Bernoulli 20(1), 2014, 245-264
DOL: 10.3150/12-BEJ484

Strengthened Chernoff-type variance bounds
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Let X be an absolutely continuous random variable from the integrated Pearson family and assume that X
has finite moments of any order. Using some properties of the associated orthonormal polynomial system,
we provide a class of strengthened Chernoff-type variance bounds.
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1. Introduction

Let Z be a standard normal random variable and g : R — R any absolutely continuous function
with derivative g’ such that E(g’(X))? < co. Chernoff [14], using Hermite polynomials, proved
that

Varg(Z) <E(g'(2)); (1.1)

see, also, Nash [20] and Brascamp and Lieb [9]. In (1.1), the equality holds if and only if g is
a polynomial of degree at most one — a linear function. This inequality plays an important role
in the isoperimetric problem, as well as to several areas in probability and statistics. It has been
extended and generalized by many authors, including [1,8,10,11,13,17-19,21-25]. On the other
hand, Cacoullos [10] showed the inequality

Varg(Z) = E*¢(2), (1.2)

in which the equality again holds if and only if g is linear.
In this article, we provide improvements on Chernoff’s bound. In particular, an application of
the main result (Theorem 3.1, n = 1) to Z yields the inequality

Varg(2) < 1E%¢'(2) + 1E(¢'(2))7, (1.3)

in which the equality holds if and only if g is a polynomial of degree at most two. In view of
(1.2), it is clear that the upper bound in (1.3) improves the one given in (1.1) and, in fact, it is
strictly better, unless g is linear. The difference in right-hand sides (1.1) minus (1.3) is equal to
% Var g’ (Z), indicating the magnitude of this improvement.

Similar bounds are valid for all distributions that will be studied in the sequel, namely, the
Beta, Gamma and Normal. The main result applies to any Pearson (more precisely, integrated
Pearson) random variable possessing moments of any order. Hence, Theorem 3.1 also improves
the bounds for Beta random variables, given by [24,25]. The integrated Pearson distributions are
defined as follows, see [1-3,18]:
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Definition 1.1 (Integrated Pearson family). Let X be an absolutely continuous random variable
with density f and finite mean u = EX. We say that X (or its density f) belongs to the integrated
Pearson family if there exists a quadratic polynomial q(x) = 8x*> + Bx + y with 8,8,y € R,
[8] + Bl + |y| > 0, such that

/‘x (=0t f@®)dt =q(x)f(x) forall x e R. (1.4)

This fact will be denoted by
X ~1P(u; q) or f ~1P(w;q) or, more explicitly, X or f ~1P(u;$é, B, y). (1.5)

In the sequel, whenever we claim that X or f ~ IP(u; 8, B, y), it will be understood that
the density f has been chosen in C*°(«, ) and is vanishing outside (&, w), where (a, ®) :=
(essinf(X), esssup(X)) is the interval support of X; see [2], Proposition 2.1. Consider an arbi-
trary real polynomial g with deg(g) < 2 such that the set ST (g) := {x :g(x) > 0} is nonempty. It
can be shown that for any u € ST(q) (i.e., with g(u) > 0), there exists a unique (up to equality
in distribution) random variable X with mean p such that its density f satisfies (1.4); see [2],
Section 2.

Many commonly used continuous distributions are members of the integrated Pearson family,
for example, Normal, Beta, Gamma and Negative Gamma. This list also includes Pareto (with
density f(x) =a(x + D=1 x>0, and parameter a > 1), Reciprocal Gamma (with density
f(x) =r%"9"1e*/*/T'(a), x > 0, and parameters a > 1 and A > 0), Fy.m (with m > 2) and
t, (with n > 1) distributions, their location-scale families and their negatives — see Table 2.1 in
[2] for a complete description. The proof of the main result is based on specific properties of
the associated orthogonal polynomials that can be found in [2]. For easy reference, all required
results are reviewed in Appendix.

2. Preliminaries
The following definition will be used in the sequel.

Definition 2.1 (Cf. [1], page 3629). Assume that X ~ IP(u; q) and denote by q(x) = sx2 +
Bx + vy its quadratic polynomial. Let («, w) be the support of X and fix an integern € {1, 2, ...}.
We shall denote by H"(X) the class of functions g:(a, w) — R satisfying the following two
properties:

Hi: Foreachk €{0,1,...,n— 1}, g® (with g© = g) is an absolutely continuous function
with a.s. derivative g(kH). That is, g € cr-l (o, w) and the function g("_l) (o, w) > R,
with

d"lg(x
g V)= §(x) a<x <o,
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is absolutely continuous in («, w) with a.s. derivative g™ such that

y
gV =g D)= / g™ (1) dr for every compact interval [x, y] C (a, w).

X
Ha: Eq"(X) (g™ (X))? < oc.
Also, we denote by H%(X) and H>(X) the following classes of functions:
HO(X) = LZ(R, X)= {g : (o, w) — R, Borel measurable, such that Var g(X) < oo};
o0
H®(X) := ﬁ H'(X) = {g e C®(a, w):Eq"(X)(g<”>(X))2 <ocoforalln=0,1,...}.
n=0

It is clear that E2¢"(X)|g"™(X)| < E¢"(X)Eq"(X)(g"™ (X))* < oo, provided E|X|*" < oo
(equivalently, § < 1/(2n — 1); see Lemma A.1). On the other hand, under suitable moment con-
ditions on X, the assumption H, implies that ]Eq"(X)(g(")(X))2 <ooforalli € {0,1,...,n}.In
particular, if all moments exist (equivalently, if § < 0), then

LR, X) =H(X) 2H (X) 2 H(X) 2+ 2 HX(X),
that is, H"(X) = (—o 1’ (X) for all n. In order to verify this fact we first show a lemma.

Lemma 2.1. If X ~ 1P(u; q) with support (o, w) and g : (o, ) — R is an absolutely continuous
function with a.s. derivative g' such that Eq(X)(g'(X))? < oo then Eg(X) < oo.

Proof. Observe that g2(X) < 2g%(u) 4+ 2(g(X) — g(u))?. Since u € (a, ®),

w w 2 w x 2
IE3(g(X)—<§.'(,u))2=/ f(X)(/ g/(t)dt) dX+/ f(x)</ g/(t)dt) dx
o x % 5
w LR 2] oy
s/ f(X)(M—X)/ (s'®) dtdx+/ f(x)(x—m/ (8'())* drdx
o x I3 "

=Eq(X)(g' (X)),

by the Cauchy—Schwarz inequality and Tonelli’s theorem; cf. Lemma 3.1 in [22]. (]

Corollary 2.1. If X ~ IP(u; q), E|X [ < 0o and g € H*(X) for some fixed n € {1,2, ...}
then Eq' (X) (g (X))? < 0o for all i €{0, 1, ..., n}. In particular, Var g(X) < oo, that is, g €
L%(R, X).

Proof. According to Theorem A.3, the assumptions on X enable us to define the random vari-
ables X with densities

k
g fx)

a<x<w,k=0,1,...,n—1,
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where (o, w) is the support of X (and of each Xj). If ¢g(x) = 8x2 4 Bx + y is the quadratic of
X, then Xy ~ IP(ug; gx) with mean py and quadratic g given by

1+ kB Sx*+Bx+y 2
, _Z TPRTE . k=0,1,....,n—1.
—2ks qk (x) 2% kX" + Brx + vk n

Kk =

Setg=g""V U=pu,_1,3=qn_1, X = X,,_; and observe that X ~ IP(it; ¢) and

Eq"(X) (g™ (X))?

~ SN~ N2
Eg(X)(8'(X))" = (1= (2n—2)8)Eq" 1 (X)

)

because g € H"(X) so that the numerator is finite. [In view of Lemma A.1, E|X|*"~! < oo
implies the inequality (2n —2)§ < 1; moreover, deg(q" ™~ l) <2n—2shows that 0 < E¢"~ LX) <
00.] An application of Lemma 2.1 to g, X shows that Eg? (X ) < 0o, and thus,

Eq"~' (0)(s" 7" (0))* = ER(X)Eq" ™! (X) < oo.
Hence, g € H"~!(X). Continuing inductively the result follows. (]

Turn now to the case where X ~ IP(u; 8, B, y) with § < 0. It follows that all moments ex-
ist and, moreover, the moment generating function of X is finite in a neighborhood of zero
(see [2], Table 2.1, types 1-3). Then, it is well known that the orthonormalized polynomial sys-
tem {qﬁk},fozo, given by (A.6) (with n = 00), is complete in LZ(R, X); see, for example, [3,7]; see
also Remark A.3, below. Consider a function g € H"(X) for some fixed n € {1,2,...}. Since
H"(X) € L*(R, X), g can be expanded as

g(x) ~ > g (x), 2.1

k=0

where o = E¢r(X)g(X) are the Fourier coefficients of g. The series converges in the norm of
L3(R, X), that is, E[g(X) — Z,ICV:O ok dr(X)]?> — 0 as N — oo. Parseval’s identity shows that

o0
Varg(X) = Za,%, g€ L*(R, X). (2.2)
k=1

On the other hand, since g € H"(X), (A.8) yields the expression

_ Eqf0g® 0
VKl (®)EqF(X)

where cx(8) = [T75.2 (1 — j6), see (A.3), and Eq¥(X) is given explicitly in (A.9). Thus, in the
particular case where g € H"(X), (2.2) produces the equivalent formula

fork=1,2,...,n,

1\ E? k(X)g<k><X>

Varg(X) = Z et GBS 0 Z o, g € H'(X). (2.3)



Strengthened Chernoff-type variance bounds 249

Now, consider the following heuristic derivation: Formally, we differentiate term by term (n
times) the series (2.1) to get, in view of Theorem A.5, the expansion

g™ (x) ~ j{jak+n¢k+n<x> j{jv U nPhn (). 2.4)
k=0
Let lead(P) be the leading coefficient of a polynomial P. The constants v( "= vk")(,u q) are
given by (A.18) and {¢ ,(x)};2, (with lead(¢x ) > 0) is the orthonormal polynomial sys-
tem corresponding to X, with density f, = q" f/Eq"(X); ¢k.» is a (positive) scalar multiple
of the polynomial P, given in (A.16). Now, if the expansion (2.4) was indeed correct in the
L%(R, X,,)-sense, then the completeness of the system {¢k,n}1?o:o in L2(R, X,,) would result to
the corresponding Parseval identity:

Eq"(X)(s" (X)) _ - %
Z OlkJrn ’

(") n
Eq" (X) (X, ) g € H"(X). 2.5

k=0
Finally, from (A.18) we have

k+2n—2
(py2 = xm! =

v - ]‘[ (1—j8).
k'Eqn(X)/ =k+n—1

A combination of the last equation with (2.5) yields the identity

00 k—+2n-2 .
(k+m T2 (1 - js)
Eg" (0 (g (X0) =Y e —al,

k=0 ’

(2.6)
K- o)

-y "
(k —n)! e

This must be correct for all g € H"(X), provided that expansion (2.4) is valid. However, the
above arguments are heuristic; they are not sufficient even to conclude convergence of the series
(2.6) or (2.5). Notice that the same technicality appeared in Chernoff’s [14] proof, although
in this case the polynomials are the well-known Hermite polynomials (with derivatives again
Hermite, i.e., orthogonal to the same weight function, the normal density). Chernoff overcame
this difficulty by applying Weierstrass (uniform) approximations to g in compact intervals.

In the sequel, we shall make the above arguments rigorous by applying a different technique, in
the spirit of Sturm—Liouville theory. In fact, we shall show more, namely, that an initial segment
of the Fourier coefficients for the nth derivative of g, suggested by (2.4), can be derived for any
X ~1P(w; 8, B, y) having a sufficient number of moments. This result holds even if § > 0, noting
that if § > O then X possesses only a finite number of moments. Specifically, the following result,
which may have some interest in itself, holds true.
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Lemma 2.2. Assume that X has density f, support (o, w), X ~IP(w; 8, B, y) and E|X|*N < oo
for some N > 1, that is, § < ﬁ Let {qbk},[(vzo - LZ(R, X) be the orthonormal polynomial
system associated with X (where, to be specific, assume that lead(¢r) > 0). Then, for every
x € (o, w),

q(x0) f () (x) = —kk(é‘)/ () f(y)dy

- Q2.7)
=n) [ B k=120,
where A (8) := k(1 — (k — 1)8). Moreover, if g € H"(X) for somen € {1,2,..., N} then
Edin(Xn)g™ (Xn) = v Ein(X)g(X),  k=0,1,....N—n, 2.8)

where X, has density f, = q" f/Eq"(X),

o _ \/(k +ay [T (= j8)
Yk Eq"(X)

is given by (A.18) and {qﬁk’n};{vz_o” C L%(R, X,,) is the orthonormal polynomial system corre-
sponding to X, with lead(¢y ») > 0.

Proof. From (1.4) it follows that

FO  p=x—q'@)  —(1+28)x+u—p)
f@® T 9@ 2 tpaty

, o<x<w.

Consider the polynomials Pj defined in (A.2). By (A.6), each ¢ is a scalar multiple of the
Rodrigues-type polynomial i; = D¥[¢* f1/f = (—1)* P;. Hence, Theorem 1 of Diaconis and
Zabell [15] (see, also, equation (4.4) in [2]) implies that

[q(x)f(x)qb,’((x)]/:—Ak(é)q‘)k(x)f(x), a<x<w,k=1,2,...,N. 2.9)

Fix r and x with @ <t < x < w and integrate (2.9) over the interval [z, x] to get
—/\k(S)/ o) f () dy =q(x) f ()P (x) — q(0) f (O (1);
t

thus, taking limits as 7 N\, « we see that the Lh.s. converges to —A(5) f; o (y) f(y)dy, by
dominated convergence, while the r.h.s. tends to g(x)f (x)qb,’((x) because, by Lemma A.2,
limy\ o q(¢) f(t)h(¢) = O for any polynomial ~ with deg(h) < 2N — 1. This verifies the first
equality in (2.7), while the second one is obvious since E¢y (X) = 0 (because ¢y is orthogonal to
do=1).

Fix now an integer k € {0, 1,..., N — 1}. Observing that deg(q(x)x2k) <2k+2<2N we
have E(X ’1‘)2 =Eq(X)X?/Eq(X) < 0o. Thus, the Rodrigues-type polynomial Py 1 (see (A.16)
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with m = 1) belongs to L2(R, X)). By Corollary 2.1, E(g’(X1))? is also finite. Indeed, n < N
implies that E|X|*"~! < oo so that g € H"(X) € H'(X) and, therefore,

E(g (X))’ = Eq(X)(g' (X)) < oc.

Eq(X)

Hence, the Fourier coefficient of g’ with respect to ¢ 1, Edx,1(X1)g’ (X1), is well-defined (and
finite):

E2| i1 (XD (X1)| < E(¢r 1 (X)) E(g'(X1)* =E(¢'(X1))* < 0.

Let p; < p2 < --- < py be the distinct roots of ¢4 that lie into the interval (o, w).
Clearly, 1 <m <k + 1 because E¢r4+1(X) = 0 and deg(¢x+1) = k + 1. Fix now a num-
ber o € [p1. pm] S (¢, ). From (A.19), we see that ¢y (x) = ¢}, ,(x)/v" where v

J(k+ 1D —k8)/Eq(X). Therefore, using (2.7), we have

1 w
E¢r,1(X1)g' (X1) = m/ g (x)q(x) f (xX)x,1(x) dx

1 ® /
) M/ 8/ (0)4() [ (i1 () dx

—A S P X
- (l)k;l() g/(x)/ F ) Pr+1(y)dydx
Vi EQ(X) o o

Ak+1(6)

D g/(x)f FO)Prs1(y)dydx.
Vk EQ(X) 14 X

Observing that

M1(8) (k+1)(1 —ké) _,M
vEg(x)  EgXOVEFDI—K)/Eg(X) *

the preceding equation can be rewritten as

’

Edi1(X0)g' (X1) =v(h — 1), (2.10)

where
p X ® 10)

I= / () / FO)bi(Wdydx, = / ¢ / FO)ba1 () dydr.  (2.11)
a o P X

Now, we wish to change the order of integration to both integrals /1 and I». To this end, for /> it
suffices to show that

I3 = / ') / FO|rr1 ()] dydx < oo. 2.12)
] X
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Similarly, for /; it suffices to show that I} := [” |g'(xX)| [ f(?)|+1(y)|dy dx < co. We now
proceed to verify (2.12). Write I} = I}, + I}, where

Pm w
1= f 8| / FO) st ()] dydr,

I = / g'()] / SO b1 ()| dy dx.
Since the polynomial ¢y1 does not change sign in the interval (p,,, ®), we can define the con-

stant 7 as

7 = sign(rs1(x)) € {—1, 1}, P <X <.

Then, 7 ¢r+1(x) = |Pr+1(x)| holds for all x € (p;,, w) and from (2.7) we get

ILy=mn / g’ (0] / Fbrt1(y)dydx = / 8" ()| g (x) f (xX)pp .y (x) dx

)»+(3)

(3)/ [8'()]g () f )|y ()] dx

/!g’(x)\q(X)f(x)]¢;’(+1(x)|dx= Eq(X)|¢41(X)g' (X))

_ 1
- )»k+1(5) Ak+1(6)

1)<1>
+1(8)

1
Eq(X)|¢r.1(X)g' (X)| = (1)E|¢k,1(x1)g’(xl)| < 00.

This shows that I}, < co. On the other hand, the function x > ¢ (x) f(x) is strictly positive
and continuous for x in the compact interval [p, o] € (o, ), so that, 0 := min{g(x) f (x) :
p <x < pm} > 0. Then, from the fact that g € HYU(X), we get

Pm 1 Pm 1
[ |g'(x)|dx < 5/ q(x) f(x)|g' ()| dx < E]ECI(X)|8/(X)|
1Y 14

1
< 5\/ Eq(X)Eq(X)(g/(X))” < 00

Moreover, for any u1, uy with o <u1 <up < w itis readily seen that

up 0]
/ k1] F () dy < / |k 1| F () dy = E|ps1(X)| := My < 0.
ui o

Combining the above, we conclude that

Pm [ Pm
I =/ \g’(x)|f FO)| k10| dy dx < Myqy / g/ (x)|dx < oo.
o x P
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Therefore, I} = I} + 1}, < oo and (2.12) follows. Using similar arguments it is shown that
I} < oo. Thus, we can indeed interchange the order of integration to both integrals /; and /> of
(2.11). It follows that

w y
L= / FDGr41(y) / g'(x)dxdy
p p

=/ SWorr1(ng(y)dy — g(p)f SO Pk+1(y)dy
p p

and, similarly,

o p
11=g(p)/ f(y)¢k+1(y)dy—/ SO D1 (g (y)dy.

Taking into account the fact that f:) FPk+1(y)dy =E¢pr4+1(X) =0, we get

b= [ FO0n00)dy =20 [ F0I410)dy =Bt (0530,
Finally, from (2.10), we conclude that

k+1)(1 —ks
E¢r1(X1)g' (X1) = ME@#I(XM(X), k=0,1,...,.N—=1. (2.13)
Eq(X)

So far we have shown that g € H"(X) and E|X|?" < oo for some N > n implies that g € H!'(X)
an;l (2.13) is fulfilled. Assume now that for some i € {1,2,...,n — 1} we have shown that g €
‘H'(X) and that for every k € {0, 1, ..., N — i},

(k+ i THEE (- jo)

k! Eq' (X)

E¢ri(X)g® (X)) = \/ Egp+: (X)g(X). (2.14)

Clearly, we can apply (2.13) for g = g, X = X; and for k =0, 1, ..., N —1, provided that

~ ~ i Y ~
E|X;|?N < oco. Observing that E|X;|*N = % it follows that N = N — i is a suitable

choice. Therefore, for k =0,1,..., N —i — 1, (2.13) yields

(k + 1)1 — k8;) »
(i+1) (X VoD (Y.
Er,iv1(Xit1)g Xit1) = g (X0 Edry1,i(Xi)g" (Xi),

where §; = 1_‘3—21.3, qgi(x) = 1‘1_()2?5 (see Theorem A.3) and, thus,

Eq(X;))  Eq'™'(X)

Bai(X) =175 T (= 2i0)Eq (X)’
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Finally, calculating E¢y 1 ; (X)g®(X;) from (2.14) (for k=0, 1,..., N —i — 1) we see that

Egpit1(Xir1)e ™ (Xi41)

k+2i—1

] kDA —k8/(1 - 2i8)) \/(k+i+1)!n‘/:k+,’ (1—jé)
CVEgT (X0 /((1=2i8)Eq' (X)) (k+1)! Eq'(X)

Edrrir1(X)g(X)

. k+2i—1 .
4+i+ ) [[[5n 1=jd) .
=\/ I E¢rsiv1(X)g(X),  k=0,1,...,N—i—1,

k! Eqit1(X)

which verifies the inductional step and shows that (2.14) holds for all i € {1,2,...,n}. Letting
i =n in (2.14) completes the proof. (]

3. The strengthened inequality

In the present section, we assume that X ~ IP(u; §, B, y) with § < 0. The well-known Normal,
Gamma and Beta random variables and their affine transformations are of this form — see [2],
Table 2.1. In this case the orthonormal polynomial system {¢y};° , is complete in L*(R, X) and,

therefore, the following result holds.

Lemma 3.1. If X ~IP(u; 6, B, y) with § <0, then

o0
Varg(X)=Y o  foranyge L*(R.X), (3.1)
k=1
where
a=Egr(X)g(X), k=0,1,2,..., (3.2)

are the Fourier coefficients of g with respect to the orthonormal polynomial system {¢i}72 . If,
furthermore, g € H"(X) for some n € {1,2, ...}, then

Eq*(X)g® (X)

o = Egr(X)g(X) = = ,
JHEGHOO TS (1 - j8)

k=1,2,...,n (3.3)

and

x K21 - js)
Bq"(00(¢"(0)" = ) —Lo— s,

k=n

(3.4)
with oy given by (3.2).

Proof. (3.1) is the well-known Parseval’s identity. Also, if g € H"(X) then, by Corollary 2.1,
g € HK(X) for all k € {0,1,...,n}. Therefore, the Cauchy—Schwarz inequality shows that
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Eg*(X)|g® (X)| < EgX(X)Eq*(X)(g® (X))? < co. Hence, (3.3) follows from (A.4) — see
Theorem A.2 — and the fact that the polynomials Py (x) := (—D*DFg*(x) f(x)1/f (x) are re-
lated to ¢y by Pi(x) = ¢k(x)\/k'Eqk(X) [1752,(1 — jo) for all k € {1,2,...}. Moreover, by
Lemma 2.2 we have that for any g € H"(X), the Fourier coefficients oy = E¢y(X)g(X) (of g

with respect to X) and the Fourier coefficients oz(") = E¢r.n(Xn) g™ (X,) of g™ with respect
to X, are related through

k+2n—2 .
O[(n) _ \/(k + i’l)' 1_[ ikﬁ—n l ]8)
. k! Eq"(X)

Qs k=0,1,2,...,

where Eg" (X) is given explicitly by (A.9). Finally, Theorem A.3 asserts that

Xy ~TP(tn; 8y Bus Vi) with 8, = 1—2né =

Hence, 8, < 0 guarantees that the corresponding orthonormal polynomial system {¢y »};2, is
complete in L>(R, X,). Since g € H"(X), g™ e L*(R, X,,) and, by Parseval’s identity,

o]

00 k+2n—2 .
(n)(X ) Z (n) 1 Z (k+n)!l_[j:k+n—l(1 _J(S)O[]%_i_
| n
Pt Eq"(X) = k!
(thus, the series converges). Observing that
E(g™ (X,)" = Eq"(X) (g™ (X))’
(6" (X)) = gy B0 (" ()
(3.4) is deduced and the proof is complete. (I

We are now in a position to state and prove the main result of the paper.

Theorem 3.1. If X ~1P(w;$, B, v) with§ <0 and if g € H"(X) for some n € {1,2, ...} then

n

E2¢%(X)g® (X)
Varg(X) < > _
; KEq*(X) TT752, (= jo)

+Eq"<X>(g<")<X>)2 (1/Eq" (X))E%”(X)g“”(X)
(n+ S A= j8)

(3.5)

with equality if and only if g is a polynomial of degree at most n + 1.
In particular, if 0> = Var X and g is absolutely continuous with a.s. derivative g’ such that
Eq(X)(g'(X))? < oo (i.e., g € H (X)) then

Eq(X)(g'(X))’,  (3.6)

1
Varg(X) < (1 - ) —E2q(X)g'(X) +

1
2(1-19) 2(1-9)

with equality if and only if g is a polynomial of degree at most two.
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Three examples of (3.6) are as follows:

Example 3.1. If X ~ N(u,0%) =1P(11; 0,0, 02) then § =0, g(x) = o> and we obtain the in-
equality

Var g(X) < 10?E2¢/(X) + 10 ?E(g'(X))*, (3.7)

in which the equality holds if and only if g is a polynomial of degree at most two. Chernoff’s
upper bound, Var g(X) < o>E(g’(X))?, is strictly weaker than (3.7) since, obviously, E2g’(X) <
E(g’(X))2, and the equality holds if and only if g is linear. It should be noted that o2E2g' (X) is,
actually, a lower bound for Var g(X); see, for example, [10].

Example 3.2. If X ~ T'(a, ) =1P(a/A;0,1/x,0) so that f(x) = A%x*"le ™ /I'(a), x > 0,
then § =0, g(x) = x/A, 0> = a/A* and we obtain the inequality

[ 1 ’ 2
Varg(X) < —E*Xg'(X) + —EX(g'(X))", (3.8)
2a 21
in which the equality holds if and only if g is a polynomial of degree at most two.

Example 3.3. If X ~ B(a,b) = IP(

0) then § = =L, g(x) = 2= o2 =

a+b; a+h’ a+b’ a+b

m and we obtain the inequality
a+b+2_, , 1 , 2
Varg(X) < ———E X1 -X)g(X)+ ————EX(1-X X)), 39
arg(X) < ab ( )8 ( )+2(a+b+1) ( )(g'(X)) (3.9)

in which the equality holds if and only if g is a polynomial of degree at most two. In the particular
case where a = b = 1, X = U is uniformly distributed over the interval (0, 1) and (3.9) yields an
improvement of Polya’s inequality (see, e.g., [4]),

1 ) 1 2 1 1 , 2
/g(x)dx— /g(x)dx 55/ (1= 2)(g'(0)  dx
0 0 0

Indeed, fora =b =1, (3.9) yields

1 1 2 1 2 1
/g%x)dx—(/ g(x)dx) 52(/ x(l—x)g/(x)dx) +1/ x(1 = x)(g' () dx
0 0 0 6 Jo

and the upper bound is smaller than Polya’s bound because, by the Cauchy—Schwarz inequality,

1 2 I 1
(/ x(1 —x)g’(x)dx) < / x(1 —x)dx/ x(1 —x)(g/(x))zdx
0 0 0

1 1
- Ef x(1—x)(g'(x))” dx
0
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Remark 3.1. In [11,18,22] it was shown that Var g(X) < Eq(X)(g’(X))?; the equality in this
Chernoff-type variance bound is attained only by linear functions g. Also, in [10,12,18,22] it
was shown that Var g(X) > %Ezq(X )g'(X), in which the equality characterizes again the linear
functions. We observe that the upper bound in (3.6) is a convex combination of the preceding
lower and upper bounds and, thus, smaller than the Chernoff-type upper bound, Eq(X)(g’(X))>.
Also, the last term in the upper bound (3.5) can be rewritten as

Eq"(X)(g™ (X))* — (1/Eq" (X)E*q" (X)g™ (X) _ Eq"(X)
(n+ DS A= j8) (n+ S A= j8)

Varg™ (X,,).

Thus, we can apply the Chernoff-type upper bound to Var g (X,,), provided that g™ e H!(X,,).
Recall that g € H!(X,) means that g™ is absolutely continuous with a.s. derivative g**+D
such that Eq, (X,)(g" " (X,))? < oco. Since X, ~ f, = q" f/Eq"(X), § <0 and g,(x) =
q(x)/(1 — 2né), the preceding requirement is equivalent to

1

E n+1 X (n+1) X 2
(1= 2n0)Eq"(X) " (X) (g (X)) < o0
thus, g™ e H'(X,) if and only if g € H"+1(X). Therefore, if g € H"*1(X) then we have

) i v w2 BT 0 (gD (X))
Var g™ (X,) <Eqn(X,) (g (X)) = A= 3B D)

3

with equality if and only if g is linear, that is, g is a polynomial of degree at most n + 1. The
preceding inequality shows that for any g € H"+!(X),

Eq"(X) (g™ (X))* — (1/Eq"(X)E*q" (X)g™ (X) IEq"“(X)<g<"+”<X>>2
(n+1)'H2" Y1 =78 (n+1)vﬂ (=8’

with equality only for polynomial g of degree at most n + 1. Combining the upper bound in (3.5)
with the last displayed inequality, we obtain the weaker bound

Zl E2g% (X)g® (X) Eq" (X)(g™ (X))

Varg(X) < _ o
= KEqF OO T2, =) a2 (= jo)

(3.10)

which holds for any g € H"(X), and the equality is attained if and only if g is a polynomial of
degree at most n. For n =1 this is the Chernoff-type variance bound. Also, for X ~ B(a, b),
(3.10) has been shown by Wei and Zhang [25], using Jacobi polynomials.

Proof of Theorem 3.1. From (3.1) and (3.3),

n 2 k (k)
E“g"(X)g"™ (X) 2 2
Varg(X) — § =2, o, F, (3.11)
P E k(X) 1_[2](—](21 ]5) n+1 n+2
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with o given by (3.2). Also, from (3.3) with k = n,

2n—-2
1 2 n (n) _ _ 2
B B4 %08 <X>—n!< [T @ m)an

j=n—1

Thus, in view of (3.4),

Eg™ (X (n)XZ_ EZnX(n)X
4" X(" X)) = gy B (08 (0
© kITA - 2(1_]3) <2n 2 KT 20— js)
_Z ] =k—1 l—[ (1_]5)> Z j=k—1 a,%.
(= j=n—1 k=n-+1 (k—n)!
Therefore,
Eq"(X)(g™ (X))? — (1/Eq" (X)E2q" (X)g™ (X)
(n+ 1)!H2-”;1<1 — j®)
Z 1_[ m—1 n+1+ Z )»kak,
kent (k—n)'(n+1)'ﬂ - 3) P
where

k=n+2,n+3,....

A 1=

1 (k)l—[H" HOENT)
nt+1\n/ TR A= j8)

The sequence {kk}}f‘;n 9 is nondecreasing in k. Indeed, since § < 0, we have
1<1-6<1-26<1-36<---

and thus, k — ]_[1;;“2:%(1 — j8) is nondecreasing in k and positive (for each k the product contains
n positive factors). Also,
()
k—
n

is, obviously, positive and nondecreasing in k. Thus, for every k > n + 2,

M > A = 1—|—n 1 nd 1
_ ~ _ -
k= Ant2 2 1—né ’

because 1 +n/2 > 1and 1 —nd/(1 —nd) > 1 (since § < 0). It follows that

Eq"(X)(g™(X))? — (1/Eq" (X))E2q"<X>g<"><X> 2
-+ DI = j8)

+1+Oln+2+"', (312)
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with equality if and only if o, = ay43 = --- =0, that is, if and only if g is a polynomial of
degree at most n 4+ 1. A combination of (3.11) and (3.12) completes the proof. O

Remark 3.2. The upper bound in (3.5) is meaningful (it is nonnegative and makes sense) even for

0<é< % in which case E| X |*" < o0o. Also, since x*t1 € L2(R, X) if and only if § < #ﬂ
1

n—1°
it would be desirable to show the validity of (3.5) at least when 0 < § < 5.
we have tried, without success, to prove (3.6) when 0 < § < % In contrast to the correspond-
ing Chernoff-type bound, which can be shown directly (without Fourier expansions — see, e.g.,
[13]; cf. Lemma 2.1, above), it seems that the completeness of the corresponding orthonormal
polynomial system in L?(R, X) plays a crucial role in proving (3.6).

For example,

Appendix

Proposition A.1 ([2], Proposition 2.1). Let X ~ IP(u;q) and set (a,w) := (essinf(X),
esssup(X)). Then, there is a version f of the density of X such that

(1) f(x) is strictly positive for x in (a, w) and zero otherwise, that is, {x : f(x) > 0} = (¢, w);

(il) f € C*®(a,w), that is, [ has derivatives of any order in («, w);

(iii) X is a (usual) Pearson random variable supported in (a,w), that is, f'(x)/f(x) =
p1(x)/q(x), x € (a, w), where p1(x) = u —x — q'(x) is a polynomial of degree at most
one;

(v) g(x) =8x2+ Bx +y > 0 forall x € (a, w);

(v) if o > —oo then q(a) = 0 and, similarly, if © < +o00 then q(w) =0;

(vi) for any 0,c € R with 6 # 0, the random variable X := 0X + ¢ ~ IP(fi; §) with [ =
O+ cand §(x) =60%q((x — ¢)/6).

Lemma A.1 ([2], Corollary 2.2). Assume that X ~1P(u; 8, 8, y).
() If8 <0, then E|X|? < oo for any 6 € [0, 00).
(i) If8 > 0, then E|X|? < oo for any 6 € [0, 1+ 1/8), while E|X|'t1/% = occ.

Lemma A.2 ([2], Lemma 2.1). If X ~ IP(u; 6, B,y) = IP(u; q) has support (a,w) and
E|X|" < oo for some n > 1 (equivalently, § < 1/(n — 1)), then for any polynomial Q,_1 of
degree at mostn — 1,

)}%Q(x)f(x)Qn—l(x) = }i\lng(x)f(x)Qn—l(x) =0. (A.T)

Theorem A.1 ([16], page 401; [6], pages 99—-100; [15], page 295; [2], Theorem 4.1). Assume
that f is the density of a random variable X ~ 1P(u; q) =1P(u; 8, B, y) with support (a, w).
Then, the functions Py : (o, ) — R with

—[qk(x)f(x)], a<x<w,k=0,1,2,... (A2)
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are (Rodrigues-type) polynomials with

2%—2
deg(Pr) <k and lead(Py)= l_[ 1= jd) :=ck(8), k=0,1,2,..., (A.3)
j=k—1

where lead(Py) is the coefficient of x* in Py(x). Here co(8) := 1, that is, an empty product should
be treated as one.

Theorem A.2 ([3], pages 515-516; [2], Theorem 5.1). Let X ~ 1P(u; 6, B, v) =1P(u; q) with
density f and support (o, w). Assume that X has 2k finite moments for some fixed k € {1,2,...}.
Let g : (o, ) — R be any function such that g € C*~(«a, w), and assume that the function

k—1

. d
g V)=

o 8(x)

is absolutely continuous in (o, w) with a.s. derivative g(k). If Eqk(X)lg(k)(X)| < 00 then
E|P.(X)g(X)| < oo, where Py is the polynomial defined by (A.2) of Theorem A.1, and the fol-
lowing covariance identity holds:

EP(X)g(X) = Eq*(X)g® (X). (A.4)

It should be noted that when we claim that / : (o, ) — R is an absolutely continuous function
with a.s. derivative 4’ we mean that there exists a Borel measurable function 4’ : (o, w) — R such
that /4’ is integrable in every finite subinterval [x, y] of (&, ), and

y
/ K (t)dt =h(y) — h(x) for all compact intervals [x, y] C (o, w).
X

Corollary A.1 ([3], equation (3.5), page 516; [2], Corollary 5.1). Let X ~IP(u;$6, 8,y) =
IP(u; q). Assume that for some n € {1,2, ...}, E|X|*" < 0o or, equivalently, § < 1/(2n — 1).
Then, the polynomials defined by (A.2) of Theorem A.1 satisfy the orthogonality condition

2k—2

B[ Pe(X) P (X)] = 8e.mkBEq* (X) ] (1-jo)
j=k-1

(A.5)
= S mklcr (ODEGE(X),  k,me(0,1,...,n),

where 8 m is Kronecker’s delta and where an empty product should be treated as one.

Remark A.1. The orthogonality of Py and P, k Zm, k,m € {0, 1, ..., n}, remains valid even
if§ € [Tl—l’ Tl—z); in this case, however, P, ¢ L>(R, X) since lead(P,) > 0 and E|X|*" = oo.

Remark A.2. In view of Lemma A.1, the assumption E|X|*" < oo is equivalent to the condition
1

S < m.Therefore,foreachke {1,...,n}andforall j e{k—1,...,2k—2} wehave | — j§ >
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0 because
{k—1,...,2k—2}C{0,1,...,2n —2}.
Thus, ¢ (8) > 0. Since P[g(X) > 0] = 1, deg(q) <2 and ]E|X|2" < 0o we conclude that 0 <
Eqk(X) <ooforall k € {0, 1,...,n}. It follows that the set {¢g, ¢1, ..., P} C Lz(}R, X), where
Pr(x)
(klcr (8)Eqk(X))1/2
_ (D)) /dx)g* (x) £ ()]
KB O TT752 (1= joy/2

dr(x) ==

(A.6)

k=0,1,...,n,

is an orthonormal basis of all polynomials with degree at most n. By (A.3), the leading coefficient
of ¢k is

5520 - j8>)1/2 _ ( ex(6)

12
= 0, k=0,1,....n. (A7
KEqF(X) k!Eqk(X)) g n. (AT

lead(¢y) = (

The orthonormal system {¢y};_, is characterized by the fact that deg(¢y) = k and lead(¢) > 0
for each k.

Remark A.3. The identity (A.4) enables a convenient calculation of the Fourier coefficients of
any (smooth enough) function g with Var g(X) < oo. More precisely, if X ~IP(u;$, 8,y) =
IP(1; ¢) and E|X|?" < oo for some n > 1 then the Fourier coefficients of g, oy = Eer (X)g(X),
are given by og = Eg(X) and

__Eg* 0 x) _
o = (Klex 0)Egk (X))172° k=1,2,...,n, (A.8)

provided that g is smooth enough so that Eq*(X)|g® (X)| < oo for k € {1,2,...,n}; cf. [3],
Theorem 5.1(a). Here ¢ (§) is given by (A.3) and for any k € {1, ..., n} (see [2], Corollary 5.3)

Eqk(X) =

k=11 _nis) k-l .
I—[J=0( Jjd) 1—[ </¢L+],3>. (A.9)

— A q ;
[T260 = @j+1)8) j \1-2j8

In the particular case where X ~ IP(u; 8, 8, y) and § <0 (i.e., if X is of Normal, Gamma or Beta-
type), it follows that E|X|" < oo for all n. Moreover, there exists an ¢ > 0 such that Ee’ X <00
for |¢] < & (see types 1-3 of Table 2.1 in [2]). Hence, the polynomials {¢;}72 ), given by (A.6)
(with n = 00), form a complete orthonormal system in LZ(R, X); see, for example, [3,7]. There-
fore, the Fourier coefficients are easily obtained for any smooth enough function g such that
Var g(X) < oo and Eg¥(X)|g® (X)| < oo for all k > 1. Indeed, in this case we have

Eq*(X)g® (X)
(ke (O)Egk (X)1/2’

o =E¢r(X)g(X) = k=0,1,2,..., (A.10)
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where E¢*(X) is as in (A.9). Thus, by Parseval’s identity, the variance of g equals to ([3], Theo-
rem 5.1(a))

o0

Varg(X) =Y

k=1
with Eg¥(X) given by (A.9) and ¢4 (8) by (A.3).

E2¢*(X)g® (X)

klex (HEgH(X) (AAD

Theorem A.3 ([2], Theorem 5.2). Let X be a random variable with density f ~ IP(u; q) =
1P(u; 68, B, v), supported in (o, w). Furthermore, assume that IE|X|2”Jrl <00 (ie., 8 < ﬁ)for
some n € {0, 1, ...}. Define the random variable Xy with density fi given by

I AENIE))

= , ,k=0,1,...,n. A.12
Eqk(X) a<x<w n ( )

Si(x):

Then, fi ~1P(uk; gi) with (the same) support (o, ),

u+ kB _qx)

:1—2k8 and qk(x)—1_2k8, a<x<w,k=0,1,...,n. (A.13)
Theorem A.4 ([2], Theorem 5.3; cf. [5], page 207). If X ~ IP(u; §, B, y) with support (a, w)
and E|X|*" < oo for somen > 1 (i.e., § < ﬁ), then for any m € {1,2,...,n},
P () =C" (O Pimx),  a<x<wk=0,1,...,n—m, (A.14)
where
k+2m—2
m) o . (kK+m)! k .
C;"(8) 1= = (1 —2md) [T a-iJs. (A.15)
Jj=k+m—1

Here, Py are the polynomials given by (A.2) associated with f, and Py ,, are the corresponding
Rodrigues polynomials of (A.2), associated with the density f,(x) = qlé;)f,,) (f)g) , o <X <w,of

the random variable X, ~ IP(m; qm) defined in Theorem A.3, that is,

(=D* &

) T [4% () fin ()]
_ (_l)k dk
T (1= 2mé)kg™m (x) f (x) dxk

Prm(x) ==
(A.16)

[qk+m(x)f(x)], a<x<w,k=0,1,....,n—m.

Theorem A.5 ([2], Corollary 5.4). Let X ~ IP(u; 6, B8,y) = IP(u;q) and assume that
E|X|*" < oo for some fixedn > 1 (i.e., § < ﬁ). Let {¢r}y_ be the orthonormal polynomials
associated with X, with lead(¢y) > 0; see (A.6), (A.7). Fix a number m € {0, 1, ..., n}, and con-
sider the corresponding orthonormal polynomials {¢rm};_y » with lead(¢r,m) > 0, associated

with Xy, ~ fin =q" f/Eq™ (X). Then,

o ) =" Gem),  k=0,1,....,n—m, (A.17)
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(m)

where the constants v, = v,im)(/u q) > 0 are given by

(e+mY DT = j9) }” . (A18)

(m)y _ (m) . N._
Ve "=V, (MaCI)-—{ Eq™(X)

with Bq™(X) as in (A.9) with m in place of k. In particular, setting o> = Var X = Eq(X) we

have
/ JEFDA=K3)
¢k+l(x) — wqﬁk’l@c)
. (A.19)
=/<k+ DO ). k=0.1n— 1.
q(p)
Acknowledgement

Work partially supported by the University of Athens Research Grant 70/4/5637.

References

(1]

(71
(8]
[9]

[10]

(1]

Afendras, G. and Papadatos, N. (2011). On matrix variance inequalities. J. Statist. Plann. Inference
141 3628-3631. MR2817368

Afendras, G. and Papadatos, N. (2012). Integrated Pearson family and orthogonality of the Rodrigues
polynomials: A review including new results and an alternative classification of the Pearson system.
Preprint. Available at arXiv:1205.2903v2.

Afendras, G., Papadatos, N. and Papathanasiou, V. (2011). An extended Stein-type covariance identity
for the Pearson family with applications to lower variance bounds. Bernoulli 17 507-529. MR2787602
Arnold, B.C. and Brockett, P.L. (1988). Variance bounds using a theorem of Pélya. Statist. Probab.
Lett. 6 321-326. MR0933290

Beale, E.S. (1937). On the polynomials related to Pearson’s differential equation. Ann. Math. Statist.
8206-223.

Beale, E.S. (1941). On a certain class of orthogonal polynomials. Ann. Math. Statist. 12 97-103.
MRO0003852

Berg, C. and Christensen, J.P.R. (1981). Density questions in the classical theory of moments. Ann.
Inst. Fourier (Grenoble) 31 99-114. MR0638619

Borovkov, A.A. and Utev, S.A. (1983). An inequality and a characterization of the normal distribution
connected with it. Teor. Veroyatnost. i Primenen. 28 209-218. MR0700206

Brascamp, H.J. and Lieb, E.H. (1976). On extensions of the Brunn—Minkowski and Prékopa—Leindler
theorems, including inequalities for log concave functions, and with an application to the diffusion
equation. J. Funct. Anal. 22 366-389. MR0450480

Cacoullos, T. (1982). On upper and lower bounds for the variance of a function of a random variable.
Ann. Probab. 10 799-809. MR0659549

Cacoullos, T. and Papathanasiou, V. (1985). On upper bounds for the variance of functions of random
variables. Statist. Probab. Lett. 3 175-184. MR0801687


http://www.ams.org/mathscinet-getitem?mr=2817368
http://arxiv.org/abs/arXiv:1205.2903v2
http://www.ams.org/mathscinet-getitem?mr=2787602
http://www.ams.org/mathscinet-getitem?mr=0933290
http://www.ams.org/mathscinet-getitem?mr=0003852
http://www.ams.org/mathscinet-getitem?mr=0638619
http://www.ams.org/mathscinet-getitem?mr=0700206
http://www.ams.org/mathscinet-getitem?mr=0450480
http://www.ams.org/mathscinet-getitem?mr=0659549
http://www.ams.org/mathscinet-getitem?mr=0801687

264
[12]
[13]
[14]
[15]
[16]
[17]
(18]

[19]
[20]

(21]

(22]

(23]
[24]

[25]

G. Afendras and N. Papadatos

Cacoullos, T. and Papathanasiou, V. (1989). Characterizations of distributions by variance bounds.
Statist. Probab. Lett. 7 351-356. MR1001133

Chen, L.H.Y. (1982). An inequality for the multivariate normal distribution. J. Multivariate Anal. 12
306-315. MR0661566

Chernoff, H. (1981). A note on an inequality involving the normal distribution. Ann. Probab. 9 533—
535. MR0614640

Diaconis, P. and Zabell, S. (1991). Closed form summation for classical distributions: Variations on a
theme of de Moivre. Statist. Sci. 6 284-302. MR1144242

Hildebrandt, E.H. (1931). Systems of polynomials connected with the Charlier expansions and the
Pearson differential and difference equations. Ann. Math. Statist. 2 379—439.

Houdré, C. and Kagan, A. (1995). Variance inequalities for functions of Gaussian variables. J. Theoret.
Probab. 8 23-30. MR1308667

Johnson, R.W. (1993). A note on variance bounds for a function of a Pearson variate. Statist. Decisions
11 273-278. Errata: 12 217. MR1257861

Klaassen, C.A.J. (1985). On an inequality of Chernoff. Ann. Probab. 13 966-974. MR0799431
Nash, J. (1958). Continuity of solutions of parabolic and elliptic equations. Amer. J. Math. 80 931-954.
MRO0100158

Olkin, I. and Shepp, L. (2005). A matrix variance inequality. J. Statist. Plann. Inference 130 351-358.
MR2128013

Papadatos, N. and Papathanasiou, V. (2001). Unified variance bounds and a Stein-type identity. In
Probability and Statistical Models with Applications (C.A. Charalambides, M. V. Koutras and N. Bal-
akrishnan, eds.) 87-100. New York: Chapman & Hall/CRC.

Papathanasiou, V. (1988). Variance bounds by a generalization of the Cauchy—Schwarz inequality.
Statist. Probab. Lett. 7 29-33. MR0996849

Prakasa Rao, B.L.S. (2006). Matrix variance inequalities for multivariate distributions. Stat. Methodol.
3416-430. MR2252395

Wei, Z. and Zhang, X. (2009). Covariance matrix inequalities for functions of beta random variables.
Statist. Probab. Lett. 79 873-879. MR2509476

Received May 2012 and revised October 2012


http://www.ams.org/mathscinet-getitem?mr=1001133
http://www.ams.org/mathscinet-getitem?mr=0661566
http://www.ams.org/mathscinet-getitem?mr=0614640
http://www.ams.org/mathscinet-getitem?mr=1144242
http://www.ams.org/mathscinet-getitem?mr=1308667
http://www.ams.org/mathscinet-getitem?mr=1257861
http://www.ams.org/mathscinet-getitem?mr=0799431
http://www.ams.org/mathscinet-getitem?mr=0100158
http://www.ams.org/mathscinet-getitem?mr=2128013
http://www.ams.org/mathscinet-getitem?mr=0996849
http://www.ams.org/mathscinet-getitem?mr=2252395
http://www.ams.org/mathscinet-getitem?mr=2509476

	Introduction
	Preliminaries
	The strengthened inequality
	Appendix
	Acknowledgement
	References

