P given X/,

E{ > fuX\uw

ueXp

—HA (XA UX/AC)

Xie =% o / e B d
Ac=Xpc = ; Zf(u,xA UXAC\M)—ZA(X/AC) my (dxp)

UEXA

e Ha (XAUX ) }

:Eﬂf{ > (. Xa UX) \M)TX’N)

MEXA
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where E s denotes the expectation with respect to n/’z From the Slivnyak—Mecke formula [32,

40], we know that for any admissible measurable function %

Enf{Zh(u,X\u)} :,BEnﬁ{/Rdh(u,X)du}.
ueX

By definition of the Papangelou conditional intensity (2.2), we also have for any u € A,
Be  HaUn) — o =HA(X)) 4y x). Using these two facts, we conclude by

E{ > fu.X\w

MGXA
7HA(XAUX/AL.UM)
{ (4. X5 UX, )e—du}
M Zao)

XAC =X/A4_}

o~ HA(XAUX))
]
ZA(Xpc)

—HA(XAUX

{/ . X Uy ) (1 X UX)e)

A‘)

dur? (dx,)
ZA(XAC) A A

/f U, XA UXAL))\(M XA UXAL)

=E{/ £, XA, X) (XAC=X’AC}. -
A

The existence of a Gibbs measure P satisfying the above definition and characterization is
a difficult question. Sufficient conditions on the pair potential ® can be found in [38] and are
also discussed in [37]. The special case of finite range potentials, that is, compactly supported
functions @, is treated in [6]. As we are mainly interested in this paper by infinite range potentials,
we introduce the following assumption that leads to the existence of at least one stationary Gibbs
measure, as proved in [38].

[®] The potential ® is bounded from below and there exist 0 < r; < r; < o0, ¢ > 0 and
Y1, ¥2 > d such that ®(u) > c|lu| ™" for [lu]| <ry and |®(u)| < c|lu]| 772 for |lu] > r».

Examples of potentials satisfying [®] are ® () = |lu|~" with y > d and & (u) = e~ 1" ||y~
with y > d, in which cases the assumption is satisfied with y; = y» = y. Another important
example is the general Lennard—Jones pair potential defined for some d < y» < y; and some
A,B>0by ®u) = Allul|™" — B|lu]|~2. The standard Lennard—Jones model corresponds to
d =2, y1 =12 and y, = 6. The main interest of this model is that it can model repulsion at small
scales and attraction at large scales.

2.3. Inference for infinite range Gibbs point processes

In this section, we extend the usual statistical methodologies available for finite range Gibbs point
processes to the infinite range case. We assume that the Gibbs measure is parametric, in that the
explicit expression of the associated Papangelou conditional intensity (2.2) is entirely determined
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by the knowledge of some parameter 6 € ©, including the activity parameter § > 0, where ® is
an open bounded set of R”. We stress this assumption by writing Ag instead of A and @y instead
of ®. For brevity, assumption [®] now means that &y fulfills this assumption for any 6 € ©.

Assume that we observe the point process X in W, where (W,,),>1 is a sequence of bounded
domains which converges to R? as n — oo. As outlined in the Introduction, the pseudo-
likelihood and the logistic regression methods are popular alternatives to the maximum likeli-
hood as they do not involve the normalizing constant. The associated estimators are respectively
defined as the maximum of

LPLy, (X;6) = Z logkg(u,X\u)—/ do(u, X) du, (2.5)
MEXWn n

Ao (u, X\ u) / Ao, X) +p

log ———MM

LRLw (X;0) = log——~2" "7
wXi0) = 3 logs o

MEXWn

du, (2.6)

where p is some fixed positive real number.

A problem however occurs. The integrals in (2.5) and (2.6) are not computable in practice
because for values of u close to the boundary of W,, ¢ (u,X) depends on Xwe which is not
observed. When X has a finite range 0 < R < oo, meaning that ®y is compactly supported
on the euclidean ball B(0, R) or equivalently that for any u € R¢ and any x € Q, Ag(u,x) =
Ag (U, XB(u,R)), we can simply substitute W, by W, © R in (2.5) and (2.6), where for A @ R4
and some x > 0 the notation A & « stands for the domain A eroded by the ball B(0, «). Using
this border correction, 1y (u, X) can be indeed computed for any u € W,, © R. As a remaining
practical issue, the integrals have to be approximated by some numerical scheme or by Monte-
Carlo; see [1] for an efficient solution.

The asymptotic properties of the pseudo-likelihood and the logistic regression estimators are
well understood in this finite range setting; see the references in Introduction. Maximizing the
log-pseudo-likelihood (or the logistic regression likelihood) on W,, & R is equivalent to cancel
the score, that is, the gradient of LPLw,or(X;6) (or LRLw,cr(X; 6)) with respect to 6. The
key-ingredient is that both scores constitute unbiased estimating functions, since by application
of the GNZ formula (2.3) their expectation vanishes when 6 corresponds to the true parameter
of the underlying Gibbs measure. Standard theoretical tools for unbiased estimating equations
(see, e.g., [22]) can therefore be used to study the consistency and asymptotic normality of the
associated estimators.

In the infinite range setting, the situation becomes more delicate since for any u, ig(u, X)
depends on X, for any A C R¥. In this case, we introduce the following modifications of (2.5)
and (2.6) that depend on two sequences of positive real numbers (o) and (R,)

PloonXi0) = Y logho@Xuw \0= [ htuXum)du, @)

W, 6«
MEXW)‘I ean " "

Z 1 ho(u, Xy g, \ 1)
(0]

LRL X;0) =
WySan, R, (X5 0) do(u, Xy g, \ ) +p

uEXWn San

/ Ao, Xy r,)+p
— plog ——————"—— du,
W,y 1%

(2.8)
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where we denote X, p, = Xp,r,)nw,. These expressions are computable from the single ob-
servation of X on W,,, provided the integrals are approximated as usual by numerical scheme or
by Monte-Carlo. Since they depend on two sequences «;, and R,, (2.7) and (2.8) actually form a
general family of contrast functions, important particular cases being the choices:

e o, = R,, which agrees with the classical border correction for finite range interaction mod-
els with range R taking R, = R;

e R, = 00, accounting for the maximal possible range of interaction;

e R, =00 and o =0, which is a particular case of the previous choice where in addition no
erosion is considered.

We study in the next section the asymptotic properties of estimators derived from (2.7) and (2.8)
for a wide class of sequences ¢, and R, and based on a simulation study in Section 4, we give
some recommendations for the choice of these sequences in practice. From a theoretical point
view, these contrast functions introduce new challenges since the gradients of I:ﬁ_wn oa,. R, (X; 0)
and LRLw, e, &, (X; 0) are no longer unbiased estimating equations in the infinite range case.
To overcome this difficulty, we prove a new central limit theorem in Appendix A for almost
conditionally centered random fields.

3. Asymptotic properties

We present asymptotic properties of the maximum pseudo-likelihood estimate, derived
from (2.7), for infinite range Gibbs point process. Similar results for the maximum logistic
regression derived from (2.8) are presented at the end of this section without proof. We assume
the window of observation expands to R? as follows.

[Wal (W,) is an increasing sequence of convex compact sets, such that W,, — RY asn — oo.

We focus on exponential family models of pairwise interaction Gibbs point processes and
rewrite the model (2.2) for any u € R? and x €  as

2o (1, X) = Be~ Lvex P 0=0) — =0T 10X 3.1)
with 6 = —logB and t = (11, ..., tp)T where #1(u,x) = 1 and
tm(u,x)=ng(v—u), m=2,...,p. (3.2)

vex

In that connection, our framework amounts to assume that ® = 251:2 0ngm. For convenience,
we let g1 = 0 and we denote by g the p-dimensional vector g = (0, g2, ..., g p)T. We make the
following assumption on g.

[g] For all m > 2, g, is bounded from below and there exist y1, y» > d and cg, 1o > 0 such
that:

(i) Vx|l <roand V0 € ©, 82(x) = cgllx| ™",
(i) Ym >3, g (x) =o(|lx||7") as [|x]| — 0,
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(iii) Vm =2 and V|lx|| = ro, |gm (X)] < cllx[772.

Since ® is bounded, [g] implies [@] which yields that for any 6 € © there exists a Gibbs mea-
sure Py. Assumption [g] allows us to specify which function g,, is responsible for the behavior at
the origin of @y, namely g,. Note that the Lennard—Jones model defined in Section 2.2 (and the
other examples presented in this section) fits this setting with 6, = A, 63 = — B, g>(u) = |ju|| ™"
and g3(u) = |lu||~72. In the sequel, 6* stands for the true parameter vector to estimate. In other
words, we assume observing a realization of a spatial point process X with Gibbs measure Py+
on W,.

For exponential family models (3.1), the score function of the log-pseudo-likelihood defined
by (2.7) writes sw, oa,, &, (X; 8) where for any A @ R4

s8R, (X 9)=/ G X ) ho (e, X ) di = Y 1 X g, \ 1), (33)
A

ueXa

Our first result establishes the strong consistency of the maximum pseudo-likelihood based
on (2.7) for infinite range Gibbs point processes and for a wide class of sequences («;,, R;;). In
close relation, [31] proved the strong consistency of estimators derived from (2.5). As pointed
out in Section 2.3, the form (2.5) of log-pseudo-likelihood is however unusable as it can only be
computed if X is observed on RY. We obtain the same result but for estimators derived from the
computable pseudo-likelihood given by (2.7).

Proposition 3.1. Assume that [Wy] and [g] hold. Then for any x € Q the function 6 —
—LPLw,ca,.r, (X; 8) is a convex function with Hessian matrix given by

— d
—WLPLW,,@%,,R" (x;0) = —de——rSW,,ea,,,R,, (x;0)
(3.4)
=/ £, X, R, ) (U, X R,) Mg (0, X, R,) e
Wnoay
Moreover if a,|W,| "% — 0 and R, — oo as n — oo, and if for any y € RP \ {0}
P{yTt(0,X) #0} >0, (3.5)

then the maximum pseudo-likelihood estimator

é\fpvl_ = argmax L’ISJLWH Say, R, X; 6)
6e®

converges almost surely to 0* as n — 0.

Proof. By [W,,] and the basic assumption on «,, we are ensured that W,, © «,, is a sequence
of regular bounded domains of R9 and that |W, & a,| — 00 as n — o0. Since any stationary
Gibbs measure can be represented as a mixture of ergodic measures [37], it is sufficient to prove
consistency for ergodic measures. So, we assume here that Py« is ergodic. Since ® is an open
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bounded set, and by convexity of 8 — —I:I?’Jl_wnean, R, (X; 0), then from [22], Theorem 3.4.4, we
only need to prove that K, (6, 0*) = |W, S a,| ™! {I:ISJLWnean,Rn X;6*) — IIDT_Wn can R, (X;0)} —
K (0, 0%) almost surely as n — 0o, where 8 — K (6, 6*) is a nonnegative function which vanishes
at 6 = 0* only. We decompose K, (6, 0*) as the sum of the three terms 7 + T2 (6*) — T>(6) where
forany 0 € ®

Ty = |W, © an|~ {LPLw, 00, (X: 0*) — LPLw, 00, (X: 0)},
T5(9) = |Wy © a| ™ {LPLw, 00y, &, (X; 6) — LPLy, 00, (X; 0)}.

Lemma B.2 shows in particular that 14 (0, X) and |9Tt(0, X) |49+ (0, X) have finite expectation
under Py+. Hence, using the ergodic theorem for spatial processes of [34], we can follow the
proof of [31] or the proof of [8], Theorem 1, to prove that 71 — K (6, 6*) almost surely as
n — oo where

K (6,6%) =E(rg- (0, X)[e® 010X _ {14 (6* —0) 10, X)}])

which is a nonnegative function that vanishes at & = 6* only, under the identifiability condi-
tion (3.5). So the rest of the proof consists in proving that 7>(8) — 0 almost surely for any
6 € ©. We have T»(9) = T + T, where

T/ =Weoal™ > 07{r@, Xy g, \u) — 1@, X\ u)},
”eanewn

T, =Wy @an|_1/ {ho(u, X) — 1o (u, Xy, r,) } dut.
Wy Say

Let us first look at 7|. By boundedness of ©, it is sufficient to prove that |W, © a1 x
Zuexw - {tn(u, Xy g, \ ) — ty(u, X\ u)} tends to O almost surely. Let §, be a sequence of

|—l/d

real numbers such that §, — oo and §,|W, — 0 as n — oo. For brevity, let X, g,)c :=

XRa\ (W, 0B, Ry)) -

Yo @ X r, N w) = 1 (0, X\ 1)}

ueXWn@an

=YY aww-w (3.6)

ueXw, cun UEX(H‘ Rp)©

> > emv—uw+ > > emw—u).

u€Xw, o(n+sn) VEX(u,Ry)¢ UEX W, an\WnS(en+on) VEX(u, Ry)©

In the first sum above, ||lu — v|| > R, A (o, + §,) and using the same arguments and the same
notation as in (ii) of Lemma B.1 we get that the absolute value of this sum is lower than
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c(Ry A (ay +8,))77' S H (u,X \ u) for some ' > 0. Hence,

uEXW, o (@n+n)

> Y gmv—uw

u EXWn S(an+dn) UGX(MY Rn)©

—y |Wi © (o + 1)
(W © ay

Wy ean|_1

< c(Ru A (@ +82)) Wa© @i+ Y Hw.X\w.

u€Xw, o(an+in)

By Lemma B.2, the random variable | H (0, X)|1y+ (0, X) has finite expectation under Py+. More-
over, our assumptions ensure that W, & («, + 8,) is a sequence of regular bounded domains
of R with W, © (a0, + 8,)] — 00 as n — 00. So by the ergodic theorem |W, © (a, +
8n)| 7! ZueXw,,e(a,,+a,,> H(u,X\ u) — E{H (0, X)Xy~ (0, X)} almost surely whereby

> Y gmw—w

”eXWn S(an+én) UEX(H-Rn)C

Wy, © | ! -0 (3.7)

almost surely. For the second sum in (3.6), using the notation |t,,,[ (1, X) = >, . |&m (v — u)| we
have

[Wh Ganl_l’ Z Z gn(v —u)

UEX Wy, S0n \Wn &(etn+6n) VEX (u, Ry)E

<|Wy0a,™! > |t (. X)

UEX W, San\Wn S (e +8n)

=Wo0al™ Y Il X) = Weow™ Y [l @, X)

ueaneﬂtn uEXWn@(dn +dn)

which tends to 0 almost surely by application of the ergodic theorem, Lemma B.2 and since
W, & (a4 86)1/IW, ©ap| — 1 as n — oo. Combining this result with (3.7) in (3.6) shows that
T — 0 almost surely.

Concerning the remaining term 7, we have

o7 _
T2/=|Wn ean|_1/ A’@(“,X){l—e Z”EX(u,Rn)Cg(U u)}du
W, ©ay

We can use exactly the same decomposition as in (3.6) by introducing §,, then use Lemmas B.1
and B.2 to apply the ergodic theorem, leading to 7, — 0 almost surely. These details are omitted.
Hence, T>(8) — 0 almost surely for any 6 € ® and the proof of Proposition 3.1 is completed. [

As a preliminary result toward the asymptotic normality of @I_’;,T_, we state in the next lemma

general conditions on the sequences «;, and R, leading to the equivalence in probability of the

score functions, up to |W,| 172,
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Lemma 3.2. Assume that [Wy] and [g] hold. Let D be the set of all sequences (&, R,;) such
that oy | Wy, |~V — 0 and such that there exists 0 < y' < y» —d such that o, |Wy|'/?> — 0 and
R, " |W,|'/? = 0. Then, for any (o, R,) € D and (er),, R))) € D we have

Wy Ry (X: 0%) = swoea, &, (X: 0%) = 0p (IWa]'/2). (3.8)

Proof. For A @ Rd, we denote for short sa g, :=sa g, (X; 6*) and set

Shr, =/Ar(u,xu,R,,>xe*(u,X>du— 37 1 Xur, \ 0. (3.9)

MEXA

We prove below that for any («,, R,) € D, sw,ca,.R, — S/W,, o= op(|W,|'/?), whereby (3.8) is
an immediate consequence. We have

SWySn. Ry = S0 =A+B+C (3.10)

1 — _ / I /
with A = sw,c0,,R, = SW,0a,,000 B = SW, 00,00 = S, 00,.00 M4 C =58y, o0 — Sy - Let
us prove that each of these three terms is op (|Wy,| /2y,

First, we have A = A| + A, with

Al = / {[(I/t, X“»Rn))\’e'(u’ XM,Rn) - [(l/l, XWn))\.Q*(I/l, XWn)}dI/t,
W, o,

Av= ) {rXw, \i) =1 X, \ )}

uEXWn Sap

Both terms above are handled similarly and we give the details for A> only. Denoting A ,,
the mth coordinate of A;, we obtain using the same arguments and the same notation as in
Lemma B.1(ii) that for any m

Al Y Y -] <R Y Hw@X).

ueXwy,ean VEXW,\B(u,Rn) ueXy,

Applying the GNZ formula and Lemma B.2, we deduce that E|Az ,,| = O(R, V/|W,,|) show-
ing that |W,|~'/2A5 = op(1). The same result holds for A; by the arguments developed in
Lemma B.1(ii)—(iii).

Second,

B=/ 1 (u, Xy, ) {hox (u, Xw,) — Aox(u, X) } du.
W, Say

Note that

venyge Pov—0)
I %) — g ae, x| = D, )] 1 — =0 7).
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where in the last sum ||[v — u|| > «, since u € W,, © «,,. The same arguments as in the proof
of Lemma B.1(iii) thus apply and we get for all u € W, © a,, |Ao(u,X) — Ag(u,Xw,)| <

cotn_V,eCG(”’X))\.g (u,x)H (u, x). From Lemma B.1(i) and Lemma B.2, we obtain
EIB|=O(an” |Wa ©anl) = O(a” [Wal)
and thus |W,|~'/2B = op(1).

Third,

C= —/ tu Xy o, X)du+ >t Xy, \u)
Wn\(Wnean)

MGXWH\(WnGHVL)
_ /
- Z SAVL,/'*OO’

jEJn

where A; is the unit cube centered at j € Z4, Apj=A; N (W, \ (W, ©ay)) and T, C 74 is
the set such that W, \ (W, © o) = Ujej,, Ay, ;. We have
Var(C) = Z Cov(s/An oy s/An_k’oo).

JkeTn

It is not difficult to check that all results of Lemma B.4(i)—(iii) remain true if the ball B, , =
B(u, ) therein is replaced by W,, or in other words s/, is replaced by s’A’OO. Therefore,
from (iii) of Lemma B.4

[Var(©) | = O(1741) = O(|Wa \ Wy © @) |) = O(I1Wal '~y
showing that |W,|~!| Var(C)|| — 0. Hereby | W, |=1/2C = 0p(1) and the proof is completed. [J

The next result establishes the asymptotic normality of the score function associated to the
modified pseudo-likelihood I:I?’T_Wn ou,. R, (X; 0) at the true value of the parameter 6 = 6*, when-
ever («y,, R,) belongs to the set D introduced in Lemma 3.2. The proof relies on a new central
limit theorem stated in Appendix A. As a consequence we deduce the asymptotic normality
of a_’ﬁ_.

These results require the following notation: let £, and U the (p, p) matrices

Yoo = E{£(0, X)1(0,X) "2+ (0,X)}

+/dE{t(0, X)t (v, X) " 2+ (0, X)Agr (v, X) {1 — e~ PP} do 3.11)
R

+ fd E{)\(.)* (0, X))\@* (U, X)}g(v)g(v)Te—%* (v) d‘U,
R

Uso = E{1(0, X)1(0, X) " 26+ (0, X) }. (3.12)
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These matrices are indeed correctly defined, as [g] implies on the one hand that all the expecta-
tions involved are uniformly bounded in v by Lemmas B.1-B.2, and on the other hand that

11— e P W|dy <00 and / Hg(v)g(v)THe_%*(”) dv < o0.
R4 R¢

d . L .
We denote by — the convergence in distribution.

Theorem 3.3. Under the assumptions of Lemma 3.2 with yy > 2d and the assumption that X
is a positive definite matrix, then we have the two following convergences in distribution for any
(an, Ry) €D, as n — oo:

(i)
_ o d
(Wl ™2 sw, 00, R, (X; 0%) > N (0, Zo),
(ii)
o~ d _ _
(Wl (0 — 6*) > N(0, Ux EacUZ)).

Some remarks on this theorem are in order. The condition y» > 2d is clearly the most re-
strictive one. Nonetheless, it includes the standard Lennard—Jones model in dimension d = 2
for which 9, = 6. Under [g], existence of the model is ensured if y» > d but it remains
an open problem to prove the asymptotic normality of the pseudo-likelihood estimator when
d < y» < 2d. Concerning the set D of possible sequences (¢, R,), it includes the natural choices
(atn, Ry) = (a0, o0y) and (o, Ryy) = (o, 00) discussed in Section 2.3, provided «,, tends to infin-
ity at a good rate. However, D does not include the particular case (o, R;) = (0, 0c0), whereas
this choice leads to a consistent estimator as proved in Proposition 3.1. In fact, when the erosion
parameter «, does not tend to infinity, some edge effects occur due to the infinite range of the
process. These edge effects are negligible with respect to |W,| but not with respect to |W,|"/2.
Finally, following [14], it is possible to construct a fast estimator of the asymptotic covariance
matrices X, and Uxo, but its asymptotic properties are out of the scope of the present paper.

Proof of Theorem 3.3. (i) Since y» > 2d, there exists € > 0 and a > 0 such that

d 1
<a< .
2(pn—d—¢) 2+¢

(3.13)

For such ¢, a, we let Y’ = y» — d — ¢ and consider the particular case R, = a,, = |W,|%/?. Then,
| Wl =14 =5 0 and a7 | W /2 = Ry | Wy |V/2 = |W,|@/2=a(r2=d=e))/d _, () This particular
choice of (a,, R,) thus belongs to D. From Lemma 3.2, if we prove (i) for this choice, then
the same convergence holds true for all sequences («,, R,) in D, completing the proof of (i).
Henceforth, we let R, = o, = |W,,|*/¢ where a is such that (3.13) holds.

Denoting by A ; the unit cube centered at j € 74, we let Apj=A;N(W,00a,)and I, C 74
the set such that W, © «, = jeT, Ap j. At several places in the proof, the sequence p, =



1312 J.-F. Coeurjolly and F. Lavancier

1Z,: 1/2/053,’/ is involved. Then

|Z.)'/ (d/2-a(y2—d—e))/d
” ZO{|Wn| V2 } (314)
n

Pn =

tends to 0.

We write for short SAn; = SA, R, X; 6" = SAnj a0 (X;6*) and B, , = B(u, ,). Note that
for any u € W, © oy, 1t (u, Xu.r,) = 1, Xuu.o,) = t(u, X, ,), and similarly Ap«(u, X, g,) =
Agr(u, Xy o,) = Ao+ (u, Xp, ). Therefore, for any j € Z,,

u,n

S, = / £, X, o, X, e — 1w, X, \ ).
A

n.j MEXAH j

Letting Z,, ; = SApj — E(SAM.), we have

SW,8a, = Sn + E(sWn@otn),

where S, =37 Zy, ;. Define
S.=>. Y ZujZ]; and ,=EZ,.
jeL, keI,

k—jl<om

The proof of (i) is completed if we show that En_]/zS,, 4 N, Ip), En_l/zE(sWnean) — 0 and
|[W,|~!', = . Let us prove the first convergence by application of Theorem A.1.

By [Wp] and the definition of Z,,, we have |Z,,| = O(|W,|); see, for example, [13], Lemma A.1.
From (3.13), oe,(,2+8)d = 0(|Z,|) which, following the remark after Theorem A.1, satisfies the
assumption of Theorem A.1 if Assumption (a) of this theorem is satisfied for any ¢ > 1. The
latter holds by definition of Z,, ; and Lemma B.3.

Concerning assumption (b), we use for short the notation s, = s/A’ w, forany A € R?;
see (3.9), namely

s’A=f t(u,Xp,, ), X)du — > t(u,Xp,, \u).
A

MEXA

Note that from the GNZ formula Es’, = 0. We have from Lemma B.4, for any sequence J, C Z,
such that | 7,| — oo,

Yo Bz Zi) = D ICovisa, ;. sa,0l
JikeTn JikeTn

S Z ||C0V(SA",]‘ ’ SA’l-k) - COV(S/An,j ’ S/An,k) H
J.keTy
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+ 2 [Cov(sh, -5, )

JkeTn
¢
< + —/) + ||C0v(s’ ., _,S/An )||
]g <0ln A+lk—j») o ,-,Z;z, o *
\j—kI=<2ro
+ Y k=
JjkeTn
|j—k|>2rg

<cay |jn|+C|jn|Pn +C|jn|”var( )H‘i‘djn

which is O(|J,|) by Lemma B.3 and from (3.14).
Since ¥ is assumed to be a positive definite matrix, assumption (c) holds if we prove that
|Z,7'S, = Zoo as n — oo. For this, let

2;! = Var(s{)vnean) = Z E{S/An,j (S/An.k)—r} and ’z\:’; = Z S/An,j (S/An,k)—r'
J ke, JjkeZ,
|k_j‘§an

We have |||Z,|"'Z, — Zool| < T1 + T» + T3 where
Ti=L| ' [EG) ~EE)].  B=1ZEE) -] B=]Z07E - Sx

First, applying Lemma B .4

Ti<ILI' Y. Y [B(ZuiZ]) —Elsh, (a0
jeL, keI,
lk—jl<ay

= |Z,|" Z Z |Cov(sa, ;- sa,.) — Cov(sy, +San) I
€L, ke,
= |k_j‘<nan

= 0(a,”) + O™

and 77 — O since y» > 2d implies 2y’ — d > 0 as soon as & < d/2, which can be assumed
without loss of generality. Second, from (iii) in Lemma B.4

LIl Y0 0 Bl (b0

JjeL, keI,
|k—j1>otn
1
< I = 1).
DY Y e ¥ e
Jj€IL, keI, |i|>an

k= j|>om
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Finally, 75 — O from (ii) in Lemma B.4, which completes the proof of condition (c) of Theo-
rem A.l.
To prove assumption (d), we apply the conditional GNZ formula (2.4) to write, for any j € Z,,

E(Zn,j | Xa, 0k # )

=E[/ t(u, X, ) { Ao+, X) = hp+(u, X, )} du ‘ X,k 751}
A

n,j

_E/ Z(M,XBM'H){)\.Q*(M,X)_kg*(u,XBuYn)}du.
A

n,j
From Lemma B.1, we have for any u € R and x € Q
c

y/
oy

|7 xB,,) || Ao+ (u, X) — Age(u, Xp,,)| < — Y (u,X),

where Y (u,x) = [[{|tm|(u, X)}m>1 | H (u, x)e“C Xy g (u, X) using the notation of the lemma.
Since |A,, j| <1, we deduce from the stationarity of X and Lemma B.2 that

c

’
o

E|E(Znj | Xa, k# )| < —E[Y©0.X)} =0(e").

Hence,
ol ™2 Y " E|E(Znj | Xa,,k# )] = Olon)
J€Ly
tends to O from (3.14). All conditions of Theorem A.1 are therefore satisfied, which yields that
E,,_l/zSn i) N, Ip). The convergence [W,|~1Z, - T is an immediate consequence of as-

sumption (c) checked above. It remains to prove that %, 1/ ZE(SW,,ea,,) — 0. This is a conse-
quence of the GNZ formula, (A.3), Lemma B.1 and the condition (3.13) since

sclznr“za;y’ﬁf Y (u, X) duu = O(pn) = o(1).
Wn@an

|= 2 ECsw,00,) 2

== w00

(ii) It is worth repeating that 6 — —L’F’T_W”eam R, (X;0) is a convex function with Hessian
matrix given by (3.4). Following Lemmas B.1-B.2 and arguments developed in the proof of
Proposition 3.1, we leave the reader to check that almost surely

I:F)-I/_Wnean’Rn (Xa 0) -

LPLw,oq, (X; 9)} -0

o d
W © el dodoT

dodoT

and

_ d
~|W, © o 1WLPLM@% (X; 0) — E{1(0,X)1(0,X) " 29 (0,X)}
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as n — oo, which equals to Uy when 6 = 6*. We also note that (3.5) implies that Uy is a
positive definite matrix. These facts and (i) allow us to apply [22], Theorem 3.4.5, to deduce the
result. ]

The following proposition focuses on the maximum logistic regression and states its strong
consistency and asymptotic normality. The result is given without proof, but we claim that it fol-
lows by the same arguments as those involved in the proofs of Proposition 3.1 and Theorem 3.3.

Proposition 3.4. Under the assumptions of Proposition 3.1, the maximum logistic regression
estimator defined by

/Qlﬁ,_ = argmax fﬁLWn oa, (X; 0)
0e®

converges almost surely to 0* as n — oo and under the assumptions of Theorem 3.3 it satisfies
the following convergence in distribution:

(W2 (B — 0%) > N (0, VG T VS)),
where denoting h(u, xX) = pt (u, X)/{Ae*(u, X) + p} forany u € R x e Q,
Too = E{h(0, X)1(0,X) "26+(0,X)}

[ B0, X0 A0+ 0.0k 0. 0} {1 = e Oy
R
+ / V{0 (0. X021 (0, X) Ah(0, X) Agh (v, X) T fe ™™ du,
R
Voo = éE{h(O, X)A(0, X) " hp+ (0, X))

with Ayh(u,x) = h(u,xUv) — h(u,Xx) forany u,v € R? and x € .

4. Simulation study

In this section, we present results of simulation experiments assessing the performance estimation
of maximum pseudo-likelihood estimators in the Lennard—Jones model, given by

6 12
loghg(u,x) =log(8) = > ®(w—u)  with cb(u)=4g{<i> _ <i> } 4.1)

lul lul

We chose 8 = 100 and ¢ = 0.1 and considered three cases where ¢ takes the values 0.1, 0.5
and 1, respectively, which, following [2] we call low, moderate and high rigidity models. The re-
alizations are generated using the Metropolis—Hastings algorithm, implemented in the R package
spatstat [3,5],on W, = [—n, n]? and for n = 1/2, 1, 2. To take into account the infinite range
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Figure 1. Typical realizations on [—1, 112 of a Lennard—Jones model with parameters = 100, o = 0.1
and ¢ = 0.1 (left), 0.5 (middle) and 1 (right).

characteristic of the Lennard—Jones model, the processes are simulated on [—n — 2, n + 2]2 and
then clipped to W,,. Figure 1 depicts some typical realizations on [—1, 1]?.

For each model and each observation window, we considered three versions of maximum
pseudo-likelihood estimators given by (2.7) of the parameter vector {log(8), o, e}’ () oy =
R, €10.05,0.3], (i) a, € [0.05,0.3] and R, = oo, (iii) @, = 0, R, = co. We remind that
the values o, = 0 and R, = oo, respectively, mean that no border erosion is considered (i.e.,
W, © o, = W,,) and the maximal possible range of interaction in W, is taken into account (i.e.,
AU, Xy, R,) = A(u, Xw,)). Writing o, and/or R, € [0.05,0.3] means that we evaluated the esti-
mates for 30 values regularly sampled in [0.05, 0.3].

We computed the pseudo-likelihood estimator by using a 100 x 100 grid of quadrature points
to discretize the integral involved in (2.7). We did not use the Berman—Turner approximation,
implemented in spatstat for a large class of models excluding (4.1) (see [4]), because the
latter may artificially lead to biased estimates for very repulsive patterns. As suggested by [2], to
minimise numerical problems (overflow, instability, slow convergence) we rescaled the interpoint
distances to a unit equal to the true value of o.

We define the weighted mean squared error WMSE by

] 2 T 2 % 2
whisE — Elogp —logp’) | E(@ —0)) | E(E@—¢)’)
(log B)? o2 62
and we consider in the following its root RWMSE = + WMSE. Similarly, we define the root-
weighted squared bias and the root-weighted variance, respectively, denoted by RWSQ and
RWV.

Tables 1 and 2 summarize the simulation study based on 100 replications, where we report the
values of RWMSE, RWSB and RWV. When «,, and/or R, vary, we report in Table 1 the smallest
value of RWMSE and the associated value o of o, between brackets. To be consistent, we
report in Table 2 the values of RWSB and RWV associated to aopt. We observe that the three
versions of the estimates have a RWMSE decreasing with n for the three Lennard—Jones models.
In case (i) where «;, = R,,, the optimal value seems to be around «,, = 0.15. A closer look at the
estimates showed us that their average behavior (sample mean and standard deviation) fluctuate
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Table 1. Root-weighted mean squared errors (RWMSE) of parameters estimates for different Lennard—
Jones models. The results are based on 100 replications. The realizations are generated on [—n — 2, n + 2]2
forn =1/2, 1, 2 and the window of observation corresponds to [—n, n]z. When it makes sense, we indicate
between brackets the value aopt of oy leading to the minimal value of RWMSE

RWMSE

[—1/2.1/2] [-1, 17 [-2.21
Low (¢ =0.1)
an = R, €10.05,0.3] 3.26 (0.13) 1.25 (0.13) 0.62 (0.12)
o €10.05,0.3], Ry, = 00 3.72 (0.05) 1.79 (0.05) 0.63 (0.06)
oan =0, R, =0 3.5 1.66 0.69
Moderate (¢ =0.5)
an = R, €10.05,0.3] 0.65 (0.12) 0.34 (0.14) 0.2 (0.15)
oy €10.05,0.3], Ry, = 00 0.68 (0.05) 0.38 (0.05) 0.19 (0.05)
an =0, R, =00 0.59 0.33 0.18
High(e=1)
an = R, €10.05,0.3] 1.04 (0.08) 0.42 (0.16) 0.13 (0.16)
an €[0.05,0.3], R, = o0 1.34 (0.05) 0.36 (0.05) 0.16 (0.05)
oan =0, R, =0 1.23 0.27 0.17

Table 2. Root-weighted squared biases (RWSB) and variances (RWS) of parameters estimates for different
Lennard—Jones models. The setting is the same as in Table 1. When o, and R, vary, we report the values
leading to the minimal RWMSE, that is, the values associated to «;, = aopt as given in Table 1

RWSB and RWV

[—1/2,1/2)? -1, 112 [-2,2)
Low (¢ =0.1)
o = R, €[0.05,0.3] 1.82 2.70 0.57 1.11 0.07 0.62
o, €10.05,0.3], R, =00 2.49 2.76 0.82 1.59 0.03 0.63
ap =0, R, =0 2.36 2.59 0.78 1.46 0.20 0.66
Moderate (¢ =0.5)
o = R, €[0.05,0.3] 0.23 0.60 0.16 0.30 0.07 0.19
ap €[0.05,0.3], R, =00 0.04 0.66 0.10 0.37 0.02 0.19
ap =0, R, =0 0.07 0.58 0.02 0.33 0.02 0.18
High(e=1)
an = R, €[0.05,0.3] 043 0.71 0.16 0.39 0.07 0.12
apn €[0.05,0.3], Ry =00 0.11 1.27 0.13 0.34 0.12 0.10

ap =0, Ry =00 0.06 1.23 0.05 0.26 0.12 0.11
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quite a lot with «,. In case (ii) where R, = oo, we observed that the biases of the estimates do not
fluctuate that much with «,,. Since the estimates had smaller standard deviation when the amount
of information is maximal, that is, when «,, is low, this explains why the smallest value of ),
led in almost all cases to the smallest RWMSE. Surprisingly, the third situation corresponding to
a, =0 and R, = oo produced very interesting results which are optimal or close to the optimal
ones in all cases considered. This estimator may be very time consuming to evaluate for very
large datasets since all the points are involved in the evaluations of the Papangelou conditional
intensity. Nonetheless, for the setting considered in this simulation study the computational time
differences were negligible. The situation «,, = 0 and R,, = 0o is supported by Proposition 3.1
(consistency) but not by Theorem 3.3 (asymptotic normality). However, the normal QQ-plots
in Figures 2—4 seem to show a convergence to a Gaussian behavior for all our choices of o,
and R,, with approximatively the same rate of convergence, that is, |W, |’]/ 2 if we refer to the
decreasing rate of the slopes in each QQ-plot. Note that the Gaussian behavior is less clear in the
low rigidity Lennard—Jones model than in the moderate and high rigidity cases, but this seems
specific to the model rather than to the estimators. In conclusion, to estimate the parameters of
a Lennard—Jones model using the pseudo-likelihood method, we recommend to use no erosion
and no finite range correction.

Appendix A: A new central limit theorem

When the Gibbs point process has a finite range, the asymptotic normality of the pseudo-
likelihood or the logistic regression estimators are essentially derived from a central limit theorem
for conditionally centered random fields; see the references in the Introduction. This connection
comes from the fact that in the finite range case, the score function of the pseudo-likelihood
(or the logistic regression) is conditionally centered, by application of the conditional GNZ for-
mula (2.4). In the infinite range case, the score functions of the log-pseudo-likelihood and the
logistic regression are neither centered, nor conditionally centered. In the following theorem, the
conditional centering condition is replaced by condition (d), which turns out to be sufficient for
our application to Sw,oq,,r, (X; 0*) in Theorem 3.3. The other conditions are mainly due to the
non-stationary setting induced by the presence of ¢, and R,,. They allow in particular to control
the asymptotic behavior of the empirical covariance matrix in (A.1). For two square matrices
A, B, we write A > B when A — B is a positive semi-definite matrix.

Theorem A.1. Forn e Nand j € Z¢, let X n,j be a triangular array field in a measurable space
S.ForneN, let T, c Z¢ and a, € R4 such that |Z,| — oo and oy — 00 as n — 00. Define
Sp = Z,jeIn Zy,j where Zy, ;= fu j(Xnk, k € Ky, j) with Ky j = {k € 74k — j| < o) and

where fy ;: SKni 5> RPisa measurable function. We define in and ¥, by

S.=>. Y ZujZl; and T,=E3,.
jeL, keI,

k= jl<om

We assume that:
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Figure 2. Normal QQ-plots for estimates of the parameter ¢ (left) and o (right) for the low interaction
Lennard—Jones model, that is, (log(8), ¢, 0) = (1og(100),0.1,0.1). The first row (resp., the second and
third) corresponds to estimates obtained with a;, = Ry = aopt (resp., with @y = agpt, Ry = 00 and with
ap =0, Ry = 00). The optimal values aopy are given in Table 1.
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Figure 3. Normal QQ-plots for estimates of the parameter ¢ (left) and o (right) for the moderate interaction
Lennard—Jones model, that is, (log(8), ¢, 0) = (log(100), 0.5,0.1). The first row (resp., the second and
third) corresponds to estimates obtained with a = Ry, = aopt (resp., with ay = aopt, Ry = 00 and with
ap =0, Ry = 00). The optimal values aopy are given in Table 1.
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Figure 4. Normal QQ-plots for estimates of the parameter ¢ (left) and o (right) for the high interaction
Lennard—Jones model, that is, (log(B),¢,0) = (log(100), 1,0.1). The first row (resp., the second and
third) corresponds to estimates obtained with a;, = Ry = aopt (resp., with @y = agpt, Ry = 00 and with
ap =0, Ry = 00). The optimal values aopy are given in Table 1.
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(@) EZ, j =0 and there exists q¢ > 1 such that sup,,- supjez, EllZn, 1% < oo,
(b) for any sequence J, C I, such that |J,| — oo as n — o0,

1Tl ™t > (22 0) | = 0.

Jk€Tn

Then i]‘a,(,(4q_l)/(2q_l))d =o(|Z,|) as n — o0,

T (S —Z) =0 in L% (A1)

If, in addition:

(c) there exists a positive definite matrix Q such that |I,|~ "%, > Q for n sufficiently large,
(d) asn— o0

\Zal V2 Y " E|E(Znj | Xnko k # )] =0,
J€Zy

then

=128, 4 N, 1,). (A2)

Before detailing the proof, let us remark that if assumption (a) is valid for any ¢ > 1 then the

result remains true if oz,(12+£)d =0(|Z,|) for any ¢ > 0.

Proof of Theorem A.1. For m,m' =1,..., p, let A,y = (fn — X)) mm- Let ¢ > 1 be as in
assumption (a), the assertion (A.1) will be proved if we prove that E(|Z, |24 Afnqm,) =o0(1). We
have Ay =3 iz, Un,j Where

Un,j = Z {Z”’]'Zl;r,k _E(Zn’jzr—lr,k)}mm’
kEI,Lj

and Z, ; =tk €1, : |k — jl < o} Let ji, ..., jog € Z, such that |jx — ji| > 4a, for k =
2,...,2q. Itis clear that for any j € Z,,, Uy, ; depends only on X, ; for |k — j| < 2a,. So,

EUn.j, - Unjo,) = E{EUnji - Unjn, | Xnkes Ik — j1] > 20 }
= E{U”’JQ e U”’quE(U"vjl | X ks Ik — jil > 20[,,)}
=E{Un.j, -+ Un.j,B(Unj)} =0,

whereby we deduce that

E(Au)= 2 B Uy
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Now, by condition (a) and Ho6lder’s inequality, we have for any j € Z,

EUIqu = Z E[{Zn /Zn k1 E(Z" JZn kl)} {Zn /Zn kz E(Zn ]Zn kzq)}mm’]
k1 ,,,,, kzqGIn j
=c Z Mg
ki,..., kquI,, j

2
< C<SUP #lkeT,, k—j| < Oén}> "= O(Ofqu)
Jj€Ly

From Holder’s inequality, we continue with

Ea2 )< Y EEUX)EW ) = ofa Y ,)

i n,ji n,j2g
J1esjoq €0
Ljk—j1]<40n,k=2,....2q

leading to
(4g—1)d

_ oy
E(IZ,172A2 ) = O(W) = o(1)

by assumption on «;,, which completes the proof of (A.1).
‘We now focus on (A.2) and we let

= —1/2 < -1/2
Sp=2%, / Sn,s Sn,j = Z Znk and Sn,j =3, / Sn,j’
kEIn.j

where we recall the notation Z,, ; = K, j NZ,,. According to Stein’s method (see [9]), in order to
show (A.2) it suffices to prove that for all # € R? such that ||u|| =1 and for all w € R

E{(iw - uTE,,)eiw“TE"} -0

as n — oo where i = 4/—1. Letting v = wu, this is equivalent to show that for all v € R”,

IE(A;) || = 0 where A, = (iv — §n)ei”T§". We decompose the term A, in the same spirit as [9]:
A, =A,1— A2 — Ay 3 where

A =iel Sn(] -5,"2%" 2, n12_1/2>v
J€Ly
lv S"(I _2_1/22112_1/2)

iv’S, —1/2 .. To —iv'S, :
Anp =V Sz 2N 7, (1= 0TS, — e S,
J€Ly

—1 2
}13_ / ZZ ll) (Sn Sn])
JeL,
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and prove in the following that [|[EA, .|| = O forr =1,2,3 as n — oc.

First, assumption (c) implies that |Z,,|~' £, is a positive definite matrix for n sufficiently large,
which is now assumed in the following. By £, we denote the constant p/Amin (Q) Where Amin(M)
stands for the smallest eigenvalue of a positive definite squared matrix M. For n sufficiently large,
Amin(1Z ]~ 20) = Amin(Q) > 0 whereby we deduce

—1/2 - —1\1/2 -
|2 = 1 2 (T2, 1) 2 < € (A3)
Using this result, Jensen’s inequality and the sub-multiplicative property of the Frobenius norm,

we get for ¢ > 1 satisfying (a) and the assumption on ¢,

—1/2’2\” —1/2 ||2q

IEA, 1179 < [0II*E[ 1, -
< oI |2, 2| MENS, — )%
< 4] |Z, |72 E| S, — Zall¥,

whereby we deduce that |[EA, 1| — 0 from (A.1).
Second, since |1 — et — iz] < 22/2 for any z € R, we have

] _ _
R e DI EA (v7S,,)?
JjeL,

) S22
<My ¥ a0 o

J€Ly J€Zy

where
2

-
=1Zujll Y. Z)3Zuw 0.
kk'eZ, ;

By, j=1Znl

Z Zn,k

ke, ;

Let us decompose B, ; = B(l) + B(z). where B(j = By, j1(Z,, Il < |Z,]7) and B(z) =
B, j1(I1Z, 1l > |Z,|7) with l/r —2(4p — 1). By assumption (b), we have

BBV < 1Zul™ > [E(Z) 1 Znie)| = O(Tal* VT j1) = O(ITul"ed). (A4
k,k’EIn,_,’

By assumption (a), using Holder and Bienaymé—Chebyshev inequalities, we continue with

EB”) < E{NZn, i W Zn i M Zo g 11(]| Zn,j > 1Z017 )}
ki €L, ;

A (49-3)/(4q)
= a2du ) q)P(”Zn‘j” > |In|r) B (A.5)
3/ - 4g-3)/(4 .
,1‘]#4(/1( D(|Z, | 4‘”E||z,,,j||4f1)( q-3)/(4q)

<//L4q 2d|I| (4(] 3)‘[
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Combining (A.4)-(A.5), we deduce that as n — 0o

Oég T a}%d —(4q-3)t
B2l < Eldn2ll = O =i lZl ) + O (2 1Tl =o(1)
n n

by definitionof 7 and .
Third, for any j € Z,, S, — Sp,; does not depend on X, ;. This yields

—-1/2 v (S,—5, : .
EA,; =%, 1/ Z E{elv Sy S""/)E(Zn,j | X ks k ])}’
JjeL,
whereby we deduce, in view of (A.3), that
IEA 31l < c|Zul ™"/ Y E|E(Znj | Xnk k% )|

J€Ln

which tends to 0 by assumption (d). (I

Appendix B: Auxiliary results

We gather in this section several auxiliary results. They are established under the setting, assump-
tions and notation of Section 3. In particular, we recall that A; is the cube centered at j € 74

with volume 1, A, ; =A; N(W, © ), I, C Z4 is the set such that W, © a,, = UjeI,, Ay j,
By, =B(u,a,) and for any A € R?
SA = sA(X; 0*) :/ t(u,Xp, ) o+, Xp, ) du — Z t(u,Xp,, \u), (B.1)
A MEXA
sh = sy (X; 6’*):/At(u,XBuyn))Lg*(u,X)du— > tw.Xp,, \u). (B.2)
MGXA

Lemma B.1. Let j € 1, and u € A, j, assume [g], set y' =y —d—cwhere0<e <y, —d
and define

’

[ 14, %) =) | g (v — )

VEX
Gu.x)=Y_[lv—ul"”1(lv — ull = ro).
vex
Hu,x)=Y_[lv—ul™*1(|v = ull = ro).
vEX

Then, if oy, > rg:

@ ltml(u,xp,,) |= 1|, X),
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Qi) [t (14, %) = b (11, X, )| < cmin{G (u, %), 0 H(, %)},
ﬁ)WE&MM%@—MWJWMSMMWWMm@mmam@ﬂﬂﬁMJ»

Proof. The first statement is straightforward from the definition. For the second one, from [g] and
since «,, > ro,

D em@—w1(v = ull = ay)

vex

<c Y llv—ul1(llv - ul = o),

vex

|t (u, X) — tyy (1, Xp,,)| =

which is clearly lower than c¢G (u, x). Pushing one step further, we get

’ !
—_ 7[]* —
|t . %) =t (. X, )| < oty D o —ul " 1([Jv —ull = @) < o’ H(u,x),
vex

which proves (ii). For the third statement, since for all x, |1 — ¢*| < |x|e™!, we have

| Trexye @00
u,n .

Zvex o Po(v—u)
Bqu

:Ag(u,x)|1 —e

Y Pw—uw

VEXG

| Ao (u,x) — Ao (u,xp,,)

S)LQ(’/LX) e

The result follows from the same inequalities as before, noting that

14
Yo opo—w|=|D 0n Y gulv—u)
m=2

UexBft.n vexBrs,n

<c ) Jgm—w[1(llv —ull > ay).

vex

where ¢ = (p — 1) supgg Sup,, |0m| < 00, since O is bounded. O

Lemma B.2. Under the assumption [g], then for any 6 € ® we have the following statements
where E denotes the expectation with respect to Pyx:

(1) Forany g >0, E{Ag(0,X)?} < oc0.
(ii) Let f :R? — R be a measurable function such that | f(u)| < c(1 + |ul)~Y withy > d,
then for any g > 0

E{eq‘ ZMEX f(“uH)‘} < 0.

(iii) Forany q >0, q' >0 and 6 € O, E{|1,,](0, X)? 19 (0, X)q/} < 0.
(iv) Let f1 and f> be two functions as in (ii), then for any q1, q2,q3 > 0 and g’ > 0,

E{ | (0, X)7!

q2 ,
Zfl(”u”)‘ eqs\zuexfz(\lull)\)he((), X)4 } < 00,

ueX
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Proof. The first statement is a consequence of Proposition 5.2(a) in [39]. It relies on the fol-
lowing property; see also [31], Lemma 2. If ¥ : RT — R¥ is a decreasing function with
fooo ¥ (1)t9= 1 dr < oo, then for any g > 0,

E(eq D uex W(HMH)) < 00,

The proof of (ii) is an easy consequence of this property. We deduce in particular that all mo-
ments of ), x f(llull) exist and are finite. Assuming (iii) is true, then (iv) is a straightforward
consequence of the previous properties and Holder’s inequality. Let us prove (iii). For any € > 0,
using the fact that for any ¢ > 0,k > 0, x — x%e¢™"" is bounded on [0, 00), we have

|t 1(0, X)% 260, X)9 = [1,,] (0, x)9 ™4 Zicza i (0:)

— |tm |(O’ X)qefq/ﬂemtm (0,x)|e(1/5|9mtm (O,X)|7q/ Zf:z Ok 1 (0,x)

< ce_q/ Zuex ‘1)9(’4)’

where Ci>9 (u) = 2522 Okgk(u) — €160, 8m (u)|. The proof of (iii) is completed in view of (i) if we
show that ® satisfies [®] for any 6. Write Dp (1) = @1 (u) + P2 (u) with

g 0 P
1) = 7 g200) + ) Ohgi ().
k=3

- 0
&y (u) = 7282(14) — |6 gm ().

From [g], we deduce that there exists r > O such that ||u|| < r implies @1 (u) > cllul~".
Moreover, if m = 2, éz(u) > 0 for all ||u|| < rg, provided ¢ < 1/2. If m > 3, there exists r’
such that |lu|| < r’ implies 6,8, (u)| < cgllul| ™" /(4e) where c, is the constant in [g], yield-
ing Dy(u) > (cg/Mlull”"". In all cases, we obtain that for some ri > 0, |lu]| < r; implies
®(u) > c|lul|~”". On the other hand, it is clear that if ||u| > ro then |®(u)| < c|lul|~"? and
that d~>9 is bounded from below, proving that it satisfies [®]. O

Lemma B.3. Let j € T, and s,y = (sa, ;)m, respectively, Sy = (S/An ,-)m’ be the mth coordinate
of sa,; given by (B.1), respectively, S/Anj given by (B.2). Under [g], if oy > ro then, for any
g € N, E(Js]9) < 00 and E(Js;,|9) < oo.

Proof. The proof being similar for s, and s, , we only give the details concerning s, . From (B.1)
and the binomial formula, the statement is a consequence of

|

P1
> tn@.Xp,, \u)

u EXA,, j

/ (10, X5, Yoo (1, X, ) du
A

n.j

p2
<o
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for any p1, p2 € N. Applying the Cauchy—Schwarz’s inequality, we consider each term above
separately. First, for any p € N, by Holder’s inequality and using Lemma B.1 we get

| |

Pror(u,Xp,,)"} du

/ i (1t XBM n))‘e' (u, XBu n) du
A

n.j

< c/ E{|tm (. X5,,)

J

< c/ E[ [t u, X) [P {Aox (u, X)P + | Ao (u, X, ) — how(u, X)|"}] du

\J
< c/ E[ [t (1, X)|” 2 (u, X)P{1 + G (u, 0)ePC @0 ] du
n.j

which is finite by Lemma B.2 and the stationarity of X.
Second, we can prove by induction and successive application of the GNZ formula; see Corol-
lary 3.1 in [17], that

MEXA,L]-
14 k
— . [P
=) Z E/Ak.xe (fur, o X) [ [ 07 (e, X5, U\ eg}) du
k=1 ( Pk)ETk n,j =1
where ’7',5‘ is the set of all partitions of {1,..., p} into k subsets, |P| is the cardinality of P,
u= (uy,...,up)andu\ug = Wy,...,up—1,Ug+1,-..,Ux). Since

k@*({ul,...,uk},X Hk@*(ug,X) 1_[ eiq)Q*Ohiu[)

i=1,i#L
we obtain by application of Holder’s inequality,
P
E{ Y i, Xp,, \w }
MGXAn,j
p k
< Z El/k / ) )\8* (“Za X)k ’tm (MIZ, XBu_n U {u \ ue} | k|P| 1_[ e—kd>9* (ui—uyg) du.
k=1 PeTh t=1 A i=1,it

The proof is completed if we show that all expectations above are finite. To that end, note that

k

tm (e, Xp,,, U{u\ue}) =ty (ue, Xp,,) + Z &m(up —ug),
h=1,h=£¢
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whereby, denoting ¢ = k|P)|

k
E/ }“9* (M[, X)k |tm (ue’ XBLM U {u \ up }) |l] l_[ g—kq)gr (uj—uyg) du
A i=1,i#0
9 g k d
Z (r)/ Z &m(up — ug)
r= n,j lh=1 h;ﬁe
k
x [T e @O |tnue. Xa,,)|" " ho- (e, X)) du
i=1,il
q k
<c) > /k |gm (un —uo)|"
r=0 h=1,h#e’ ®n.j

% l—[ e_kq)"*(“"_uZ)E{|fm(M€7XBu,n) q_rkg*(ug,X)k}du

i=1,i#t

The last expectation is finite in view of Lemma B.2, so the above expression is lower than

CZ Z / |gm(uh—ug)| l_[ e_kd)(?*(”t_ué)du

r=0h=1,h#£L i=1,i#L

k=2 4
cof [ val TS [ oo,
Rd =R

which is finite from [g]. (I

Lemma B.4. The following properties hold under the assumption [g]:
(i) For A1, As two bounded Borel sets of R?

Cov(s;\1 , sﬁ\z)
=E/ t(u,Xp, ), Xp,,) " ror(u,X)du
A1NA,
+E / / 0 X, )1 (0, X, (e 1 X)hg (0, X) — e (e, ). X) ) o
A J A
.
—l—E/ / Avt(u,XBM‘H){AMI(U,XBU‘H)} Ag*({u,v},X)dudv,
A J A

where for any u, v € R?, x € Q and any measurable function f : R? x Q — RP, the difference
operator Ay is defined by Ay f (u,x) = f(u,xUv) — f(u,Xx).
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(ii) Let (A,) be a sequence of increasing domains such that A, — R? as n — 0o, then
|A,] 7! Var(sh ) = oo,

where X is defined by (3.11).
(iii) Let j,k € Z,. Then if |k — j| > 2ro,

[Cov(sh, s, )| < clk— 17

@iv) Forany j,k € I,, if oy, > 1o, then
c c

y' . + 2y’
oap (L +1k—jI"?) oy

||C0V(sAn./.,sAn,k) — COV(S/A,L.]-’S/A"’/() || <

as n — 0o, where we recall thaty' =y, —d — e with0 <& <y, — d.

Proof. (i) is a slight extension of [14], Lemma 3.1, where the case A; = A, was considered.
The proof is omitted.
For (ii), we note that for any u, v € RY, m>1andx e

hor (1, X)gr (0, %) — A (1, v}, X) = Age (11, X)Age (v, X) {1 — e~ P @710} (B.3)

and

0, ifm=1,

an(v),  ifm>2 (B.4)

Aptyy (U, X) =t (U, XU V) — t,, (4, X) = {

which leads to A,f (v, X) = g(v). Letting |¢|(u, X) = {|tn| (4, X)}n>1 for any u € RY and x € ,
we have for any u, v € R¢

e, X, e v, Xp, )T < 171G, X110, X) T

The result is derived using the dominated convergence theorem, the stationarity of X and since
from Lemma B.2 the random variables

112100, X)1£1(0.X) " 29+ (0,X) and  [[1£](0, X)[¢[ (v, X) " || Ag+ (0, X) A (v, X)

have expectation uniformly bounded in v while by [g]
}1 — e P ] dv<oo and / ”g(v)g(v)T ”e_(b(’*(“) dv < o0.
R4 R4

To prove (iii), we apply (i) to the disjoint sets A, j, A, and relations (B.3)—~(B.4) to get

”COV(S/An,j ’ S/An,k) ”

§E/ / el G, X121, X) T | Age (u, X)dgr (0, X)[1 — e~ PO~ [dudv  (B.5)
An,j An,k

+ Ef / lg —u)gw —uw) " || rg (u, X)hge (v, X)e™®o* O~ dy dv.
An.j An‘k



Estimation of Gibbs point processes with infinite range interaction 1331

Since |k — j| > 2rg, we deduce from [g] that for any (u,v) € A, ; x Ay and any m > 2,
lgm (v —u)| < clk — j|~72. This leads to

lew—wgw—wT"| <clk—jlI77.

Similarly, since ®g« = 251:2 O.8m, forany (u,v) € A, j X Ayg, e~ Por (=) < Pl Ppx (V)] <
and
|1 — e %000 | < |@gu (v — u) [P O~ < ¢k — j| 772, (B.6)

Plugging these inequalities in (B.5) shows (iii), as the remaining terms have finite expectations
from Lemma B.2.
We now focus on (iv). Let us write sa,, ; = S’AM_ + I where I; = fAn,./ 7, (1, X) du and

(U, X) =1 (u, X, ) {ho+ (U, Xp,,) — Aor(u,X)}.

We have
Cov(sa, ;> Sa,i) — COV(S/AM , S/An,k) ®7)
=E(sh, , L)+ E(sh,, I[) +E(I;1]) —E(sa, DE(sa, ) -
Let us control each term in (B.7). From the GNZ formula,
E(s/An /,IkT) = E/ / t(u, X)Agx (u, X){nn(v, X) — 7, (v, XU u)}Tdu dv.
v An,j Amk
By definition of Ag+ and ¢ (see (2.2) and (3.2)), we have for any u, v € R and x € Q
Tn (v, xU ) = e~ P 7 [, (0, %) + g (v — u){ Ao+ (v, Xp,,,) — Aor (v, %)} ],
whereby
/ T
E(sa, I )
= E/ f 1, X)hor (u, X) {1 — e~ ®* O, (0, X) T dudv (B.8)
An J An,k

—E/ / £, X)hor (u, X)e™ P e (v —u) T {ape (v, Xp,.,) — Ao+ (v, X) } du dv.

[g] implies [®] which in turn yields |1 —e~®¢*=4| < 1 4 ¢~ ®0* =) < ¢ since Py is bounded
from below. On the other hand, for any m > 2, denoting ®g» = Pg» — ¢|0)) g,,,| for some ¢ > 0,

—Dyx —KX

we have |g,|e = |gm|e_5|0r;gm‘e_q’9* < c since x > xe is bounded on [0, co) for any
k > 0 and ®y- satisfies [®] as seen in the proof of Lemma B.2. This proves that for any u, v,
le=®o*@=W gy — ) T| is bounded. Moreover, from (B.6), we know that if |k — j| > 2r¢, then
[1—e~®er@=0| < ¢|k — j|772, and similarly [[e=®e* @~ g(w —u)T|| < c|k — j|772. We deduce
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that for any u € A, j, any v € A, and any j, k, |1 — e ®*®~0| < (1 + [k — j|)~" and
le=®o* =gy —u)T| < c(1 + |k — j|)~72. Plugging these inequalities in (B.8) and applying
Lemmas B.1-B.2 to the remaining terms shows that for any j, k

E(sh, 1)) <—-=F . (B.9)
|E(sh, &) TR

The same inequality obviously holds for ||E(s’An kIjT) ||. For the two last terms in the right-hand
side of (B.7), namely

E(1;1]) =E/ / 70 (u, X) 7, (v, X) T du dv
An,j An,k
and, after application of the GNZ formula,

E(SAn._;)E(SAn,k)T=f / Ex, (u, X)Em, (v, X) " dudv,
An,_i An,k

we deduce from Lemmas B.1-B.2 that their norm is bounded by o, 2 for any j,k,up to a
positive constant. The latter and (B.9) prove (iv). O
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