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Let {Xn},>0 be a V-geometrically ergodic Markov chain. Given some real-valued functional F, define
M, (a) := n—1 22:1 F(a, X;_1,Xy), a € A C R. Consider an M estimator @, that is, a measurable
function of the observations satisfying My, (@) < minge g4 My (@) + ¢, with {c,} n>1 some sequence of real
numbers going to zero. Under some standard regularity and moment assumptions, close to those of the i.i.d.
case, the estimator &y, satisfies a Berry—Esseen theorem uniformly with respect to the underlying probability
distribution of the Markov chain.
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1. Introduction

Let (E, &) be a measurable space with £ a countably generated o-field, and let {X,},>0 be a
Markov chain with state space E and transition kernels {Qp (x, -): x € E}, where 6 is a parame-
ter in some general set ®. The initial distribution of the chain, that is, the probability distribution
of X, is denoted by p and may or may not depend on 6. Although {X,},>0 does not need
to be the canonical version, we use the standard notation IPg ,, to refer to the probability dis-
tribution of {X,},>0 (and g , for the expectation w.r.t. P ;). We consider that {X,},>0 is a
V-geometrically ergodic Markov chain, where V : E—[1, +00) is some fixed unbounded func-
tion. This class of Markov chains is large enough to cover interesting applications (see [16],
Sections 16.4 and 16.5).

The parameter of interest is cg = ag(0) C A, where () is a function of the parameter 6 and
A is an open interval of R. To estimate g, let us introduce the statistic

1 n
My(@) =~ | F(e, Xiw1, X), (1
k=1

where F is a real-valued measurable functional on A x E2. We define an M -estimator (this is
slightly more general than the usual definition of M -estimators or minimum contrast estimators,
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where ¢, = 0, see [1]) to be a random variable @, depending on the observations (Xo, ..., X;)
such that
M, (an) <min M, (a) + ¢y,
acA
where {c,},>1 is a sequence of non-negative real numbers going to zero to be specified later.
Assume that for all 6 € ®
My (a) := lim Eg ,, [M;, ()]
n—oo

is well defined everywhere on A and does not depend on . In addition, assume that there exists
a unique “true” value o of the parameter of interest, that is, My (xg) < Mp(a), Yoo # ag. We
want to prove the following uniform Berry—Esseen bound for @,

PQ,M{%@—ao)ﬂ}—r(m

sup sup
0e®ueck

=o<%), (BE)

where I" denotes the standard normal distribution function, and 7 () is some positive real number
defined in Theorem 3.

To derive (BE), we use Pfanzagl’s approach [20]. Besides technical assumptions, this approach
relies on several ingredients. First, we need the uniform consistency condition:

(UC) Vd >0, supyee Po,u{1@: — a0l = d} = O(1//n).

Second, consider the following two convergence properties: If S, (o) := > j_; & (0, Xk—1, Xk)
with & («g, Xx—1, Xx) centered,

(a) the sequence {EQ’H[S}% (a0)1/n}n>1 converges to a real number a2(0);
(b) there exists a positive constant B(§) such that for any n > 1

Sy (o) B(&)

The properties (a) and (b) will be required for certain & (g, x, y) defined as linear combinations
of some functionals related to F'. To obtain (a) and (b) for such & («g, x, y) with V-geometrically
ergodic Markov chains, a natural moment (or V-domination) condition is used: There exist pos-
itive constants C¢ and m such that

sup sup
fe®uelR

Vx,y) € EZYa e A &, x, )" < Ce(V(xX) + V(). )

The paper is organized as follows. In Section 2, an extended version of Pfanzagl’s theorem
[20], is stated for any sequence of observations, not necessarily Markovian. Section 3 is devoted
to a Berry—Esseen bound for the additive functional ZZ:] &(ag, Xk—1, Xi) of a V-geometrically
ergodic Markov chain {X, },>0 with & satisfying inequality (2). In Section 3.2, we prove that the
properties (a) and (b) are fulfilled when inequality (2) holds with the (almost expected) order m,
namely: m > 2 = (a), and m > 3 = (b). These results follow from the weak spectral method
based on the theorem of Keller and Liverani [14]. This approach, introduced in [10], is fully
described in [12] in the Markov context (see also [8,9] and other references given in [12]). It is
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important to notice that Pfanzagl’s method requires the precise control of the constant B(&)
in property (b) as a function of the size of £. The present operator-type approach shows that
B(£&) depends only on the constant C¢ in inequality (2). Thanks to these preliminary results, in
Section 4 we prove our main statement, that is:

(R) Under some technical assumptions and the uniform consistency condition (UC), if two
Sfunctionals F' and F" related to F (in the basic case F' and F" are the first- and
second-order derivatives of F with respect to «) satisfy inequality (2) for some m > 3
and constants C, C g that do not depend on a, then Q,, satisfies property (BE).

To the best of our knowledge, the result (R) is new. It completes the central limit theorem for
{@n}n>1 proved in [5] when inequality (2) holds with m = 2. The domination condition (2) re-
quired by (R) is almost optimal in the sense that we impose m > 3 in place of the best possible
value m = 3 obtained in the i.i.d. case. In Section 5, our results are applied to the AR(1) process
with ARCH (autoregressive conditional heteroscedastic) of order-1 errors. The paper ends with
a conclusion section.

Let us close the Introduction with a brief review of previous related works in the literature.
In [20], {X,}sen is a sequence of i.i.d. random variables and Pfanzagl proved a Berry—Esseen
theorem for minimum contrast estimators (which are special instances of M-estimators) associ-
ated with functionals of the form F(a, X;). In [20], the moment conditions on F' := dF/d«,
F" :=3>F/da? are the expected ones since the property (b) is fulfilled under the expected third
moment condition [6], Chapter XVI. Using convexity arguments, Bentkus et al. [2] proposed an
alternative method for deriving Berry—Esseen bounds for M -estimators with i.i.d. data. In the
Markov context, the method proposed by Pfanzagl is extended, first by Rao to cover the case
of uniformly ergodic Markov chains [21], second in [19] to the case of the linear autoregressive
model. However, their assumptions to get the property (BE) include much stronger moment con-
ditions involving both the functional F' and the Markov chain. Here, as already mentioned, the
weak spectral method of [12] enables us to have an (almost) optimal treatment of (a) and (b), and
hence an improved Berry—Esseen result (BE).

2. The Pfanzagl method revisited

We state and prove a general result that allows us to derive uniform Berry—Esseen bounds for M-
estimators. This result is an extended version of Theorem 1 in [20] and is applied to our Markov
context in Section 4.

2.1. The result

Consider a statistical model (2, F, {Py, 6 € ®}), where ® denotes some parameter space, and
let {X,},>0 be any sequence of observations (not necessarily Markovian). Let us denote the
expectation with respect to Py by Ey.

For each n, let M,(a) be a measurable functional of the observations Xy, ..., X, and the
parameter of interest o € A, where A is some open interval of R. Let {c,},>1 be a sequence of
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non-negative real numbers going to zero at some rate to be specified later. An M -estimator is a

measurable function @, of the observations (Xo, ..., X,) such that
Mn(an) < min M, () + c;. (3)
acA

This is the usual definition of minimum contrast estimators as soon as ¢;, = 0.

Assumptions. Suppose that for alln > 1 and o € A, there exist M), (o), M (o) some measurable
functions depending on Xg, X1, ..., X,, and on the parameter of interest, such that the following
properties hold true:

(A1) VO € O, there exists a unique o = o (6) € A such that My (co) = 0, where My () :=
limy,— oo Eg[ M), ()] (the limit is assumed to be well defined for all (0, ) € ® x A);

(A2) 0 < infyee m(0) < supycg m(0) < 0o, where m(0) := lim,_, oo Eg[M, (ag)] (the limit
is assumed to be well defined for all 9);

(A3) for every n > 1, there exists r, > 0 independent of @ such that r, = o(n~—"/?) and

sup Py {|M},(@,)| = rn} =0~ 1/%);
0e®

(A4) for j =1,2, there exists a function 0 (-) such that 0 < infgee 0 () < supycg0;(0) <
oo and there exists a positive constant B such that for all n > 1

N/ B
sup sup|Pgy —— M, (ap) <uy —T'@W)| < —,
00 ueck 01(0) n
B
sup sup Po{ 1 (M, (00) —m(8)) < u} —Tw|<—=:
fc®ueck 02(0)

(A4) forn > 1, lu| <2+/Inn and 6 € O, there is a positive number oy, ,,(0) such that

Jul
Vn
/7

S_

Jn

lon,u(0) —01(0) < A

uo(0)
/nm(0)

with some positive constants A’', B’ independent of n, u, 9;
(AS) for any (a, &) € A2, let R, (xt, &) be defined by the equation

(M) (ar0) — m(e))> < u} —T(u)

Po| L2

o ©) (M”(“O) *

M, (@) = M) () + [M, (@) + Ry (a, @)](& — ).

For each n, there exist w, > 0 and a real-valued measurable function W,, depending on
Xo, ..., Xn, both independent of 0, such that w, = o(1) and

V(a, @) e A |Ru(e, @) < {lo — G| + wn} Wy,
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and there is a constant cy > 0 such that

sup Pofcw < W, } =0(n~1/%);
0e®

(A6) @, is assumed to be uniformly consistent, that is, there exists y, = o(1) such that

sup Po{|a, — aol = d} < yn.
fe®

where d := infgce m(0)/8cw with cw and m(0) defined in (AS) and (A2), respectively.

Let us comment on these assumptions. Condition (A1) identifies the true value of the param-
eter. In conditions (A1) and (A2), the expectations Eg[M, ()] and Eg[M]) (xtg)] may depend on
n, as in the Markovian framework considered in the sequel when the initial distribution is not
the stationary distribution. Condition (A3) ensures that the estimator (approximately) satisfies
a kind of first-order condition. Such a condition allows us to take into account the numerical
errors with which we are faced when computing @,,. It may also be useful when the estimator
of the parameter oy depends on some “nuisance” parameters (see the example in the second
part of Section 5). Conditions (A4) and (A4’) are the uniform Berry—Esseen bounds for M, (o),
M,/ (ap) and for some of their linear combinations. The identity defining R, (¢, &) in condition
(A5) is guaranteed by a Taylor expansion when the criterion M,,(«) is twice differentiable with
respect to «. In this case M), and M, are nothing else but the first- and second-order deriva-
tives of M,, with respect to «. The reminder R, (c, &) must satisfy a Lipschitz condition. For
instance, when w; = 0, this holds true if o — M, («) is three times continuously differentiable
with a bounded third-order derivative. Condition (A6) is a standard consistency condition (see
[2]). General sufficient conditions for (A6) with y, = O(n~!) have been proposed in the case of
i.i.d. observations or uniformly ergodic Markov chains (see [18], Lemma 4, and [21], Lemma
4.1, resp.). Such general arguments can easily be adapted to the geometrically ergodic Markov
chain framework. In specific examples, like the one investigated in Section 5, condition (A6) can
be checked by direct arguments.

The proof of Theorem 1, which adapts the arguments of [20], is given in Section 2.2.

Theorem 1. Under conditions (A1)—(A6), there exists a positive constant C such that

Vn>1 sup sup
fe®uck

with T(0) :==01(0)/m(6).

Pe{%@‘n—ao)ﬂ}—mm

< c(% ity + o, +yn> o)

To obtain the classical order O(n~1/?) of the Berry—Esseen bound, one needs y,, = on~1?),
rn=0m™1) and w, = O(n~12). Note that this usually requires that the sequence {c,},>1 in
(3) decreases at the rate n~3/2. This is to be compared to the rate n~! that is usually required to
obtain the asymptotic normality of M -estimators (see [1]).

Remark 1. A close inspection of the proof of Theorem 1 below shows that the constant C in
inequality (4) can be tracked provided that the O(-) and o(-) rates in assumptions (A3)—(A6)
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are more explicit. For the sake of brevity, we only consider the case where ¢, =r, = w, =0,
«(0) =0 and (A3) is: forany n > 1, | M, (@L)| = 0. The constants C in the various inequalities of
assumptions (A4)—(A6) are denoted by Cy, C; in (A4), C3, C4 in (A4’) and Cs in (A5) and we
choose y,, < Cen~'/2 in (A6). Then we can obtain from Propositions 1 and 2 that

Vn>1 sup ]P’g{ ﬁ( — ) < }—F(u) <—,
0e® 7(0)
where C —2+F+2C1+2C2+eXP( a/2)+C5+C6When|u|>2«/lnn orC: _2[f

2C1 + 4Cy + ZCXP( a’/2) 4+ 2C5 + Cg]l + C4 + W when |u| < 2+/Inn provided

that \/n/Inn > max(Scwa ,4)/o; with a :=infyce (m(6)/402(0)), T 1= supgee 01(6)/m(6),
o :=infyep 01(0).

2.2. Proof of Theorem 1

The hypotheses of Theorem 1 are assumed to hold. For the sake of brevity, the sequence {r,},>1
in (A3) is supposed to be such that r, = o(n_l/z) and |M, (@,)| < r, for every n > 1. In the
general case, it suffices to work on the event {|M),(&,)| < r,} and to bound the probability of the
event {|M),(¢%,)| > rn} using (A3). From conditions (A2) and (A4),

o1(9) . _
T(0) = ——, m := inf m(9), m := supm(6),
m(@) 6e® 0cO
o= giggoj(@), 0= esggaj(e),

j = 1,2, are well defined. Recall that 0 <m <m < oo and 0 < g < 0 j < 00. Note that the
function 7(-) is positive and bounded. In the following, C denotes a positive constant whose
value may be different from line to line.

Inequality (4) is proved, first for |u| > 24/1Inn, second for |u| < 2+/Inn. In fact, for |u| >

2+/Inn, the bound in inequality (4) does not involve r,, and w;,.

Proposition 1. There exists a positive constant C such that for each n > 1 and all u € R such

that lu| > 2+/Inn

C
< —+Vn (5)

Jn

sup
0ec®

m{i;( —a) = }—FW)

Proof. For |u| > 2+/Inn, it is easily checked that

Ry

(@1 — o) < } [ (u)

<]P>9{ */—| —a0|>2M}+r( —2+/Inn).

)
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Now,
1 1 1
I'(—2+vInn 12 qy = —_— .
( ) 2+/Inn +/ 2n 2«/lnn 2V/Inn /27 n?
Finally, the proof is complete if there exists C > 0 such that (see [18], Lemma 6)
NP c
Vn>1 supIP’g{ |, —agl >2vVInnt < — + v, (6)
6eO @) N

It follows from (A5) and (A3) that | M, (a)| + ry > |06, — ol| M), (o) + Ry (@, 20)|. Then,

Vo VIn Vv Vinn -,
— oy — :> | M, ()| + 7. >2—|M( 0) + R (0, a0)],
o1(0) " m@®) " o1(6) ( ") m(0) !
provided that M}, (@,) # M, (ap). Next, introducing the event {2| M, («o) + Ry (&6, )| > m(0)}
and its complement (which includes the event {M], (&) = M), («0) }), we obtain

P{*(/e_)| a0|>2M}

< ]P’a{ \/(g){IM/ (@o)| +ra} > Vlnn} + Po{2|M,) (@) + Ru(@n, )| < m(6)}.

It is easily checked from (A4) and r,, = o(n~Y2) that

sup Pg{
[4=C)

iy it > o =0 ) var(—on+ 555) <o 5)

Finally, to obtain the bound (6), it remains to justify the use of the following bound:

sup By 214, (00) + Ry @, 00)l < m(@)) = 00 + 1, %)
up

Using elementary inequalities and assumption (AS),
Po{(2IM,) (o) + Ry (@, 20)| < m(6)}
< Po{IM,/(20) —m(0)| = m(0)/4} + Py{|Ry (@, 20)| = m(6)/4}
< Pg{IM,/(@0) —m(8)| = m(8)/4} + Py{[|&n — @0)| + wu1W, > m(6)/4}
=:Pino+ Prno.

It follows from (A4) that a := infyce (m(0)/402(0)) is well defined and positive, and

sup Pi o <O~ '/?) 420 (—ay/n) = O(m~/1?). ®)
e®
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Now, let d(8) := m(0) /4cw with cy defined in (A5) and notice that d = infyrce d(8)/2 in (A6).
Use the event {|a,, — ap| < d(0) — w,} and its complement to write

m@) . ~
P2,n,9 =< PG{T < [loty — | + @, 1W,, < Wnd(g)} + Po{laty — gl > d(0) — wy}

< sup Po{cew < Wy} + sup Py{|@, — ool > d} = O(n™/?) + y,
0e® 0e®

from (A5)—(A6) and provided that w,, < d. Therefore, inequality (7) holds true. O
Now, it remains to investigate the case |u| < 2+/Inn.

Proposition 2. There exists a positive constant C such that, for any |u| < 2+/Inn,

sup
0e®

Pe{ﬂ(&n — ) < u} — ()
(0

1
Sc(ﬁ‘i‘\/ﬁrn‘l‘wn"‘yn)- )

Proof. We just have to prove that (9) holds true for all n > ng, for some ng € N. Let us introduce
some sets and derive their probability bounds:

o Eng:={y/n@, —aol/7(0) <2+/Inn}. From (6), supgee Po(ES o) = O(n™ /2 4 y,).

o A, ={0 < W, <cw} where the r.v. W,, and the constant cy are defined in (A5). Then
SUpgee Po(AS) =0(n~1/2).

o Dy = {2M}/ () > m(6)}. We have Py{D; ,} < Po{|M,/ (o) — m(©)| = m(0)/2} <
Po{|M;) (ctg) — m(6)| = m(6)/4}. We know from (8) that supg.q Ps (D o) = O(n~!/2).

Then, we obtain from the previous estimates that the following set
Buo:=E;pN A, N Dy, o

is such that

sup Po (B ) <O~ + y,). (10)
0e®

Now, if Dy 9., := {~/n(@, — ap)/7(0) < u}, then we can write from (10)
IPo (Do) = T (@)] < IPo(Dpo,u N Bug) = T@)| + 0" + ). (1n
From (A2) and (A4), 0 < & := supgce 7(0) < 0o. Define the piecewise quadratic functions
g (v):= c_+b_v+a_v2, g+(v) = c++b+v+a+v2, (12)

where ¢® 1= n[M/(a0) + 4], bF = 1(0)/n[M/ (ap) £ sign(v)cww,], a® = +5cw, and
sign(v) denotes the sign of v when v # 0 and sign(0) = 0. Notice that g~ and g™ are continuous
on the whole real line. To bound the term [Py (D)9, N By,9) — I'(u)| in (11), let us introduce the
events

Eg =g ) 2 0). (13)
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It follows from Lemma A.2 in Appendix A that, for n large enough and |u| < 2+/Inn,

IPG(EH 0.u N Bn 0) < IPG(Dn 0,u N Bn 9) < ]P)O(En 0,u N Bn,@)
so that
IP6(Dn,o,u N Bn,p) — T (u)]
<max{|Py(E, 5, N Byp) — T, [Pe(E, 5, N Byg) — T} (14)

<max{|Po(E, y,) — T, [Pe(E, ) — T@l}+Pa(By ).

Then the proof of Proposition 2 is easily completed using (10) and the following estimate: There
exists a constant C such that for n large enough and |u| < 2+/Inn

1
sup |P9(En9u) I'(u)] §C<— +«/ﬁrn+wn). (15)
0e® \/ﬁ
Indeed, Effe y = = {g*(u) > 0} with gT defined in (12). We can write

Eyy, = {nlM; (o) £ 7] + ut(©)v/nlM; (o) % sign(m)ewan] £ u’5 cw > 0}

| , uo1(0) , an(u,0) + by (u, )
= {m(Mn(ao)‘l‘ Jim @) (Mn (WO)—m(Q))> z - T },

where the positive real number oy, ,, () is that of condition (A4’) and

sign(u)cw wy, uEch

m(®) Jn

From the second statement of (A4’), it follows that there exists a constant B’ such that we have,
for n large enough and |u| < 2+/Inn,

an(u,Q):u[ol(G)(l + i|, b, (u,0) = £/nry.

sup
0e®

an,(u,9) +bn(u,9))‘ - B’

Onu(6) Jn

Now, from ¢ | := infye 01(0) > 0 and from the first property of o, ,,(6) in (A4’), it follows that,
for n large enough and |u| < 2+/Inn, and for all 6 € ®, we have o, ,(9) > 0,/2 and

Pg(Ené)u) - (

DD i < L (1000 @1+

cw oy, |u|Ezcw>

Un,u(e) - On,u(e) m(0) \/E
<%[(A/ )u+ ]<C/<u—2+|u|w>
st Jnoom B Jn A

where C’ is independent of 7, u, 8. We obtain from estimates on the characteristic function of the
standard Gaussian distribution reported in [20], page 89, that, for n large enough, |u| < 2+/Inn,
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an (u, 6’)) ( 1 )
r -Tw|=Ci|—=+o
‘ ( Onu(0) N
for some C; > 0. We deduce from similar arguments that, for some constant C3,

‘F<an(u, 9)) 3 Iﬂ(an(u, 0)+b,(u,0)
o,,,u(e) O'n,u(‘g)

and 0 € O,

)‘ =< C2\/7_”'n.

Since C1, C; only depend on A’, o |, m, & and cw, the proof of (15) is complete. U

3. A Berry-Esseen bound for an additive functional of
geometrically ergodic Markov chains

The main focus of the paper is to apply the general Berry—Esseen result of Theorem 1 to the case
of M-estimators as defined in the Introduction when the observations come from a geometrically
ergodic Markov chain. To check conditions (A4) and (A4’) in Theorem 1, we need the next
probabilistic results based on a recent version of the Berry—Esseen theorem derived by [12] in
the geometrically ergodic Markov chain setting.

3.1. The statistical model

Let (E, &) be a measurable space with a countably generated o-field £ and ® be some gen-
eral parameter space. Let {X,},>0 be a Markov chain with state space E, transition kernels
{Qo(x, ), x € E}, 6 € ® and an initial distribution y that may or may not depend on 6.

Assumption (M). Let V : E—[1, +00) be an unbounded function (independent of 0). For each
0 € O, there exists a Qg-invariant probability distribution, denoted by 1y, such that

(VGI1) by :=supyeg (V) < +o00.
(VG2) Forall y € (0, 1], there exist real numbers k,, < 1 and C,, > 0 such that we have, for
anyf e®,n>1andx € E,

sup{|Qp f (x) — o ()|, f : E—>C measurable, | f| <V} < CVK;V()C))/.

Throughout Section 3, we assume that (V') := supg.g (V) < oco. Notice that (VG2) with
y = 1 implies the following property: For any measurable real-valued function f defined on E
such that | f| < DV, for some constant D > 0,

Vn =1 sup B, Lf (Xn)] = 7o (f)| < DCix{ (V). (16)

Moreover, conditions (VG1) and (VG2) imply that, for any y € (0,1] and 6 € ®, Qg is V-
geometrically ergodic, but it is worth noticing that the constants C,, and k,, do not depend on 6. In
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the following remark, the properties (VG1) and (VG2) are related to the so-called drift condition
w.r.t. the function V for each Qy.

Remark 2. Assume that for each 6 € ®, Qy is aperiodic and ¥ -irreducible w.r.t. a certain posi-
tive o -finite measure ¥ on E (which may depend on 0).

1. For y =1 and any fixed 6, the properties (VG1)—(VG2) follow from the drift condition:
QoV <oV +¢lg,withp < 1, ¢ > 0 and some set S (S is the so-called small set) satisfying the
minorization condition Qg (x, ) > cv(-)1s(x), where ¢ > 0 and v is a probability measure con-
centrated on S (see [16], Theorem 16.0.1). In addition, the constants C; and «; can be bounded
by a quantity involving o, ¢, ¢, the measure v and the set S (see [17]). To obtain the uniformity
in 6, it suffices to check that all these elements do not depend on 6.

2. For any y € (0, 1], we have my(VY) < mp(V) and thus condition (VG1) implies that
SUpgee o (V) < 0o. Furthermore, under the drift condition, it follows from Jensen’s inequality
that QypV? < 0¥V + ¢¥1g. Using [17], one obtains (VG2).

3.2. A preliminary uniform Berry-Esseen statement

Let ap = ag(6) € A be the parameter of interest for the statistical applications we have in mind
(see condition (A1), page 706), where 6 is the parameter of the Markov chain model and A is an
open interval of the real line.

Let £(«, x, y) be a real-valued measurable function defined on A x E 2 such that the random
variable &(a, X;_1, Xi) is (integrable and) centered with respect to the stationary distribution
7y, that is,

Eg 7y [§ (@0, Xo, X1)] =0,
and let
n
Su(@) =) E(@, Xp—1, Xp).
k=1
We investigate the following uniform Berry—Esseen property:

Su (o) Na
M”‘{ O ”} - F(”)‘ _O<W)’

sup sup
0e®uelR

where o%(9) will be defined below as the asymptotic variance associated with the random vari-
ables &(or, Xx—1, Xi). When {X,,},>0 are 1.i.d. and & (o, Xx—1, Xx) = & (o, Xi), this property fol-
lows from the Berry—Esseen theorem [6], provided that & («, X¢) has finite third-order moment,
uniformly bounded in «, and a variance greater than some positive constant that does not depend
on «.

In our Markov framework, the following moment (or V-domination) condition is natural for
the functional &. In the sequel, this condition will be required for mo =1, 2 or 3.
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Condition (D). There exist real constants m > mg > 1 and C¢ > 0 such that
Va e AV(x,y) € B> [E(a,x, nI" < Ce (V) + V(). (D)

This domination condition implies that

E@,ﬂ@['é(av X07X1)|m]:/|€(a9x1 y)'mQQ(xsdy)dnG(x)
(17)
< Ce(mp(V) +m9(Q9V)) < 00,

and since m > 1, observe that g 5, [1£(6, X0, X1)|] < oo.

Proposition 3. Suppose that Assumption (M) holds true and that & is centered and satisfies
condition (D1). Then, we have supgcg sup, 1 [Eg, ;. [Sn (a0) 1| < 00. In particular, for each 6 € O,
lim,, g, [Sn (o) /n] = 0. If, in addition, & s_atisﬁes condition (D»), then for each 6 € ®, the non-
negative real number

E n 2
52(6) = lim —2-x[51(@0)]
n n

is well defined and does not depend on . Furthermore, the function o*(-) is bounded on ©, and
there exists a positive constant C, only depending on C¢ and t(V'), such that

EoulS(@0)’1| _ C
n “n’

Voe® Vn>1,|0%0)—

Now, we are ready to state our uniform Berry—Esseen statement for S, (o).

Theorem 2. Let us assume that:

1. Assumption (M) holds true;
2. the functional & is centered and satisfies condition (D3);
3. 0§ :=infycp 0(0) > 0.

Then, there exists a constant B(E) such that

B(§)

Sy (O{()) < < .

PQ’“{o(e)ﬁ = Jn

Furthermore, the constant B(§€) depends on the functional &, but only through oo and the con-
stant C¢ of condition (D3).

Yn>1 sup sup
fe®uck

u} —I'(u)

The fact that we look for a Berry—Esseen bound with a constant B(£) independent of 6 is nat-
ural given our main purpose, that is, to prove a uniform Berry—Esseen theorem for M -estimators.
There are several methods for deriving Berry—Esseen bound for the functionals of Markov
chains (see [3,13]). But to prove Proposition 3 and Theorem 2, we use the weak spectral method
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developed in [12]. (A Berry-Esseen theorem is established in [11] for sequences of the form
{£(X1)}k>0 under the conditions u(V) < oo and |E]> < CV; however, the case of sequences
of the form {&(Xx—1, X«)}x>0 1s not a direct corollary of this work since the Markov chain
{(Xk—1, X&) }k>0 may not be geometrically ergodic.) This method allows us to control the con-
stant B(§) as a function of C¢ for checking assumption (A4’) of Theorem 1 (see the arguments
following equation (32) in Section 4). This follows from the next key technical result. Although
the proof of the Berry—Esseen theorem only requires Taylor expansions up to the order mg and
Condition (D,,) with mq = 3, for the purpose of possible further applications, Lemma 1 below
is stated for any mo € N*.

Lemma 1. If £ is centered and satisfies Condition (D,,,) with mo € N*, then there exists p > 0
such that

VOe®,Vn=1,Vie[-4,1  Epu[e" ") =200)" (14 Lo(®)) +ron®),  (18)
where Ag(-), Lg(-) and rg ,(-) are some mq times continuously differentiable functions from

[—8, B] into C satisfying Ao (0) =1, )Jg (0) =0, Lp(0) =0 and rg,,(0) = 0. Furthermore, there
exists p € (0, 1) such that we have for £ =0, ..., mo:

Ge:=sup{p™"[rs ()], t| < B,6 €O, n = 1} < 0.
Finally, the constants B, p, G¢ and the following ones (for £ =0, ..., myp),

E;, = Sup{|)\.é€)([)

,|t|§ﬂ,6€®}<oo,

Fp = sup{ |ng)(t)

,|t|§ﬂ,0€®}<oo,
depend on &, but only through the constant Cg of Condition (D).

Lemma 1 is proved in Section 3.3. The definition of Lg(¢) and rg ,(¢) (see (25) and (26))
shows that the constants Fy and G, also depend on (V) (see Remark 3). Now Lemma 1 allows
us to derive Proposition 3 and Theorem 2.

Proof of Proposition 3. Assume that £ is centered and satisfies (D) with mg € N*. Proceeding
as in (17) and using (16), (VG1) and (V) < oo, we obtain that

sup supEg ,[1€ (o, Xk—1, X1)|"] < 00 for some m > my. (19)
0O k>1

Now assume mg = 1, and let ¢(r) := Eg ,[eS"(®)] t € R. Then ¢'(0) = iEqg,,[S,(x0)], but
Lemma 1 also gives ¢'(0) = Ly(0) + r4,(0). Hence supycq sup,>; [Eo u[Sn(@0)]ll < F1 +

G1. Next, assume mqg = 2. From (19) we have EQ)M[Sn(C(())Z] < 00, and thus we can write
¢"(0) = —Eg .[Sn (a0)?], and ¢”(0) = niy(0) + Ly (0) + ré/’n(O) by Lemma 1. Thus we ob-

tain [A5(0) + Eg . [Sx (@0)*1/nl < (ILFO) +1rf ,(O)])/n < (F2+ G2)/n. Set a*(0) := =i (0).
Then supyq 02(0) < E> (by Lemma 1), and the proof is complete with C := F> + G». (]
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Proof of Theorem 2. Recall that £ is centered and satisfies condition (D3). To prove the result,
we use Lemma 1 with mq = 3 and we adapt the arguments of the i.i.d. case. Recall that o-2(0) =
—Ag(O). According to the classical Berry—Esseen inequality (see [6]), we must prove that for
some suitable positive constant ¢, supgcg A, (0) = O(n~1/2), where

cn
An(0) :=/
—cJn

E[eiSn(@0)/(@ @)y ] _ e=1*/2
t

de.

For the moment, we just assume that 0 < ¢ < Bog, where § is the real number in Lemma 1.
Notice that |t| < c implies |t /o (0)| < B for all & € ®. Using Lemma 1, we have

c/n
4,(0) < f
—eyn

ot/ (0 (0)/m))" —e /2
t

dr

N ¢t "I Lg(t/(c(0)4/n))
+/—cﬁ A9(6(9%/’7) ! ‘dt
[ e,

—en !

=1,0)+ J,(0) + K, (6).

By a Taylor expansion, for all 8 € ® and |v| <c,

ao [ — 1 v?
(W)‘ 2

where E3 is defined in Lemma 1. Hereafter, set ¢ := min{foy, 3003/2E3, ﬁ}. From the last
inequality, deduce that for any |v| < ¢

Therefore, for any ¢ € R such that |t| < c/n,

4 " —1%/4
M(a(e)ﬁ)‘ =¢ 20

Let us write

n n—1 n—k—1
U N et () e ! —k%/(2n)
A"(a(ewﬁ) ) _<k<o(e>ﬁ) ) ),Z;;M(o(e)ﬁ) c
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Notice that [Ag(t/o (0)+/n) — exp(—t2/2n)| < (a + E3/603)|t//n]* if a := supy, <. [P (V)]
with ¥ (v) := 6exp(—v2/2). Moreover,

n—l1 —k—1 n—1
t 2 2 ) 5
A9(4> e ki/2n e~ (n—k=1)/(4n) o —kt*/(4n) < ppye=1"/4
,; o (O)v/n ;}

where b 1= sup, <, exp(v?/4). Hence

" 2
_ P2

< (a + E—z)bn_l/2|t|3e_t2/4,
600

(saa)

which yields supy.g 1,(0) < bn=2(a + E3/6ag)f]R 12 exp(—t2/4) dr. Next, using (20) and
Ly(0) =0,
F 2
supJ(@)S—/e /4 gt
be oov/n Jr

Finally, using rg ,(0) = 0, we have supycg |ro..(t/0(0)/n)| < (|t|/o0/n)G1p", so that
SUpgee Kn(0) < (2¢G1/0p)p". Gathering the results, we deduce that

A,(0) < A + 2¢Gy ,
sup = — o,
be® Vn 00

where the constants A, p, G| and ¢ depend on C¢ of condition (D3). The Berry—Esseen inequal-
ity [6] then yields

suplp { S, (6) - } F()<1(A+2CG1 n+24n>

up Py, <u;-—-Tw|l<—|— o+ —,

venl Mo @)vn n\J/n oo c/n

where 1 = sup, g |I'"(«)|. The proof of Theorem 2 is complete. ([l

3.3. Proof of Lemma 1

For 6 € ® fixed, Lemma 1 follows from [12], Section 10. Here, we must prove that all the
constants in Lemma 1 are uniform in # and depend on & as claimed. For this purpose, the weak
spectral method is outlined below (in the V-geometrical ergodicity context) and we give the main
statements by paying special attention to the constants. For convenience, the technical proofs are
postponed in Appendix B.

o Geometrical ergodicity of Qg. Let 0 < y < 1. We denote by B, the weighted supremum-
normed space of measurable complex-valued functions f on E such that

171y = sup L

xeg V(X)Y

<X
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(By, |l - Il) is a Banach space. The space of bounded operators on 3, is denoted by £(B,,), and

the associated operator norm is still denoted by || - ||,,. We have from (VG1)
sup g (VY) < by =supm(V) < o0, 21
0e® 0eO

so that 7y is a continuous linear form on B,,. Define the following rank-one projection on 3, :
VieB, Tyf:=ms(f)le.

Then condition (VG2) in Assumption (M) can be rewritten as follows: Qg € £(B,) and there
exist k¢, < 1 and C, > 0 such that

VOe®.VfeB, Vn=1 105f —Toflly <Cyrylflly. (22)

From (21) and (22), [|Qpll, = sup,c£(QpV?)(x)/V(x) is uniformly bounded in n € N* and
0 €.

e The Fourier kernels associated with Qg and &. Assume that, for all @ € A, &(«, -, ) is
measurable. The Fourier kernels associated with Oy and & are denoted by { Qg (¢)(x, dy), t € R}
and defined by

VxeE  Qup(t)(x,dy) :=es@0x9) 0y (x, dy).

Let us recall that S, () := Y ;_; §(c0, Xk—1, Xx). The following link between Qg () and the
characteristic function of S, () is well-known in the spectral method:

Vn>1,¥teR By, [e"5@] = n(Qs(t)" 1E). (23)
In fact, we have Ey, M[e” $n(@0) £(X,)] = n(Qq(t)" f) for any real-valued measurable bounded
function f on E. This can be easily checked by induction using the Markov property and the
following equality:

Vn>2  Eg [ f(X,)] =Eqg [ (Qq (1) £)(Xu—1)].

o Spectral study of Qo(t) on B, (for t near 0). It can be easily seen that, for all 7 € R, we have
Qo (t) € L(By). For k € (0, 1), we set

De:={z€C: |z| =k, |z—1] >0 —«k)/2}.

Lemma 2. Let y € (0, 1). For all k € (ky, 1), there exists B, , > 0 such that, for 0 € O, |t| <
By« and z € Dy, we have (z — Qg )~ 'e L(B,) and

Ry i=sup{|[(z = Qo (1) '], 0 €O, 1] < By v 2 € D} < 00,

Moreover, the constants By . and R, . depend on &, but only via the constant C¢ of Condition
(D)
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For 6 fixed, Lemma 2 is established in [12], Proposition 10.1, thanks to the theorem of Keller
and Liverani [14,15]. Here, we only have to prove that the constants 8, , and R, , are uniform
in 6 and depend on £ as stated above. According to [14], Remark, page 145, it is enough to check
that the constants are so involved in the hypotheses of the Keller-Liverani theorem. This is due
to Lemmas B.1-B.2 in Appendix B.

e Proof of formula (18). Now assume that & satisfies Condition (D,,) for some mo € N*. Let
vo € (0, 1) be fixed such that yp + mo/m < 1. For any « € (k,, 1), denote by I'g , the oriented
circle centered at z = 0, with radius «, and by I'y . the oriented circle centered at z = 1, with
radius (1 — «)/2. Note that both I'g , and I'y , are contained in D,.. From (22) and Lemma 2,
one can deduce that we have, foralln > 1,6 € ®, and t € [— By, «; By« ], the following equality
in L(By,):

Qo ()" =1o()"TIg(t) + No ()", (24)

where Ag (¢) is the dominating simple eigenvalue of Qg (¢) and Iy (¢) and Ng(¢)" are the elements
of L(B,,) defined by the following line integrals:

1 _ _
Mo(t):==—d (z—0p() 'dz and Ne(t)"!=§£ (2 — Qo()) ' dz.

21]-[ l—‘l,/( FO.K

Note that we have Ag(0) = 1 and ITg(0) = ITy from (22). Also observe that, from Lemma 2
and the definition of I'g «, we have || Ng(£)" |, = O(k™). Since 1g € B, and u(V) < oo (nisa
continuous linear form on ,,)), the equalities (23) and (24) give:

g u[e" %] = 26 ()" (Mg (1)1 £) + (Np (1) 1 ).
Therefore, formula (18) holds true with
Lo(t) :=n(Ip(®)1g) — 1, ro.n(t) == u(Ng()"1E) (n e N").

We have Lp(0) = u(ITglg) — 1 =0and rg,,(0) = w(Ng(0)'1g) = u(Qplg — Iglg) = 0. Fi-
nally, to make the link with Lemma 3 below easier, let us observe that

1 _
L4 Lo = 51— fr (2 — 0o (0) "1£) dz. (25)
1 ) _
ron(t) = 5~ fm Z"u((z— Qo (1) 11E) dz. (26)

e Regularity properties of 1(-), Lg(-), r9.n(-). Let y; be such that yp +mo/m < y; < 1. We
denote b}{ L(By,, Byé) the space of the bounded linear operators from B, to Byé’ and by | - | Yo
the associated operator norm.

Lemma 3. We have the following regularity properties:
(a) The map Qg () is mo-times continuously differentiable from R to L(B,,, BV(;), and we

4
have Qg :=sup,cp gee Il 0} >(t)||mo/ <00 forl=0,...,m.
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(b) There exist some real numbers k € (ky,, 1) and 0 < B < By, such that, for all 6 € ©
and z € Dy, the function Rg ;:t — (2 — Qo (1))~ is mo-times continuously differentiable from
[—B8, Bl into L(B,,, Byé)» and we have for £ =0, ..., mo:

supl [REL(0)| ¢ 1] < Bz € De 0 € O} < 00,

Y0:%
The scalars B, « and all the bounds in (a) and (b) depend on & only via the constant C¢ of
Condition (D).

For 6 fixed, Lemma 3 is established in [12], Proposition 10.3. It can be also derived from
[8], which relaxes the assumptions used in [9,10] to obtain Taylor expansions of the resolvent
maps. (As observed in [8], the passage to the differentiability properties can be derived from [4].)
However, a fine control of the constants is still required. Using either [8] or [12], Section 10, this
control is derived from Lemma 2 and from Lemma B.3 in Appendix B.

Since 1g € By, and u is a continuous linear form on Byé (use (V) < o00), Lemma 3(b)
gives that, for any z € I'g « U I'1 «, the C-valued function > w((z — Qp )" E) is mo-times
continuously differentiable on [—f, B8] and that its m first derivatives are uniformly bounded in
6 and z € T« U I'g. The regularity properties (and the related bounds) for Le(-) and rg ,(-)
then follow from (25) and (26), while those concerning the function Ag(-) follow from both
Lemma 3(a) and Lemma 3(b), according to a formula given in [12], Section 7.2. Finally the
property Ay (0) = 0 can be proved as follows. By deriving (18) (applied with u =mp) at 1 =0
and by using the fact that £ is centered, we have 0 = illg , [ S, (at0)] = nAy (0) + L;, (0) + ré,n 0).
Hence A, (0) =0.

Remark 3. Notice that, according to (25)—(26), the constants Fy and G, in Lemma 1 also depend
on the supremum in 6 of the norm of © in B;,, namely supycq M(Vyé).
0

4. A Berry-Esseen theorem for M -estimators

Consider a Markov chain satisfying Assumption (M) of Section 3.1. Let us introduce the statistic

n

1
My(@) =~y (e, Xiw1, X, (27)
k=1

where « is the parameter of interest, F is a real-valued measurable function on A x E 2 and Ais
an open interval of the real line.
Assume that F satisfies condition (D7) and let

M9 (a) = nl—i)IIOIO EQ,M[MH (O{)] = Eg,ﬂ@ [F(aa XOa Xl)]a

which is well defined by Proposition 3. Assume also that, for each 6 € ©, there exists a unique
ap = ap(0) € A, the so-called true value of the parameter of interest, such that My (o) > My (),
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Va # ag. To estimate oo = a(#), we consider an M-estimator @, as defined in Section 2, that
is, M, (0t;) < minge 4 My (@) + cn, where {c,},>1 is a sequence of non-negative real numbers
going to zero.

Let F’ and F” be real-valued measurable functions defined on A x E2 and let

1 & 1
M(@)i=—3 F'@ X1, X, M@=~ F"(@, Xe1, Xp). (28)
k=1 k=1

The functionals F’ and F” could be the first- and second-order partial derivatives of F with re-
spect to «, but this is not necessary to deduce our next result. Consider the following assumptions
on F’ and F"” (and, implicitly, on ¢,; see (V3)).

Assumptions.

(VO) F’ and F” satisfy condition (D3).

(V1) V0 € ©,Eg ,[F' (a0, X0, X1)]1 = 0 and oy = ao(0) is unique with this property.

(V2) m(0) :=Ep 5, [F" (0, X0, X1)] satisfies infgee m(6) > 0.

(V3) M, (@) satisfies condition (A3), that is, Vn > 1 and there exists r, > 0 independent of
0 such that r, = o(1//n) and supycg Py, (|M (@) > ry} = O(n~1/2).

Notice that (V0) ensures supg g 7(6) < 0o (see (17)). Now, as a consequence of Proposition 3
applied to F’ and F”, the conditions (V0)—(V2) enable us to define the asymptotic variances:

2
1 .
ol () :=hr{n ;Em[(Z F'(Oto,Xkl,Xk)> }

k=1
1 ~ ?
03 (6) :=lim ;EMKZ F (a0, X1, Xp) = nm(e)) }
k=1

Moreover, condition (VO) and Proposition 3 ensure that supg.g 0;(0) < 0o for j =1,2. The
following conditions are also assumed to hold.

(V4) infpepoj(@) >0for j=1,2.
(V5) There exist n € (0,1/2) and C > 0 such that

V(a, @) € A%, V(x,y) € E? |F" (e, x, )= F"(@,x,y)| < Cla—&|(V(x)+ V()"
(V6) Set d :=infgce m(0)/8my (V") with n defined in (V5). There exists y, = o(1) such that

SupP@,p.H&n —ag| >d} < .
0e®

Theorem 3. Assume that Assumption (M) holds true, F satisfies condition (D1) and conditions
(V0)—(V6) are fulfilled. Let t(0) := 01(0)/m(0). Then there exists a positive constant C such
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that

Vn>1 sup sup
0e®uelk

PG,/L{%(&} —ap) fu} —TI'(u) fc(i + /nry, ‘|‘Vn).

i

The statement in the above theorem corresponds to that of the i.i.d. case in [20] up to few
changes: First, the variances of the i.i.d. context (namely, Eg[F’ (0, X0)?] and Eg[(F" (8, Xo) —
m(6))?] for an i.i.d. sequence {X,},>0 and a functional F (0, x)) are replaced by the above
asymptotic variances 012(9) and 022(9) (this is natural in a general Markovian context); sec-
ond, the uniform (in 6) third-order moment conditions (namely, supy.q Eo[|F’(6, Xo)? +
|F" (0, X0)|>] < 00) on both F’, F” are replaced by the domination condition (D3) for F’, F”;
third, even when F’ = 9 F /da, here we allow for a positive sequence r,, n > 1, provided it de-
creases to zero sufficiently fast. The second point is specific to the geometrically ergodic Markov
chain case. Indeed, in the same statistical model, Dehay and Yao [5] proved a CLT for maxi-
mum likelihood estimates under a second-order domination assumption on the two first deriva-
tives of the functional, which corresponds to inequality (D,,,) with mo = 2. Here the previous
second-order assumption is replaced by the (almost) optimal condition (D3) for deriving the
Berry—Esseen theorem for M -estimators.

Proof of Theorem 3. It suffices to check the conditions (A1)—(A6) of Theorem 1. The limit
M} () :=1im, Eg ,,[M, ()] is well defined by Proposition 3 and condition (V0), the uniqueness
of o is guaranteed by (V1) and hence (A1) holds true. One more application of Proposition 3 en-
sures that Eg -, [F" (ao, Xo, X1)] = lim, Eg ,[M] (o)1, hence (A2) is satisfied. Condition (V3)
is nothing else but (A3). The Berry—Esseen properties in (A4) are associated with the functionals
F'(a, x,y) and F” (a, x, y) respectively, so that they directly follow from Theorem 2.

Now, let us check that (A5) holds true with w,, = 0. Define W := V", where n € (0, 1/2) is the
scalar in (V5) and notice that Eg 5, [W(X0)/" = mg(V). Next, since V > 1 and 5 € (0, 1/2), we
have | < W < W2 < V so that 1 < (W) < mg(W?) < 75(V) < by by property (VG1). Deduce
that supg g 79 (W) < 00, and by Proposition 3 applied to £(6, x, y) = W(y)

n 2
sup sup EEW {(Z W (Xy) — nn'g(W)> ] < o0.

N
n>10e® =

Now, condition (AS) is guaranteed by the properties (M) and (V5) with w, =0, cy =
Supyee o (W) and W, := (1/n) >y _ | (W (Xk—1) + W (X)) provided that

sup Py, {879 (W) < W,} =O(n™"). (29)
0e®

To prove (29), set §,, := ZZ:] W(Xy). Since W,, <28, /n+ (W (Xo)+ W(Xy))/n and mp(W) >
17

]P)Q,#{STCQ(W) <W,} < PQ,M{Sn > 2nme (W)} + P@,M{W(XO) + W(X,) = 4nmeg(W)}
< Py u{Sn — nmo(W) = n} + Py . {W(Xo) + W(Xp) > 4n}.
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Equality (29) is then obtained by Markov’s inequality,

1 1 I/n
B, u{8 (W) < W} < —Ep [ (S - nme(W))’] + (E) o, . [(W(X0) + W (X)) "]

=0,
since

sup sup By ,,[(W (Xo) + W (X)) /"] < 2" (V) + Ciie(v) + by,

0e®n>1
using (a + b)'/7 < 2V/1=1(g'/7 4 p1/7) for any a, b > 0 and (VG1)—(VG2). Notice also that now
condition (V6) is identical to condition (A6).

The difficult part is to check the Berry—Esseen-type property (A4’). For this purpose, let
E:={&(,-,),i € I} denote an arbitrary family of real-valued functionals defined on A x EZ.
Suppose that each &; is centered, that is, Fg »,[&; (0o, X0, X1)]=0foralli € I and 6 € ©, and
that condition (D3) is fulfilled uniformly in i € I, that is,

Im>3,3C>0,Vi e LVa € A, V(x,y) € E2  |&(e,x, D" <C(V() + V(). (30)

For each i € I, set S, (ap,i) := Zzzl & (o, Xk—1, X&), and using Proposition 3, associate the
corresponding asymptotic variance denoted by al.2 (6). Moreover, assume that

0 <inf{o;(9),0 € ®,i € I} < sup{o;(0),0 € ©,i € I} < 0. 31)

Then, we deduce from Theorem 2 that, under conditions (M), (30), (31) and (V) < o0, there
exists a constant B such that

vn>1 sup sup sup
iel 0e®uelR

S (2o, 1) B

This allows us to establish the two conditions in (A4’). Indeed, for (p, v) € N* x R with v such
that [v| < 24/In p, let us introduce the functional &, , defined by

Epv(ao, X, y) 1= F’(ao,x,y>+LG‘—(Q)(F”(ao,x,w—m(e))-
p P m(®)
Set S, (a0, p,v) := ZZ:I &pv(ao, Xg—1, Xy), and
o (p.v) = IO
9 p7 A ﬁm(0)3

n
$,(0) ==Y F'(at0, Xi—1, X1),
k=1

n
Sy©) =Y F"(cto, Xg—1, Xi) — nm(0),
k=1
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so that S, (o, p,v) = S),(a0) + as(p, v)S) (ag). Notice that Eg r,[£, (a0, Xo, X1)] = 0 by
(V1)—(V2). We have

Eg ., [Sn (@0, P, v)*] — Eg 1, [S) (20)*]
= ap(p, V) Eg 1, [S) (@0)*] 4 209 (p, V)Eg 7, [S) (0) S, (o).

From (V2) and the fact that o (-) is bounded, we have |ay(p, v)| < A|v|//p for some A > 0
that does not depend on . Besides, as already mentioned in this section, one can define the
asymptotic variances 012 (0) and 022 (0) associated with the functionals F’ and F” by

.1 1
0P (0) :=lim ~Ty 7,8, (@0)*],  03(0) = lim —Ep ,[S] (0)’].
Similarly, the asymptotic variance U[%’v (0) associated with &, , can be defined by:
2 1 2
0,.5(0) :=1im —Eg 7, [S, (a0, p, v)7].
P non

Then it follows from |Eg 1, [S/, (ct0)S” (ct0)1| < Eg 7, [S! (ct0)*1"/*Eeg 1, [ (9)*]'/? that

v? v
o, ,(0) — 07 (0)] < Azgozz(e) +24 2010)0200).

Since o (+) is bounded (j =1, 2) and |v| < 24/Inp < 2,/p, the previous inequality shows that
there exists C’ > 0, independent of 6, such that

ol

Jr

Set 7| 1= supyc 01(0) and o :=infpce 01(f) (we have o; > 0 from (V4)). Using |v|//p <

2/Inp/p and /In p/p = o(1), the above inequality implies that there exists Py € N such that
we have, for all p > Py and v such that |v| <2./In p,

los ,(0) — ol (0) < C’

Voe® 1o, <0,,0) <37

In particular, under the same condition on (p, v), this gives o, ,(8) + 01(8) > 30/2, hence
lop,v(0) —01(0)| <2C’|v|/30/p. This proves the first assertion in (A4").
Now, let us define

I={(p,v) eN*xR: p> Py, |v] <2/Inp}.

It follows from (VO0), (V2) and o1 < +o0 that the family & := {§,, ,, (p, v) € I} satisfies (30).
Besides, the above bounds of 0, ,, (9) give the property (31). Then equation (32) shows that there
exists B’ > 0 such that we have foralln > 1, (p,v) € I,0 € ® and u € R:

Sn(Olo, D, U)
‘P "{ oraO) T

/

r <B
u}— (u) _ﬁ.
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Finally, let us fix any integer n > Py and any real number u such that |#| < 2+/Inn. Then, the
previous Berry—Esseen bound with p := n and v := u provides the second property of (A4’).
Indeed, we obtain from S, (o) = nM,, (ap) and S/ (o) = n(M, (cxg) — m(6)) that

Sulao,n,u) <S/( ) O g )>
na @ ona @i\ i m@)
_ Jn ’ uo(6) 7 _
= 22 (Mo + 2 i - @)
Now the proof of Theorem 3 is complete. O

5. An example: AR(1) process with ARCH(1) errors

Let us apply our theoretical results to an AR(1) process with ARCH(1) errors that belongs to
the class of ARMA-GARCH models (see [7] and the references therein). The observations are
generated by the process

Xy = poXn—1+0(Xn_1;a0,bo)en, n=12,..., (33)

where X has some probability distribution 1, az(x; a,b):=a+ bx? and lpol < 1, ag, bg >0
are the true values of the parameters. {€,},>1 is a sequence of i.i.d. random variables with zero
mean and variance equal to 1, with finite pth order moment for some p to be specified below and
(unknown) density f. that is continuous and positive on R. {&,},>1 is independent of X¢. For
simplicity, hereafter u is assumed to be the Dirac distribution 8g. The “true” parameter 6 in the
associated statistical model is the vector (pg, ag, bg) € ® C [—p, p] X [mg, My] X [mp, Mp] C
R3, where pe0,1),0<my <M, <oo and 0 < myp < M < 1 are given such that (p +
VMp)? [ (14 yD? fe(y)dy < 1. For illustration, we apply our results to estimate pg and by.

First, let us check that the Markov chain defined by (33) satisfies Assumption (M) of Sec-
tion 3.1 with V(x) = (1 + |x|)?. To check (VG1)-(VG2) and the existence of the Qg-invariant
probability measure mg, by [17], Theorem 2.3, it suffices to prove that there exist constants
0€(0,1),c, ¢ >0,aBorel subset S of the real line and a probability measure v concentrated on
S such that the following two conditions hold true (see Remark 2): For all 6 € ®,

VxeR  QpV(x)<oV(x)+cls(x) and Qp(x, ) =cv()ls(x). (34)

In our setting, the transition probability of {X,},>¢ is given by

Qe(x,m=/1B(pox+o<x,ao,bo>y)fg<y>dy

for any Borel set B C R. As a consequence, for all 8 € ® and x € R,
QpV (x) _/ V(pox + o (x, a0, bo)y)
V(x) R V(x)

</(l-{-ﬁlxl+(«/Ma+\/Mb|x|)|y|
—Jr 1+ |x|

fe(y)dy

P
) Se(y)dy.
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By Fatou’s lemma,

hmsup(sup Qev(x)) < (P+VMp)" A(l + NP fe)dy =it <1,

[x|]—>00 \0e€® Vi(x)

Next, fix o € (¢, 1). There exists s > 0 such that for each |x| > s, Qg V (x) <oV (x) forall 0 € ®.
Set S:=[—s;s].Forallx e Sand 6 € O,

00V () = [ (147 + (VM + M) 1)) 1) dy < .
R
so that the first condition in (34) is guaranteed. To check the second condition in (34), define
o -1
0<8G):= inf fe (07 (x,a0,b0)(u — pox)),  u€R.

Then, for any x € S, Borel set BC R and 6 € ©,

Qo(x, B) = /R 1g(pox + o (x, ag, bo)y) f= (y) dy

=/ Jfe(a ™" (x, ag, bo) (u — pox)) duZ/ sw
B B

G('xaa()’bo) mg

Define the measure m (du) := m;l &(u) du and notice that m(S) > 0. We deduce from above that
alld € ®, x € S and Borel set B C R,

Qo(x, B) 2m(B) zm(BNS) =m(S)v(B),

where v is the probability measure v(B) :=m(B N S)/m(S). Hence the second condition in (34)
is fulfilled and Assumption (M) is satisfied for {X,},>0 defined in (33).
Second, to estimate pg, one can use the least-squares estimator,

e XX

1y
. 5—— = argmin — ZF(,O, Xi—1, Xk),
k=1 X1 pon

k=1

where F(p, Xi—1, Xr) = (Xx — ,0ka1)2. We show that the assumptions of Theorem 3
are satisfied so that we have a uniform Berry-Esseen bound for p,. Fix some p > 6
and recall that fR|y|pfs(y)dy < oo. Take F'(p, Xj_1, Xx) == —2Xx_1(Xy — pXy_1) and
F'(p, Xi_1, Xy) = 2X,§_1. The conditions (V0) and (V1) are obviously fulfilled. Next, define
m(0) :=Eg »,[F"(po, Xk—1, Xk)] and notice that m(0)/2 = ap + (bo + pé)m(@)/z. It follows
that m(0) = 2ap/(1 — ,0(2) — bg) > 2m, and thus (V2) holds. Condition (V3) is satisfied with
r, = 0. From Proposition 3, we can use the Qg-invariant probability measure 7y to check condi-
tion (V4). Notice that lim,, Eg r, [Xﬁ] =m(0)/2 > m, and recall that {e,,},,>1 is i.i.d. We deduce
that

L AL .
o20) = lim — > Eox [X7_ 0% (Xi—1. a0, bo)eR] = 4ap lim Eg [(X2] > 4m2.
k=1
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To derive a lower bound for o7} 2(9), let us decompose

EQ,HG[Z(FU(PO,Xk—l,Xk)_m(e):| kak+2 Z Uk, 1,

k=1 I1<k<I<n

where vi; := Eg 1, [(F" (00, Xk—1, Xx) — m(0))(F"(po, Xi—1, X;) — m())], k <. It is easily
checked that vy ; = (,og ~+ bo)vk,j—1 for k < [. In particular, this implies vg; > 0, k <. Next,
by elementary inequalities, we can obtain infy Ey ﬂe [(F"(po, X0, X 1) — m(@)) ] > K for some
positive constant K depending on the variance of 81 Deduce that o5 2(9) > K, hence (V4) holds
true. Condition (V5) is trivially satisfied. To check the consistency of condition (V6), we take
advantage of the explicit form of p,. Indeed, we have

n= YR (X Xkt — poBo y [XT]) — pon ™ Y0 (Xp_ ) — Bo z, [XT])
n Y (Xp_ — By g [XT]) + o ny [X7]
. A= oA

Ib\n_pO =

By Chebyshev’s inequality, for any d > 0, Py 5,{|A1n] > d} < d~>n"'Eg 5,[nA3, 1. Proposi-
tion 3 guarantees that Eg s5,[n A%n] is uniformly bounded (with respect to ). Similar arguments
apply to Ay,. Since Eg 5, [X%] > my for all 8, we deduce that (V6) holds with y, = O(n™").
Finally, by Theorem 3, there exists C > 0 such that

(Pn — po) < } — T

Ji c
o1(0)m (@) = &

vn>1 sup sup
0e®uelk

]P’e,ao{

Third, let us now turn to the estimation of by. For this purpose, assume that the &,’s have
a moment of order p for some p > 12. Recall that ag = m(0)(1 — pg — bp)/2 and notice that
rg :=m(0)/2 is easily estimated by ’f,% i=n"! Y et X,%. Next, define

1 n
T,(b;r,v) := - Z nk(b, r, v)2

with n (b, 7, v) == (Xg — rXg—1)? —v(1 —r? = b) —bX? |,

0T, 2 & 2 &
. n .. _ = . “ _y2 2
with _819 (b;r,v) = " kz 1(v 8h2 (b rv) = " kE ](v Xk_l) .

If po and ag were known, one could easily estimate by by least squares, more precisely by min-
imizing T, (b; po, roz) with respect to b. With this idea in mind, our feasible estimator of by is
defined as follows:

o~

b,:=arg min M,(b) with M,,(b) := T, (b; Zf,,’f,%)

be[mp, Mp)



728 L. Hervé, J. Ledoux and V. Patilea

Define F'(b, Xk—1, Xi) := 2(1 — X7_ (b, po, ©3), F" (b, Xx—1. Xx) :=2(r§ — X;_,)* and
M), (b) :== 9T, /3b(b; po, r&), M/ (b) := 32T, /db*(b; po, rg). Let us point out that, in this case,
M), (-) and M]/(-) are only approximations of the derivatives of M,,(-). Checking assumptions
(V0)-(V2) is obvious and therefore we skip the details. To check condition (V3) for M, (El), we
use the decomposition M), (Z;n) =A,+ A, =A, + A + Ay + Az, With

P -~
Ayi== Z(ré — X?_ 1oy, Pu, T,
An ——Z(ro X2 ) (kB 00, ) — 1k Bus s TH),

4(Bn — P0) -
A = === (5 = X)Xk = poXiw1) X1,
k=1

z(ﬁn - )00)2 - 2 2 2
Aoy = —f Z(T() — Xi_DXi_1»
k=1

Azy :=2{%7 (1 = P — bp) — 15, (1 = p§ — b)}(xg — % + X /).
We check that each term satisfies condition (V3) with a suitable r;,. First, we can write

oM, ~ . (r —r)
0=——%(bn) = Ay + By w1tth:=onk(bn,pn,rn>

k=1

By elementary algebra B, = 2(%:12 - rg)(i)\,, + ﬁ,%)X,% /n. Using the Berry—Esseen bound for 'fnz
(see Theorem 2) and Markov’s inequality for X%*‘“ for some small @ > 0, we can prove that
Pg, s, {1 Bnl > n_l} = O(n_l/z) so that Py s, {|An| > n_l} = O(n_1/2). By the bound in equation
(35), we have sup, Py 5, {150 — pol/ > n"7/?log//?>n} = Om~1/?), j =1, 2. Use this with j =1
and our Theorem 2 for the centered functional & (Xg, Xk—1) = (13 — X7_ ) (Xx — poXk—1) Xk—1
to deduce that Py s,{|A1,] > n! logn} = O(n~1/2). Next, the bound on |p, — ,00|2 and Theo-
rem 2 applied to the centered functional &(Xy, Xi—1) = (t¢ — X7_ X7 | — 13 + Eo., (X} ]
allow us to deduce that Py 5,{|A2,| > n~llogn} = O(n_l/z). Flnally, use the Berry—Esseen
bounds for 5, and T2 and Markov’s inequality for X2+ with some a > 0 to deduce that
Po,sot1 Aznl > n—1 logn} = omn~?%y, Combining these facts gives that M,/l(i;,,) satisfies con-
dition (V3) with r,, = n~! logn. Condition (V4) can be checked using similar arguments to those
used for p,, and, therefore, the details are omitted. Condition (V5) is trivially satisfied. Finally,
let us note that

S @2 = X2 Dnk(bo, Pu, T2)
Zzzl(ﬁ% - X/%_1)2

o~
n

—by=

)
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and thus condition (V6) can be checked by arguments that we already used in this example. We
deduce from Theorem 3 that, for some suitable 7 (),
1
_o ogn .
Jn

The log factor in this Berry—Esseen bound is the price we pay for estimating bo by a simple two-
step procedure, easy to implement, where we first estimate p,, and ?,,2 and then we use the least-
squares criterion M, (b) = T,,(b; pp, ’f,%). We feel that the log factor could be removed by using
a direct approach where the three parameters are estimated simultaneously, but the investigation
of this idea with Markov chain data is left for future work.

Vo~
Vn>1 sup sup Py s, W(bn —bo) <uy—T(u)
T

0e®uekR

6. Conclusion

In this paper, we study the Berry—Esseen theorem for M-estimators (or minimum contrast esti-
mators) of some parameter ¢ on the real line. The estimators are defined from a criterion based
on a functional F(«, X,—1, X,) of the observation process {X,},>0. Our approach to derive such
bounds relies on Pfanzagl’s method originally proposed for i.i.d. observations [20]. In a first step,
Theorem 1 in [20] is extended to obtain Berry—Esseen bounds for M -estimators based on any
sequence of observations satisfying suitable conditions. In a second step, the specific case of
V -geometrically ergodic Markov observations is considered. We show that such Markov frame-
work allows us to apply our general result provided that F and related functionals F’, F” satisfy
suitable domination conditions. This result covers those reported in [19,21], which are proved
under much stronger moment conditions. We argue that the domination conditions used in the
present paper give an almost optimal treatment of Berry—Esseen bounds for V-geometrically
ergodic Markov chains. This is possible due to the operator-type procedure developed in [12].

There are several possible extensions of our results. A straightforward one is to follow the
lines of the proof [20], Theorem 2, and to consider an estimator of the standard deviation in
the Berry—Esseen bounds when this standard deviation depends on 6 only through «g. The de-
tails are omitted. Next, for more effective bounds, we need to carefully evaluate the constants
involved throughout the paper. This is a direction of future work. Finally, there is no doubt that
the operator-type procedure in [12] could be further used in statistical applications with Markov
models, in particular with strongly ergodic Markov chains. This is under investigation.

Appendix A: Complements for the proof of Theorem 1

The reader is referred to Proposition 2 and its proof for the notation and the definitions used
throughout this part. The following lemma gives key properties of the random functions g*.

Lemma A.1. The following properties hold true.
1. Ian,G = \/ﬁ(an —ap)/T(0), then A, C {gi(Vn,Q) <0< g+(Vn,9)}-
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2. For w € Dy g, g* are increasing on the interval (—2+/Inn, 2+/Inn) provided that

n ﬁwn}. (A1)

Proof. We can write from assumptions (A5) and (A3)

InM;, (o) + (@ — ct0)n M, (0)| = [nM, (&) — (@ — ao)nRy (g, &)
<nry +n|&\n - a()HRn(aOaan)l

< nry, +nla, —aollla, — ool + @, 1W,.
If we A, then
InM),(c0) + @ — c))n M) (20)| < nl@y — aol*cw + nw, @ — aolew + nry.

This last inequality is rewritten as

n[M), (o) — ra] + T(O)/n[M] (ct0) — sign(va.o)cwwnlvn,o — T()*cwvy 4 <0
and

n[M;,(ct0) + 1] + T(O)N1[ M) (t0) + sign(v,p)cwwnlvno + 1) cwv? 4 = 0,
with vy, g := /n(@, — ap)/7(0). Since 0 < 7() < T, we obtain that

8~ (vn6) <0and g*(vy9) > 0.

The second statement is proved as follows for g*. Note that a™ > 0 and g™ is continuous. If
we restrict v < 0, the minimum of this quadratic function gT(v) is achieved at

bt _ 1(O)VnlM; (a0) — cwwn]
2at 262 cy '

Umin = —

or at the origin if vyip > 0. Now, if w € D,, ¢ and n satisfies condition (A.1), it is easy to check
that

Umin < —2+/Inn

and g™ is strictly increasing on (0, co0). Hence, g™ is increasing on (—2+/Inn, 2+4/Inn). Similar
arguments apply for g—. ]

Lemma A.2. We have for n large enough and |u| < 2+/Inn

EpuNBnoCDuguNBuoCEyS,, NBng. (A2)
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Proof. It is understood below that w € B, 9. Since B, 9 C E, 9 N Dy g and |u| < 2+/Inn, the
second statement in Lemma A.1 guarantees that for n large enough

V@, —a0)/t0) <u = gt (Vn@ —a0)/T(0)) <g" ().

Since By 9 C A, the first assertion in Lemma A.1 yields g¥(v/n(@, — ap)/7(6)) > 0 so that
gt () >0 when /n(@, — o)/t (0) < u. This proves the second inclusion in (A.2).
Next, assume that g~ () > 0. Since g~ is increasing, we have

V@, —a)/tO0)>u = g~ (Vn@ —a0)/T(0)) > g~ (u) = 0.
Since By 9 C A,, we know from Lemma A.1 that g~ (v/n(@, — ap)/7(0)) < 0 which is in con-
tradiction with the above inequality. Thus, g~ (1) > 0 gives \/n(a, — ap)/T(0) < u. O
Appendix B: Complements for the proof of Lemma 1

A first step to control the constants in Lemma 2 is to study the resolvent map (z — Qg)~! of the
transition kernel Qg acting on B,,.

Lemma B.1. Let 8, r be such that k, <r <1and 0 <8 < 1—r. Then, for any z € C such that
|z| > r and |z — 1| > 8, the operator z — Qg is invertible on B,,, and we have:

Hy(8,r) :=sup{ll(z— Qo) ~'lly, 0 €©, |z > r, |z — 1] > 8} < o0.

Proof. Let g € B, and let us write g = g — 9 (g) 1. Since g (hg) = 0, it follows from (VG2)
that | Qpholl, < Cy«yllhglly. Now assume |z| > r. Then

3 C K k+1 C
N [ 1 P (%) lhglly < —2—Illhglly.

k>0 Y k>0 r—ky

Thus, g := Zkzo 7z~ &+D Ql(;he is absolutely convergent in B,, we have (z — Qg)¥9 = hy and
IVoll, <Cyllholly/(r — Ky ). Besides, if z # 1, then we clearly have

o (g)
z—1

(Z—Qe)( 1E>=719(g)15-

Now assume |z| > r and |z — 1| > 8. Then the function fy := (wy(g)/(z — ) 1g + g is

such that (z — Qp) fo = g. Thus (z — Qp)~'g = f». From (21), we obtain |75 (g)| < me(|g|) <

o (V)liglly <biliglly and [lhglly = llg — ma(e)1Elly < (1 +b1)liglly- This gives: || foll, <

1/Dglly +Cy (A +bD)glly/(r —ky), hence H,(8,r) < [b1/5 + C, (1 +b1)/(r —ky)] < 00.
O

Second, the constants involved in the Doeblin—Fortet inequality and the weak continuity con-
dition of the Keller-Liverani theorem are proved to be uniform in 6 and to depend on & only via



732 L. Hervé, J. Ledoux and V. Patilea

the constant C¢ of (D). We appeal to [14], Remark, page 145, and to the improvements given
in [15]. In the context of strongly ergodic Markov chains, the hypotheses resulting from [14,15]
are stated in [12], Section 4, and used here with the auxiliary norm || f ||y :=sup|f|/V on B,,.
In the sequel, for 0 < y < ¥’ <1, we denote by L(B,,B,) the space of the bounded linear
operators from B, to B,/, and by | - [|,,, the associated operator norm (with the convention

I-lly =1+ lly,, when y’=y).
Lemma B.2. Let y € (0, 1). We have:

(@) Y0 €©®,Vi eR,Vn=1,Yf €B,, Qo))" flly < Cyprll flly + b1l flI1;
(b) YO €®,Vt R, [[Qo(t) — Qolly1 <227V Ce I /ME, + EDeI™V £y,

where E, :=3Supgcq | Qolly, E1 :=Supgep 1Q0ll1 and Cy, k), by are defined in (21) and (22).

Proof. By using the inequality || Qo (t)" f I, < |Qp| f1ll,, assertion (a) easily follows from (22)
and (21). To establish (b), let us recall that we have from (D,,,) (use V > 1)
£@.x 0" <MV + V)T
(1 _ _
<27V + V'),

Let f € B,. From the definition of Qg (¢) f and the inequalities | f| < V”| fll,, leld — 1] <
2|a|'~7, we obtain that

1(Qa () £)(x) — (Qe )Y < I I, /E |el8@023) _ 11V ()Y Qg (x, dy)
<227 eI I 1L IV )T (Qe VY ) () + (Q6 V) ()],

from which we deduce (b). O

For the next lemma (used to prove Lemma 3), we introduce the following notation. For
any 6 € ©, k € N, t € R, let us denote by Qg x(¢) the operator associated with the kernel:

Qo1 (1) (x,dy) = i*& (g, x, y)kelE@-¥0) 0y (x, dy) (x € E).

LemmaB.3. LetO0<y <y’ <landk=0,...,my:

(@ Ify +k/m <y’ <1, then the map t — Qg k(1) is continuous from R to L(B,,, B,).

(b) Ifk<mo—1landy + (k+1)/m <y’ <1, then the map t — Qg x(t) is continuously dif-
ferentiable from R to L(B,,, B,), and for all t € R, (dQy «/dt)(?) is the operator in L(B,, B,)
associated to the kernel Qg j+1(2).

Finally, we have Qy ,, , = sup{l| Qg .k ()lly,,.0 € ©,t € R} < 00, and Qy ., depends on &
but only via the constant Cg of (D).
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Proof. Set Ag x:= Qg k(1) — Ok (f0), and let 0 < & < 1 be such that y + (k+¢&)/m < y’. Using
e’ — 1| <2lal® and (D,,,), we obtain for f € B,,:

| Ak f (X)) sz|r—zo|€||f||y/|f's<ao,x,y>|k+€V<y)VQ9<x,dy>
< alrbte)/me Gt /mi o2 £, (VEDM () Qg VY (x) + Q0 VY (x)).

Since the functions V™Y Qg VY and y-v o V?" are bounded on E uniformly in 6 € ®, we
deduce that || A« fll,» < Dglt — 1ol°|| f1l,, where Dg is a positive constant depending on C¢
(but independent of 6). This gives (a). The proof of (b) is similar, using the operators Qg () —
Qo .k (t0) — (t — t0) Qp.x+1(t0) and the inequality [e'* — 1 —ia| < 2|a|'*®. O
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