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Cramér type moderate deviation theorems quantify the accuracy of the relative error of the normal ap-
proximation and provide theoretical justifications for many commonly used methods in statistics. In this
paper, we develop a new randomized concentration inequality and establish a Cramér type moderate devia-
tion theorem for general self-normalized processes which include many well-known Studentized nonlinear
statistics. In particular, a sharp moderate deviation theorem under optimal moment conditions is established
for Studentized U -statistics.
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1. Introduction

Let 7, be a sequence of random variables and assume that 7, converges to Z in distribution.
The problem we are interested in is to calculate the tail probability of T,,, P(7, > x), where x
may also depend on » and can go to infinity. Because the true tail probability of 7}, is typically
unknown, it is common practice to use the tail probability of Z to estimate that of 7,. A natural
question is how accurate the approximation is? There are two major approaches for measuring the
approximation error. One approach is to study the absolute error via Berry—Esseen type bounds
or Edgeworth expansions. The other is to estimate the relative error of the tail probability of T,
against the tail probability of the limiting distribution, that is,

P(T, = x)

=Y > 0.
P(Z > x) t=

A typical result in this direction is the so-called Cramér type moderate deviation. The focus of
this paper is to find the largest possible a, (a, — ©0) so that

P(T, > x)

Pren " 1+0(1)

holds uniformly for 0 <x <a,.
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The moderate deviation, and other noteworthy limiting properties for self-normalized sums
are now well-understood. More specifically, let X1, X, ..., X, be independent and identically
distributed (i.i.d.) non-degenerate real-valued random variables with zero means, and let

n n

2 2

Si=Y X and V2= X;
i=1 i=1

be, respectively, the partial sum and the partial quadratic sum. The corresponding self-normalized
sum is defined as S,/ V,. The study of the asymptotic behavior of self-normalized sums has a
long history. Here, we refer to [27] for weak convergence and to [20,21] for the law of the
iterated logarithms when X is in the domain of attraction of a normal or stable law. [4] derived
the optimal Berry—Esseen bound, and [18] proved that S, /V,, is asymptotically normal if and
only if X belongs to the domain of attraction of a normal law. Under the same necessary and
sufficient conditions, [13] proved a self-normalized analogue of the weak invariance principle. It
should be noted that all of these limiting properties also hold for the standardized sums. However,
in contrast to the large deviation asymptotics for the standardized sums, which require a finite
moment generating function of Xi, [30] proved a self-normalized large deviation for S,/V,
without any moment assumptions. Moreover, [31] established a self-normalized Cramér type
moderate deviation theorem under a finite third moment, that is, if E| X |3 < 00, then

HD(Sn/vn >x)

— 1 holds uniformly for 0 < x < o(n'/%), (1.1)
1 —®(x)

where ®(-) denotes the standard normal distribution function. Result (1.1) was further ex-
tended to independent (not necessarily identically distributed) random variables by [23] under
a Lindeberg type condition. In particular, for independent random variables with EX; = 0 and
E|X; |3 < 00, the general result in [23] gives

(S, / Vo> x) s Y EIXP

(1.2)
for0 <x < (X7 EXHV2/ 1 ElX P13

Over the past two decades, there has been significant progress in the development of the self-
normalized limit theory. For a systematic presentation of the general self-normalized limit theory
and its statistical applications, we refer to [14].

The main purpose of this paper is to extend (1.2) to more general self-normalized processes,
including many commonly used Studentized statistics, in particular, Student’s -statistic and Stu-
dentized U -statistics. Notice that the proof in [23] is lengthy and complicated, and their method is
difficult to adopt for general self-normalized processes. The proof in this paper is based on a new
randomized concentration inequality and the method of conjugated distributions (also known as
the change of measure method), which opens a new approach to studying self-normalized limit
theorems.

The rest of this paper is organized as follows. The general result is presented in Section 2. To
illustrate the sharpness of the general result, a result similar to (1.1) and (1.2) is obtained for Stu-
dentized U -statistics in Section 3. Applications to other Studentized statistics will be discussed in
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our future work. To establish the general Cramér type moderation theorem, a novel randomized
concentration inequality is proved in Section 4. The proofs of the main results and key technical
lemmas are given in Sections 5 and 6. Other technical proofs are provided in the Appendix.

2. Moderate deviations for self-normalized processes

Our research on self-normalized processes is motivated by Studentized nonlinear statistics. Non-
linear statistics are the building blocks in various statistical inference problems. It is known that
many of these statistics can be written as a partial sum plus a negligible term. Typical exam-
ples include U -statistics, multi-sample U -statistics, L-statistics, random sums and functions of
nonlinear statistics. We refer to [12] for a unified approach to uniform and non-uniform Berry—
Esseen bounds for standardized nonlinear statistics.

Assume that the nonlinear process of interest can be decomposed as a standardized partial sum
of independent random variables plus a remainder, that is,

1 n
p (;& + D1n>,

where &1, ..., &, are independent random variables satisfying
n
E& =0  fori=1,....n and » E&* =1, 2.1)
i=1
and where Dy, = D,(&1,...,&,) is a measurable function of {&; };':1. Because o is typically

unknown, a self-normalized process

1 n
Tn = /O'_\ (Zél + Dln)
i=1

is more commonly used in practice, where & is an estimator of o. Assume that & can be written

as
n 1/2
o= {(Zé})(l + Dzn)} :
i=1

where D5, is a measurable function of {&; ?:1- Without loss of generality and for the sake of
convenience, we assume o = 1. Therefore, under the assumptions in (2.1), we can rewrite the
self-normalized process 7, as

Wn + D]n

—_nTZn 2.2
V(14 Dyy)1/? @2

n

where

Wy=Y & Vo= (Zsﬁ) :
i=1 i=1
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Essentially, this formulation (2.2) states that, for a nonlinear process that be can written as a
linear process plus a negligible remainder, it is natural to expect that the corresponding normal-
izing term is dominated by a quadratic process. To ensure that 7, is well-defined, it is assumed
implicitly in (2.2) that the random variable D, satisfies 1 + D3, > 0. Examples satisfying (2.2)
include the ¢-statistic, Studentized U- and L-statistics. See [38] and the references therein for
more details.

In this section, we establish a general Cramér type moderate deviation theorem for a self-
normalized process 7, in the form of (2.2). We start by introducing some of the basic notation
that is frequently used throughout this paper. For x > 1, write

n n
Ln,x = Z‘Si,)ﬁ In,x = Eexp(an - x2VnZ/2) = HEeXp(éi,x - %.iZ’x/z)’ (23)
i=1 i=1
where 8; ; = E&2 (|| > 1) + E[§;«[*I (1§ ] < 1) with & := x&. Fori =1,...,n, let D}’

and Déln) be arbitrary measurable functions of {&; 7: 1 it such that {D&), Dgn)} and &; are inde-
pendent. Moreover, define

R,x=1

1
n,x

x (E{(x|D1n| + X3 Dy [) 21 €0 =5]/2))
0 2.4)
+ ZE[min(|§i,x|, ){|Din — D%’n)| + x| Dy — Déil)’}er#@j,x_Eix/Z)] '
i=1
Here, and in the sequel, we use > ki = Z?: 1 ji for brevity.

Now we are ready to present the main results.

Theorem 2.1. Let T, be defined in (2.2) under condition (2.1). Then there exist positive absolute
constants C1—C4 and c| such that

P(T, > x) > {1 — ®(x)} exp{—C1 Ly }(1 — C2Rp x) (2.5)
and

P(T, >x) < {1 - (D(x)} eXp{C3Ln,x}(1 + C4Rn,x) 2.6)
+P(x|Din| > Vi /4) + P(x?|D2y| > 1/4)
for all x > 1 satisfying
max §; x <1 2.7

1<i<n
and

Ly <c1x”. 2.8)
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Remark 2.1. The quantity L,  in (2.3) is essentially the same as the factor A, , in [23], which
is the leading term that describes the accuracy of the relative normal approximation error. To
deal with the self-normalized nonlinear process T}, first we need to “linearize” it in a proper
way, although at the cost of introducing some complex perturbation terms. The linearized term is
xW, —x? Vn2 /2, and its exponential moment is denoted by I,, , as in (2.3). A randomized concen-
tration inequality is therefore developed (see Section 4) to cope with these random perturbations
which lead to the quantity R, , given in (2.4). Similar quantities also appear in the Berry—Esseen
bounds for nonlinear statistics. See, for example, Theorems 2.1 and 2.2 in [12].

Theorem 2.1 provides the upper and lower bounds of the relative errors for x > 1. To cover
the case of 0 < x < 1, we present a rough estimate of the absolute error in the next theorem, and
refer to [32] for the general Berry—Esseen bounds for self-normalized processes.

Theorem 2.2. There exists an absolute constant C > 1 such that for all x > 0,
IP(T,, < x) — ®(x)| < CRy.x., (2.9)

where

v

Rn,x = Ln,l—i—x + E|D1y| 4+ xE| Doy |
(2.10)

+ Y E[&{I&] < 1/ +0}{| Din — Dy, | + x| D2y — D5)[}]
i=1

for Ly 14x asin (2.3).

The proof of Theorem 2.2 is deferred to the Appendix. In particular, when 0 < x < 1, the
quantity L, 14+, satisfies

Loax = (1407 Y EI{I&] > 1/0+ 0} + 1+ Y El&PI{l&] < 1/ + 1)

i=1 i=1

< (14+x)?) B&I(1&]>1/2)+ (1 +x)° Y EI&1P1(1&| < 1)

i=1 i=1

<(U+0)? Y EEI(E]> 1)+ +x)2 Y EI(1/2<|&] <1)

i=1 i=1
n
+(1+x7° Y EEPI(&<1),
i=1
which can be further bounded, up to a constant, by

S E&(&1> 1)+ > ElEP1(1&] < 1).

i=1 i=l1
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Remark 2.2. 1. When Dy, = Dy, =0, T, reduces to the self-normalized sum of independent
random variables, and thus Theorems 2.1 and 2.2 together immediately imply the main result
in [23]. The proof therein, however, is lengthy and fairly complicated, especially the proof of
Proposition 5.4, and can hardly be applied to prove the general result of Theorem 2.1. The proof
of our Theorem 2.1 is shorter and more transparent.

2. D1, and Do, in the definitions of R, x and E,,, x can be replaced by any non-negative random
variables D3, and Dg,, respectively, provided that | Dy, | < D3, |Day| < Day.

3. Condition (2.1) implies that &; actually depends on both n and i; that is, & denotes &,;,
which is an array of independent random variables.

3. Studentized U -statistics

As a prototypical example of the self-normalized processes given in (2.2), we are particularly in-
terested in Studentized U -statistics. In this section, we apply Theorems 2.1 and 2.2 to Studentized
U -statistics and obtain a sharp Cramér moderate deviation under optimal moment conditions.

Let X1, X2, ..., X, be a sequence of i.i.d. random variables and let # : R — R be a sym-
metric Borel measurable function of m variables, where 2 <m < n/2 is fixed. The Hoeffding’s
U -statistic with a kernel /1 of degree m is defined as (Hoeffding [22])

1
Un:T Z h(Xi]7'~'7Xim)ﬂ

(Wl) I<ij<-<ipm<n
which is an unbiased estimate of 0 = Eh(Xy, ..., X,;,). Let
h](x)ZE{h(Xl,Xz,...,Xm)|X1=x}, xeR

and
0% = Var|hi1(X1)}, of = Var|h(X1, X2, ..., Xm) ). (3.1)

Assume 0 < 0% < 00, then the standardized non-degenerate U -statistic is given by

Zy= ﬁ(U n—0).
mo

The U -statistic is a basic statistic and its asymptotic properties have been extensively studied
in the literature. We refer to [25] for a systematic presentation of the theory of U -statistics. For
uniform Berry—Esseen bounds, see [1,2,5,8,9,16,17,19,29,35,39] and [12]. We refer to [15,24]
and [6,7] for large and moderate deviation asymptotics.

Because o is usually unknown, we are interested in the following Studentized U -statistic
(Arvensen [3]), which is widely used in practice:

n
1, =Y W, — o),
msy
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where s12 denotes the leave-one-out Jackknife estimator of o' given by

= ”_1)§:w, U)? with

m)? 4
3.2)

1
9i = 3 Z h(Xi, Xeys oo Xop )

(m—l) I<li<-<lpy_1<n
Li#i, j=1,...m—1

In contrast to the standardized U -statistics, few optimal limit theorems are available for Studen-
tized U -statistics in the literature. A uniform Berry—Esseen bound for Studentized U -statistics
was proved in [38] for m = 2 and E|h(X1, X2)|3 < 00. However, a finite third moment of
h(X1, X2) may not be an optimal condition. Partial results on Cramér type moderate deviation
were obtained in [36,37] and [26].

As a direct but non-trivial consequence of Theorems 2.1 and 2.2, we establish the following
sharp Cramér type moderate deviation theorem for the Studentized U -statistic T},.

Theorem 3.1. Assume that o), := (E|h1(X1) — 0|17)1/P < o0 for some 2 < p < 3. Suppose that
there are constants cy > 1 and t© > 0 such that

m
2 2
{hGx1, . xm) =0} <o |:rc72 + Z{hl(x,') -0} } (3.3)
i=1
Then there exist positive constants C1 and ¢ independent of n such that
P(T, > x) (1+x)7 (1+x)°
1_7(1)()6):1 +O(1){(0p/cr)p Py + (Vam +on/o) NG (3.4
holds uniformly for
0<x<c mln{(o/a ynl/2=1/p , (n/ap )1/6}
where |0 (1)| < Cy and a,, = max{cot, co + m}. In particular,
P(T, >
Plnzx) (3.5)
1—®(x)

holds uniformly in x € [0, o(n'/?>~1/P)).

It is easy to verify that condition (3.3) is satisfied for the ¢-statistic (h(x1, x2) = (x1 + x2)/2
with ¢p =2 and t = 0), sample variance (1(x1, x2) = (x1 — x2)*/2, co = 10, T = 6 /0%), Gini’s
mean difference (h(x1, x2) = |x1 — x2|, co =8, T =6%/02) and one-sample Wilcoxon’s statistic
(h(x1,x0)=1(x1 +x2<0),c0=1, 1= 1/02). Although it may be interesting to investigate
whether condition (3.3) can be weakened, it seems that it is impossible to remove condition (3.3)
completely. We also note that result (3.5) was earlier proved in [26] for m = 2. However, the
approach used therein can hardly be extended to the case m > 3.
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4. A randomized concentration inequality

To prove Theorem 2.1, we first develop a randomized concentration inequality via Stein’s
method. Stein’s method (Stein [34]) is a powerful tool in the normal and non-normal approxi-
mation of both independent and dependent variables, and the concentration inequality is a useful
approach in Stein’s method. We refer to [10] for systematic coverage of the method and recent
developments in both theory and applications and to [12] for uniform and non-uniform Berry—
Esseen bounds for nonlinear statistics using the concentration inequality approach.

Let &1, ..., &, be independent random variables such that

n
E& =0  fori=1,2,....n and » B& =1

i=1

Let

W=y e V=Yg @.1)
i=1 i

andlet Ay = A1(&1,...,&,) and Ay = Ay (&1, ..., &,) be two measurable functions of &1, ..., &,.
Moreover, set

pr=) E&I(&1>1).  p=) ElElI(&<1).

i=1 i=1

Theorem 4.1. For each 1 <i < n, let A(li) and Ag) be random variables such that & and
', Ag), W — &) are independent. Then

n 2
P(A1 < W < Ay) < 17(B+ B3) +5EIA — A +2) Y Elei{a; — AP} @2
i=1 j=1

We note that a similar result was obtained by [12] with E|W (A, — A1)| instead of E|A; —
A1| in (4.2). However, using the term E|W (A> — A1)| will not yield the sharp bound in (3.4)
when Theorem 2.1 is applied to Studentized U -statistics. This provides our main motivation for
developing the new concentration inequality (4.2).

Proof of Theorem 4.1. Assume without loss of generality that A < Aj;. The proof is based on
Stein’s method. For every x € R, let f, (w) be the solution to Stein’s equation

frw) —wfi(w) =1(w < x) — ®(x), (4.3)
which is given by

Vare” Pow) {1 — ()},  w<x,

few) = Vare” Pl —dw)},  w>x.

(4.4)
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Set fry= fx — fy forany x, y € R, 8§ = (B> + B3)/2 and
Ars=A1—8,  As=mM+8 A=A -5 Al =AY+

Noting that & and (AY), Ag), W@ =W — &) are independent and E&; =0 fori =1, ...,n,
we have

]E{WfAz_(s,ALa (W)} = ZE{SI fAz_g,ALa (W)}

i=1

= ZE[Ei{fAz,a,Al,a(W) — fAz,a»Al,a(W(i))}]

= ) (4.5)
+ ZE[Si{fAz,sAl,a (W(i)) - ng;A% (W(i))}]
i=1 ' '
= H| + H>.
By (4.4),
if (w) = _e(wtxz)/zcb(w), w =X,
ax’* W= e(wLxZ)/z{l — <I>(w)}, w > X.
Clearly, sup,. ,, |% fx(w)] <1 and it follows that
n 2 )
|Hal <)) El&{a, — Aj.')}}. (4.6)

i=1j=1

As for Hy, let ki(t) = &{I(=& <t < 0) — (0 < t < —£)} satisfying k;(r) > 0 and
Jp ki(t)dt = €7 Observe by (4.3) that

E{ Fans.ans W) = fagsn, (WD)
=g /_(; flz,a,Al,a(WJr’)dt
=/Rf32_5’m.5(w+;)12,-(t)dz
:/R(W+t)fA2,a,A1_5(W~|—t)l€,-(t)dt

+E{D(A15) — P(A2s)} +f I(A1s < W41 < Mo )ki(1)dt.
R
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Adding up over 1 <i <n gives

H=YE /R W+ fagy ans (W + Dk () dt + B[V (A1 5) — D(As )]

i=1
n

+D B [ 1AL =W r = Mk dr 47
i—1 YR

= Hy1 + Hi2 + His

for V2 given in (4.1). Following the proof of (10.59)-(10.61) in [10] (or see (5.6)—(5.8) in [12]),
we have

Hiz = (1/2)P(A <= W < Aj) =6, (4.8)

where § = (B2 + B3)/2. Assume that § < 1/8. Otherwise, (4.2) is trivial. To finish the proof
of (4.2), in view of (4.5), (4.6), (4.7) and (4.8), it suffices to show that

|Hi2| <0.6E[A2 — Aq] 4 B2+ 0.563 (4.9)
and
E{WfAM,Am(W)} — Hy) < 1I5E|Ay — Ay + 782+ 685. (4.10)
Next we prove (4.9) and (4.10), starting with (4.9).

Proof of (4.9). Recall that A} < Ay and Y7 | E&? = 1. Let § =& 1(|&/| < 1), we have

|Hiz| = E[V{®(A2) — ®(AD}]

<) E&I(|&|> 1) +E[{<D(A2) — (AN} Y & (& < 1)]

i=1 i=1

= p2 +E[{®(Ar) — @ (AD}] D EE’ +]E[{<I>(A2) —o(AD} Y (&8 - Eéf)}

i=1 i=1

1 1 Ar—A\> 1| ?
sﬁz+EE(A2—A1)+§Emin<1,%> +§E{Z(§l_2_]E§iz)}
i=1

1 . Ay — A " =2 =2
< ,32 m ( 2 1) { 1n< s m )'izl(sl ‘i:l)

1 1 1
< B+ —E(Ay — A))+ ——FE(Ay — A)) + =
<B N (A2 1) W (A2 1) 2/33

< 0.6E(Az — Ay) + B2 +0.583,

as desired. O
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Proof of (4.10). Observe that

E{WfAz,a,Al.s (W)} — Hp

:]E{WfAz‘s,Al,a(W)(l - V2)} “4.11)

D8 [ (Whasars W) = OV 400 a0, (W + 001
i=1
= H31 + H3;.

Recall that sup, ,, |% fx(w)| < 1. This, together with the following basic properties of fy(w)
(see, e.g., Lemma 2.3 in [10])

lwfrw)| <1, [few)] <1, (4.12)
lwf(w) — 1) fr(w +1)| < minf{1, (Jw| + 27 /4) |11} (4.13)

and | fy,y(w)| < |x — yl, yields

Hi =E[WfAz,a,Al,a(W)Z{Esfl(m > 1) —&1(l&| > 1)}}

i=1

+ E{ WfAz.l;,Al’g (W) Z(Eézz - éiz) }
i=1
> (EE &)

i=1

< 2,32+2E{1(A2 —A1>1)

|

—i—E{WfAZ_B,AM(W)I(Az —A <)) (BE - Ef)}

i=1

<2B +E(Ar — Ay) + B3 @1

+E{|W|(2a + A= ADI(Ay— A < 1)) (BE? —é,?)}

i=1
< 2B +E(Ar — Ap) + B3 +0.5E{ (26 + Ay — AT (Ar — Ay < D)
n 2
+ o.SE[WZ:Z(Eél? — é,?)} }
i=l1
<28 +E(Ar— A1) + B3 + 282 +0.75E(A2 — A1) + 283
< 2.125B> +3.12583 4+ 1.75E(As — A}),
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where we used the facts that § < 1/8,
E{Z(éf _ Eé})} <p3 and E{WZ(]E;? - .§,.2)} <483,
i=1 i=1

To see this, set U = Y/, n; with n; = §i2 — Eéiz, then by standard calculations,

n n n
U= "Enf <) EE <) EEP =8
i=1 i=1 i=1

and

E(W?U%) = > EGiEmnd =y E(E7) + ) B&PEn; +2)  EénEé n; < 4ps.

i,j.kt i=l1 i#] i#j

As for Hzp, by (4.13)

H32<ZE/2rmn (IW |+ ~27 /4) |t }ki (1) dt

5221&/ k(t)dr+2Z1E/ (IW |+ ~/27 /4)|t]k; () dt

= Ju1 = Jist

<28 +E!(|W| ++/27/4) Y " |& | min(1, 53)}
=l (4.15)

<2/32+E[(|W|+~/_/4 {Dau & > 1 +Z|sz|3”

i=1 =
<282+ Q+V21/4) (B2 + B3)
<478, +2.783,

where we used the inequalities
E{|W|-1&1(&] > 1)} <E|WO| - El& (& > 1) + B&2 I (1&] > 1) < 2B (& > 1)
and E((W| - &%) < EIWD| - E|§* + EE} < 2E[£/>. Combining (4.11), (4.14) and (4.15)

yields (4.10). O
]
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5. Proof of Theorem 2.1

5.1. Main idea of the proof

Observe that V, is close to 1 and 1 + D,, > 0. Remember that we are interested in a particular
type of nonlinear process that can be written as a linear process plus a negligible remainder.
Intuitively, the leading term of the normalizing factor should be a quadratic process, say Vnz.
The key idea of the proof is to first transform V(1 + D)2 to (Vn2 + 1)/2 + Dy, plus a small
term and then apply the method of conjugated distributions and the randomized concentration
inequality (4.2). It follows from the elementary inequalities

1+s/2-s22<A+9)2 <1452, s>-1
that (1 4+ D,)"/? > 1 + min(D»,, 0), which leads to
Va(1+ D2y)'? >V, + V, min(Dy,, 0)
> 1+ (V2= 1)/2= (V> =1)*/2+ V, min(Da,, 0)

> V224172 (V2= 1)?/2+ {14 (V2 = 1)/2} min(D2,, 0) ey
> V2/241/2 = (V? = 1)* + min(Dy,, 0).
Using the inequality 2ab < a? + b? yields the reverse inequality
Va(1 4 D2)'? < (14 D2y) /2 + V7 /2= V, /24 1/2+ D2, /2.
Consequently, for any x > 0,
{Ty = x) € { Wy + D1y = x(V2/2+1/2 = (V} = 1)* + D2y A 0)} s
= [xWa — x2V2/2> x?/2 = x{x(V2 = 1)’ + D1, + xD3, A 0}] o
and
{Ty = x} 2 {xW, —x?V2/2>x?/2+ x(xD2,/2 — D1n)}. (5.3)
Proof of (2.6). By (5.2), we have for x > 1,
P(T, > x)
<P{Wy = xVy(1 4+ Doy A0) = Dy, | Din| < Vi /4x, | Doy < 1/4x7}
+P(|D1yl/ Va > 1/4x) + P(|D2y| > 1/4x7) (5.4)

<P(xW, —x?V72/2>x2/2 = xAy,) + P{W, > (x — 1/2x)V,,

Vi —1]>1/2x}
+P(|D1yl/ Vu > 1/4x) + P(|Day| > 1/4x7),
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where
App =min{x(V2 = 1)> 4 |Dy,| + x D2y A0, 1/x}. (5.5)

Consequently, (2.6) follows from the next two propositions. We postpone the proofs to Sec-
tion 5.2. ]

Proposition 5.1. There exist positive absolute constants Cy, Co such that

P(xW, —x?V;2 /2> x?/2 —xA1,) < {1 = ®(x)} exp(C1Ly ) (1 + C2Ry x) (5.6)
holds for x > 1 satisfying (2.7) and (2.8).
Proposition 5.2. There exist positive absolute constants C3, C4 such that

P(Wu/ V> x —1/2x,

VZ—1]>1/2x) < C3{1 — ®(x)} exp(CaLy )Ly x (5.7
holds for all x > 1.
Proof of (2.5). By (5.3),

P(T, > x) > P(xW, —x2V;/2 > x2/2 + x Agy), (5.8)
where Ay, = x Dy, /2 — Dj,. Then (2.5) follows directly from the following proposition.
Proposition 5.3. There exist positive absolute constants Cs, Ce such that

P(xWy —x2V2/2 > x?/2 + xA2) = {1 — ®(x)} exp(=Cs Ly ) (1 — Co Ry x) (5.9)
for x > 1 satisfying (2.7) and (2.8).

The proof of Theorem 2.1 is then complete. |

5.2. Proof of Propositions 5.1, 5.2 and 5.3

For two sequences of real numbers a, and b,,, we write a,, < by, if there is a universal constant C
such that a, < Cb,, holds for all n. Throughout this section, C, C1, C», ... denote positive con-

stants that are independent of n. We start with some preliminary lemmas. The first two lemmas
are Lemmas 5.1 and 5.2 in [23]. Let X be a random variable such that EX = 0 and EX? < oo,
and set

§1 =EX?I(1X|> 1) +E|XPPI(1X] < 1).
Lemma 5.1. For0 <X <4 and 0.25 <0 <4, we have
EX 0% =14 (12/2 - 0)EX> + 0(1)5y, (5.10)

where O (1) is bounded by an absolute constant.
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Lemma5.2. LetY =X — X2/2. Then for 0.25 < A <4, we have
Ee™ =1+ (x%/2 —1/2)EX? + 0(1)éy,
E(re*’) = — 1/2EX? + 0(1)é,
E(r2e*) = EX? + 0(1)sy,
E(JYPPe™) =018 and {IE(Ye”)}2 =0(1)é,
where the O (1)’s are bounded by an absolute constant. In particular, when . = 1, we have
e < Fe¥ < 2651, (5.11)

Lemma 5.3. Let Y = X — X?/2, Z = X*> — EX? and write

S =EX?I(1X| > 1), S=EIXPI(IX|<1).

Then
|E(Ze")| <4.2611 4 1.5812, (5.12)
E(Z%e") < 4811 + 2812 + 287, (5.13)
E(|YZle") <2811 + 812, (5.14)
E(|Y|Z%€") < 3.1811 + 812 + 83,. (5.15)
Proof. See the Appendix. O

The next lemma provides an estimate of /, , given in (2.3).

Lemma 5.4. Let & be independent random variables satisfying (2.1) and let L, . be defined as
in (2.3). Then there exists an absolute positive constant C such that

L x ZCXP{O(I)Ln,x} (5.16)
forall x > 1, where |O(1)| < C.

Proof. Applying (5.11) in Lemma 5.1 to X = x& and ¥ = X — X2/2 yields (5.16) with
lO(D)] <5.5. O

Our proof is based on the following method of conjugated distributions or the change of mea-
sure technique (Petrov [28]), which can be traced back to Harald Cramér in 1938. Let §; bAe

independent random variables and g(x) be a measurable function satisfying Ee$¢) < co. Let &
be independent random variables with the distribution functions given by

P <y) = g(s — e Blef & < ).
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Then, for any measurable function f : R” — R and any Borel measurable set C,
n A
P{f(Er.....60) € C} =] [Ee*® x E[e~ Zim 8@ [{ £ (&, ... &) e C}].
i=1

See, for example, [23] and [33] for the applications of the change of measure method in deriving
moderate deviations.

Proof of Proposition 5.1. Let Y; = g(§) =& » — Ei%X/Z with & , = x&;, and let él, e, ?;‘n be

independent random variables with é‘i having the distribution function
Vi) =E{e" I < »)}/Ee",  yeR.

Put )/’: = g(éi) = xéi — x2§,.2/2 and recall that xW,, — x2 Vn2/2 = Z;;l Y; := Sy. Then using the
method of conjugated distributions gives

P(xW, —x*V;7 /2> x*/2 — x A1)

=P gE) = x* —xAuEr ... E)

i=1

i (5.17)
= HEeYi X E{e_§YI(§y > x2/2 — len)}
i=1
=y x X H,,
where Sy = Y1, ¥, Hy =E(e™S ISy = x?/2 — xA)} and Ay = Ay, B,
Set
n n n
m, =Y EY;. o=y Var(Y;) and v,=)» E|¥|.
i=1 i=1 i=1
Then it follows from the definition of é,- that
EY; = E(Y;ie'7)/Ee"i,
Var(Y;) = E(Y7e") /Ee" — (EY,),
E|Y;? = E(|Y;[*e¥) /Ee".
Applying Lemma 5.3 with X = x§; and A =1 yields
Ee'i = OWos E(Yie") = (x?/2)E&? + O(1)8;,x
(5.18)

E(Y?e") = x’E£? + O(1)8; », E(1Y;Pe") = 0(1)8;
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and {E(Y;e¥)}? = O(1)é; x. In view of (5.11) and (2.7), using a similar argument as in the proof
of (7.11)—(7.13) in [23] gives

n

my = Y E(Yie")/Ee" =x2/24 O(DLy,x, (5.19)
i=1
n

oy =Y (E(¥?e")/Ee" — (EY;)*} = x>+ O(1)Ly... (5.20)
i=1

vy = ZE |YilPe™) /Ee"" = O (1)L, (5:21)

where all of the O(1)’s appeared above are bounded by an absolute constant, say C;. Taking into
account the condition (2.8), we have Unz > x?2/2, provided the constant ¢; in (2.8) is sufficiently
large, say, no larger than (4Cy)~!.

Define the standardized sum W Wn = (Sy —my) /oy, and let
en=0, ' (x*/2—my),  rn=én+on.

By (5.19)—(5.21) and (2.8) with c; < (4Cy)~!,

len| < \/Eclxian,)n Una,;?, < \/§C1x73Ln,x’ (5.22)
rn — x| < len| + |07 — x2| /(05 +x) <2C1x 'Ly x <x/2, (5.23)

which leads to
H, < E{exp(_O'nW - mn)I(W —&n = _len/an)} < Hy, + Hp, (5.24)

with Hy, = E{exp(—o, W — my)I(W > &,)} and
Hy, = E{exl)(_o‘rl‘//17 - mn)l(_len/O'n = W —ép < 0)}

Denote by G, the distribution function of W, then Hy, reads as
o0
Hi = [ dG,0
&n

o
- e*xz/Z/ e~ dG (s + &,)
0 (5.25)

00 o0
_ exZ/Z{/ eiU”sd{Gn(S‘f‘Sn) —CD(S+8n)}+/ ea,,SdCID(s—i-en)}
0 0

2
= e 2 (J1n + ).
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Using integration by parts for the Lebesgue—Stieltjes integral, the Berry—Esseen inequality, (5.22)
and the following upper and lower tail inequalities for the standard normal distribution

Y) < _ep |y
—e < e du < —e fort >0, (5.26)
1+t ¢ t

we have

|Jl,,|<2sup|G,,(t)—q>(t)]<4vn -3 < e’ 211 = @) }x Ly

For J>,, by the change of variables we have

8_8'21/2 o0 2 6_85/2
Joy = —— expy—(on +e)t —t~/21dt = W (r,),
" am pl=(n +en b === v
where
V(x) = ﬂ =ex2/2/006_t2/2dt.
@' (x) x
By (5.20),
S TN 522 * —12/2
W(s) > and O0<—W¥(s)=1-—yse e dt < for s > 0.
1452 P 1+s2

In view of (5.23), x/2 <r, < 3x/2. Consequently, |V (r,) — V(x)| <4|r, — x|/ (4 + x2), which
further implies that

4
Jznsf{wxw yprplll —x|}sexz/z{l—d><x>}(1+csx-2Ln,x).

By (5.25) and the above upper bounds for Ji, and J2,,
< {1 = @) }(1+Cax ™ Lax). (5.27)
As for Hj,, note that len <1 by (5.5). Therefore,
Hop < '™ /2 5 P(ey — xA1n/on < W < &). (5.28)
Applying inequality (4.2) to the standardized sum W gives

P(en _X’A\ln/an = W <én)
(5.29)

<17v,0,7° + 5xa,” 1E|A1n|+2xo_2ZE|Y [A, =20},
i=1

where /A\(i) can be any random variable that is independent of &. By (5.22), it is readily known
that v, o 3 < +/8Cx XL,, . For the other two terms, recall that the distribution function of 5,
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is given by V;(y) = E{e I (§; < y)}/Ee’i with Y; = g(&;). Then

E|Zm|=f---/A1n(x1,...,xn>dv1(x1)---dvn(xn)

n
=1,;;/.-.fmn(x1,...,xn)]—[{e8<Xf>ngi(xi)} (5.30)
i=1
=1, x E(| A1, leXi=1 1),
It can be similarly obtained that for eachi =1,...,n,
BI7 &1 — A0} = £t x E[[7i{ Ay — A0 5] (531)

Assembling (5.28)—(5.31), we obtain from (5.26) that

Hyp = Cs{1 — @(x)} (szn,x 1L X XE(| A, leXi=1 1)
n ' .,
Y - a5 )
i=1

< s 000 5 L1 B )

n
21 Y Efmin(gl, 1| A — A X4 }},

i=1

where the last step follows from the inequality |t — t2/2|e’_’2/2 <2min(l, |z]) forr € R.

Recall that Ay, < x(V? — 1)? 4 | Dy, | + x| D2, |. To finish the proof of (5.6), we only need to
consider the contribution from )c(Vn2 — 1)2. For notational convenience, let Z; = $i2 — IESZ.Z for
1<i<n,suchthat VZ—1=3"_,Z; and

Vi =) (i =)} =27 +2z: 37,

J#
By Lemma 5.5, (5.28) and (5.29),
Hay < Col1 — @) J{Rux + 372 Lo x (1 + Ly x)eC Mm% b}, (5.32)
Together, (5.17), (5.24), (5.27), (5.32) and Lemma 5.4 prove (5.6). ([l

Lemma 5.5. For x > 1, we have

B{(V? —1)%eXi=Y} S Iy x x Ly o (14 Ly 0) (5.33)
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and

n
ZEHE(Z? +27; ZZ;) X Y-f} Shoaxx L (1L, (534
i=l1

JF#

Proof. Recall that Vn2 —1=>""_, Z;. By independence,

o(5) =]

n
= E(Z2")EeZi# Vi + Y E(Zie") - E(Zje"T) - EeXi=1aris Ve (5.35)

i=1 i#j
n
= In,X{ZE(Z,?er)/Eer + ) E(Zie") - E(Zje")/(Ee"Ee") ¢
i=1 i#j

It follows from Lemma 5.3 that [E(Z;e"!)| < x728; , and E(Z7e") < x*(8;.x 4 87,). Substi-
tuting these into (5.35) proves (5.33) in view of (5.11).
Again, applying Lemma 5.3 gives us

E(1Z:Yile") Sx 728, and E(Z}|Yile") Sx~*(8ix +67),
which together with Holder’s inequality imply
n
ZE{ Y, <z,2 +27; sz)
i=1 J#
Sy x x_4Ln,x(1 + Lux)
n 2 1/2 s
+2ZE(IZ,-Y,-|e“){1E<Zz]-) (i y_,.} (BT )Y
i=1 J#

,S I« X x_4Ln,x(1 + Ln,x)s

eZ’}=1 Y; }

where we use (5.33) in the last step. This completes the proof of (5.34). (]

Proof of Proposition 5.2. This proof is similar to the argument used in [31]. First, consider the
following decomposition:

}P’(W,,/Vn >x—1/2x,

Vi —1]>1/2x)
<P{W,/ V> x —1/2x,(1+1/2x)'/? <V, <4}
+P{W,/V, >x —1/2x,V, < (1 —1/2x)'/?} (5.36)
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+PW,/V,>=x—1/2x,V, > 4)

3
=Y P{(Wa. Vo) €&},

v=1

where £, CR x RT, 1 <v < 3 are given by

S ={wv)eRxR :u/v>x—1/2x,\/1+1/2x <v <4},
S ={w,v)eRxR tu/v>x—1/2x,v</1—1/2x},

S3={(u,v)GRXR+:u/v2x—1/2x,v>4}.

To bound the probability P{(W,,, V,,) € €1}, put t; = x/1 +1/2x and A; =11 (x — 1/2x)/8.
By Markov’s inequality,

P{(W,, V) € &1} < x2e™ Mwnce, (et (2 _ q)2pn Wamhi Vi)
where it can be easily verified that

inf (tiw —2v?) =x% +x/2 =M1+ 1/x) — 1/2 — 1 /4x.
(u,v)e€;

However, recall that Vn2 —1= Z?:l Z; with Z; = E,-z - EE,-Z, it follows from the independence
and (5.10) that

E{(Vz _ l)zetl Wn—x Vnz}

n

n

=Dz HE) x [T )

i=1 J#

(5.37)
+ S E(ZieEENE(2,e" M) x [ B8 M8
i#] ki, j
Sx Ly x(1+ Ly ) exp(tf/2 — A1 + CLy ),
where we use the fact tl2 /2 — A1 > 0. Consequently,
P{(W,, V) € E}/{1 — @)}
(5.38)

Sx 2Ly (14 L) exp(=3x/8 4+ CLy ) S Ly exp(—3x/8 4+ CLy o).

Likewise, we can bound the probability P{(W,,, V,,) € &} by using (3, A») instead of (¢, A1),
given by

rh=xy1—1/2x, A =2x2—1.
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Note that inf(, e, (f2u —Aov?) = x2 —x/2 — 1/2+ 1/4x — A2(1 — 1/2x). Together with (5.37),
this yields
P{(Wn, Va) € &2}/{1 — ®(x)} 539
< x_an,x(l + Ly)exp(=3x/4+ CLy x) S Ly xexp(=3x/4+ CLy x). .

For the last term P{(W,,, V,,) € é’g}, we use a truncation technique and the probability estima-
tion of binomial distribution. Let W, = Z?:l & 1(x& <agp), where ag is an absolute constant to
be determined (see (5.43)). Observe that

P{(Wa, Vo) € &} < P(Wn =2 —1/x, ) E1(xl&I<1)= 3)

i=1

-HP’(W,, >2x —1/x, Zgizl(x|§i| > 1) > 13)

i=1

+ P(Z §i1{x& > ap) = (x — 1/2x)vn/2>

i=1
= J3p + Jap + J5p.

Let
n
Vi=>"8  withE =g&I(x&|<1),1<i<n,
i=1

such that
Jan = P(W, > 2x — 1/x, V2 > 3) < (Ve/de " E[(V2 — 1)7e*Wn/2)
n 2 . R
se (EHZ@? - Eéﬁ)} e"W"”} +x“‘LZ,xlEexW"/2).
i=1
Noting that E{&; I (x&; > ag)} = —E{& 1 (x&; > ag)} <0 for every i, and
& <l4s+52/2+4 s 06 foralls,

we obtain

ap/24.3

o EllE " 1(1x) fao)}]

v " X2 e
Ee*"n/? < ]_[[1 + S EE +
i=1

eao/z

n 2 3 ao/2
X 2 X 3 ape
SE{H-?E& + g Bl I(x|&]< 1)+

.X2 2
— B4 1(xI&] > 1)} (5.40)

<exp{x?/8+ O(1)Lyx}.



Self-normalized moderate deviations 2051
Similar to the proof of (5.37), it follows that
Jin Sx 7Ly (14 Ly x) exp{—7x?/8 + O(1) Ly x }. (5.41)
To bound Jy,, let Wn(i) = Wn — & 1(x& <ayp), then applying (5.40) gives, for any i,
Ee™ "' 12 < explx2/8 + O(1) Ly }.

Subsequently,

n
Q)
Jan = (\/E/B)e_)‘2 Z]E{Eize(xﬂ)éil(xéffaml(x|§,-| > 1)} x Ee*™ /2

i=1

(5.42)
< (Vel*a/13)x 2L, , exp{—7x?/8 + O(1) Ly }.
Finally, we study Js,. By Cauchy’s inequality,
n
Jsn < P{Zl(w > ap) > (x — 1/2x>2/4}
i=1
(v 2
- fo—x—1/2x) Xn:E{e41(|xgi|>a0)I(|xsi| - ao)} « HE641(|x$j\>ao)
T (x—1/2x)2 - L 1
i=1 J#i
) n
<x 2 Z e*P(Ix&| > ag) x ]_[{1 + e*P(|x€;| > ag)} (5.43)
i=1 J#i
n
< ao_z exp| (e4a0_2 — l)xz} ZE%ZI(XEH > 1)
i=1

<X Ly yexp(—x?/2 — x%/22)

by letting ap = 11.

Adding up (5.41)-(5.43), we get
IP){(anv V) € 53} S {1 - qD(x)}Ln,x exp(CLp x).
This, together with (5.38) and (5.39) yields (5.7). [l

Proof of Proposition 5/.\3. Retain the notation in the proof of Proposition 5.1, and recall that
Aoy =xD2, /2 — D1y, W = Z?:l Y;. Analogous to (5.17) and (5.24), we see that

P(xW, —x?V;2/2 > x?/2 + x Aoy)

= L E{e ™V I(W > x2/2 + xAy,)) (5.44)
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= In,x []E{GXP(—UnVT/ - mn)I(W = 811)}
- E{eXP(—O"nW —my)Il (g, < W< En +xz2n/‘7n)}]

00
> In,X{/ e on! = dGp(r) — e—x2/2]P>(8n <W<eg, + XA2n/Un)}
En

= Inx (Hln - HZ/n)’

for Hy, given in (5.24), and where ¢, = on_l(x2/2 —my),

~

Ao = Aou(El, ..., &), H;, = e PP(ey < W < ey + X Ao /o).
Following the proof of (5.27), it can be similarly obtained that
Hyy > {1- @)} (1 - Cx 2L, ). (5.45)
Replacing A1, with Ay, in (5.28) and using the same argument that leads to (5.32) implies
Hj, <C{1— @)} Ry x. (5.46)

Substituting (5.16), (5.45) and (5.46) into (5.44) proves (5.9). O

6. Proof of Theorem 3.1

Throughout this section, we use C, Cy, C, ... and ¢, ¢y, c2, . .. to denote positive constants that
are independent of 7.

6.1. Outline of the proof

Puth = (h — 0)/o and hy = (hy — 0) /o, such that 1 (x) = E{A(X1, X2. ..., X»)|X1 = x} and
h1(X1),...,h1(X,) are i.i.d. random variables with zero means and unit variances. Using this
notation, condition (3.3) can be written as

ﬁz(xl,...,xm)5co{r+2ﬁf(x,~)}. (6.1)

i=1

By the scale-invariance property of Studentized U -statistics, we can replace, respectively, h
and h; with & and /1, which does not change the definition of T,,. For ease of exposition, we
still use & and h; but assume without loss of generality that Ehj; = 0 and ]Eh%l. =1, where
hyj:=hi(X;)fori=1,...,n.

For 57 given in (3.2), observe that

n—1) st = Z(Cli —Up)? = quz —nU2.
i=1 i=1
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Define

" oms| m)2

J (n—l)
TF=>_U,, sfz qu,

then by the definition of T;,,

2 1/2
. m-(n—1) .,
neti (-G )
such that for any x > 0,
(T, > x)={TF > x/(1+2m>(n = 1)/ (n —m)?) ).

Therefore, we only need to focus on 7,7, instead of 7j,.
To reformulate 7, = \/nU,/ (ms7) in the form of (2.2), set

n n
Wo=) &  Vi=) &,
i=1 i=1

where &; :n_1/2h1i for 1 <i < n.Moreover, put
m
PV ) = hOKL X)) = ().

For U,,, using Hoeffding’s decomposition gives /nU,/m = W, + D1,,, where

N
Dy =~ > r(Xiys .0 Xi,).

)
(m 1<ii<iz<-<im=<n

However, a direct calculation shows that S12 = Vnz(l + Djy,), where

s (m—=D{m+Dn—-2min_,
2A"+ (n_m)z Wn

(n—1)Dy =14+V? ;
.
(m—l)

2m(m — )n
Z&Wz 72WnD]n
(m 1 )

n
=Y wh o wi= Y r(XiXe..... X, )
i=1

1<li<--<lp_1<n

2053

6.2)

(6.3)

6.4)

(6.5)

(6.6)

6.7)

(6.8)
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In particular, (6.7) generalizes (2.5) in [26] for m = 2. Combining the above decompositions of
U, and s%, we obtain

W, +Dln
TF=—2""""_ 6.9
" Va(14 Dyy)'/2 ©2)

To prove (3.4), by (6.3), it is sufficient to show that there exists a constant C > 1 independent
of n such that

. cL (14 x)3
P(T,f > x) < {1 — ®x)}e“ 1901+ C(am + on) NG (6.10)
and
* —cL (1+x)°
P(T} > x) > {1 — ®(x)}e” Chniex l—C(M‘FUh)W (6.11)
hold uniformly for
0<x < C 'min{(c/op)n"/*71P (n/an)"/°}, (6.12)

where Ly » =nEEL 1 (|&1x| > 1) +nE|&1 PT(1€4] < 1) with & , = x& forx > 1.

The main strategy of proving (6.10) and (6.11) is to first partition the probability space into
two parts, say G, » and its complement Gy . such that P(G,, ) is sufficiently small, then find a
tight upper bound for the tail probability of | Dy, | on G, , and finally apply Theorem 2.1.

First, by Lemma 3.3 of [26], IP’(V,,2 < 02/2) < exp{—n/(32a2)} forall n > 1, where a > 0 is
such that ]Eh%il(|h1i| >a0) < 02/4. In particular, we take

a=4/P-2 (Gp/a)p/(P—Z) < (ZUP/G)P/(P—D’

Then it follows from the inequality that sup, <3 supszo(sp/ 2-1¢=5) < 1 and (5.26) that (recall
that 02 =1)

P(V; <1/2) < Ci{l — ()} (0, /o)’ (1 +x)n' P2 (6.13)

for all 0 < x < ¢i(o/o1)nP/>~1. We can therefore regard {Vnz},,zl as a sequence of positive
random variables that are uniformly bounded away from zero. For W,/ V,,, applying Lemma 6.4
in [23] implies that for every ¢t > 0,

PLIWal > 14+ V,)} < 4exp(—12/2). (6.14)
In view of (6.13) and (6.14), define the subset
Gux = {IWal = Van'/* @+ V), V2> 1/2}, (6.15)

such that

P(GS.,) < Cofl = @)} (o) /)P (1 + x)n' =P/ (6.16)
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holds uniformly for
0 <x < comin{(a/o)n?’*7, /n}. (6.17)

Next, we restrict our attention to the subset G, .. Recall the definition of D,, in (6.7). For any
e > 0, we have

< (4e)7'V2 4 A2 (6.18)

D &

i=1

In particular, taking ¢ = o/(xn™ " 'o},) for a}% as in (6.18) yields

|D2,| < C3 O’h)cn_l/2 + (th)—1n3/2—2mv_2A2
n n

(6.19)
07 W/ Va)® + 07V, 2 Wy || D1al )
In addition to the subset G, , given in (6.15), put
Enx =Gnx N{ID1al/ Vi < 1/4x}. (6.20)
Together, (6.19) and (6.20) imply that
D2yl < Calopxn™'2 + (o3x) " 'n?/272m A2} := D3, 6.21)
holds on &,  forall 1 <x < ./n.
Proof of (6.10). By (2.6), Remark 2.2, (6.9), (6.19) and condition (6.17), we have
P(T;} > x) < {1 — @) }eSEnr (14 CoRy )
+P(ID1al/ Vi = 1/4%, Gux) +P(1D2a] = 1/4x%, &, ) +P(GS.,) ©22
for all x > 1 satisfying (6.17) and
Ly <c3x2, (6.23)

where R, x is given in (2.4) but with D, replaced by D3, . In particular, for 2 < p <3, we have
Lyx< (op/a)f’xf’nl_/’/z, and thus the constraint (6.23) is satisfied whenever

1<x < (cs/?)2) (0 /o) /Pl /2=1/P, (6.24)
However, for 0 < x < 1, it follows from (2.9) that
P(T; > x) <P(G5) + {1 — @) }(1 + C1R, ),

for R, as in (2.10) with D, replaced with D3,,.
In view of (6.16) and (6.22), (6.10) follows directly from the following two propositions. [
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Proposition 6.1. Under condition (3.3), there exists a positive constant C independent of n such
that
P(I1Dinl/ Vi = 1/4x,Gux) + B(1D2a] = 1/45%, &, 1) 625)
(6.
< Can{1 — ®(x)}x2n~ 12,

holds for all x > 1 satisfying (6.12), where a,, = max{cot, co + m}, G, x and &, x are given in
(6.15) and (6.20), respectively.

Proposition 6.2. There is a positive constant C independent of n such that
Ry < Copx’n=1/? (6.26)
forall x > 1 and
Ry <Copn~'/? 6.27)
for 0 <x <1, where oy, is given in (3.1).
Proof of (6.11). Observe that

P(T;; > x) = P{W, + D1y > xVu(1 4+ D2p)'/%, Gy i }

> P{W, + D1, = xV,(1+ D3,)'?} = P(G5 ).

Then (6.11) follows from (2.5), Remark 2.2, (6.16) and Proposition 6.2. Finally, assembling
(6.17) and (6.24) yields (6.12) and completes the proof of Theorem 3.1. O

6.2. Proof of Propositions 6.1 and 6.2

We begin with a technical lemma, the proof of which is presented in the Appendix.

Lemma 6.1. There exist an absolute constant C and constants B1—By independent of n, such
that for all y > 0,

]P’{Aﬁ > amy(B1 + BanZ)nzm_z} <Ce™4 (6.28)

and

{ | Zl§i1<-~-<im§n V(le LI le)|

zyp=cet, 6.29
Sam (B3 + By V21 /2pm=1 = )’} <Ce (6.29)

where a,, = max{cot, co + m}, and Vn2 and A% are given in (6.4) and (6.8), respectively.
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The above lemma generalizes and improves Lemma 3.4 of [26] where m = 2 and the bound
was of the order ne™>/% instead of e>/*. Lemma C.2 in the Appendix makes it possible to
eliminate the factor n.

Proof of Proposition 6.1. By (6.19) and the definition of &, , in (6.20), we get
P(ID2,| = 1/4x%, €,.1) < P(A} = caVix ™1, G, ),
provided that 1 <x < C5n1/4. Because Vn2 >1/2 on G, ,, it is easy to see that
Vi = (2B1 + B) "' (Bi + B2Vy7)

for By and B; as in Lemma 6.1. Therefore, taking

_ c4 n
Y= 2B1+ By apx*
in (6.28) leads to
P(IDay| > 1/4x?, &y x) < Cexp{—cen/(amx™)}. (6.30)

Using (6.29), it can be similarly shown that
P(ID1al/ Vi > 1/4x, Gy x) < Cexp{—c7n'/?/(an/*x)}. 6.31)
Together, (6.30), (6.31) and (5.26) imply (6.25) as long as

1 <x <cgn/am)'/®. (6.32)

Proof of Proposition 6.2. Forx >0and 1 <i <n,putY; =x§& — xzsiz /2, and let
L :=E(ry,. ge 11, Li:=E(r,. ke X))

for 2 <k <m, where r;__r:=E{r(X1,..., Xm)|X1,..., Xx} for r(X1,..., X;n) as in (6.5).
In particular, put r1,__, = r(Xi,..., X,) and note that Er{ < o?. The following lemma

yaee
......

provides the upper bounds for L,, and L.

Lemma 6.2. Forany 0 <x < \/n/2, we have
|| < Copx?n™, (6.33)
1X1)} en= /2, (6.34)

..... m

We postpone the proof of Lemma 6.2 to the end of this section. Recall the definition of Dy,
in (6.6). Using Holder’s inequality, we estimate

E{ (Z rilﬁ""im>zez’}=l Yj ] = Z Z]E(rilvwimrjl aaaaa jmez’}zl Yj)’
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Put
C={G1.j1, - vimjm): 1 Si1 < <im<n, 1< ji << jm <n}
m m
=U{(i1,j],...,im,jm)ec:y{il,...,im}m{j],...,jm}\:k} ;ZUck,
k=0 k=0
By (5.11),

- — 2m—k v . _
=2 <,,:1> (:1 _],i) E(rL ol okt 2m—ke =71 1) - (EeT1)" 240
2
_ i 1 _ -
(Z) (EeYl) zmln’xLl%Z‘F(’Z)<:1_1)(E6Y1)1 zmln’xE(LGgyl)
m n n—k Y \k—2m ZZ_zll—k Y;
+ Z (Ee ) In,xE(rl,..A,mrl ..... kom+1,...2m—k€~/ ’ )

m m—k
k=2

< Cln,xnzm (L%l + n_lEI:i + cr;%n_z),

which together with Lemma 6.2 yields for x > 1,

This, together with (6.6) gives

IE(|D1,1|eZ?:1 Yj) < Coplyx*n~12, (6.35)

Recall that i =3y p, <..<¢,,  (iy<n " (Xis Xey -, X, ). Then it can be similarly derived
that

IE( ?eZ’}:l Yf) < Ca,fln,xxznzmd. (6.36)

Together with (6.21), this yields

E(D3ne>i=171) < Coply cxn"72, (6.37)
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Next, for each 1 <i <n, let DYn) and Dg'n) be obtained from Dj, and D3, respectively, by
throwing away the summands that depend on X;. Then, by (6.6) and (6.21), we have

N
m(,)

Dy, — D] < ¥l

and
x|D3, — DY)

2
< CO’h_lnzm+3/2{1/fi2 + Z( > ri,j,jl,...,jmz>

J#L IS ji<<jm—2 (i, j)<n
+2)°

( Z ri,j,jl,--»,jm—2>( Z rj,jl,--v,jm—l) ‘ }
o ‘ , - . , .

I<ji<<jm—2(FEij)<n I<ji<-<jm-1Fj)<n

Using a conditional analogue of the argument that leads to (6.36) implies
E(p2eXi# Vi1X;) < Cl, . x*n®" 3 x E(r} . 1X;), (6.38)
as a consequence of which (recall that §; , = x&;)
n : n
> E{min(|&.x]. 1)| Din — D}, e}
i=1
n
< Cn T2 3 TR [min(18 |, 1) {B(wFeRm 1 1X3) ) B 1)) ]

= (6.39)

<Clyx n_lz E§ 1/2 1 )1/2

< Cohln!xxzn_l/z.

For the contributions from | D3,, — D( )| we have

E{min((6;.¢], 1)y7e>5% 77} = Efmin((&.|. 1) x B(7e> 7 1x;)}
< Cl, x*n*" 3 x E{min(|&; |, 1)’1 ..... m}

and for each pair (i, j) such that 1 <i # j <n,

Emin((8 ) |(3 Vi joiiua ) (Vs ) e
]E[mm Ei0], 1) {(Z%m . 2) o Sisi yk|Xi}1/z



2060 Q.-M. Shao and W.-X. Zhou

(Do o))

m| X (IElr]2 )1/2

<CIy, X2 S Blgin m

.....

< CO_hI x2 2}’}174’

where we used (6.36) in the second step. Similarly, it can be proved that

E{min(|g,-,x 1) (Zrl.’j’jl7___’jm72)zezk¢,- Yk}

- E[mm |Sz <l l [(Zr’ Jodtseees Jm— 2) eZk# Yk|Xi}] = Cah In xn2n174.

Adding up the above calculations, we get

n
> E{xmin(|&..l, 1)|Dsn — DY) |eZi% 11} < Coply ox®n~'/2.
i=1

This, together with (6.35), (6.37) and (6.39) implies (6.26).
Finally, we consider the case of 0 < x < 1. By Holder’s inequality,

-1 21172
n _

EIDy,| < Cn!/? <m> (B i) | = Copn™? (6.40)

and
EDs, < C(Uhn_l/2 —i—U{ln_zmH/zEA%) < Copn~ /2, (6.41)
Moreover, for any pair (i, j) such that 1 <i # j <n,
2
E@[/? < Cah2n2m73’ E(Z wixj»jlsn-»jm—2> < C05n2m74

and

[ (S ol e )
< Copn™ 1% x {E(r]

Combining the above calculations, we obtain

n
ZE|§, D1y — D{))| < cn 123 (D) P (EYD) ' < Copn™2 (6.42)
i=1 i=1
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and
n .
S Elxgi {151 < 1/(1+0)}(Dsn — DY)
i=1
n
2
< Cah_ln_z"ﬂ"%/2 |:Z Elﬂ? + ZE<Z ‘/fi,j»jly-mjm72>
i=1 i#j
(6.43)
+ ZZ]E{ 18i x ‘(Z Fijo e emfz) (Z Pjudte jmfl) H
i#]
< CGhn_1/2.
Assembling (6.40)—(6.43) proves (6.27) and completes the proof of Proposition 6.2. [l

Proof of Lemma 6.2. We prove (6.33) by the method of induction, and (6.34) follows a similar
argument. First, for m = 2, observe that

L, ZE(,,L2€Y1+Y2) =]E{r1,2(ey1 — ])(€Y2 — 1)}
Using the inequality
e ~"/2 —1| <2l forallt R, (6.44)
we have (recall that & = n_l/zhli)
L2l <4x°n'Elri 2hiihia] < 4opx’n”.
Similarly, noting that 1:2 = IE{rl,z(eY2 —1)|X1}, we get
Lol < 2{E(ri,1X1) ) 2en™ 12,

as desired.
For the general case where m > 2, we derive

,,,,,

1<ij<-<ip—1<m

Y B ) e Y B et )

1<iy<--<ip_2<m 1<iy<ir<m

= E{"l,..,,m (eY1 — 1) e (eY’” - 1)} +mL,,—

m m—1 [ Mm
_<m_2>Lm—2+"'+(_1) <2>L2,
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where for each k-tuple (i, ...,ix) 2 <k <m — 1) satisfying 1 <i} <--- < i <m,

,,,,, me ) = Bl R R (X, X)X X )]
= E(ril,...,ikeyi] +"'+Yi") =Ly,

by definition. Using inequality (6.44) again gives

|E{r1,_.,m(eY‘ - 1) e (eY’" - 1)}| <2"x"p 2R 2

mh11 - him| < op(2x)"n "2,

.....

completing the proof of (6.33) by induction and under the condition that x < \/n/2. |

Appendix A: Proof of Theorem 2.2

The main idea of the proof is to first truncate &; at a suitable level, and then apply the randomized
concentration inequality to the truncated variables.
Forx >0andi =1,...,n, define ¥; = x& — xzéiz/Z, and

E=&I{E1<1/0+x0}.  Yi=YviI{l&l<1/0+x}

Moreover, put Sy =Y+, ¥; and Sy = Y I, ¥;.
We first consider the case of x > 0. Proceeding as in (5.2) and (5.3), we have

P(Sy = x2/2+xA2) <P(T = x) <P(Sy = x%/2— xA1,). (A1)
where Ay, = x(V2 — 1)? + |Dyy| +xD2y A0 and Az, = x D, /2 — Dy, Replacing the £2’s
with their truncated versions, we put Az, =x(3_;_, §,~2 — 12+ |Diy| + xDyy A0, such that

[P(Sy = x%/2 = x A1) = P(Sy = x*/2 = xA3)| (A2)

<P max |51 > 1/(1+ 0} = 1 +02 Y B H{l1 > 1/0+2)},

i=1

and the same bound holds for |P(Sy > x2/2 +xA2,) —P(Sy = x2/2 + xAoy)].
It suffices to estimate the probabilities of the truncated random variables. Consider the follow-
ing decomposition:

P(Sy = x%/2 — xA3,) < P(Sy = x?/2) + P(x?/2 — x Az, < S5 <x?/2), (A.3)

where Sy = Z?:l Y; denotes the sum of the truncated random variables. Write 71, = Z?:l EY;,
G2 =>"_, Var(¥;) and 0, = >_"_, E|¥;|>. By a similar calculation to that leading to (5.18),

EY; = —(x*/2)E&? + 0 (1) (x +x2)E&PT{|&] > 1/(1 + 1)},
EY? = x2E&? + O()[x*E&2 1 {I&] > 1/(1 + )} + X°EI& ],
ElYiP = 0()x’El&]|?
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and
Var(¥;) = x*E&7 + O(D[x*E&21{|&| > 1/(1 +x)} + X’EI& ],

where |O(1)] < C for some absolute constant C. Combining these calculations, we have

iy = —x7/2+ 0()(x +x7) Y EE I{I&] > 1/(1+x)},
) =l (Ad)
5, = x>+ 0()x> Y [E&2I{I&| > 1/(1+ 1)} +xEI& ] = x%/2,

i=1

straint is violated, then (2.9) is always true provided that C > 2Cj.
Applying the Berry—Esseen inequality to the first addend in (A.3) gives

where the last inequality holds as long as (1 + x)_zL,MJr « < (2C)~ L. Otherwise, if this con-

P(Sy > x%/2) = 1 — ®(E,) + 01,3,
(A.5)
=1-®@) +0MA+x) "Ly 14y,

where &, 1=, (x?/2 —m,) =x + O(1)(1 +x) 'Ly, 145 by (A4). i
For the second addend in (A.3), applying the concentration inequality (4.2) to W, = 5,;1 Sy —
my) and noting that |Y;| < 3x|&;|/2, we obtain
P(x?/2 — x|Azu| < S5 < x?/2)

=P(g, —xA3, /0, < Wn <é&p)
(A.6)

n n
<176, Y BV + 556, Bl As| +2x6,2 Y E|¥;{ Az, — AL}
i=1 i=1

n n
< C|:Z]E|§,-|3 +E|As |+ Y E[E{Az — A} }
i=1 i=1

where Az, =x(3 1 €2 — D% + |Diy| + x| Doyl Fori =1,...,n, put
n 2 2
i-(x8-1) - (z5-1)
i=1 J#i

=E [éﬁ +2) (] —EE) —2EE —2) E&I{IE| > 1/01 +x>}}.

i i=1
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Direct calculation shows that

2
n
E(Zé? - 1) <Cd +x)_4(Ln,1+x + Lﬁ,l+x)’

i=1

n
Y ElEidi| < C(1+2)7 (Luigr + L2 14
i=1

Substituting this into (A.6), we get

P(x?/2 — x|Azu| < S5 < x2/2)

=< C|:(1 +x)_2Ln,l+x + E[Di,| 4+ xE[Dy,|

n
S E(EN( D1 = DO+ 5] Doy — D) >}}-

i=1
This, together with (A.1), (A.2), (A.3) and (A.5) implies
P(Ty <x) < ®(x) + CRy
for all x > 0, where Ién,x is given in (2.10). A lower bound can be similarly obtained by noting
that P(Sy > x2/2 + xAgy) > P(Sy > x2/2) — P(x2/2 < S5 < x?/2 + x Agp).

We next consider the case of x = 0. It is straightforward that

|P(T,, <0) — ®(0)]
= [P(W, + D1, <0) — ®(0)| < [P(W,, <0) — ®(0)| + P(—|D1n| < W, <|D1al).

A uniform Berry-Esseen bound (see, e.g., [11]) gives | P(W, <0) — ®(0)| <4.1L, . As before,
we can use the truncation technique and the concentration inequality (4.2) to upper bound the
probability P(—|D1,| < W,, < |Dj,|). The rest of the proof is almost identical to that for the case
of x > 0 and is therefore omitted.

Appendix B: Proof of Lemma 5.3
Recall that Z = X> —EX? and ¥ = X — X?/2. Using the inequality |¢* — 1| < |s|e*V? implies
E{Ze' 1(1X| < 1)} =E[Z{1 + 0()|Y|e"°}1(1X] <1)]
=E{zI(1X|> 1)} + OE{IZ|- [¥[e"01(1X] < 1)},
where |O(1)| < 1. Because |Y|e¥VOI(|X| < 1) < 1.5|X|I(|X| < 1), we have

E{I1Z] x [Y1e"01(1X| < 1)} < 1SE{|XP1(1X] < 1)} (B.1)
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Note that if both f and g are increasing functions, then E f (X)Eg(X) < E{f(X)g(X)}. In par-
ticular, we have EX2 x P(|1X| > 1) < E{|X|?I(]X| > 1)}, which further implies

E{I1ZIeY1(1X] > 1)} < VeE{X?I(1X| > 1)}.

Together with (B.1), this yields (5.12).
For (5.13), it is straightforward that

E(Z%") =E{Z%"I(1X| < 1)} +E{Z%" I(1X| > 1)}
< Ve[E{X*1(1X| < 1)} + (EX?)’P(1X| < 1) — 2EX2 x E{X21(1X] < 1)}]
+E{X*X2L(1X] > 1)} + Ve(EX?)” x P(1X]| > 1)
< VeE{X*I(1X| < 1)} +4E{X*I(1X| > 1)}
+ Ve(EX?)? —2/eEX? x E{X?1(1X] < 1))
< VeE{X*I(1X| < 1)} +4E{X*I(1X| > 1)}
+ VeEX? x E{X*I(1X| > 1)} — VeEX* x E{X*I(1X| < 1)}

< VEE{IXPI(IX] < 1)} +4E{X*I(1X| > 1)} + Ve[EX?I(1X| > 1)},

where in the third inequality we use the inequality sup,,|. {xZexp(x —x%/2)} <4.
Moreover, noting that

sup {(1 —x/2)exp(x —x?/2)} <1 and sup{|x — x?/2|exp(x — x?/2)} < Ve/2,

[x|<1 xeR

we obtain
E(lYZle") =E{lvzle" 1(1X| < 1)} + E{|Y Z|e" I(1X| > 1)}
<E{|x*-EX? x [X|I(1X| < 1)} + %E{X21(|X| > 1)}
<2E{X*1(1X|> 1)} +E{|xP1(x| < 1)},

which proves (5.14).
Finally, for (5.15), it follows from the inequality sup, . {|x* — x*/2|exp(x — x?/2)} < 3.1
that

E(|Y|Z%")
=E{Z*|Y|e" I(1X]| = 1)} + E{Z*|Y|e" I(1X| > 1)}

= %E{ZZI(”" =1)} +maX[3.lE{X2I(|X| > 1)}, 2 Ex)*P(1X] > 1)}
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< %E{|X|31(|X| <1)}

+max[3.1E{X21(|X| > 1)}, %EE{le(m > 1)} + %{EX21(|X| > 1)}2],

as desired.
Appendix C: Proof of Lemma 6.1

We start with two technical lemmas. The first follows [26].

Lemma C.1. Let {&;, Fi,i > 1} be a sequence of martingale differences with IEEI.Z < 00, and put

D} =) {7 + 2E(E| Fiy) + 3EE?}.
i=1

p( >

D&
i=1

Then we have

> an> <V2exp(—x?/8) (C.1)

forall x > 0. In particular, if {§;,1 > 1} is a sequence of independent random variables with zero
means and finite variances, write

n n n

Se=Y &  Vi=) & and By=) E&

i=1 i=1 i=1
such that Drzl = Vn2 + SB,%. Then for any x > 0,
P(1Su| > xD,) < ~/2exp(—x?/8) (C2)

and

E[S21{1Sy] > x(Vy +4B,)}] < 23BZexp(—x?/4). (C.3)

The following result may be of independent interest.

Lemma C.2. Let {&,i > 1} and {n;,i > 1} be two sequences of arbitrary random variables.
Assume that the n);’s are non-negative, and that for any u > 0,

E{&1(& = uni)} <cie™, (C4)
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where {c, c;,i > 1} are positive constants. Then, for any u > 0,v >0 andn > 1,

P{Z&m(HZm)}fj;zzci. (C5)
i=1 i=1 i=1

Proof. For any u > 0 and v > 0, applying Markov’s and Jensen’s inequalities gives

L.H.S. of (C.5) < P{Z(si —un;) > uv}

i=1

IA

l n
JE{Z(&' - um)L (C6)

i=1

IA

l n
— D B —uni)+,
uv im

where x4 = max (0, x) for all x € R. For each 1 <i < n fixed, it follows from (C.4) that

E& —uni)y = E/OO I(& = s)ds

un;

=f°ouE{m1(s,-zmn,->}dz
1

< foot—lE{sil@i > un)) dr
1

—Cu

© e
< / 1 exp(—cut)dt <
1

Ci K
cu

which completes the proof of (C.5) by (C.6). O

To prove Lemma 6.1, we use an inductive approach by formulating the proof into three steps.
Here, C and By, B>, ... denote positive constants that are independent of n. Recalling (6.1), it is
easy to verify that

P21, e X)) < 2a {1+ hT(e) + -+ hCo) | (C.7)

where a, = max{cot,co + m}. In line with (6.4), let W, = n=1/23"_ | hy; and V? =
n! > h%i. Here, and in the sequel, we write

h1; = h1(X;), hj,il sssss ij

J

ZE{h(Xla'axm)|Xl1"ale}a 25]5””9

for ease of exposition. The conclusion is obvious when 0 < y < 2, therefore we assume y > 2
without loss of generality.
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Step 1. Let m = 2, then (C.7) reduces to
r2(x1,x0) < 2a2{1 + B3 (x1) + B} (x2) ) (C8)

where a; = max{cot, co + 2}. We follow the lines of the proof of Lemma 3.4 in [26] with the
help of Lemma C.2.
Retaining the notation in Section 6 for m =2, we have

n

n n
=ZW,-29 Vi = Z rij = Z r(Xi, X;), l<i<n.
i=1

j=Lj#i j=Lj#i

Conditional on X;, note that v; is a sum of independent random variables with zero means. To
apply inequality (C.3), put

=viddb,  vi=)rl bl=Y E(7IX
J#i J#i
for 1 <i <n.By (C.3), E{Ip?](l/,f > yf,-2)|Xi} < 23bl-2€_y/4. Taking expectations on both sides
yields
E{y?1(y? = yi?)} <2300 — De B (] ).

Applying Lemma C.2 with §; = xpl?, ni=t,u=yand v=an(n — 1) gives

P{Az : y(zf Faantn - ”)} Clazy?) e (). 9

i=1
Direct calculation based on (C.8) shows
n n
va <ay(n—Dn(2+4V2), Zb? <a(n—Dn(4+2V2),
i=1 i=1
which further implies
n n
Y ot +amn—1)<17) (v} +5]) +am@m—1) <ay(n — Hn(103 + 102V;).
i=1 i=1

Substituting this into (C.9) with y > 2 proves (6.28).
As for (6.29), let Fj =o{X; :i < j} and write

n j—1

j-1
Z V:/—ZZV,,—ZR,, R,/Zzl’i,j, 2<j<n.
i=1

I<i<j<n j=2i=1
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Note that {R;, F;, j > 2} is a martingale difference sequence. Then using the sub-Gaussian
inequality (C.1) for self-normalized martingales yields

]P{ > i

I<i<j<n

n 172
>,/2y(Qﬁ+2§,%+3ZER§) }5 2e7/4, (C.10)

j=2
where
n > n
Qi:ZR%, Qﬁ:ZE(R?U:j_]).
j=2 j=2

Observe that Q2 and A2 have same structure, thus it can be similarly proved that

P{Q; = azyn®(102V;7 +103)} < Cay e *E(rf ). (€1
For@%,write
j—1 Jj—1
fi=uj+4d;  whereu rh;. di=Y_E(}j1X;).  2<j<n.  (C12)

i=1 i=1
then it follows from a conditional analogue of (C.3) that
27(p2 ) 2 —y/4
E{R7I(R; = yi?)|X;} <23d7e /" (C.13)
Therefore, for y > 2,
n
P[Qg > y{ZE(f}|f,-_1) +aon(n — 1)”
j=2
P[Z’}-:z E(R}I(R; < yiD)|Fj-1) }
>y
ijzE(fj [Fi-1)

=<
n (C.14)
+P[ZE{R?I(RJZI > yf?)lqu} > yan(n — 1)i|

J=2

27 22 —1 —y/4m(.2
azyn(n—l) ZE R >ytj)} =Ca, e v E(’l,z)’

where in the last step we used (C.13).
For djz and u? given in (C.12), we have

j—1 j—1

E(31Fj-1) = Y E(21X;) =4ax(i = D +2a ) ;.

i=1 i=1
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j—1 j—1

E(d}|Fj1) =) 17 <2am( — 1) +2a2 Y (ki + 1)),

i=I i=1

leading to
Z]Et |Fj-1 <17Z w3l Fjo1) +E(d51Fj1)} < ax(n — Dn(104 + 136V,7).

Substituting this into (C.14) yields
P{02 > apyn*(136V;? + 104)} < Ca;y 'e /*E(r ). (C.15)

Together, (C.10), (C.11), (C.15) and the identity Z;;ZERJZ. = yn(n — DE(r],) prove (6.29).
Step 2. Assume m = 3. By (C.7),

r2(x1,x2, x3) < 2a3{ 1+ hi(x1) + 13 (x2) + hi(x3)) (C.16)
and for rp(x1, x2) = E{r (X1, X2, X3)|X1 = x1, X2 = x2},
r3(x1, x2) < 2a3{2 + b3 (x1) + hi(x2)}. (C.17)

Again, starting from A2 =>""_, 2 with

vi= Y r(XuXjXo0:i= Y rijx

1<j<k<n 1<j<k<n
Jketi Jketi
n j—1 n j—1
= ZZ(Vi,j,k—ri,j)-l—ZZri,j (C.18)
j=2k=1 j=2k=1
j#i ki i ki
n n
=Y "Rij+ Y (- 1-1G > D}ri;.
J#i J#i

Conditional on (X;, X ;), R; ; is a sum of independent random variables with zero means. Define
tij=vij+ 4bi’j, where

j—1

Z(rwk —rij)’ —Z(}B ik —h2.ij — hi)?,

k=1 k=1
ki ki

j—1 j—1

= E{Ciji — i)Y Xi, X =Z {(h3ijx — )| Xi. X} — b3 5]
k=1 k=1

ki ki
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Applying (C.3) conditional on (X;, X ;) gives
E{R?;I(Ri.j = /yti )| Xi. X} <23b} je /"

Then it follows from Lemma C.2 that

n n 2 n n
(S ) 5 50
i=1 \j=2,j#i i=1j=2,j#i
n n n n
ol ¥ (X T e
i=1j=2,j#i

i=1 j=2,j#i —

/4 1 n

a3 Do D> U= DE(r,5) <Cay'e M E(r, ).
i=1j=2,j#i

e_y
<C

This, combined with the inequality >}, >, tf i< asn®(By + By V?) implies

n n 2
]P’[Z( > R,»,,-) za3yn4(B1+1+B2Vn2)}gCagley/4E(r12’2’3). (C.19)

i=1 \j=2,j#i

For the second addend in (C.18), consider 7; ; = {j — 1 — I (j > i)}r; j as a new (degenerate)
kernel satisfying E(7; ;| X;) =E(7; ;| X ;) = 0. Then by similar arguments as in step 1, we obtain

n n 2
P(Z[ Z {i-1-1G> i)}ri,j:| > azyn* (B3 + B4Vn2)>

i=1Lj=2,j#i

(C.20)
< Ca;le_y/“IE(rlz,M).

Together, (C.18), (C.19) and (C.20) prove (6.28).
To prove (6.29) for m = 3, consider the following decomposition:

> (X Xip. Xi)

1<iy<ip<iz<n

= § Tiy,in,i3

1<iy<ip<iz<n
n n

:Z § (Fiy,in.k = Tiyin) + § : Z Tiyip
k=3 1<iy<iy<k k=3 1<iy<iy<k

n—1j—1

=Y > ik =)+ YD (n—jri; (€.21)

k=3 1<iy<iz<k j=2i=1
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n k—1j—1 n k—1 n—1j-1
ZZ(rljk_rt/_r/k)+ZZ(]_l)r/k+ZZ(n_])rt/
k=3 j=2i=1 k=3 j=2 j=2i=1
n k—1 n k—1
meZmeZ Tj>
k=3 j=2 k=3 j=2
where
j-1 j-1
rfjk:Z(r,Jk —rjk), =0 —Drjx and rj:Z(n—j)r,-yj.

i=1 i=1

Put Ry = R}, + R}, RY , =Y\ and RS, =Y 52075 ;. We see that (R}, Fi, k > 3)
is a sequence of martingale differences, and by (C.1),

(i

Note that conditional on (X, Xy), r;k jk is a sum of independent random variables with zero

means, and given X, r5 jk are independent with zero means. Then it is straightforward to verify
that

1/2
> f[Z{RZ +2E(R}? | Fi—1) + 3]ER;‘2}] ) <V2e74 (€22

k=3

k=3

n n k—1 n
Y ERPZ <2) (k—2)) Eri%, +2) Ry < Can*. (C.23)
k=3 k=3 j=2

Moreover, by noting the resemblance in structure between R; and v; (see (C.18)), it can be
shown that

n
P> Ry = azyn®(Bs + BGVHZ)} <Ce Y4, (C.24)
k=3

which is analogous to (6.28).
It remains to bound the tail probability of Y ;_; IE(R;:2|}'k, 1). In view of (C.21), let t}k’ =
Vi +4b] for2 < j <k <n, where

]k—Z(h]k — 102, ]k—ZE (rijk —¥i,j —Tjk) |X]7Xk}

and for 3 <k <n, put

k—1
1 = vi +4b}, vk—Zrzjk, b;ZZE(r;?jk|Xk).
j=2
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Recall that R = RY, + Ry, = Zl;;é(r;k jk T 73 ). We proceed in a similar manner as

in (C.14):

n
E(R}|Fi—1)
k=3

n k—
<2Y (k=2 E(r{% | Fi-t) +ZZE R3% | Fi-1)
j k=3

n k—1

= 222(" = B[ 17} k] < V) + (i) > V) W Fiei ]
=3 j=2

+ZZE (R3] = vo1E) + ([R5 | > V38) | Fit]-

By (C.3) and the Markov inequality, we have (recall that y > 2)
|:Z(k 2)Z]E P2 (It il > Vi) 1 Pt} = asyn }
(asyn®) Z(k Z)ZE rl/k |r11k|>«/—’/k)|]:k 1} <Cet

and

n
P[ZE{R;?,(IOR;A > ﬁ[;:)|fk_1} > a3yn4:|
k=3
n
< (asyn®) " Y E{RZI(| Ry 4| > 31) 1 Fir ) < Ce™,
k=3
However, it follows from (C.16) and (C.17) that

Z(k Z)ZE P2 ([t ] < 3t ) 1 Fier} < azyn®(By + BgV,)),

ZE{RZ‘ilﬂRE‘,k\ < V)1 Fir} < asyn® (Bo + BioVy).
k=3

(C.25)

(C.26)

(C.27)

(C.28)
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Assembling (C.22)—(C.28), we obtain
n
}P’{ > OR;
k=3
By induction, a similar result holds for > ~Lr*; that is,

i=2"j
]P{

This completes the proof of (6.29) for m = 3.
Step 3. For a general 3 <m <n/2,

> \/a3yn2(31] + Bl2Vn2)1/2} <Ce™ /4,

n
%
Z’j

j=2

> \/a3yn2(313 + 314Vn2)1/2} <Ce™*,

k
r,f(xl,...,xk)gzam{m—k+1+2h%(x,)}, (C.29)
j=1

where ri(xy, ..., xx) = E{r(X1,...., X)) X1 =x1,..., X =xi}fork=2,...,m.
To use the induction, we need the following string of equalities:

Liseess 171
n
= § E (”Zl ..... Cn—2,lm—1,1 —"Zz,...,em,l,i)
Lp—1=m—11=b) <<l <ly—1
Lp—1#i Lryeeli—2FL

(C.30)
+ > - 1-1G <@}t

2<ly <<l =n

£, L1710
=i+ V.
Moreover,
n

Y = Z Z Ty lonlmrsi = Ty lon1,i)

Lp—1=m—11<ly <<l <lp_1

L1710 Lysenns L2l
n
= E : 2 : Tey, b1,
bp—1=m—1 1<l <<lyy_2<lpy_1
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lp—1—1 03—1 /lr—1
-y ¥ --~Z<Z% ----- e,,,_l,i>
bp—1=m—14y,_r=m—2 =2 \{1=1
L1 #i L—aF#i bFl O#

mo1—1 £3—1

Y Y S ke

bp—1=m—1Ly_r=m—2 =2
bp—1#l Lo #i b

with
lr—1

Fﬁl,...,em,1 =Tl 1,0 — V1D Rez,...,emfl,i = Z ;(1,...,6,”,1,1'-
l1=1
O #i

Conditional on (X;, Xy,, ..., X¢,_,), Rgz ,,,,, ¢,,_1,i 15 a sum of independent random variables
with zero means. Also, it is straightforward to verify that

n p—1—1
2 _(n—1 R2
wlvi - m_2 Z Z Z £,y [
bp—1=m—14L,,_o=m—2 lr=2
b—1#1 L Lo#i

Next, let 7, = ¥y + 4by, where

-1 —1
v o v2 72 v2 .
b= > Fes b= ) B, il X Xe Xeo o Xe, ).
L=1,41#i C1=1,£1#i

Similar to the proof of (C.19), we derive from Lemma C.1 that for every y > 2,

1 l3—1
(7)) Tole(i)sr ¥ T

i=14,_1=m—1 0r=2

(mfl?éi ez#i

holds with probability at least 1 — C exp(—y/4). This, together with the following inequality

l3—1

n n
Z Z ...ngziam<n>(315+316vn2)
i=1 by =m—1 (=2 m

booi#i b

which can be obtained by using (C.29) repeatedly, gives

n
P{Z‘ﬁii > ayyn® " *(By7 + B18V,,2)} <Ce™/4, (C.31)
i=1
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For v ;, note that the summation is carried out over all (m — 2)-tuples and

{2 —1=1G <)}rey,..0ri| <nlres,... 00l

.....

Regarding {£, — 1 — 1(i < {3)}re,,...¢,_,.i as a (weighted) degenerate kernel with (m — 1) argu-
ments, it follows from induction that

i=1

n
]P’{ > U3 = awyn®™ 2 (Bio+ B20Vn2)} <Ce ™, (C.32)

Assembling (C.30), (C.31) and (C.32) yields (6.28).
Similarly, using the decomposition

Z r(Xil,...,X,-m)

I<ij<-<im<n

= : : ril ----- im

1<ij<-<ip<n

n
= Z Z iy ootk = Tig i) T Z (n —im—1)ri,

k=m 1<ij<-<ip_1<k 1<ij<-<ip—_1<n—1

seeslm—1°

Because E(ril,..‘,imfl,”fk—l) =Ti,.

clm—1>
{th = Z iy, oime _ri|,...,im_|),Fk}
1<ij<-<ip—1<k k>m
is a martingale difference sequence, such that the following analogue of (C.22) holds:
]P<

n
DR
k=m

n

1/2
> \/E[Z{R,’f + 2B (R} Fio1) + 3ER,’§2}:| ) <V2e7Y4,

k=m

For m < k <n fixed, extending (C.21) gives

R = Z Tiyonig 1ok = Figsosim1)

I<ij<-<ip_1<k

k—1 ir—1
= E E (Figyizsesime1k = Ty = Vizyesim1,k T Tin,eossi 1)
im—1=m—1 i1=1

k-1 i3—1
+ E E W2 iy, ok = Vigsosimet = Fizyeosimert sk T Fizsernsim—1)

im—1=m—1 ir=2
k—1
+oet Z Win—17iy,_y k>

ipm—1=m—1
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where w; = (’;:21) for 2 < j <m — 1, and set w; = 1 for convention. Moreover, for 1 < j <
m — 2, put

fj+1-1
rj,in ..... i1,k — § : w./(rlj ----- im—1.k — Tijimet ™ Vijyr,., lm—lvk+rl_j+l’-<-qlm—l)
ij=Jj

kel .
andry |, = Zim71=m71 Wm—1ri,_, k> such that

* *
Ry = > TV igesim 1k

2<ip < <ipm—1<k—1

(C.33)
* *
+ Z T2 g itk T T e
3<iz<-<ip—1<k—1
For j =1,...,m —2, conditional on (Xi/H, .. Xim 1 Xk, r” i1k 1S @ SUM of indepen-

dent random vanables with zero means, and so is r;; 1k cond1t10na1 on Xr.
In particular, we have

n n 2
Y ERP<m—1)) {E( > ri“’iz’_“!iml’k)
k=m j=m

2<ip < <ip—1<k—1

2
+E( Z riia--»,im—l,k) +- +Erm lk}

3<iz<-<ip—1<k—1

n
k—2
§(m—1)2{(m_2> > B imosk

k=m 2<ip<-<ip—1=<k—1
k-3
+<m—3> > ETIRAIVE S 1k}
3<iz<<ip_1<k—I
n
) k—2 k—1
k=m
k—3 2 -1
+<m—3> Z (it Z ( )}
2<iy <+ <ip—1<k—1 i=m—1
< Capn®"2,

which extends inequality (C.23). In view of (C.33), inequalities (C.24)—(C.28) can be similarly
extended by using Lemmas C.1 and C.2 in the same way as in step 2. The proof of Lemma 6.1 is
then complete.
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