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We provide existence results and comparison principles for solutions of backward stochastic difference
equations (BSAEs) and then prove convergence of these to solutions of backward stochastic differential
equations (BSDEs) when the mesh size of the time-discretizaton goes to zero. The BSAEs and BSDEs
are governed by drivers £V (r,w, y,z) and f(t,w, y, z), respectively. The new feature of this paper is that
they may be non-Lipschitz in z. For the convergence results it is assumed that the BSAEs are based on
d-dimensional random walks W% approximating the d-dimensional Brownian motion W underlying the
BSDE and that £V converges to f. Conditions are given under which for any bounded terminal condition
g for the BSDE, there exist bounded terminal conditions &V for the sequence of BSAEs converging to &,
such that the corresponding solutions converge to the solution of the limiting BSDE. An important special
case is when f N and f are convex in z. We show that in this situation, the solutions of the BSAEs converge
to the solution of the BSDE for every uniformly bounded sequence £V converging to . As a consequence,
one obtains that the BSDE is robust in the sense that if (W, §N ) is close to (W, &) in distribution, then the
solution of the Nth BSAE is close to the solution of the BSDE in distribution too.

Keywords: backward stochastic difference equations; backward stochastic differential equations;
comparison principle; convergence; robustness

1. Introduction

The aim of this paper is to obtain general convergence results of solutions of stochastic back-
ward equations in discrete time (BSAEs) to solutions of stochastic backward equations in con-
tinuous time (BSDEs). The discrete equations are governed by drivers fV(¢,w,y,z), N € N,
and the continuous one by f(, w, y, z). The new feature of this paper is that fV and f may be
non-Lipschitz in z. We assume that the BSAEs are based on d-dimensional random walks W/
converging to the d-dimensional Brownian motion W underlying the BSDE and that fV tends
to f. Convergence results for Lipschitz drivers have been obtained by Briand et al. [4,5] as well
as Toldo [28,29]. In these papers, existence and uniqueness of solutions follow from a Picard
iteration argument. Using results on convergence of filtrations from Coquet et al. [12], it can be
shown that the Picard sequences approach each other asymptotically, which yields general con-
vergence results. In the case of non-Lipschitz drivers this approach does not work, and neither
the existence of solutions of BSAEs nor their convergence to their counterparts in continuous
time are clear.
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In this paper, we start with a careful analysis of BSAEs. Central to our approach is Theo-
rem 4.2 which provides a comparison principle for BSAEs. It requires drivers that can grow
faster than linearly but strictly less than quadratically in z. Kobylanski [21] showed existence,
comparison and uniqueness of solutions to BSDEs with general bounded terminal conditions and
drivers of quadratic growth in z. However, in discrete time the situation is different. Example 4.1
shows that neither a general comparison principle nor convergence of solutions for diminishing
step sizes can hold for BSAEs if the drivers grow quadratically in z. Our main convergence re-
sults are Theorems 5.9 and 6.2. Theorem 5.9 shows that if £V and f grow less than quadratically
in z, then for any bounded terminal condition £ for the BSDE, there exist bounded terminal con-
ditions &V for the BSAEs such that the corresponding solutions YV converge to the solution ¥
of the BSDE in the following sense:

sup |[YN —¥|—0  inL?when N — oo. (1.1)

0<t<T
Furthermore, if £ is of the form & = ¢(W;,, ..., W; ) for a bounded, uniformly continuous func-
tion ¢, then the SN can be chosen as EN = (p(WS]:’, e Wf;’). In Theorem 6.2, we prove that if the

drivers fV are convex in z, then (1.1) holds for every sequence of uniformly bounded £V con-
verging to £ in L% Asa corollary one obtains that if (WN, €Ny is close to (W, €) in distribution,
then YV is close to Y in distribution too.

Discrete schemes for the approximation of solutions of BSDEs have been studied by a number
of authors; see for instance, Ma et al. [23], Douglas et al. [15], Bally [1], Chevance [9], Coquet
etal [11], Ma et al. [22], Zhang and Zheng [31], Zhang [30], Bouchard and Touzi [3], Gobet et
al. [18] and Otmani [17]. However, in all these papers the drivers are assumed to be Lipschitz.
Recently, Imkeller and Reis [20] as well as Richou [27] have obtained results on the convergence
of solutions of discretized BSDEs with drivers of quadratic growth under regularity assumptions
on the terminal conditions and for specially chosen discrete-time drivers f". In Cheridito and
Stadje [8] convergence results are shown for convex drivers and terminal conditions that are
Lipschitz continuous in the underlying Brownian motion. Our results hold for general terminal
conditions and general drivers fV converging to f. But they need subquadratic growth of £V
in z. Comparison results for BSAEs have also been studied in Cohen and Elliott [10] but under
different assumptions than here.

The structure of the paper is as follows: In Section 2, we introduce the notation and provide
some background material. Then we give an example showing that BSAEs with non-Lipschitz
drivers need not converge if the terminal conditions are not uniformly bounded. In Section 3,
we show that BSAEs admit solutions under very mild assumptions if the time-discretization is
fine enough. Section 4 starts with an example showing two facts about BSAEs with drivers of
quadratic growth: (a) a general comparison principle cannot hold and (b) solutions of BSAEs can
explode if the step-size goes to zero even if the terminal conditions are uniformly bounded and
converge to zero in L?. We then prove a general comparison principle for subquadratic BSAEs.
Section 5 gives convergence results of solutions of general BSAEs to solutions of BSDEs, and
in Section 6 we prove convergence results for drivers that are convex in z.
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2. Notation and setup

We fix a finite time horizon 7 € R4. As underlying process for the BSDE, we take a d-
dimensional Brownian motion (W;);c[0,7] on a probability space (€2, F,P) and denote by
(Fi)tefo, 1) the augmented filtration generated by (W;):<[0,7]. Equalities and inequalities between
random variables will, as usual, be understood in the P-almost sure sense. As approximating
processes we consider a sequence (WtN )iefo,71» N € N, of d-dimensional square-integrable mar-
tingales on (€2, F, P) starting at O with independent increments satisfying the following three
conditions:

(C1) For every N there exists a finite sequence 0 = t(l)v < th << tz% =T such that

pim_supliryy — "] =0

and WtN is constant on each of the intervals [tN , tﬁ_l)
(C2)

A(WN’k>tN _ A(WNJ)tN >0 foralliand1 <k,l <d.

i

(C3)

hm ]E[ sup |W —W,| ]:0,

N—oo Lo<<r

where | - | denotes the standard Euclidean norm on R?: |x| := (Zl 1% xH1/2,

Let (}"tN) be the filtration generated by (WtN) and define (WV), := (WN-k),. Since W/ has

independent increments, (W), = (WV Ky, s equal to ]E[(WtN ’k)z], and it follows from (C3)
that

sup [(WN) —¢]= sup |IE[(WtN’k)2 - (W,k)z]] -0  for N - oo. Q.1)
0<t<T 0<t<T

In particular,

lim max|A( )z.N| =0.

N—oo i

Our standard example for the approximating processes W¥ will be d-dimensional Bernoulli
random walks.

Example 2.1. Let
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for i.i.d. random variables X;v’k on a probability space (<2, F,P) with distribution ]f”[X;V’k =
+1]=1/2. Extend (W,N ) to [0, T'] such that it is constant on the intervals [tiN , tl.lil). Then con-
ditions (C1) and (C2) are satisfied. To fulfill (C3), one must transfer the random walks to another
probability space. Since they converge to d-dimensional Brownian motion in distribution, there
exists a probability space (€2, F, P) with a d-dimensional Brownian motion (W;) and random

walks (WV) having the same distributions as (W) such that

sup |W,N - W,| — 0 almost surely as N — oo; 2.2)
0<t<T

see, for instance, Theorem 1.2.7 in Ikeda and Watanabe [19]. It can be shown that the sequence
SUPg<;<T \WN —w, |? is uniformly integrable. Therefore, the convergence (2.2) also holds in L?,
and condition (C3) is satisfied.

The driver of the BSDE is a P ® B(R) ® B(R?)-measurable function
Fi0,T1x Qx Rx R > R,

where P denotes the predictable o-algebra on [0, T] x € with respect to (F;) and B(R) and
B(R?) are the Borel o-algebras on R and RY, respectively. We will assume throughout the paper
that for fixed (¢, ), f (¢, w, y, z) is continuous in (y, z). Then P ® B(R) ® B(Rd)-measurability
of f is equivalent to (¢, w) — f(t, w, y, z) being predictable for all fixed (y, z).

The approximating BSAEs have drivers

V0, TIx QxR xR >R

that are continuous in (y, z), constant on the intervals (tiN , tﬁ_l] and such that w — f N (tﬁ_l, w,
y,2)1s .7-; N _measurable. As usual, we henceforth suppress the dependence of f and fV on w in

the notation.

The terminal conditions for the BSDE and BSAEs are given by random variables £, £V that
are measurable with respect to Fr and F2, respectively.

A solution of the BSDE consists of a pair of predictable processes (Y;, Z;) with values in

R x R? such that
T 1/2
]E[ sup Y,z] < 00, ]E|:</ |ZS|2ds> ] < 00,
0<t<T 0

and
T T
Yt=5+/ f(S7YS7ZS)ds_/ stWh Ofth- (23)
t t
In contrast to (W;), the approximating processes (WtN ) do in general not have the predictable

representation property. Therefore, a solution of the Nth BSAE is a triple of (F¥)-adapted
processes (YN, ZN, M) taking values in R x R? x R such that (¥,¥) is constant on the intervals
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[N, N N
i i+l i+1
starting at O and orthogonal to ( WtN ) that is constant on the intervals [tiN , tﬁ_l) and

Y[N=$N+/

(t.T]

), (ZIN ) is constant on the intervals (tiN e, (MIN ) is a square-integrable martingale

(s vY, zY)awh), —/( . zNawl) — (M) — m}N). (2.4)
t,

Due to the particular form of (YZN s Z,N , MtN ), (2.4) is equivalent to

N N N(,N N N N N N N
YtiN :Yt[,il +f (tl.H,YtiN,Zt;,i JAWN) v —Z AW —AM (2.5)

1 i+1 lit lit i+l

Yy =&V, (2.6)

Note that if (W) is a one-dimensional Bernoulli random walk, it has the predictable represen-
tation property and the orthogonal martingale terms in (2.4) and (2.5) disappear.

It is well known that if the driver f is Lipschitz-continuous in (y, z) and the terminal condition
& isin L?, the BSDE (2.3) admits a unique solution (Y, Z); see, for instance, Pardoux and Peng
[25] or the survey paper by El Karoui et al. [16]. Concerning the approximation of BSDEs with
Lipschitz drivers, we recall the following result from Briand ef al. [5]. Their assumptions are
slightly different. But the result also holds in our setup.

Theorem 2.2 (Briand et al. [5]). Assume £V — & in L? and there exists a constant K € R,
such that forall N €N, y, y' € R and z, 7' € R? the following four conditions hold:
(i) Efsup, f(z,0,0)*] < 00;
() [f(t,y, )= ft,y D<Ky —=yl+1z=2D;
(i) [Ny, )= Ny D<Ky =y 1+ 1z =2Ds
@v) sup, |fN(t,v,2) — f(t,y,2)| = 0in L? as N — oo.

Then, for N large enough, the Nth BSDE has a unique solution (YN, AR MN), and

t t
sup<|Y,N — Y|+ ‘/ zZNdaw¥N —/ Z, dW,
t 0 0

+ |M,N|> W20 2

as well as
d ! N,k N ! k g ! N|2 N ! 2
sup §/ ZVraw )X—/ Z{ds +‘/ |ZY | d(w )S—f |Zs|* ds
t \; 5170 0 0 0
N2 L,

where (Y, Z) is the unique solution of the BSDE (2.3).

Remark 2.3. Two special cases of terminal conditions satisfying &V — & in L? are:

(a) £ =@(Wr) and £V = go(W%V) for a continuous function ¢ : R? — R such that <p2(W}V),
N e N, is uniformly integrable.
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(b) & € L?(Fr) general and £V = E[£|FN].

The aim of this paper is to obtain similar convergence results for non-Lipschitz drivers. How-
ever, the following example shows that we cannot hope for general results under the sole assump-
tion £V — £ in L2.

Example 2.4. Consider a one-dimensional Bernoulli random walk with 7 =1, tl.N =i/N and
IP’[AW[N =+/1/N]=1/2. Then
N N2
AWY)y =E[(AW)]=1/N.

Fix g € (1, 2) and a sequence of constants a¥ > 2N1=4/D/@=D Consider the BSAEs

N _ yN N |4 N N N N _ _N
Yy=Yy +|ZN [PAWr) =z AW . Y =a Lwp /)

i+1 i+1 i+1 i+l

It can easily be checked that

N __ VN N N _ N
Zy=—"a 1{W}%71=<N—1)/ﬁ} and  Yix —“fgfll{wl%q:w—l)/ﬁ}
for
N a® - 2—1(, N\4 N
a) == +2 IN2 (@) > o

Continuing this way one gets

JN
Z)\ =——ah Ly _yooygm ad YN =al Ly _yoo)m)
IN-1 2 N N I INn_2 Nz
with
al
a;X, =£+2_4Nq/2_1(al]x, )anIIX, ,
N-2 N—1 N—1

and so on. In particular,
YY > aV > oNI@/2)/ @D s oo for N — oo.

Note that for aV =2N1=2/2/(4=D one has €Y — 0in L? for all p € (0, c0) but not in L.

The example shows that in the case of super-linear growth of fV in z one cannot expect
convergence of the discrete-time solutions if the terminal conditions are uniformly L”-bounded
and converge in L? for p < oco. This is not unexpected since in the literature on BSDEs with
non-Lipschitz drivers it is usually required that the terminal condition be in L™ or sufficiently
well exponentially integrable (see Kobylanski [21], or Briand and Hu [6]). Consequently, in this
paper, we will always assume:
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(C4)

sgp||§N||oo<oo and ||£]|lco < 00.

We shortly summarize the notation and assumptions that have been introduced in this section:

e WV, N €N, is a sequence of discrete-time martingales approximating the d-dimensional
Brownian motion W.

e f and £ are the driver and terminal condition of the BSDE (2.3). A solution to (2.3) will be
denoted by (Y, Z).

o f N and &V are the drivers and terminal conditions of the BSAEs (2.4). Solutions will be
denoted by (YN, AR MN).

e We always assume (C1)—(C4).

3. Solutions of BSAEs

In this section, we present two results on solutions of BSAEs that will be needed later in the
paper. Their proofs are straightforward and therefore, given in the Appendix.

Lemma 3.1. Ifa solution (YN, AR MN) of the Nth BSAE exists, one has
N N(;N yN N N N | N
Y’iN -/ (ti-H’ YtiN’ Z’iﬁl)A(W )ti]YH - ]E[Yti[il |:F’iN]’ G-
and the pair (ZN, MV) is uniquely determined by YV through

E[YN AWLSIFN]
i+1

Nk i+1 i i
g Nk _ , 3.2
tijil A(WN>tN G2
i+1
AMY =Y\ —E[r) |FN] -z Aaw) . (3.3)
lip1 liyy iy liv1 liy1

Concerning the existence of solutions to BSAEs, one has the following result. For the special
case where WY is a one-dimensional Bernoulli random walk, see Peng [26].

Proposition 3.2. Assume there exists a constant K € Ry and a locally bounded function
g:R? — R such that

[Ny D < K(1+ 1y +8() and  max A(WY) v < 1/K.

Then the Nth BSAE has a solution (YN, ZN, MN) such that YN and ZV are bounded. If wN
is bounded, then so is MV .

Remark 3.3. For max; A(WN)ZN > 1/K a solution of the Nth BSAE might not exist. For

example, let W1 be a one-dimensional Bernoulli random walk with t(} =0, tll =1=T,
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IE”[AWl1 =+1]=1/2, " =1and f!(r,y,z) = y. Since the terminal condition is determinis-
tic, one must choose Z 11 =0, and (A.2) becomes

Y -v) =1,

an equation without solution.

4. Comparison principle for BSAEs

Our main tool to derive convergence results will be a comparison principle for BSAEs of the
following form: Let £V, £V be drivers and &}, £2 terminal conditions such that f}¥ (¢, y, z) >
sz (t,y,z) forall ¢, y,z and SIN > §2N. Then the corresponding solutions satisfy YINI > Yth for
all .

The next example shows that if the drivers grow quadratically in z, a general comparison
principle for BSAEs cannot hold.

Example 4.1. As in Example 2.4, let WN be a one-dimensional Bernoulli random walk with
T=1,t"=i/N and [P’[AWZV =+,/T/N]=1/2. Consider the BSAEs

N o +( tﬁl) (w >ti1YH o Wti+1’ @D
vY =alyy (42)
‘N

for a constant a > 2 and define ¢ > 0 by a = 2(1 + 2¢). Then

VN

N _N¥™Y N _ N
Z’zlvv 2 al{wt%’,lﬂlvil)/ﬁ}’ Ytljvv—l _a’ﬁfll{wt%flz(Nil)/W}’
where
2
a, =24(2) =a(+e
a2 \2
and
1}’\, :—NQIX, L~ _v_ayvm) YZX ZGIXI Ly —v_2)vN
N 2 iyt 111\\1172—( —2)/+/N} N, N, ’1]\\1/72_( —2)/~/N}
for

N N 2 N

a a a a
N _ Tin-1 IN-1 IN-1 _ N
Uy, =5 +< 5 ) = (1+§)—aw_1(1+8)~

Continuing this computation, one obtains

Y(;Vza(l-i-E)N—)OO as N — oo.
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Note that the terminal conditions Y}V are uniformly L°°-bounded in N and Y}V — 0in L? for
all p < oco. But the solutions YtN explode as N — oo. We also point out that for fixed N, the
solutions to equation (4.1) are not monotone in the terminal condition. Indeed, (ftN , Z;N )= (a,0)
is a solution of equation (4.1) with terminal condition ¥ =a > Y. However, YV <y). In
particular, the comparison principle is violated.

In view of Example 4.1, we restrict ourselves in the next theorem to drivers that grow less than
quadratically in z. We need the following assumption on the increments of W/ :

1AW oo

(W1) There exists a constant ¢ € [1, 2) such that limy_, oo max; =0.

A(WN)Z/V“
Note that the standard Bernoulli random walks of Example 2.1 satisfy (W1) for all g € [1, 2).
The subsequent theorem establishes a comparison result for BSAEs governed by non-Lipschitz

drivers.

Theorem 4.2. Let C, K, L € Ry and assume (W1) holds for some q € [1,2). Then there exists
No € N such that for every N > Ny, all drivers f]N > fZN and terminal conditions SIN > fév
satisfying

@ &N 0 < C,
() 1£Y @y, 2 < K1+ |yl +|zl9) forall (t,y,z) € [0, T] x R+,
GiD) 1At y1.2) = £t y2, 2] S LA+ [zID]y1 — yal for all (¢, y1, y2,2) €10, T] x RIT2
such that |y1], |y2] < (C 4+ 1)exp(KT),
V) 1£N @y, 20) = [Ny, 2] < LA + (z1] V1220921 — 22| for all (t,y,z1,22) €
[0, T x R2@*1 such that |y| < (C + 1) exp(KT),

the BSAEs with parameters (me, S,I,,V) have unique solutions (Y,flv, zN MnIY), m=1,2,and

m?>

(C+ D exp(K(T —1) =¥, =¥, > —(C+ Dexp(K(T —1))  forallt €[0,T].

To prove Theorem 4.2, we need the following two lemmas, whose proofs can be found in
the Appendix. The first one provides a comparison principle under stronger assumptions than
Theorem 4.2. The second one gives conditions under which the Y are uniformly bounded in N.

Lemma 4.3. Let C, K € Ry and assume (W1) holds for some q € [1,2). Then there exists
No € N such that for every N > Ny, all drivers f]N > sz and terminal conditions élN > §2N
satisfying conditions (i) and (ii) of Theorem 4.2 as well as
(i) [£Y @ v, = Ny, D) < KL+ 121D |y1 — yal for all (¢, y1, y2,2) € [0, T] x R4T2,
W) 150 @y, 20) = £ 6y, 2] < gK A+ (21l V 1227 |z1 = 22| for all (¢, y,21,22) €
[0, T] x RZd-H’

the BSAEs with parameters (me, S,Inv) have unique solutions (Y,flv, Z,I,\l’, M,Inv), m=1,2,and

(C+Dexp(K(T —0) =Y, >, > —(C+ Dexp(K(T —1))  forallt €[0,T]. (4.3)
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Lemma 4.4. Let C, K € Ry and assume (W1) holds for some q € [1,2). Then there exists
No € N such that for every N > Ny, all drivers fV and terminal conditions &V satisfying

@ 1Nl = C,
(i) |fN(t,y,z)| <K+ |y|+1z|9) forallt €[0,T],y e Rand z eRY,

every solution (YN, ZN  MN) of the Nth BSAE satisfies
Y| < (C+ Dexp(K(T —1))  forallt €[0,T]. 4.4)
We now are ready for the proof.

Proof of Theorem 4.2. It follows from Proposition 3.2 and Lemma 4.4 that there exists
an Np such that for all N > Ny, the Nth BSAE has a solution (YV, ZN, MN) for all fV
and £V satisfying conditions (i) and (ii) of Theorem 4.2, and every such solution satisfies
|Y,N| <(CH+ Dexp(K(T —1)),0 <t <T.Now choose Ny > Nj such that Lemma 4.3 holds
for K = K v L instead of K and fix N > Ny. If le > fZN and SIN > SZN are drivers and ter-
minal conditions satisfying conditions (i)—(iv) of Theorem 4.2, then there exist corresponding
solutions (Y, Z, M}), m = 1,2, both of which satisfy |V,Y,| < (C + 1)exp(K (T —1)). So
one can change the drivers £¥ for |y| > (C + 1)exp(K T) such that they satisfy the conditions
of Lemma 4.3, and it follows that Yf?’t > YZIY,. In particular, both solutions are unique. |

5. Convergence results for drivers with subquadratic growth

With a slight abuse of notation, the discrete-time drivers can be written as f N (t, wN, v,2). By

predictability, fN (z[.’il, wN, v, z) only depends on Wf?lv’ cee, Wt’!v\,. Let g € [1,2) and consider

the following conditions on the drivers f: There exists a constant K > 0 such that

(f1) Forall N e N, w € R¥V and (1, y, z) € [0, T] x R4,
[N @ w, y, 2| < K(1+ 1yl +121).
(f2) Forall N € N, w € R¥*N and (¢, y1, 2, 2) € [0, T] x R4+2,
[N w,y2) — N w, 30, 2] < Ky — yal.

(f3) For every a € R there exists b € Ry such that forall N e N, t € [0,T], y € [—a,al,
w e RI%IN and 71,70 € RY,

2
1N w, v,z = @ w, 2] <b(1+ (121 V 1220) %) 1z1 = 22l
(f4) Forall N eN,i=0,...,iy — 1, wy, wy € RV and (y, z) e R4+,

LAY ya2) = Y was v ) [ < K sup fwi(@) —wa ().

o=t=tV
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(f5) Forall (y,z) e R+

sup |fN(t,y,2) = f(t.y.2)| >0  inL?as N — oo.
0<t<T

For a measurable function g: [0, T'] x Q x R4*t! — R, denote

Iglloc = esssup sup g (. . . 7).
o 4,y,z

The following lemma shows that the solutions of the BSAEs are stable in the terminal condition

and the driver function. The proof relies on Theorem 4.2 and can be found in the Appendix.

Lemma 5.1. Let C, K € Ry and assume condition (W1) holds for some q € [1, 2). Then there
exists No € N and a constant D € Ry such that for all N > Ny, all terminal conditions SIN, gzN
bounded by C and drivers le, sz satisfying (f1)—(f3) as well as ||f1N — fZN lloo < K, the BSAEs

with parameters (f,flv, é,ﬁ[) have unique solutions (Ynllv, anf, M,Inv), m=1,2, and

sup [V, =Yy | < D(| A" = A | o &7 -8 ])-
0<t<T

The next lemma shows that for Lipschitz-continuous terminal conditions, the Z N are uni-
formly bounded. This will be a key ingredient in the proofs of our convergence results. The
proof is given in the Appendix.

Lemma 5.2. Assume (W1) and (f1)—(f4) hold for some g € [1,2) and the €V are of the form
éN = (p(WN . WSI’Y) for fixed n e N, 0 <s1 <--- <s, <T, and a bounded Lipschitz-

510
continuous function ¢ :R" — R. Then there exists an No € N such for all N > Ny, the Nth
BSAE has a unique solution (Y™, ZN) and supy - v, || sup, | Z|[|oe < 0.

Remark 5.3. In general supy. v, [l sup, IZtN |loo < 00 does not hold if ¢ is not Lipschitz-

continuous. For example, consider one-dimensional Bernoulli random walks W with T =1,
tl.N =i/N and P[A WIN = +.,/1/N] = 1/2. Let the terminal conditions be of the form

N ; N
v JWY AL it wN >0,
—J-whv-1, iftw} <o.

On the set {W(]X,_l)/N = 0} one has £V =sign(AW[Y),/|AWY|, and hence, by Lemma 3.1,

(N=1)/
A(WN),

E[eNAWN WY =0
2y HET AW v=0 s

In particular, Z{V — 00 as N — oo on the set {W(jzvv—l)/N =0}.
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Before we prove convergence of solutions of BSAEs to solutions of BSDEs, we recall the
following result on quadratic BSDEs, which follows from Theorems 2.5-2.7 of Morlais [24].

Theorem 5.4 (Morlais [24]). Let K € R such that

£y, | < K(1+ 1yl + 1z1%), (5.1)
|f(t.y1.2) = f(t.y2.| < Kly1 =yl forall yi,y, €R, (5.2)

and for every a € Ry there exists b € Ry such that
£t y.20) = f@,y.2)| <b(1+ (11l V1220 )21 — 22 (5.3)

forallt €[0,T],y €[—a,aland z1,22 € R?. Then the BSDE (2.3) has a unique solution (Y, Z)
such that Y is bounded. Furthermore, for bounded terminal conditions & > &, and drivers f| >
2 fulfilling (5.1)—(5.3), the corresponding solutions satisfy Y1 ; > Yo forall t.

Remark 5.5. Actually, Morlais [24] makes slightly different assumptions. In her paper, the un-
derlying noise process is continuous but does not have to be a Brownian motion, and condi-
tion (5.3) is assumed to hold for a constant b independent of a. However, existence of a so-
Iution (Y, Z) with bounded Y already follows from (5.1), and if Y is bounded by a constant
a € Ry, the driver f (¢, y, z) only matters for y € [—a, a] and can be modified so that it satis-
fies (5.3) for a constant b independent of a. Hence, assumptions (5.1)—(5.3) are sufficient for
Theorem 5.4.

Proposition 5.6. Assume there exists a q € [1,2) such that (W1) and (f1)-(f5) hold. If £ and
EN are of the form & = o(Wy,, ..., Wy ) andéN =g0(WS1:],..., Ws];’)forﬁxedn eN,0<s| <
-ov <8, < T, and a bounded Lipschitz-continuous function ¢ :R4*" — R, then there exists an
No € N such that for all N > Ny, the Nth BSAE has a unique solution (YN, AR MN) satisfying
supy >, Il sup; |ZIN|||C><> < 00, the BSDE (2.3) has a unique solution (Y, Z) with bounded Y,
and

t t
sup(|Y,N—Y,|+V vadwjv—/ Zy AW,
t 0 0

+|M,N|> N2 2

as well as
d ! N,k N ! k ? ! N|2 N ! 2
sup Z/ zNka(w )S—f zkds +‘/ |ZN|"d(w )S—f |Zs|? ds
r \io5 o 0 0 0
V20 Ll

In particular, there exists a constant R € Ry such that |Z| < R v ® P-almost everywhere, where
v denotes Lebesgue measure on [0, T].
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Proof. It follows from (f1)—(f5) that the driver f satisfies (5.1)—(5.3). So one obtains from
Theorem 5.4 that the BSDE (2.3) has a unique solution (Y, Z) such that Y is bounded. By
Lemma 5.2, there exists Ng € N such that for all N > Ny, the Nth BSAE has a unique solu-
tion (Y, ZN, M) and supy-. v, | sup; |Z} [loc < R for some constant R € R, . Define

N
PN fo(ty, 2), for [z] < R,
1,y ,2)=
Pesa={ iR, b= g

and

3 _ f(tvyvz)v for |z] <R,
fy.2)= f(t.y.Rz/lzl),  for|z| > R.

Then the f N are uniformly Lipschitz in (y, z) and

sup [V (t,y,2) = f(t.y,2)| =0 in L% as N — 0.
0<t<T

So it follows that £V and f fulfill the conditions of Theorem 2.2. Denote by (Y~ , ZN, MN) the
solution to the Nth BSAE with parameters ( f N Ny and by (Y, Z) the solution of the BSDE
corresponding to (£, £). Since the ZV are bounded by R, (YV, ZN, M) is also a solution of
the BSAE corresponding to ( f N _£N). So it follows from Theorem 4.2 that for N large enough,
(YN, AR MN) = (?N, ZN, MN), and we may apply Theorem 2.2 to conclude that

t t
sup(|YtN—Yt|+‘/ z_ﬁ"dwjv—f Zs dW,
t 0 0

4 |M}V|) V2200 in L2, (5.4)

and

2 t t
| [z paw), - [ ize
0 0

sup(i

T \k=t

t t
/Zﬁv’kd(WN)s—/ Zk ds
0 0

0

Novoo) (5.5
( _)oo

in L'. It follows from (5.5) that |Z| < R v ® P-almost everywhere. So (Y, Z) is also a solution
of the original BSDE corresponding to ( f, £), and it follows from Theorem 5.4 that it is equal to
(Y, Z). This completes the proof. (]

Another result that we need below is the following proposition.

Proposition 5.7 (Briand and Hu [6]). Let (§,)men be a sequence of Fr-measurable random
variables such that sup,, |§,llco < 00 and &, — & almost surely. Furthermore assume that f
satisfies (5.1). Let (Yy,, Zn) and (Y, Z) be solutions of the BSDEs corresponding to (f, &) and
(f, &), respectively, such that Y,, and Y are bounded. If Yy, is increasing (or decreasing) in m,
then

T
sup|Yy — Y| —0 a.s. and E[/ |Zm,S—ZS|2ds:|—>0 form — oo.
t 0
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Remark 5.8. Note that if f satisfies (5.1)—(5.3), then Proposition 5.7 holds without the assump-
tion that Y;, is increasing or decreasing in m. Indeed, by Theorem 5.4 one has Y (&) > Y (&)
for &1 > & (where Y (£) denotes the solution of the BSDE with driver f and terminal con-
dition &). Define ém = SUP,>p, &, and ém = inf,>,, &,. Then one obtains from Proposition
5.7 that sup, |Y,(§m) — Y1 ()] — 0 and sup, |Y,(§m) — Y;(¢)| — 0 as., and therefore also
sup, |Y; (&) — Y:(§)| — 0 a.s. The convergence of Z(§,,) to Z(§) now follows exactly as in
the proof of Proposition 2.4 in Kobylanski [21].

The next theorem shows that for any continuous-time terminal condition there exists a se-
quence of discrete-time terminal conditions such that the corresponding solutions of the BSAEs
converge to their counterparts in continuous time.

Theorem 5.9. Assume there exists a q € [1, 2) such that (W1) and (f1)—(f5) are satisfied. Then
for every & € L*(Fr), there exist .7-"?] -measurable N bounded by |&||so such that for N large

enough, the Nth BSAE with terminal condition §N has a unique solution (?N, ZN, MN) and

t t
sup(|Y,N—Y,}+V ZSNdWSN—/ Z,dW, +|M,N|> W20 inr? (5.6)
t 0 0
as well as
d t t 2 NS t
sup Zf Z§’>’<d(WN)S—/ zkds +V 1ZY| d(WN)S—/ 1Z | ds
t \;= 170 0 0 0
(5.7)
N0 L,

where (Y, Z) is the unique solution of the BSDE (2.3) with bounded Y. Moreover, if &€ =
oWy, ..., Wy,) and EN = <p(WY11V, e WY]X) for a bounded, uniformly continuous function
(p:RdX" — R, then

sup|YlN—Y,|—>O in L% as N — oo,
t
where (YN, AR MN) solves the Nth BSAE with terminal condition SN.

Proof. Given a random variable & € L°°(F7), there exists a sequence n,,, m € N, of posi-
tive integers together with times 0 <s{" <--- <s;' < T and Lipschitz-continuous functions
@m R4 R bounded by ||£]|so such that the random variables &, := Om(Wsyy ooy W, )
converge to £ almost surely. It follows from (f1)—(f5) that the driver f satisfies (5.1)—(5.3). So one
obtains from Theorem 5.4 that there exist unique solutions (Y, Z) and (Y, Z;,) to the BSDEs
corresponding to (f, &) and (f, &), respectively, such that Y and Y,, are bounded. Since for fixed
m, @, is bounded and Lipschitz-continuous, one can apply Proposition 5.6 and choose N, € N
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increasing in m such that for all N > N,,, one has

t t
2

E|:sup<|Ynlxl—Ym,t| +’/ Z,’){,desN—f Zm,s AW

t 0 0

d t t 2

+Z/ ZN’kd<WN)s—/ Zy, . ds

0 0

1
< —,
~m’

'/IZ Jawy, /|st| ds

where (Y, N ZN MN ) is the unique solution to the Nth BSAE with driver fV and ter-
minal condition EN = o (W, "Wsjr\./m)' Now set &N := g, and (YN, ZN MmNy =

(YN  zN rnN)’ where for given N, my is the largest m satisfying N,, < N. Then

my? —“mpy?
limy _ oo my = 00, and therefore,

t t 2
~ 2 ~
E[supoyfv— ot | +V Z‘ﬁvdW‘fV—/ Zony.s AW,
t 0 0
d t
[zt aw), - [ 74, 0
0 ' 0

2

k=1
t t
+VO |z§V|2c1(WN)S—/0 | Zyny.s|* ds

el p

Al,..

+ ||

2

)] =),
(N—)oo)

sup }MN] 0 in L2
1€[0,T]

In particular,

Moreover, it follows from Proposition 5.7 and Remark 5.8 that
T
sup Yy —Y:|—0  as. and E[/ | Ziny s — Zs|2ds} — 0.
t 0

This implies (5.6)—(5.7).
If

E=p(Wy,...,W,) and &Y =WV

sprc

A

for a bounded, uniformly continuous function ¢ : R?*" — R, there exist Lipschitz-continuous
functions @, : R?*N — R bounded by ¢ ||« such that SUp, crdxn |@m(x) —@(x)| < 1/m. Choose
my as in the first part of the proof and set

EV = guy (W) ... W),
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One then obtains as above that

sup|17tN—Y,|—>0 in L? as N — oo.
t

By Lemma 5.1, there exists an Ng € N and a constant D € R such that for N > N,
sup| YN — VM| < Df[e" & _.
t
Hence,
sup|Y,N—17tN’—>0 in L for N — oo,
t
and one can conclude that
su \YN —Y in L2
p|Y; | =0  inL*for N — oo. 0
t

In the following corollary, we denote by C?[0, T'] the set of all continuous functions from
[0, T] to R and assume that the driver f is of the form

ft,y,2)=ft, W,y,2) (5.8)

for a measurable function f [0, T] x C9[0, T] x R x R? — R that is left-continuous in # and
for which there exists a g € [1, 2) such that conditions (5.9)—(5.12) are satisfied:

|t w,y, 2| < K(1+ |yl +z/7) forallt,w,y, z, (5.9)
|f(t.w y1.2) = ft,w, y2,2)| < K|yt —y2|  forallt,w, y1,y2.2. (5.10)

For every a € R there exists b € Ry such that

|Ftw, y,20) = ft,w,y,22)| <b(1+ (11 V 1221) %) 21 — 22l (5.11)

forall7 € [0, T], y € [—a,a] and z1, 20 € RY.
There exists a constant L € R such that

|f(t,wi,y,2) — f(t, w2, y,2)| < Lsup|wi(s) —wals)|  forallr,wy, wy,y,z.  (5.12)
s<t

We also assume that the discrete-time drivers f are of the form

N WYy )= F(eN, Wy 2) foreY <<l (5.13)

1

where W€ is the following continuous approximation of WV: Set /¥ = sup; [t — ¢V || and

0, for t <h™,
t— N, +mY)
N i—1

Wt.N + N

N
i—1 ti _ti—l

N,c
W, " =
, O SR R
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Note that WV is adapted to the filtration (F¥) and fN (|, WV, y,z) only depends on
wh wh
s W

Corollary 5.10. Assume the W fulfill (C1), (C2) and (W1) for some q € [1,2), but instead of
(C3) they converge to W in distribution and satisfy sup E[sup, |Wt]V |>+¢] < oo for some & > 0.
Furthermore, suppose f and VN are of the form (5.8) and (5.13), respectively. Then for every
& € L°(Fr), there exists a sequence of f/TV -measurable random variables €N bounded by 1§l 0o

such that for N large enough, the Nth BSAE with terminal condition EN has a unique solution
YN, zZN MN) and

sup| ?IN - Y,| -0 in distribution for N — 0o,
t

where (Y, Z) is the unique solution of the BSDE (2.3) with bounded Y. In the special case,
where & = (W, , ..., Wy,) for a uniformly continuous function ¢ : R4*" — R, one can choose

EN=pWN,...,Wwh).

Proof. It can be shown as in Example 2.1 that there exists a probability space (Q,F,P) support-
ing a d-dimensional Brownian motion W and random walks WV with the same distributions as
W such that E[sup, |WIN — W,|2] — 0 for N — oo. Then

sup|f(t,WN’C,y,z)—f(t,W,y,z)‘—>0 in L? for N — oo
t

and it follows from Theorem 5.9 that for every § € LOO(]:'T) one can choose .7-'9’ -measurable ter-
minal conditions £V bounded by [|£ || such that the corresponding solutions satisfy sup, |¥,¥ —

17,| — 0in L? as N — oo. Furthermore, if £ is of the form & = (p(Wsl, e, Wsn) for a uni-
formly continuous function ¢ : R**" — R, one can choose £V = <p(WQ’ e, Wsl,\,/ ). This proves
the corollary. (|

Example 5.11. In the setting of Corollary 5.10, let £ = ¢(W7) and £V = ¢(W}V) for

_ VA, if x >0,
(p(x)_{ —x Vv —1, if x <O.

Then for every function f satisfying (5.9)—(5.12) the corresponding solutions YV converge to ¥
in distribution. Let us illustrate this result for the example

ftw,y,2) =Ky + Ka|z/%.

Let T =1 and W¥ be the Bernoulli random walks from Example 2.1. Then the discrete equations
can numerically be solved using formulas (3.1)—(3.2).

Figure 1(a) and (b) show the convergence of Yév for different values of K; and K». It can be
seen that for (K, K») = (1, 1), YON converges rather fast. Already for N = 20, it is close to the
limit value. On the other hand, for (K1, K»2) = (1, 5), the convergence is much slower.
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Figure 1. (a) Yé\’ corresponding to K1 =1 and K> = 1. (b) Yév corresponding to K| =1 and K =5.

6. Convergence results for convex drivers

In this section, we consider BSAEs with drivers that are convex in z and use convex duality to
derive stronger convergence results than in Section 5. For the case where f does not depend on
y it has been shown in Barrieu and El Karoui [2], Delbaen et al. [14] and Delbaen et al. [13]
that BSDEs with convex drivers admit a convex dual representation. Here, we establish convex
dual representations for solutions of BSAEs and use them to show convergence. We need the
following stronger version of condition (W1) on the approximating processes W :

W2) E[AWN AWN N =0forall NeN,i=1,...,ix, k#1 and
N N
AW oo

sup ———— < 00.
N.ik A<WN>t.N

Note that this implies (W1) for all ¢ € [1, 2). In the following, we assume that the drivers f are
convex in z and define

gV, vy, w =esssupf{uz — Ny, 0} welRY,
Zz

Let 1V be an R¢-valued (.EN )-adapted process that is constant on the intervals (tl.l\i o tiN ] and
satisfies

M;V_N AWtf_x >—1 for all i. (6.1)
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Then

P

1

N iN
dP#
[]a +uNAWR) 6.2)
- i i
defines a probability measure pr” equivalent to [P under which the processes

i
N.uNk _ Nk k N _
W =W _ZMIJNA(W by k=1l...d,

j=1

are martingales. The following proposition gives an implicit dual representation of solutions of
BSAEs. Its proof can be found in the Appendix.

Proposition 6.1. Assume (W2) and let C,K,L € Ry, g € [1,2) be constants such that all ter-
minal conditions EN and drivers fN fulfill the following conditions:

(i) 1EV e < C;
G f N is convex in Z;
(i) [NV, y, 2 < K1+ |yl +12l9) forall (t,y,2) € [0, T] x R4,
(V) 1Nt y1,2) — N 2, 2| < Liyi — yal forall (¢, y, z) € [0, T] x RO
) 1Ny z) — Ny < LA + (21l V 1z2DY?)z1 — 22| for all (t,y,21,22) €
[0, T] x R24*1 such that |y| < (C + 1) exp(KT).

Then there exists Ny € N such that for every N > Ny, the Nth BSAE has a unique solution
(YN, AR MN) and YN can be represented as

iN
N
N L SR U TN SRS
i /LN j:l+1 J— J E i

where the essential supremum is taken over all R -valued (]—'lN )-adapted processes " that are
constant on the intervals (tiji 1> tl.N 1 and satisfy (6.1). Moreover, there exists a constant R € Ry

such that for each N > Ny, (6.3) admits a maximizer i satisfying

in
AN ~ . .
E~ [ > 1w PAWN),y ]—"1}’,:| <R  foralli<iy—1. (6.4)
j it
j=i+1

We are now ready to prove our convergence result for convex drivers. It states that for any
sequence of bounded discrete-time terminal conditions converging to £ and every sequence of
discrete-time drivers converging to f the discrete-time solutions Y converge to the continuous-
time solution Y.

Theorem 6.2. Assume (W2), the fN(t,y, z) are convex in z and one has supy 1EN || oo < 00 as
well as €N — & in L?. Moreover, suppose the " satisfy (f1)~(f5). Then for N large enough, the
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Nth BSAE has a unique solution (YN, VAR MN) and

sup|YN —Y,| >0  inL? for N — oo,
t

where (Y, Z) is the unique solution of the BSDE (2.3) with bounded Y .

Proof. By Theorem 5.9, there exist .7-"#’ -measurable terminal conditions £V bounded by C :=
supy IV || such that the corresponding solutions satisfy

sup|YN =¥ >0  inL%
t
Choose b € R such that condition (f3) holds for a = (C + 1) exp(K T'). Then the conditions of

Theorem 4.2 and Proposition 6.1 are sati§ﬁed with L = K Vv b. Hence, there exists Ny € N such
that for all N > N, sup, |¥;"| and sup, |Y,"| are bounded by (C + 1) exp(K T) and

iN
Vv = esssupE! {SN = 2 &Ny ) AW f,ﬂ
j=it+l

in
=" [s’v — > V(. Ylixil,ﬁfjfv)A<WN)t]N f;x}
j=i+1

as well as

in
e A AR RN
i I j—

iN
S B 3 Ty |y

If we can show
sup|YN —¥N| -0  inL?
t
we get
sup|YtN—Yt|—>0 in L2,
t
and the theorem is proved. As the supremum of K -Lipschitz functions, g? is again K -Lipschitz

in y. Hence, since | max{aj, a} —max{b1, b>}| < max{|a; — b1|, lap — ba|} foray, az, b1, by € R,
and

iN
= 6 3 6y s ey |
J—

W pelaN.av) S it

i
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iN
Yy = max B EN— 3 gN(eN YN ) AW | N,
i pe{ah, o} =it i1 J J i

one obtains

?t?’v—ytjx|sﬂe{r£3?<w}1w[ls —$N|+K/Zl;l|yt% Y;jx_l}A(WN)th‘ftfp]

[|§ &N+ K Z |YN — YN AWy f[{x}
Jj=i+1 I '

[|§ &V +k Z |YN — YN (AW fj}@].
Jj=i+1 I '

From Proposition 6.1, we know that there exists a constant R € R such that

o] 5" Iy o,

Jj=i+1

}—;:|<R forall N > Ngandi=0,...,iy — 1.

Consequently, we obtain from Lemma A.3 in the Appendix that there exists a constant R such
that

iN
IE|:¢< l_[ (1 +;ltNAWT%))’.7:Z)’V:| <R forall N> Ngandi =0,...,ixy — 1,
]=l+] J J l

where ¢(x) = xlog(x) V1.Fixe >0and set D =2[C + (C + 1)exp(KT)K supNZNO(WN)T].
Since ¢(x)/x 1 0o, there exists B € R4 such that for all x > B,

X &

9(x) ~ RD

Introduce the sets EN = {]_[] L (L+ ,&?,’VAWIJX,) > B}. Then
! .

iN

su E| 1.~ 1+ 4N AwN) | FN

NzNo,OSIt?SiNfl |: Eit l_[ ( i ’_fv) i
[T/ A+ NAWII\\//)

= sup E|1g N 65)
N>No,0<i<iy—1 ’“90(1_[, i1 +“,NAWzN))
i j
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xgo( ﬁ (1+a%awY) )’]-'N:|

j=i+1

iN
€ €
su E|¢ 1+ o AwN ’]—"N <&
" RD N>Np, O<Iz)<zN 1 |: <l—[ ( iy le) i D

Jj=i+l

This yields for all N > N,

MN|:‘§N N|+K Z ‘YN _YZJX |A<WN)N|.7:N:|

Jj=i+1

=E[ [T 1+ aws) (|éN I |A<wN>,N)

j=i+1 j=i+1

]

iN
:]E|:1Et.111 I1 (1+M~AWN)<|$N ¥+ K Z Fx =Ty [aw?) t”)’fN}

Jj=i+1 Jj=i+1

iN
WL]E[lEiN#T I1 (1+ﬂf¥VAWti;’V)<’§N Y+ K Z ias YIIJX1|A(WN),]/_V>‘}"§{|

j=i+1 Jj=i+1
iN
<0a 1y, T1 0 aganys |
j=i+1 ! ! '
iN
AN N
+E[ I1 (1+aNAawR)
i j=it1 / /

X <|§N eV + K Z |YN —YN |A(WN ,N>‘f’v}

-1
Jj=i+1

5s+BE[]§N eV + K Z TN =¥ [aw?), ‘}"N:|
Jj=i+1

In the first inequality, we used that the random variables [E¥ — V| + K YV i |Yl%1 -

Y 1}’, |A(WN)Y iy are uniformly bounded by D. In the second inequality, we used (6.5) and the

dejﬁrlutlon of the sets E i41- Using the same estimate for [ @V instead of 4V gives

|th_yz%|§28+2BE|:|§N N|+KZ|Y[% — ¥ AW),y m}- (6.6)
i i Parell - :



BSAEs and BSDEs with non-Lipschitz drivers 1069

Taking expectations, one gets

iN
E|7N —YN[] <20 +2BE[EY —€"[]+-K 30 E[IFN — ¥} [Ja(w"),.
j=i+l ' '

Since ¢ > 0 was arbitrary, one obtains from a discrete version of Gronwall’s lemma (see
Lemma A.4 in the Appendix) that

swpE[|YY —¥YN|] >0  asN— oo,
t
and since Y™ and YV are both bounded by (C + 1) exp(K T), also
supE[|FY — YY" ]>0  asN — oo. (6.7)
t

It remains to show that sup, can be taken inside of the expectation in (6.7). To do this, note that
(6.6) gives

sup| 7Y — v/%| <26 + 2B(supE[[E¥ — £" |FN ] + K sup 4Y,)
1 i i i i i i

for the nonnegative martingale
IN
N 7N N N N : ;
At_N=IE|:Z|YtN1—Yt,_VI|A(W )tN‘}'t_N}, i=0,....iN.
1 . J= J= J i
j=1

Since ¢ was arbitrary, and sup; E[|EN —gN| |]-"t1x] (N:>OO) 0in L? by Doob’s maximal inequality,

the only thing left to show is sup; Ai\,{, (N:;OO) 0 in L2. Applying Doob’s maximal inequality to
AN yields

iy 2
cfania £ <2¢] (D73, -n o), ) |
i ! j=1 I ”

iN
ot 2
<o e 15, o, Pl

< 2(<WN>T)2supE[|)~’tN - Y,N|2] -0 as N — oo,
t

where we used Jensen’s inequality for the second inequality and (6.7) for the convergence in the
last line. This proves the theorem. (]
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If one has convergence of (WY, &V) to (W, &) in distribution instead of L? together with

supE[sup|WlN|2+8] <oo and sup||§N||oo < 00,
N t N

one can show as in Example 2.1 that there exists a probability space (Q, F,P) carrying (WNEN)
distributed as (WN, V) and (W, &) distributed as (W, £) such that

E[sup|WlN—W,|2]—>O and ]E[|§N—§|2]—>O for N — oo.
t

In the case where the drivers f and f are given as in (5.8) and (5.13), the following holds.

Corollary 6.3. Assume the WV fulfill (C1), (C2) and (W2), but instead of (C3), (WN, &N con-
verges in distribution to (W, &) and one has supy E[sup, |W,N |2+¢] < oo for some & > 0 and
supy I1EN loo < 00. Furthermore, suppose f and fN are of the form (5.8) and (5.13), respec-
tively. Then for N large enough, the Nth BSAE has a unique solution (YN, ZV¥, MN) and

sup|YtN — Yt| —0 in distribution for N — 00,
t
where (Y, Z) is the unique solution of the BSDE (2.3) with bounded Y .
Appendix

A.1. Proofs of Section 3

Proof of Lemma 3.1. If (Y, ZN, M") is a solution of the Nth BSAE, then

Y,’X—fN(IH,Y]X,ZN) (W) +ZN AWl +aml =YY (A1)

i liv1 lit l+l i+1 l+l

Taking conditional expectations on both sides with respect to ]—' ¥ gives (3.1). Multiplying both

sides of (A.1) with AW *and taking conditional expectations W1th respect to f yields (3.2).
Finally, (3.3) is a consequence of (3.1) and (A.1). O

Proof of Proposition 3.2. We prove the proposition by backwards induction. Set YN = &N,
which by assumption (C4) is bounded. Now assume that there exist i and N,z M Ny solving

the BSAE (2.4) for 1 € [1}\ |, T] such that (¥"') and (Z}") are bounded. By Lemma 3.1, ZN
H—l

must be of the form
E[Yy awly kl}" ]

ZN,k — lit1 lit1 I
e AWN), v

i+1
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Since by induction hypothesis, Y is bounded, Z *is well-defined and bounded. Next, we try
z+l t+l

to find Yt]_}/\, € Loo(ftN) such that

= U YN 2 ) AW )y =E[Yy 1FX] (A2)

1 +| i+1

To do that, we introduce the mapping A(w, y) :=y — f(t}} . y. Z’X, )A(WN) It s .7-'N
measurable in @ and continuous in y. Moreover, it satisfies

y=r(L+1+8(Zy ) =A@ =y +e(1+1y+8(Z) ) (A.3)

i+1

for k = K max; A(WV >tN < 1. So it follows from Lemma A.1 below that there exists an ]—" N ®

B(R)-measurable function B: 2 x R — R such that A(w, B(w, y)) =y for all (w, y) € Q x R.
Thus,

YN =B(.E[Yy IF3])e LO(FY)
solves (A.2), and since Y and ZV v are bounded, it follows from the estimate (A.3) that the

i lig1
same is true for Yt%. Finally, Mév =0 and

i

N N N N N N N N
AMy =AYy +f (l+1,YtN,Z )A(W v = ZN AW
i+l i+1 ,+| i+1
=vN —E[¥} IFN] - Z% AWN
1+1 1+] z tt+1 tl+|

defines a square-integrable martingale M” orthogonal to W which is bounded if W¥ is so.
This completes the proof. O

Lemma A.1. Let G be a sub-o-algebra of F and A: Q2 x R — R a function that is G-measurable
in w € Q and continuous in y € R. Assume that for every w € Q, the set {y e R: A(w,y) € C}is
nonempty and bounded for each nonempty bounded subset C of R. Then there exists a G @ B(R)-
measurable function B : Q2 x R — R such that A(w, B(w, x)) = x forall x € R.

Proof. Forall k,/ e N,
by () = inf{y € R: Aw,y) € ((k— D27, k27']}

is a G-measurable mapping from €2 to R and

Bi(@,x) =Y bu(@) 1 g—1)p-1 <y <21}
keZ

a G ® B(R)-measurable map from €2 x R to R such that

Bi(w,x) —> B(w, x) as/ — o0
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for a G ® B(R)-measurable function B : Q x R — R. Since y — A(w, y) is continuous for all
w € 2, one obtains

A(a), B(a),x)) = A(a), lim Bl(a),x)) = lim A(a), Bl(a),x)) =x
[—o00 [—o00

for all x e R. O

A.2. Proofs of Lemmas 4.3 and 4.4
To prove Lemmas 4.3 and 4.4, we need the following lemma.

Lemma A.2. Assume the Nth driver and terminal condition are of the special form
My =K(1+yl+8@) and §¥=C

for constants C, K € Ry and a measurable function g:R? — R with g(0) = 0. Then for all
N € N such that max; A(WN>1N < 1/K, the Nth BSAE has a unique solution (YN, ZN , M)

given by

YN + KA(WN) x
YN — C YN — ti+] i+1
T ’ i 1— KA(WN),v

i+1

, zN\ =0, MY =0. (A.4)

t

In particular, YN is deterministic and for N — oo, converges uniformly to the function
(C+ Dexp(K(T —1)) — 1.

Proof. Since the terminal condition and the increments A (W) (v are deterministic, ZN and
1

MY are both zero and YV solves

YN=YN A K(H[YN)AWY) v =C (AS)

i+1

This shows (A.4). Moreover, since (A.5) are deterministic difference equations with Lipschitz
coefficients, one obtains from Theorem 2.2 that their solutions converge uniformly to the solution
of the ordinary differential equation

Y =—=K(1+]|y®

),  yM=c,
given by
y(1) =(C+exp(K(T —1)) — 1. O

Proof of Lemma 4.3. Since max; A(WV ),y < 1/K for N large enough, it follows from
Lemma A.2 that there exists an N; > 1 such that for all N > N;, the BSAE with driver
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f N (t,y,2) = K(1 + |y| + |z/9) and terminal condition £V = C has a deterministic solution
YV that is bounded by (C + 1) exp(K(T —t)). Set D =2(C + 1)exp(KT). Since g < 2, one
obtains from condition (C5) that there exists Ny > N such that

sup max K (1+d92D[AWN) v ] ) A(WN) v <1 (A.6)
N>Ny ! i i
and
sup maxdgK (1+d?*DI2[A(WN) V] |awik| <1, (A7)
N>Ng i,k i 5 o0

Fix N > Ny and let le > fZN be drivers and “g‘lN > EQN terminal conditions satisfying assumptions
(i)—(iv) of Lemma 4.3. By Proposition 3.2, both BSAEs have a solution (YN , M,i,v ), m =
1,2, and (4.3) clearly holds at the final time 7. We now go backwards in time and assume (4.3)
is true on [#+1, T']. Then

(C+ Dexp(K(T —tN,)) = YthN =Y,y = —(C+Dexp(K(T —1l}y)). (A.8)

i+1

By Lemma 3.1, one has

E[YY AWNEIFN]

N,k i+1 i+1 4
zZh, = s A9
m.tyy A(WN) v (A.9)
i+1
and
N _ N N N N
Ym~’iN - E[ m.tl, l}—z ] + fm ( i+ Y m]l z ttIYH) <W >tilyi—1
Set

N ._yN N N ._ 7N N
Y = Yl,t _Y2,t’ Zt = Zl,t _Zz,t'

By (A.8), Y1 = YN,N and Y are bounded by D and

i+1 z+]

Yti,"é_ (YN 17N ]+ (a+Y /HZ, y)AWY) y

t+1 I+I +1 i+1

for

0‘=f1(1+1vYNN’ZN )_f2(1+1’YNNvZN )

z+1

1
IBZY_N(fl (H—l’YNN’ é\,]tix.)_fl (‘+1’Y2NtN7Z2tt+|))

tN
1
k N N,1 N,k N, k+1 N.d
Yy = fl I’Y NaZ N s'--3Z N 1Z N 3~--3Z N
tl_\’,k( ('+ Lt L, Lot ” T2, 2[/+1)
i+1
N N,1 N,k—1 N,k N,d
—fl(lH,Y“N,le,... ZoN 2y s Zy ).

1+1 t+1 1+1 i+1



1074 P. Cheridito and M. Stadje

It can be seen from (A.9) that form =1, 2,

d E[(YY )2 FNIELAW )
] ] ; dD
ZN P =SV ) < Ml G i . (A0
| m,tﬁl‘ Z( m,tﬁ_l) —Z (A(WN)IN )2 = A<WN)1_N ( )
k=1 k=1 ti]YH i+1
So by assumption (iii) and (A.6),
AlWN <K(1+|zN, |9 awV
AWy | < K(1+]2y (AW,
q/2 ng N —q/2 N
<K(1+ad?*DI[A(W >t,ﬁ1] JA(W )tl-’il<1'
Hence,
E[YN [FN1+ @+ Z5 »aWwh)y
YN = — (A.11)
t 1—,3A(W1V>tﬁ1

From assumption (iv) and (A.10) one obtains
vl =dPaR 1+ (120 [V123 )"7) =d" Pk (147 D2 (aW?) )"
and from (A.9),

k
1AW K oo

N 1/2 lizi N N
12| = 4 max T Ty 170)

+1

By (A.7), this yields

2% 1AW =12 [IyIalwY),

<dgK(1+d7*DI2(A(WN) \ )71 max | AWin’lk ||OO1E[|YI’§+1 7]

i+1

§E[|th§l||ftix].

Since Yt% >0 and a > 0, it follows from (A.11) that YthN — YzNzN = Yt’,vv > (. Now observe that
i+1 i i i

N satisfies assumptions (ii)—~(iv). So the same argument applied to the equations corresponding

tO (fN7 C) and (le7 EN) giVeS

N oN N
(C+ Dexp(K(T —1")) = Yy zY
Analogously, one deduces

YZIY[IN > (C+ Dexp(K(T — 1)),

and the induction step is complete. ]
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Proof of Lemma 4.4. For N large enough, one has

max A(WY) v < 1/K. (A.12)
l i

So it follows from Lemma A.2 that there exists N| € N such that for all N > N, the BSAE
with driver f¥(z,y,z) = K(1 + |y| + |z|9) and terminal condition £V = C has a deterministic
solution ¥V dominated by (C + 1)exp(K (T —t)). Choose Ny > Nj such that for all N > Ny,
the statement of Lemma 4.3 holds for all terminal conditions bounded by (C + 1) exp(KT') and
drivers satisfying conditions (ii)—(iv) of Lemma 4.3. Now fix N > Ny and assume (Y, ZV M")
is a solution corresponding to &V and f" satisfying conditions (i) and (ii) of Lemma 4.4. Since
f,N <(C + 1)exp(K(T — 1)), it is enough to show that

Yllx, > Yt% > —?t{}’v for all i. (A.13)
By condition (i), (A.13) holds for t =T.Fort <T we argue by backwards induction. So let us
assume that (A.13) holds for r = t . We will only show Y N > Y ' The second inequality in

(A.13) follows analogously. From Lemma 3.1, we know that

IE[YN AW |]-"N ]
N,k_ lit1 l+l I
o A(WN), v

i+1

and

Ao, YN) [Y% IFN],
where A(w,y) =y — f(tl+1, ¥, Z’X, )A(WN) . Consider the BSAE with driver

AN (N _ k(U +1yl+1z17),  forj=i+1,
/ (tj,y,z)—{()’ for j#£i+1

and terminal condition YtN . By Lemma 4.3, it has a unique solution (Y™, ZN MN), and it
i+1

is easy to see that ?tNl YNl Due to (A.12), the mapping A(w,y) =y — f(t} .y, ZIAI’\,]) X
it+ t+ i+

A(WN)[N is strictly increasing in y and since fN (N -, ) > NN, -, one has

i+10 "

A(a), 17[_ ) [Y[% |.7:N] (w, Y:X) > A(a), Y[%).

i+l 1
This shows Y N > YN . To conclude the proof, consider the solution YV of the BSAE with driver

N and termmal condltlon YN Then YII,Y, = YtI]Vv and Lemma 4.3 yields YZN > YN Conse-
t+|
quently,

which completes the induction step. (]
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A.3. Remaining proofs of Section 5

Proof of Lemma 5.1. Set C =3C and K = 2K (2C + K +1)(exp(KT)+ 1)(T +1). Choose b €
R such that condition (f3) holds for a = (C + 1) exp(I? T). It follows from (2.1) that ]_[i":’l (11—
KA(WN)I_N) — exp(—KT) for N — oo. So there exists Ng € N such that for all N > Ny,

iN
[T0 - kA(WY) ) <exp(KT)+1,  (WN), <T +1

i=1

and the statement of Theorem 4.2 holds for C instead of C, K instead of K and L = K V b.
Set D = (exp(KT)+ 1)(T + 1) and fix N > Ny as well as terminal conditions él , 52 bounded
by C and drivers £, £V satisfying (f1)~(f3) such that || f1 — fVllc < K. Then the parameter
pairs (fN,eN), m=1,2, and (fN,EN), where fV = f2 + 1N - sz||0o and N =&l +

||§1N — $2N oo, satisfy the conditions of Theorem 4.2 for C instead of C, K instead of K and
L = K Vv b. Therefore, the corresponding BS AEs have unique solutions, which, since f N> le

and é N> SlN , satisfy I?,N >Y th for all ¢. Note that the solution of the deterministic BSAE

P =B (LY~ A+ KT AV,

i+1
NN (A.14)
=& - &' |
is given by
N _ &N iy A(WNY y
N 1 0 : .
i H] i (= KA(WN)IJN) ot ]—[{ZHI(l—KA(WN)th)
In particular, Y is positive and decreasing in ¢, and it satisfies
1EY = &Moo + 1A = 2V lloo Ty AWN) v y
<
N =
[T, 0 KAWN)v)
Hence, by the choice of the constant D, one obtains the estimate
sup #Y = 3} = D(l& ~ &+ LAY~ 72,0 (a15)

In particular, since [|§]Y — &2 loo <2C and || ¥ — £}¥ o < K, it follows from (A.15) that

sup ¥,V < (2C + K)(exp(KT) + 1)(T + 1). (A.16)
t

Next, notice that the process

AR o
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satisfies

Y%—YN {fZ (t+1’WN YNN’ 2tN )+||f1 fZN”oo_’_K?l,%}A(WN)’N

lit1 i+1

—zZN v AWN —AMY |
2 tt+1 tt+l 2, tz+1

=g +|

N
%‘1 - s2 ||oo’
and since sz is K-Lipschitz in y, one has

N N N N N N N
f2(l+1’W YtN’Zth)Sf2(z+l’W thN’ th)+KYtN'

i+l i+l

Hence,

N N
atiszZ (z+1’W Y

2tN7

Zy )= 12 (i WY TR 70 )+ KTR 20

l+l

and YV satisfies the BSAE

Y%ZYZJ {f2 (H—l’WN YN ZN )+Hf1 H +()l }A<WN)111YH
N N N
B Zz tll\-:—l AWI-H B AM2 tl}i] ’ (Al7)

=6 +E -8
Since sz is K-Lipschitz in y, one obtains from the estimate (A.16) that
llenlloo = | £V (5 W, YZN,Nv 2, )= £ (1w, Y,]le ZQ’,N Mo + K”f/,];6 oo

<2K|| ?tfx, |, <2KQC+K)(exp(KT)+ 1)(T + 1),

which shows that the BSAE (A.17)~satisﬁ_es the assumptions of Theorem 4.2 for C, K and
L = K Vv b. Hence, a comparison of YV to Y yields

W=V < v =y 40N < v+ (e -6 |+ 1A - )
for all . By symmetry, one also has
V=YL DAY = B e+ 16 - 8" )

for all ¢, and the proof is complete. ]

Proof of Lemma 5.2. Let C € Ry such that ¢ is bounded by C and |p(w1) — p(wy)| <
Csupy<j, lwi(si) — wals;)| for all wy, wy € R4*"_ Choose Nyp € N and D € R4 such that
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for all N > Ny, sup; |AWZIX,| < 1 and the statement of Lemma 5.1 holds. From Lemma 3.1, we

know that

]E[YNAWIN |]-' ]

ZN,k — ,
N A(WN) y

and since YZI,Y, is ]-'t 1)(, -measurable, it can be written as
i i
N N (yN N
Y[,Nz‘yi (th ,...,Wt!\])
1 1

for a Borel measurable function yl.N ‘R4 > R. We want to show that yl.N can be chosen
uniformly Lipschitz-continuous in the last argument. To do that, let us condition on W,Ijv =
w(tN) j=1,...,i —1and WZX, = x. Denote WN WN WI,Y,, te [t T1], and define r =

max{m: s, < tN} Then for tN > !, the conditioned BSAE w1th solution (YN X ZNx YN
can be written as

N, N, N.x N,
Yt =Y N w(iY) o w(d ) e WL YR Z0) AW
j i P JH
N, N,
—ZINXAWICVV —AM ", (A.18)
J+1 Jj+1 Jj+1
Y;\’»x:<p(w(sl), , w(s,), x+W€ ST x—i—Wf’Y)

Thus, for t > tiN we he have Y, ,N’x =Y ,N‘x, where YV* solves the BS AE driven by the processes

W with terminal conditions SN'X =p(w(sy),...,w(s,),x+ W, Wt/_,\\’,, X+ WS];’ — W;_,VV)

Y r+1
and drivers

e, w(ih), Wy, 2)
AN wEY), . owEN ), x+ W — th_,\\’,,y,z), fort >t}
0, fort <]V

Clearly, all £V are adapted, left-continuous and satisfy (f1)—(f3). By our Lipschitz assumption
on ¢ and fN, one has,

€11 — g™ < Clvi — xa
and
[N — V22| < Klxg = xo

forall x1,xp € RY. In particular,

[ £ =) =K
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if |[x; — x3| < 1. So one obtains from Lemma 5.1 that for all x, x, € R4 satisfying |x; —x2| <1,

YIN,X] _ NJC2| < Sup \YN X1 YZN,X2|

= D(||€N’*‘ i P PRl i
= D(C+ K)|x1 — x2f.
Note that
]E[yr,%(wéx’ Wt?/il’ Wt%I)A(WN)Zlel%l] =0,

and therefore,

|z = awh),

W |E B[y N AW IFN |
=|E[(yg\,(W ...,Wtj‘il,Wé,V!l+AWth)
A TUATRIN A Wt?é_l))AWlix’k|fjix_l]|/(A(WN),iN)
E[\ylllx,(W;l,vv, WI%I, Wﬁl + AWévv)

- yt]}/V (thl’\‘/” U Wt}.x_ ’ thxi )||AWZ?VJ€||f’?£1]/(A<WN>t’N)

E[AW) ||AW%"||f

<D(C+K) (WN)
z.N
]E[|AW ||AW ||J-' ]
< D(C+K) ‘<WN> "L = D(C + K)d. °
i

A.4. Remaining proofs of Section 6

Proof of Proposition 6.1. Set C=(C+1 exp(K T) and denote

AW oo

t

a = sup ——— < 00.
Ni [AWN),x

Choose Ny € N such that for all N > Ny the conclusion of Theorem 4.2 holds and
VaLa(AWN) x)'? 4 d@HOBLERa(a(W) ) ETP <1, (A.19)

Then it follows from Theorem 4.% that for fixed N > Ny, the Nth BSAE has a unique solu-
tion (YN, ZN, M) with |YN| < C for all t € [0, T]. Now choose an R?-valued (F})-adapted
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process ™ that is constant on the intervals (tl.l\i I tl.N ] and satisfies (6.1). It follows from the
definition of g? that

vy ="+ Z I Y’X ,ZN)A(WN )y — Z ZN AW — (MY — MY)
Jj=i+1 g Jj=i+1 g ! '
iy
== 3 V(YN ul)a (W) = Z ZN AW — (M - M),
j=i+1 = ! j=i+1 g g '

. . . . . N .
Since MY is orthogonal to W | its components are still martingales under P*", and one obtains

iN
N Nl N N N
S [s - > Ny YN ﬁ“rN) (w )t;V ft’_N}. (A.20)
j=i+l '
On the other hand, it can be shown (see, e.g., Cheridito et al. [7]) that for each i there exists a
/l,NN € Lo(f;x )¢ such that
i i—1

NN, th_xl,zt{,vv +2) — NN, Yt’_xl,zt’_yv) >zjify  forallz e RY.

Set {1 pL, =N Py fort € (tN,,tN]. Then " is a left-continuous R?-valued (F; N'y-adapted process

l]’t

satisfying
@Y YZIXII,Z;X,)+g( YN,;LIN) f\,’VZII}’\, for all i. (A21)

i

So if we can show that 2V satisfies (6.1) and (6.4), the equality in (A.20) becomes an equality
and the proposition is proved. To see that iV satisfies (6.1), note that it follows from the Cauchy—
Schwarz inequality that

-1
254 = (AW Y)0) BN awhHEY |

<[(atw™y) " By Py 1 Ellaw i) ]

and therefore,
| 20| < vV (a{w™),) 7 (A.22)

From condition (v) one obtains

AN = L(1+ 1z |"?)  forallk.



BSAEs and BSDEs with non-Lipschitz drivers 1081

Hence, it follows from estimate (A.22) that

AN = VAL(1 4 |Z5|9) < VAL + aHOHLE (AW Y) )

i

This gives

| AW | < |a [[awd | < VaLa(A(WN),x)"? + a® DA LCI2a(A(WN), )T <1

i

and shows that 4% satisfies condition (6.1).
To show (6.4), we first assume g = 1. Then one has

NN ) = el — V6 L)

Z J

> esssup{A/} finz— K(1+ |Yl1¥1| +1z1)}.
I J—

z
It follows that
}ﬁ”"\ <K forallk=1,....d,

and it is clear that iV satisfies condition (6.4). If ¢ € (1,2), denote |x|;, = (%, |x;17)'/4, and
observe that there exist constants Cy, C», C3 > 0 such that

gN( YIII\\/’ ﬂﬁ’l\]]\l)_esssup{ﬂtN{\]Z_fN(]+l’Ytlx’ )}
J Z J
> esssup{ﬂf\,_/\,z —K(1+ }th +1217)}
J

(A.23)
> —K(1 +|YN|)+esssup{ Nz—C1|z|q}

=—K(1+|rN])+ C2|[Lt,\,|q/([’ bz =K (1 [YN]) + (1 +1).
J J

q/(g—1) —
Since
AN iN
YI%ZEM |:§N— Z 8 ( YZN ,,u ) <WN>th|ft]1\\//i|
' j=i+1 !

and £V and YtN are bounded by C and C, respectively, one obtains

in
EﬂN[ > NNy ﬂN)A(WN)_lefX,} <Cc+C.

s ) N
Jj=i+1 ’ R ! !

This together with (A.23) and the uniform boundedness of Y~ shows that 2V fulfills (6.4). O
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Lemma A.3. Let u be an (FtN )-adapted process that is constant on the intervals (tl.]! I tl.N ] and
satisfies (6.1). Then one has

iN iN
E[ I1 (1+MI;VAW;;/V)10g< I (1+u,jNAWI’jX)>]féx}

Jj=i+1 Jj=i+1
[ > Iy PA(wh), mﬁv}
Jj=i+1

Proof. One can write

iy in
IE|: I1 (1+Mt;vAWfJ,YV)1og< I1 (1+;Ltjz_vAW$,)>‘nyvi|

i

j=i+1 j=i+1
iN
= Z EX[ log(l—i—utNAWt%)U:N] > log(B*[(1+ny AWN)IFN]).
j=i+l j=i+l ’ ! !

where the inequality follows from Jensen’s inequality. The right-hand side can be estimated as
follows:

Z 1og{l+ZE“ N]E“ AWNk|}'N ]lﬁ%]}

j=i+1
Z 10g{1+ZE“ WN>IN|]-'N } Z EH[ |,,LN| A(WN),NWV]
j=i+1 Jj=i+l

The equality holds because

E* [Athyvkl}"N = by A(Wh).
J— J

1 J

For the inequality we used log(1 + x) < x. ]

Lemma A.4. Forall N €N, let VY :[0,T] — R be a function that is constant on the intervals
[tN g +1) If there exist constants a, b € Ry such that

|hN(T)|§a and |hN( )|<a+b Z|hN / 1)|A<WN> forall N andi <iy—1,
Jj=i+1

there exists an Ny € N such that

WV (tN)| < 2aexp(b(T — 1))  forall N = Noandi=0,...,iy.



BSAEs and BSDEs with non-Lipschitz drivers 1083

Proof. For N so large that sup; A(W/) v < 1/b, the function given by

N N N -1

H"(T):=a and H"(t):=a l_[ (1—bA<W >t1.V) , t<T
j:tJN>t !
solves
iN
HN(tiN):a—i—b Z HN(I;V_I)A<WN>IN foralli <iy —1,
J
j=i+1

and converges uniformly to a exp(b(T — t)). In particular, there exists an Ny € N such that
H"(t) <2aexp(B(T —1))  foralltand N > Np.

So the lemma follows if we can show that |hN(tiN)| < HN (tiN) forall N > Ngandi =0,...,iy.
For i =i this is obvious, and if it holds for j >i + 1, then

a+b Y o WY@ IAWY), v

N (V)| <
()] < e
i+l
at+ b NI AWN) o
= L= HY(t").
- l—bA(WN>tN (l) |:|
i+1
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