Bernoulli 18(1), 2012, 290-321
DOI: 10.3150/10-BEJ338

Tree cumulants and the geometry of binary
tree models

PIOTR ZWIERNIK" and JIM Q. SMITH™

Department of Statistics, University of Warwick, Coventry CV4 7AL, UK.
E-mail: *piotr.zwiernik@gmail.com; z‘*j.q.smith@warwick.ac.uk

In this paper we investigate undirected discrete graphical tree models when all the variables in the sys-
tem are binary, where leaves represent the observable variables and where all the inner nodes are unob-
served. A novel approach based on the theory of partially ordered sets allows us to obtain a convenient
parametrization of this model class. The construction of the proposed coordinate system mirrors the combi-
natorial definition of cumulants. A simple product-like form of the resulting parametrization gives insight
into identifiability issues associated with this model class. In particular, we provide necessary and sufficient
conditions for such a model to be identified up to the switching of labels of the inner nodes. When these
conditions hold, we give explicit formulas for the parameters of the model. Whenever the model fails to
be identified, we use the new parametrization to describe the geometry of the unidentified parameter space.
We illustrate these results using a simple example.

Keywords: binary data; central moments; conditional independence; cumulants; general Markov models;
graphical models on trees; hidden data; identifiability; Mobius function

1. Introduction

Discrete graphical models have become a very popular tool in the statistical analysis of multivari-
ate problems (see, e.g., [7,19]). When all the variables in the system are observed, they exhibit
a useful modularity. In particular, it is possible to estimate all the conditional probabilities that
parametrize such models, maximum likelihood estimates are simple sample proportions and a
conjugate Bayesian analysis is straightforward. However, if the values of some of the variables
are unobserved, then the resulting model for the observed variables often becomes very complex,
making inference much more difficult.

The complicated structure of models with hidden variables usually leads to difficulties in es-
tablishing the identifiability of their parameters (see, e.g., [1]). In this paper, we show how alge-
braic and combinatorial techniques can help. We focus on graphical models where the underlying
graph is a tree and all the inner nodes represent hidden variables. In the computational biology
literature, these models are called the general Markov models (see, e.g., [14]), tree models or tree
decomposable distributions (cf. [10]). Building on results of Chang [4], in this paper we analyze
issues associated with identifiability of such a tree model when all its variables are binary, paying
particular attention to the geometry of the unidentified space. In particular, we obtain necessary
and sufficient conditions for this model to be locally identified, which gives a stronger version
of Theorem 4.1 in [4]. When these conditions are satisfied, we also obtain exact formulae for its
parameters in terms of the marginal distribution over the observed variables.
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Figure 1. The tripod tree model.

Our strategy is to define a new parametrization of this model class. The new coordinate sys-
tem is based on moments rather than conditional probabilities. This helps us to exploit various
invariance properties of tree models, which, in turn, enables us to express the dependence struc-
ture implied by the tree more elegantly. Furthermore, because the parametrization is based on
well-understood moments, the implied dependence structure becomes more transparent.

The motivation of this methodology sprung from the study of the tripod tree model, which
is the simplest naive Bayes model. The model is a graphical model given in Figure 1, where
the black nodes represent three observed variables, X1, X», X3, and the white node indicates a
hidden variable H that remains hidden; that is, its values are never directly observed. We assume
all the variables in the system have values in {0, 1}. For o = (a1, a2, 3) € {0, 1}3 let p, =
P(X1 = a1, X2 = a2, X3 = «@3). This model would usually be parametrized using conditional
probabilities. In this case we would write

1
h 2 3
Do = Z@i( )9(1)‘9( ) 9( ) (1

arliZoagliTasli?
i=0

where Qi(h) =P(H =i) and 90(/],?1.
parameters needed to specify p,, namely: Ql(h) together with '91(|ji) fori=0,1and j =1,2,3.

However, the definition of this model given in (1) becomes more transparent when expressed
in terms of moments. It is easy to check that there is a one-to-one correspondence between
the probabilities py for o € {0, 1}3 and the four central moments wij =EX; —A)(X; —Aj)
for i, j=1,2,3 and p123 =E(X| — A1)(X2 — A2)(X3 — A3) supplemented by the three means
A =EX; for i =1, 2,3 (cf. Appendix A.1).

Let i, =1 — 29{’“, i =1—2x; and np; = 91(3 - Qﬁ()) for i = 1,2, 3. We can now write an

explicit isomorphism between the original seven parameters (th), (Ql(f()), Gﬁi)) and new parame-

=P(X; =«aj|H =i). It can be seen that there are seven free

ters (i, (i), (np,i)) fori =1,2,3. Thus, in [15], it is shown that in the new coordinate system,
together with the new parameters, the model class is equivalently given by

rni=%(1—p)  fori=1,2,3,
wij = g (L= @pnninn,;  foralli# je(1,2,3) and 2

123 = £ (1 — @3) Antn,1 1m, 2183
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The product-like form of this parametrization enables us to see various interesting constraints
on the observed nodes. For example, by multiplying formulae for 1412, 1113 and w23 in (2) together
we can see that wiap1323 > 0 must hold. It also allows us to find explicit formulae for the
parameters of the model in terms of the marginal distribution on the set of observed variables.
For example, when 120131423 # 0 by substituting (2) for all the observed moments, we see that

i 5 Wyt Aunpizps
2 ) Mhi = 2
H“123 + 410121413 1423 /'ij

i = fori=1,2,3. (3)

Now a similar parametrization is known for general naive Bayesian models; see the Appendix
in [6]. The new parametrization for this model class was used in [13] to approximate a marginal
likelihood where the sample size was large, in [6] to understand the local geometry of the model
class and in [2] to provide the full description of these models in terms of the defining equations
and inequalities.

Naive Bayesian models are a particular example of general Markov models. The class of tree
models is somewhat more complicated than the naive Bayesian models and needs new tools to
examine its geometry. In this paper, we investigate the moment structures induced by tree models
using the theory of partially ordered sets and Mobius functions. Similar methods were used in
the combinatorial theory of cumulants (see [12,17]) for a poset of all partitions of a finite set. To
our knowledge, this paper is the first to use more general posets in statistical analysis, although a
similar approach can be found in the theory of free probability (see, e.g., [18]).

The paper is organized as follows. In Section 2 we define and analyze the moment structures
of the class of models under consideration. In Section 3 we define tree-cumulants, which form a
new coordinate system for this model class. In Section 4 we reparametrize the model and show
that the induced parametrization on the observed margin has an elegant product-like form. We
apply this reparametrization in Section 5, analyzing the local geometry of the tree models and the
geometry of the subsets of the parameter space that give the same set of marginal distributions
on the set of observed variables. In Section 6 we illustrate this method using a simple general
Markov model given by a tree with two hidden nodes.

2. Independence models on trees

In this section, we introduce models defined by global Markov properties on trees.

2.1. Preliminaries on trees

A graph G is an ordered pair (V, E) consisting of a non-empty set V of nodes (or vertices) and
aset E of edges, each of which is an element of V x V. An edge (u, v) € E is directed if the pair
(u, v) is ordered and we represent the edge by an arrow from u to v. If (u, v) is not an ordered
pair, then we say that (u, v) is an undirected edge. Graphs with only (un)directed edges are called
(un)directed. If e = (u, v) is an edge of a graph G, then u and v are called adjacent and e is said
to be incident with u and v. If v € V, the degree of v is denoted by deg(v), and is the number
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of edges incident with v. A path in a graph G is a sequence of nodes (v, vy, ..., vx) such that,
foralli =1,...,k — 1, v; and v;4 are adjacent. If, in addition, v; = v, then the path is called
a cycle. A graph is connected if each pair of nodes in G can be joined by a path.

A (directed) tree T = (V, E) is a connected (directed) graph with no cycles. A node of T of
degree one is called a leaf. A node of T that is not a leaf is called an inner node. An edge e of
T is inner if both nodes incident with e are inner nodes. A connected subgraph of T is a subtree
of T. A rooted tree, T", is a directed tree that has one distinguished node called the root, denoted
by the letter r, and edges that are directed away from r. Let 7" be a rooted tree. For every node v
of T" we let pa(v) denote the set of nodes u such that (u, v) € E. If v is the root, then pa(v) = &.
Otherwise pa(v) is a singleton.

For any W C V we define T (W) as the minimal subtree of 7 whose set of nodes contains W.
We say that T (W) is the subtree of T spanned on W. Henceforth, denote the edge set of T(W)
by E(W) and its set of nodes by V(W). If T is rooted, then let »(W) denote the unique node v
of T(W) such that pa(v) N V(W) is the empty set.

Let T = (V, E) be a tree where e = (u, v) denotes one of its edges. Then contracting e results
in another tree, denoted by 7' /e, with the edge e removed and its incident nodes u and v identified.
Similarly, for any E’ C E we denote the tree obtained from T by contracting all edges in E’ by
T/E'. If v € V such that degv = 2, then to suppress v we simply contract one of the edges
incident with v. The resulting tree is denoted by T /v.

2.2. Models defined by global Markov properties

In this paper, we always assume that random variables are binary, taking either value O or 1.
The vector Y has as its components all variables in the graphical model, that is, both hidden and
observed variables. Denote the subvector of Y of observed variables by X and the subvector of
hidden variables by H.

Let T = (V, E) be an undirected tree. For any three disjoint subsets A, B, C C V we say that
C separates A and B in T, denoted by A L7 B|C, if each path from a node in A to a node
B passes through a node in C. For any A C V let Y4 denote the subvector of ¥ = (Yy)yev
with elements indexed by A, thatis, Y4 = (¥3)yec4. We are interested in statistical models for Y
defined by global Markov properties (GMP) on T. By definition (see, e.g., [7], Section 3.2.1),
these models are specified through the set of conditional independence statements of the form:

{Yqa lL Yp|Yc: forall A, B,C C Vst ALr B|C}. “)

Let M7 denote the space of probability distributions of (X, H) satisfying the global Markov
properties on 7. We now let M7 denote the space of marginal probability distribution on X
induced from distributions over (X, H), which are in M.

2.3. Models for rooted trees

We next present the parametric formulation of the models presented in the previous section.
A Markov process on a rooted tree 7" is a collection of random variables, {Y,: v € V}, such that
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for each & = (ay)pey € {0, 1}V

Pa(® =[] 650 )
veV
where pa(r) is the empty set, 0 = (Go(tz?apa(v)) and
(v)
Gazlapa<v> = P(YU = oty Ypa) = “pa(v))~

Since Gér) + 91(r) =1 and Héll;) + 91(:)1-) =1forallve V\{r}and i =0,]1, the set of param-
eters consists of exactly 2|E| + 1 free parameters: we have two parameters, 91(|U0)’ Gl(rl), for

each edge (1, v) € E and one parameter, Ql(r), for the root. We denote the parameter space by
Or = [0, 1PPIFIH.

Suppose that 7" has n leaves representing a binary random vector, X = (X1, ..., X,), and let
Aznlz{peRZ":Zpﬂszﬂzo} (6)
B

with indices B8 ranging over {0, 1} be the probability simplex of all possible distributions of X.
Equation (5) induces a polynomial map, f7:®7 — Aon_1, obtained by marginalization over all
the inner nodes of 7', giving the marginal mass function pg(@) as

20 = 18y o

H veV

Here, H denotes the set of all @ € {0, 1}V such that the restriction to the leaves of T is equal to S.
The image of this map is, by definition, the general Markov model on 7" (cf. [14], Section 8.3,
[10D).

Standard theory in graphical models tells us that the Markov process on 7" is equal to My
and, consequently, that the general Markov on 7" model is equal to M. Indeed, since 7" is
a perfect directed graph (see Section 2.1.3 in [7]), by [7], Theorem 3.28, the Markov properties
are equivalent to the factorization with respect to the undirected version of 77, which is just 7'.
Since T is decomposable, by [7], Proposition 3.19, the factorization according to 7T is equivalent
to the global Markov properties on 7.

In this paper, we often focus on trivalent trees, that is, trees such that every inner node has
degree three. This is an important subclass because, by the well-known lemma below (see, e.g.,
[10], Section 2), the nodes of valency two in a given tree add nothing to the model class M.

Lemma 2.1. Let T be a tree. Let v € V be a node of degree two and let T' = T /v be the tree
obtained from T by suppressing v. Then P € Mr if and only if P € Mry.

Corollary 2.2. Let T be a tree and let i, j, k be any three leaves of T . The marginal model on
(Xi, Xj, X) induced from Mt and denoted by Mt (iji) is equivalent to the tripod tree model
where the tripod tree is given in Figure 1.
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In addition, the model corresponding to any tree is a submodel of a model corresponding to a
trivalent tree. To show this, we need the following definition.

Definition 2.3. Let T be any tree. A trivalent expansion of T, denoted by T*, is any tree T* =
(V*, E*) whose each inner node has degree at most three and there exists a set of inner nodes
E' CE* suchthat T =T*/E’.

Lemma 2.4. Let T be a tree and T* = (V*, E*) its trivalent expansion with E' C E* such that
T =T*/E'. Then My C Mz~.

Proof. Let p be a point in My. Then p = fr(0) for some 6 € Or. Identifying edges of T*
and T in the obvious way, we can write E* = E’ U E. Define 8* € O7+ as follows. For all
Olua aU S {07 1}

S
vy vl0y (8)
0*(();1)|Otu = 8OtuDlu fOr eVery (u’ U) € E/’

where §;; denotes the Kronecker’s delta. It is now simple to check that f7«(0*) = p. It follows
that p € Mpx. O

For these reasons, we can usually safely restrict our attention to trivalent trees.

2.4. Moments and conditional independence

Let X = (Xq,..., X,) be a random vector and for each 8 = (Bq, ..., B,) € N" denote XP =
I ng’ We shall denote EX# by Ag and EUP by g, where U; = X; —EX;. When g € {0, 1}",
it is often convenient to use an alternate notation. Thus, for subsets I C [n] :={1,2,...,n}, we

let \; = E([];c; Xi), w1 =E([];c; Ui). Note that A,,, where e; is the standard basis vector in
R", can also be denoted by A; fori =1,...,n.

The model M7 in the previous section is given in terms of the probabilities as the image of
the map in (7). We find it convenient to change these coordinates. Let [r]>2 denote all subsets of
[n] with at least two elements. Denote by C, the set of values of all the means A1, ..., A, together
with central moments w7 such that I € [n]>> for all possible probabilities in Ap»_. There exists
a polynomial isomorphism, f}, : Aon_j — C,, with the inverse denoted by f,, (for details see
Appendix A.1). Consequently, we can express any distribution in the general Markov model in
terms of its central moments and means.

For any two sets A, B let AB denote AU B. If X4 1l Xp, then ;5 = wypy for all non-
empty I C A, J € B. However, when all variables are binary, we also have a converse result.
Thus, if for all non-empty I € A, J € B we have that w;; = pypy, then X4 Il Xp. Indeed, the
independence expressed in terms of moments (see, e.g., Feller [5], page 136) gives

Xall Xp <= Cov(f(Xa),g(Xp)=0  forall feL*(Xx),g€L*(Xp). (9
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Since our variables are binary, all the functions of X4 and X p are just polynomials with square-
free monomials. Equivalently, every function of X4 or X g can be written as a polynomial with
square-free monomials in U4 or Up, respectively. For instance, because X1, X; € {0, 1},

X1°X3 = X1 Xp = (U1 + 1)Uz + A2) = UUs + MUs + MUz + Aia.

Since the covariance is a bilinear form, Settimi and Smith [16] concluded that the independence
can be checked only on these monomials and (9) can be rewritten as

Xall Xg < Cov(US,Uby=0  foralla 0,1}, g0, 1}’. (10)
However, Cov(U?, Ug) = 0 holds for each non-zero « € {0, 1}!4! and B € {0, 1}/8! if and only if
wry=pmruy foreach I C A, J CB.

We can generalize the result above. For a random variable H, let A\, = EH, and U, = H, — XA,.
Foreach I C [n]let Uy =][];.; Ui and
Na,1 =EUU,)/ Var(Hy). (11)

Note that under this notation Var(H,) = A,(1 — A,).

Proposition 2.5. Let H, be a non-degenerate random variable. With the notation above, we have
X4 W Xp|H, if and only if for all non-empty I C A, J C B

wrg =prig +ra(1—Aa)na,1Ma, 7,
(12)

Na, 1 = KiNa,s +Na, ity + (1= 20)Na,1Ma,J -

Proof. The definition of independence given in (10) induces a condition for X 4 Il Xp|H,. Thus,
foreach I C A, J C B we have

Cov(Ur,Uyj|Hy =0) =Cov(Uy,Us|H; =1) =0, (13)
S0, in particular,

AaCov(Uy, Uy Hy =1)+ (1 = Ay) Cov(Uy, Uy |Hy = 0) =0,
(14)
Cov(Uy,Uy|H, =0) — Cov(U;,Uy|H, =1) =0.

Moreover, for any I C [n], one has E(Ur|H,;) = i1 + 14,1Uq4, and hence
Cov(Uy, Us|Hy) = 1y — ity + Mats — Na1is — ia.))Ua — Na.10a. 7 U2 (15)

Equation (12) now follows from substituting (15) into (14). O
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3. Tree posets and tree cumulants

In this section, we use the theory of partially ordered sets to propose a further change of coor-
dinates. In the new coordinate system it is possible to parametrize the marginal model M7 in
a product form (see Proposition 4.1) in contrast to the complicated polynomial mapping given
in (7).

3.1. The poset of edge partitions

Let T = (V, E) be a tree with n leaves. We identify the set of leaves of T with the set [n]. For
any e € E we let T \ e denote the forest obtained from 7' by removing e, that is, the subgraph
of T given as a collection of disjoint trees with the set of nodes given by V and the set of edges
given by E \ e. Similarly, for any E’ C E, we let T \ E’ denote the forest obtained by removing
all the edges in E’. An edge split is a partition of the set of leaves, [1], of T into two non-empty
sets induced by removing an edge e from E and restricting [n] to the connected components of

T \ e. By an edge partition, we mean any partition By|B:|---|By of the set of leaves induced
by considering connected components of 7 \ E’ for some E’ C E. Call each subset B; in this
partition a block.

Henceforth let [17 denote the poset of all edge partitions of the set of leaves induced by edges
of T. The ordering is induced from the ordering of the poset of all partitions of the set of leaves
(see [20], Example 3.1.1.d). Thus, for two partitions, & = By|---|Bx and v = Cy|---|C;, we
write w < v if every block of 7 is contained in one of the blocks of v. To make this more explicit,
define the following equivalence relation on the subsets of E. For E1, E; C E we say E| ~ E»
if and only if removing E induces the same partition of the set of leaves [n] as removing E».
For example, in Figure 1 the partition, 1|23, can be obtained either by removing any two edges
or by removing all them. However, the only way to obtain the partition, 12|3, is by removing the
edge incident with the third leaf.

Let E, denote the element of the equivalence class of subsets of E inducing the partition 7,
which is maximal with respect to inclusion. Suppose that 7 € I17 is obtained by removing edges
in the subset of the set of edges E, and v € Ilr is obtained by removing edges in E,. Write
m <v if and only if E,DE,andcall 7 a subpartition of v.

An interval, [, v], for 7 and v in Iz, is the set of all elements § such that 7 <6 < v. The
poset I17 forms a lattice (cf. [20], Section 3.3). To show this, we define w Vv € I17 (m Av € I7)
as an element in [17 obtained by removing En NE, (Fn U FU). Wehaver Vv >m, m Vv >V
(m Av <m, 7 Av <v)and, if there exists another § € [17 suchthat§ > 7,6 >v (6 <m,5 <v),
then§ > 7 Vv (§ <7 Av). The element w VvV v (m A v) is called the join (the meet) of & and v.
The poset IT7 has a unique minimal element, 1|2| - - - |n, induced by removing all edges in E and
the maximal one with no edges removed, which is equal to a single block, [1]. The maximal and
minimal element of a lattice will be denoted by 1 and 0, respectively.

The number of elements in these posets is typically large. However, the key concepts can be
presented using a simpler poset. Let T7 denote a subposet of [17 containing partitions obtained
by removing only inner edges and consider, for example, the two different trivalent trees 7 and
T’, both with six leaves, given below
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12134156

121314156

So, for example, 12|34(56 is an edge partition in 7 and is a subpartition of any other edge
partition v € T7. It can be obtained by removing either any two inner edges from (a, b), (b, c¢)
and (b, d), or all of them. Since, for 7 = 12|34|56, there are no subpartitions of 7, it follows that
7 is the minimal element of T17. In 17+, there is only one way to obtain this partition. Namely,
by removing (a, b) and (c, d). However, note that this partition is not minimal in ﬁT/ because
12]3|4|56 < 7.

For any poset I1 a Mobius function my:I1 x IT — R is defined by mp (7, 7) = 1 for ev-
ery w € IT, mp(m,v) = =) _s_,mn(r,8) for m < v in IT and is zero otherwise (cf. [20],
Section 3.7). Recall that for an§ W C V, T(W) denotes the subtree of 7 spanned on W (see
Section 2.1). We denote Mgy, = My and myy, :=m, and let ﬁw and iw denote the minimal
and the maximal element of ITr(w), respectively. For any partition 7 € Iz the interval [0, 7]
has a natural structure of a product of posets for blocks of 7, namely [ [z, ITr(p), Where the
product is over all blocks B of . By Proposition 3.8.2 in [20], the M6bius function on the prod-
uct of posets [ [ 5, [T () can be written as a product of Mdbius functions for each of the posets
7). Thus, for v < in [y

m, 1) = [ [ mss, 1), (16)

Bem

where vp € I7(p) is the restriction of v € Il7 to the block containing only elements from B C
[n] (it is well defined since v < ) and g = 1p for each B.
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In the next section, we will use the Mobius function of the poset of tree partitions to derive a
useful change of coordinates on M.

3.2. An induced change of coordinates

Assume that each inner node of 7" has degree at most three and consider a map, f,, : R" x R?" —
R" x R?", where the coordinates in the domain are denoted by A1, ..., A, and uy for I C [n] and
the coordinates in the image are denoted by Ay, ..., A, and «; for I C [r]. The map is defined as
the identity on the first n coordinates corresponding to the means and

ki= Y my@ i) [[us forall 1<(n]. 17)

wellr Ben

It is easy to prove that the Jacobian of f,,. is equal to 1, so, in particular, this is constant. To
see this, order the variables in such a way that the first n coordinates both in 7 and C, are
Al, ..., A, and let k; precede k; (g precede ) as long as I C J. The Jacobian matrix of f,,
is then lower triangular with each of its diagonal entries equal to 1. It follows that the modulus
of its determinant is always 1.

The map, f,, is a regular polynomial map with a regular polynomial inverse fi . Therefore,
it gives a change of coordinates from the central moments with means to a coordinate system
given by A1, ..., A, and «; for I C [n]. Its inverse map is given by

=Y []«s  foralllen]s. (18)

HEHT“) Ben

To show (18), define two functions on IT7(1y: a(7) = [ e, mp and B() =[], k8. For each
m € Iy, by (17),

,3(7T)=1_[KB=H< > mpos. s [] Mc)

Benm Berm “vpelly(p) Cevp
=> [ mss.18) [ ] rec.
V=T Bemw Cev

where v is an element of Il7(;) such that its restriction to each of the blocks B € 7 is equal
to vp. By the product formula in (16), we have ]_[Ben mp(vp, iB) = my (v, ). Therefore,
Br) =, ., my(v,m)a() for all 7 € Iry. Equation (18) now follows on applying the
Mébius inversion formula in Proposition 3.7.1 in [20].

Denote K7 = f(Cy). Since K7 is contained in a subset of R” x RrR%" given by kg = k| =
.-+ =k, =0, a system of coordinates on Kr is given by A; fori =1,...,n and k; for I € [n]>2.
This system of coordinates is called tree cumulants. The name is justified by (17) because one of
the definitions of classical cumulants is the following. Let I1() denote the set of all partitions of
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I ={iy,...,ix} € [n]>2 (see [20], Example 3.1.1.d). Then, for all k > 1
Cum(X;,..., X;) = Z mm ), 17) HMB, (19)
mwell(l) Berm

where the product is over all blocks of . Moreover, for every m € IT1(/)
mna e 1) = (DM (x| = Dy,

where || denotes the number of blocks in ;7. Note that the usual definition of cumulants uses
non-central moments instead of central moments in (19). It can be shown that both definitions
are equivalent for all cumulants of order greater than one because the classical cumulants are
translation invariant. The definition in (19) is thus essentially the same as (17) but with a different
defining poset (cf. [12,17]).

Using a basic result in the theory of lattices, Lemma 3.2 shows that certain features of classical
cumulants are also shared by tree cumulants (cf. Section 2.1 of [8]).

Lemma 3.1 (Corollary in [11], Section 5). Let L be a finite lattice and let mo # linL. Then,

foranyvin L
> m. D=0

TTAT)=V

Lemma 3.2. Let T be a tree with n leaves. Whenever there exists an edge split C1|C2 € It of
the set of leaves [n] such that Xc, 1L X¢,, then k..., =0.

Proof. Let m be the split C|C> such that X¢, AL Xc,. It follows that ..., is equal to pc, e, -
More generally, for any I € [n]>2,

HI = [CinILCyNI -
Consequently, for any partition 7 € I1r

[Tus= [] ws (20)

Berm Bem Amg
Using (17) and (20), we obtain
kn= Y me. D [[us= Y mei) [] ws
wellr Berm welly Bem Amg

Since m A o < mp, by grouping all partitions 7 € I17 giving the same partition, after taking the
meet with g, we can rewrite the sum as

k=Y me. D) ] “B:Z( > m(nﬁ)) [T ws-

melly Bem Amg V=T() “TATO=V Bem Amg

However, this is zero since by Lemma 3.1 each of ) m(rm, i) is zero. O

TTATTH=V
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4. The induced parametrization

We now define a new parameter space, Qr, with |V| + |E| parameters denoted by 7, , for all
(u,v) € E and 1, for all v € V. The map between the two parameter spaces is given by
Nuw =0y —0fg  forall (u,v)€E and
(21
Ly =1—2A, foreachv eV,

where A, is a polynomial in the original parameters in ® 7. The details are given in Appendix A.2,
where the inverse map is given by (36). It follows that the change of parameters between ®7 and
Qr is a polynomial isomorphism.

It can be checked that if Var(Y,) > 0, then 7, , =E(U,U,)/ Var(Y,) is the regression coeffi-
cient of ¥, on Y,,. Therefore, 1, ,, defined above, coincides with the definition of #, , in (11). If
Var(Y,) =0, then the formula in (11) is not well defined; however, (21) always is.

Proposition 4.1 below motivates the whole section and demonstrates why our new coordinate
system is particularly useful. Henceforth let MY, = (fjuc o fpp)(M7) € Kr.

Proposition 4.1. Let T = (V, E) be a rooted tree with n leaves such that each inner node has
degree at most three. Then MY is given as the image of Y1 : Qr — K. Here Y7 is defined by
A :%(l—ﬁi)forizl,...,nand

1 _ _ _
Ky = —(1 — ,uf(l)) l_[ Mieg(”) 2 l_[ N foreach I € [n]>2, (22)

4
veV(I)\I (u,v)eE()

where the degree is taken in T(I) = (V(I), E(I)) and r(I) denotes the root of T (I) (cf. Sec-
tion 2.1).

The proof is given in Appendix B.

By Lemma 2.4 we can obtain the parametrization of M7 for any non-trivalent tree 7 = (V, E)
using a parametrization for its trivalent expansion T* = (V*, E*). Let E’ be the subset of inner
nodes of E* given in Definition 2.3, so that T*/E’ = T . Let {V*} denote the equivalence classes
of subsets of V* such that v ~ v’ if and only if v becomes identified with v" in T in the process
of contracting E’ in T*. There exists a natural identification of V with {V*}. Let {v} denote
the equivalence class of v € V* or the corresponding node in 7. In particular, since E’ is a set
of inner edges, the class {i} of every leaf i € [n] can be naturally identified with i and hence

{(V*\[n]} ={V*}\[nl.

Lemma 4.2. Let T be any tree and T* be its trivalent expansion. If ki for I € [n]>2 are tree
cumulants of T*, then M. is given in Kr+ as the image of a map that is the identity on the
coordinates corresponding to [i; fori =1, ..., n and, for each I € [n]>2,

1o deg(o)—
q=70-in) T1 ZER R 23)

veV(I)\I (u,v)eE()
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where T (1) = (V(I), E(I)) is the subtree of T spanned on I.

Proof. By Lemma 2.4 and equation (8), M7 C M7= is the image fr+(®r), where @7 is the

subset of 7+ given by setting 0*‘("?|°‘“ = 8u,a, for every edge (u,v) € E" and Q*fx'i)\au _ eo(l,ﬁau
otherwise. In the new parameters, Q7 is isomorphic to the subset of Q7+ given by

n;,v = Nu,v for all (u,v) ¢ E’,

My =1 forall (u,v) € E’ and (24)

Ay =ppy  forallveV*.

Denote the root of T* by r*. We show (23) for I = [n]. The general case can be proved with an
obvious change in notation. By Proposition 4.1, the model M7+ is parametrized by

1 - _xd -2
foa=g0—aD [T a™” T .. (25)
veV*\[n] (u,v)€E*

Since E* = E U E’ by applying (24), [[,.,)cp+ Mo becomes [], , e Mu,v, Where we have
identified E with E* \ E’. For every w € V*, whenever deg{w} > 3, we have that deg{w} =
[{w}| + 2. Therefore, if deg{w} > 3, then the degree of each v € {w} in T™* equals 3. Hence

> (egv—2)= ) 1=|{w}|=degfw}—2.

ve{w) ve{w}
It follows that, after applying (24), ]—[Ue{w} ,&idegv*z becomes [L?z)g{wkz. The last statement

is also true if deg{w} = 2. For, in this case, degw =2 in T* and w is the only element in
{w}. Moreover, E’ is necessarily contained in the set of inner edges of T*. It follows that

HUEV*\[I’[] ﬂ;deg(v)72 in (25) becomes
~deg({fwh—2 __ _deg(v)—2
[T AW =[] @ :
{wle{V*N\[n] veV\[n]

In addition, {r*} becomes the root of 7 denoted by r. Therefore, (25) becomes

1 _ _ deg(v)—2
Kfn = Z(l - M%) l_[ Mveg(v) l_[ Nu,vs
veV\[n] (u,v)eE

which is exactly (23) for I = [n]. O

Remark 4.3. For every v € V the variance Var(Y}) is zero if and only if ,EL% = 1. Hence, in the
case when /1% < 1, the variable Y, is non-degenerate. In phylogenetics it is usually assumed
that ﬂ% < 1 for the root r of T and 5, , # 0 for all (4, v) € E (cf. Conditions (M1) and (M2)
in Section 8.2, [14]). It is shown in Section 8.2 in [14] that (M1) and (M2) imply the weaker
condition 22 < 1 for all v € V. Over the subset of 7 on which this weaker condition holds, we
can apply another smooth transformation on both the parameter and model space. This leads to
a further simplification of the parametrization in (22) presented in Appendix A.3.
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5. Singularities and the geometry of unidentified subspaces

The identifiability of general Markov models can be addressed here geometrically. For any g €
M the preimage Or := fr ! (g), that is, the set of parameter values that is consistent with the
known probability model ¢, is called the g-fiber. In this section, we analyze the geometry of
these fibers, determining when they are finite and thus when the model is locally identifiable. We
will also be interested in when the fibers are smooth subsets of ®7 and when they are singular.
We use methods similar to the ones presented in a different context by Moulton and Steel in [9],
Section 6. The results in this section generalize similar results for the naive Bayes models (cf.
[6], Theorem 7).

First we analyze the geometric description of €27. This gives a set of implicit inequalities con-
straining each g-fiber. Simple linear constraints defining ®7 become only slightly more compli-
cated when expressed in the new parameters. The choice of parameter values is not free anymore
in the sense that the constraining equations for each of the parameters involve the values of other
parameters. By (36), Q7 is given by i, € [—1, 1] and for each (u,v) € E

—(1+py) = (1 — ﬂu)nu,v < (1 = f1y),

—(I =) = (0 + ) Nuw = (1 + o).

(26)

For p € My let T = [1;;]1 € R"*" be the covariance matrix of the observed variables labelled
by the leaves of T computed with respect to p. We show that the geometry of the p-fiber, denoted
by Or, is determined by zeros in S. Let Ai be the expected value of X;. Then, for every point in
the p- -fiber, we have j1; = ni=1- 25 for alli =1,...,n. Without loss we always assume that
(=2 # 0 (or, equivalently, that /i ;é I)foralli = 1

It is easier to analyze the geometry of p-fibers in Q7. Therefore transform © to Q7 using the
mapping fy,,. The image of this map, denoted by Qr, is isomorphic to Or. Let kij denote the
corresponding second-order tree curnulants in the point fp, ( p). Since «;; = m;j foralli, j € [n],
from (22) for any wp = ((,u ), (n W) E SZT we have that

i Lo
fij = wijoo) = 3 (1= (&6p)) [T i 27
(u,v)€E(i))

We say that that an edge, e € E, is isolated relative to p if fi;; =0 for all i, j € [n] such that
e € E(ij). We denote the set of all edges of 7' that are isolated relative to p by I ECE. We define
the p-forest T as the forest obtained from 7" by removing edges in Esothat T =T \ E. Hence,
the set of vertices of 7 is equal to the set of vertices of T and the set of edges is equal to E \ E.

We illustrate this construction in the example below. Let T be the tree given in Figure 2 and
assume that the covariance matrix contains zeros given in the provided 7 x 7 matrix, where the
asterisks mean any non-zero values such that the matrix is positive semidefinite. It can be checked
that E = {(b,¢c), (c,d), (c,e), (e,6), (e, 7)} and these edges are depicted as dashed lines. The
forest, T, is obtained by removing the edges in E.

We now define relations on E and E \ E. For two edges, e, ¢/, with either {e, ¢’} C E or
{e,e'} C E\ E, write e ~ ¢’ if either e = ¢’ or e and ¢ are adjacent and all the edges that are
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.6
‘o, ! [+ 0000
\\Of *x 0000
e > 0000
,O~ f s = * % 00
| a - * 00
4 * 0
.ﬂ X
2 3 B B

Figure 2. An example of a tree and a sample covariance matrix. The dashed lines depict the edges isolated
with respect to p.

incident with both e and ¢’ are isolated relative to p. We now construct the transitive closure
of ~ restricted to pairs of edges in E to form an equivalence relation on E. Consider a graph
with nodes representing elements of E and put an edge between e, ¢’ whenever e ~ ¢’. Then
the equivalence classes correspond to connected components of this graph. In the same way, we
take the transitive closure of ~ restricted to the pairs of edges in E '\ E to form an equivalence
relatlon in £\ E. We will let [E land [E\ E ] denote the set of equivalence classes of E and
E\ E, respectively. For the tree from the example above, [E] is one element given by a subtree
of T spanned on {b, d, 6,7} and

[E\ E1={{(1, )}, {2, @)}, {(a, b), (b, )}, {(d, 4), (d, 5)})}.

By construction, all the inner nodes of 7" have either degree zero in T or the degree is strictly
greater than one. The following lemma shows that whenever the degree of an inner node in 7' is
not zero, the node represents a non-degenerate random variable.

Lemma 5.1. Let peMry.IfveV isan inner node of T such that deg(v) > 2 in the p-forest
T, then the variable H, cannot be degenerate.

Proof. By construction, if deg(v) > 2 in ’T\, then there exists i, j € [n] such that fi;; # 0 and
v lies on the path between i and j. Suppose that H, is degenerate. Then the global Markov
properties in (4) imply that X; 1L X ;. But then f;; = 0 and we obtain the contradiction. ]

We now list some basic statements, partly based on Lemma 6.4 in [9], which follow directly
definitions above.

Remark 5.2. Let T = (V, E) be a tree with n leaves, let M7 be the corresponding general
Markov model and suppose that p € M7p.

(1) The edges in any equivalence class of [E] form a connected subgraph of T. If T is
trivalent, then this subgraph is either a single edge or a trivalent tree.

__ (i) If each inner node of 7' has degree at least two in T, then all the - equivalence classes in
[E] are just smgle edges. If each inner node has degree at least three in T, then all equivalence

classes in [E \ E] are single edges.
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(iii) The edges in any equivalence class in [E \ E] can be ordered so that they form a path
inT.

(iv) Every connected component of T is either a single node or a tree with its set of leaves
contained in [n].

Lemma 5.3. Let E(u v) CE be any path as in Remark 5.2(iii), which is an element of [E \ E]
Then the quantlttes uuv and nu v are constant on Q7 and non-zero. It is possible to determine
their values from p.

Proof. First note that the degree of each inner node on the path between u and v in T must be
exactly two. Moreover, the degree of both # and v in T must be at least three unless u or v is a
leaf. Consider the case when both u and v are inner nodes of 7. In this case, these nodes have
degrees at least three in T and we can find four leaves i , J» k, [ such that u separates i from j in
?, v separates k and / and {u, v} separates {7, j} from {k, [} as in the graph below.

J 1

Furthermore, by construction, f;;, flki, fLik, it j; are all non-zero. Consider the marginal models
for T(ijk) and T (ikl). By Corollary 2.2, these are equivalent to models associated with tripod
trees as in Figure 1. Hence, from (3) we have that

A2 A2
_ ik _ Ik
il =~ U g =—5— (28)
Kijr T 4iij Mtkﬂjk Wiy + Aikik jdig Lkl

These equations are well defined since [ ik /i jx > 0 and fL;xfLi;fL; > 0. Consider the quantity

Z‘kﬁ L and substitute (27) for each of the terms. A simple rearrangement now gives that

ij
Rikflj 1 —
fijig 11— 2

nuv( w),

r(uv

where 1, (w) = ]_[(w w')eE(uv) w,w' - Therefore, substituting for /va uv using (28) im-
plies that »2 , is constant on Q7 and non-zero. Its value can be determined as a function of p.
Also the value of uﬁv is constant since M%U = 11—6(1 - ﬁﬁ)zng,v.

If either u or v is a leaf of T, then the argument is very similar. Thus, if u is a leaf, then
consider any two leaves 7, j of T such that v separates u, i, j in T. In particular, as in (28),

n2
Huij
/lﬁ,/ +4Mutﬂujﬂzj

=2
My =
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Moreover, 1,,, (@) must be determined, since from (27)

laui/j«uj 1 —2\ 2
— = (=) , (@),
fiij 4 v/u,v

from which it follows that nﬁ’v has to be constant on the p-fiber. O

The following theorem shows that the geometry of the p-fiber Qr is determined by the zeros
of the covariance matrix X.

Theorem 5.4 (The geometry of the p-fiber — the smooth | case). Let 13 € Mr. If each of the
inner nodes of T has degree at least three in the p-forest T, then the p-fiber is a finite_set of
pomls of cardinality 2!V\™" . If each of the inner nodes of T has degree at least two in T, then
the p-fiber is diffeomorphic to a disjoint union of polyhedra. In particular, it is a manifold with
corners. Its dimension is 21y, where [y is the number of degree-2 nodes in T.

The proof is given in Appendix C.

If T is trivalent, then the p-fiber is finite if and only if for all i, j € [n] pu;; # 0. The proof
of Theorem 5.4 provides explicit formulae for the parameters in this case when the p-fiber is a
finite number of points.

Corollary 55. Let T be a tree_s such that each inner node has degree at least three and let

p € Mr. Consider the p- -forest T. If every inner node of T has degree at least three in T, then,

by Remark 5.2(i1), both [E] and [E \ E] consist of singletons. In this case, every point in the
p-fiber satisfies

i = [ foralli=1,...,n

~ 29)
Nuv=0 forall (u,v) € [E].

Moreover, for any inner node v of T, if i, j, k € [n] are any three leaves separated by v in T such
that [i;jiikfLjx # 0, then

~2
_5 Hijk
My = =5 ~ A~
Pijp + A0 ik L jk
for any terminal edge (v,i) € E \ E, where v is an inner node and i € [n]lisaleafof T. Let j, k
be any two leaves such that v separates i, j, k and [ jx # 0. Then
) ﬂfjk + 4 ikl jk
nv,i = ~D .
Mk

Moreover, for any inner edge (u,v) € E'\ E leti, J- k.1 €[n] be any four leaves of T such that
u separates i and j in T,v separates j and k in T and (u, v) separates {i, j} from {k,l} in T.
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Then

, G 175y + Ak ik Lk

Nuv

ll,-zj A2 + ik it

Remark 5.6. The choice of signs of the [, and 1, , in Corollary 5.5 is not completely free and
has to be consistent with signs of tree cumulants via (22) (see Appendix D).

The singular case when there is at least one degree-zero inner node is more complicated. We
begin with an example.

Example 5.7. Let T = (V, E) be the tripod tree rooted in the inner node as in Figure 1 and
let p € M. The degree of h in the p-forest T is less than two if and only if ft;; = 0 for
all i # j =1,2,3. In this situation, E = E and the p-fiber ﬁr is given as a subset of Q7
by equations for the sample means ji; = [i; for i = 1,2, 3 together with the three additional
equations

(1 — @) ann2 =0, (1 — @)y anns =0, (1 — @) nn2nns =0.

Geometrically, in the subspace given by fi; = [i; for i = 1,2, 3, this is a union of two three-
dimensional hyperplanes {{i, = 1} and three planes given by {nn.1 =nn2 =0}, (N1 =nn3 =
0} and {np,2 = nn,3 = 0} subject to the additional inequality constraints defining 27 and given
by (26). In particular, it is not a regular set since it has self-intersection points given by 1 — [L% =

Nh1 =nn2=np3=0.

This geometry is mirrored in the general case. We first need two definitions. We say that a
node v € V is non-degenerate (with respect to p) if either v is a leaf of T or degv > 2 in T.
Otherwise, we say that the node is degenerate with respect to p. The set of all nodes that are
degenerate with respect to p is denoted by V. By Lemma 5.1, forall v € V' \ v, Var(Y,) #0,
where the variance is computed with respect to p. Hence v is non-degenerate if and only if Y, is
a non-degenerate random variable.

We define the deepest singularity of Qr as

Queep := {@ € Qr: yy =0, 72 =1 forall (u,v) € E,ve V). (30)

Theorem 5.8 (The geometry of the p-fiber — the singular case). If Vis non-empty, then the p-
fiber is a singular variety given as a union of intersecting smooth manifolds in RV TIE! restricted
to Qr. Their common intersection locus restricted to Qr is given by Qdeep’ which lies on the
boundary of Q.

The proof is given in Appendix C.



308 P. Zwiernik and J.Q. Smith
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Figure 3. The quartet tree.

6. Example: The quartet tree model

In this section, we study the first non-trivial example: the quartet tree model given by the tree in

Figure 3. The model is parametrized as in (7) by the root distribution and conditional probabilities

attached to each of the edges. We set the values of the parameters to Ql(r) = 0.8, Gl(llg = 0.8,

(M @) @) (@) @ 3) 3) )
01] =03, 6y = 0.7, 6(}) = 0.3, 6{) = 0.8, 6{f) =03, 03 =0.7. 0} =03, 60 = 0.7,

10 = 1 =
91(?1) = 0.3. Using (7) we can then calculate the corresponding probabilities over the observed

nodes that are given in the third column in the table below. The change of coordinates f);
presented in Appendix A.1 and f,, in Section 3.2 gives the corresponding non-central moments
and tree cumulants that are shown in Table 1. Formula (21) enables us to calculate the values for
the new parameters as: 1,1 = 0.5, 0,2 =04, 0., =0.5, 1,3 =04, n,4=0.4 and 11 = —0.4,
o = —0.24, i3 = —0.16, jig = —0.16, 4, = —0.6, 1, = —0.4. It is easy to verify that (22)

Table 1. Moments and tree cumulants for a
probability assignment in M

o I Da Ar Ky
0000 @ 0.0444  1.0000 0
0001 4 0.0307 0.5800 0
0010 3 0.0307 0.5800 0
0011 34 0.0403 0.3700 0.0336
0100 2 0.0346 0.6200 0

0101 24 0.0323 03724  0.0128
0110 23 0.0323 03724  0.0128
0111 234 0.0547 0.2422 —0.0020
1000 1 00482 0.7000 0

1001 14 0.0491 0.4220  0.0160
1010 13 0.0491 0.4220 0.0160
1011 134 0.0875 0.2750 —0.0026
1100 12 0.0828 0.4660  0.0320
1101 124 0.0979 0.2853 —0.0038
1110 123 0.0979 0.2853 —0.0038
1111 1234 0.1875 0.1875 0.0006
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holds in this example. For instance,

K1234 = 31(1 — @2 iy a1 75205 .aNa.37a.4 = 0.0006,

which equates with the value in the table. In general, higher-order tree cumulants tend to be very
small.

If we have only tree cumulants K € MY, we can still identify the parameters of the model up
to the label switching on the inner nodes using Corollary 5.5. Recall that if |7| <3, then k; = g
so, for example,

2
2= 12 =0.36,
Mip3 + 41124131423
2
+ 421302
2 _ H123 M12M413 423 =0.25,

r,1 2

H23
2 2 4

2 _ Mg Wiz + 4124131423

= =0.25.
P U3, mh, A3 pianas

Note that the entries in Table 1 can be computed in several different ways. However, by Corol-
lary 5.5 this does not matter. For instance, to compute i, we picked 1, 2, 3 as three leaves sepa-
rated by r. If, instead of 1, 2, 3, we used 1, 2, 4, the answer would be the same since

2
H124

. —0.36.
Wiog + 4121014024

=

Finally, in Appendix D we show that in this case we have exactly four possible distinct choices
for combinations of signs of these parameters. The first one is the original one with all n,, , > 0,
which we denote by w:

nr,1 =0.5, N2 = 0.4, Nr,a =0.5, Na,3 =04, Na,4 = 0.4,

pr = —0.6, Ha =—0.4,
where we omit fi; for i = 1,2, 3,4 since these are constant for all points in Q7. We obtain
three remaining points by using local sign switching as defined in Appendix D, which are

(rlr,l ) 77r,2, nr,a’ na,3’ 77(1,47 lj‘r9 lla) = (_0'5’ _0'47 _0'57 0'45 0'47 0'65 _0'4) or (0'5’ 0'47 _0‘5’
—0.4,-0.4,-0.6,0.4) or (—0.5,-0.4,0.5, —-0.4, —0.4, —0.6, —0.4).

7. Discussion

The reparametrization of Bayesian tree models with hidden variables given herein has illumi-
nated the structure of these tree models and has enabled us to establish some identifiability re-
sults. However, the applicability of the new coordinate system reaches far beyond understanding
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identifiability. Some additional results will be presented in forthcoming papers where we gen-
eralize both results of [2] and [15], obtaining the full semi-algebraic description of this model
class, and results of [13], on the asymptotic approximation of the marginal likelihood integrals.

The results given here can be extended in a straightforward way to the case when all hidden
variables are binary but all leaf variables are arbitrary. It is less clear how the methods extend
to tree models for arbitrary finite discrete random variables, or more generally, to other discrete
graphical models. However, the extension to Gaussian models on trees appears to be straightfor-
ward.

The definition of tree cumulants in (17) can be generalized using other posets than I17. This
opens many interesting possibilities to investigate more general coordinate systems for binary
models. They all share certain useful properties of classical cumulants. In particular, Lemma 3.2
is true if the poset of tree partitions is replaced by any other lattice of partitions. We will report
on this result in a forthcoming paper.

Appendix A: Change of coordinates

A.1. From probabilities to central moments

Let Apn_1 be the set of all possible probability distributions of a binary vector X = (X1, ..., X,)
as defined in (6). Let C, be the set of all possible central moments p; for I € [n]>2 and means
A1, - .-, Ay In this section, we show that there exists a polynomial isomorphism between Agn_|
and C,,.

First, perform a change of coordinates from the raw probabilities p = [py] to the non-central
moments A = [Ay] for & = (@1, ..., @) € {0, 1}". This is a linear map f; : R*" — R?", where
A= fpa(p) is defined as follows:

Ay = Z P for any « € {0, 1}", 3D

a<p=1

where 1 denotes the vector of ones and the sum is over all binary vectors 8 such that « < § <
1 in the sense that o; < §; <1 for all i = 1,...,n. In particular, Ag = 1 for all probability
distributions. Therefore, the image £, = f,5(A2:_1) is contained in the hyperplane defined by
Ao = 1. The map, f,5:Ax_| — L, is invertible and hence we can obtain coordinates on L,
given by A, for all o € {0, 1}" such that & # 0. The inverse of f); is the map, fi, = fpj\l Ly, —
Ajn_1, and is given by

Pa = Z (—DP=elg  fora=(ai,...,a,) € {0, 1}". (32)

a<p=l

The linearity of the expectation implies that the central moments can be expressed in terms of
non-central moments. In particular,

n
o = Z (—1)|ﬂ|xa_ﬁ]_[x§; for o € {0, 1}", (33)
i=1

0<p=a
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where || = ) _; B;. Using these equations, we can transform variables from the non-central mo-
ments [Ay] to another set of variables given by all the means A, ..., A,,, where ey, ..., e, are
standard basis vectors in R”, and central moments [uy] for o € {0, 1}". The polynomial map-
ping fi, :R? — R" x R?" is the identity on the first n variables corresponding to the means
Aeys -« -5 Ae, and is defined by (33) on the remaining variables. The image of f), is contained in
the subspace H C R” x R%" given by ey =+ = e, = 0. It is easy to show (see, e.g., equa-
tion (5), [3]) that the inverse of f; ‘R = His given as fy = f)\;l . H — R?" defined by

n
ha= Y pa-p[[ME forae{o, 1)". (34)
i=1

0<p=a

Let C, denote f,(Ly,). Then C, is contained in H and po = 1. We have, therefore, obtained
coordinates of C, given by A, ..., A, together with u, for all o € {0, 1}" such that || > 2.

A.2. A reparametrization for general Markov models

Let T = (V, E) be arooted tree with n leaves and root r. Note that fora tree 1 +2|E| = |V |+ |E|
so the number of free parameters in (5) and (7) is |V | + | E|. We define a polynomial map fy,, :
RIVIHEI 5 RIVIHIE] from the original set of parameters of @7 given by the root distribution and
the conditional probabilities for each of the edges to a set of parameters given as follows:
Nuw = 91(")1) - 91(‘”0) for each (u,v) € E and
(35
Hy=1—=2x, foreachv eV,

where A, = [EY,, is a polynomial in the original parameters 6 of degree depending on the path
from the root to v. Let (r, vy, ..., vk, v) be a directed path in 7. Then

=Yoo el

Ho ok lok—1 ar
aef(0,1}k+!

Let Q1 = fy,,(®1). The inverse map f,g: 27 — O7 has the following form. For each edge
(u,v) € E we have

1—n 1—pn
91(|v()) = 5 - — Nu,v ) =,
_ _ (36)
e(v)_l_ﬂv 1+ fiy
= ) Nu,v )

and 0" = 1=
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A.3. The non-degenerate case

In this section, we derive the submodel of ./\/l’} = Y7 (Q27), defined as the image of Y7 con-
strained to the subset Q‘% of Qr given by /1% < 1 for all v € V. We define a smooth transforma-
tion on Q(} that enables us to change coordinates from (({ty), (14.v)) to ((0v), (Puv)), Where

_ 2/ 1—pg
Pv = 71)_» Puv = —_Znu,v- 37)
1— 2 1 — [ty

It is easily checked that this map is invertible since

_ o [4+ p2
Ky = ﬁ Nu,v = Atp ;puv (38)

The inequality constraints defining Q(% are given by (26) and the fact that i, € (—1, 1) for all
v € V. To express this in terms of the new coordinates, let #, be defined by

~ N2 -
1+ (22) +22 ¢, 00). (39)
2 2
Then (26) becomes
t
—tuty < puv < =,
’ (40)
1 _ ty
e T 0
Transform the tree cumulants to a new coordinate system given by py, ..., p, and
M1y ]
py=—— forall I € [n]>2, 41)
Hi el 1- 'ELz2

so that p;; is the correlation between X; and X ;. The change of coordinates on Q% and K7
induces a new parametrization of /\/l(%. The parametrization is given by the identity on the first n

coordinates corresponding to p; fori =1,...,n and
pr=[] plee)=2 [l pw forallleinln. (42)
veV(DH\I (u,v)eE()

In particular, each p; has an attractive monomial form. To prove (42), simply substitute (38) and
(41) into (22) to obtain

1 lav degv—2 4+ 153
ol == 11 (2=) 1 1%
iel 4+,0 4+'Or(1) veV(D\I 44 p; (u,v)eE(I) 4+ 0y
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or, equivalently,

o1 = 1_[ ﬁsegv_z 1—[ Puv

veV(ID\I (u,v)eE(I)

.l (fl )deg” I1 \/4+5§aw)

X ———— e —
2 - 52
44001y yeviny WA O veV (D 4+ 0

Next, we show that the term in the second line of the equation above is equal to one. This follows
from the fact that every v € V(1) apart from the root is a parent of exactly deg(v) — 1 nodes and
has one parent; the root has no parents and is a parent of deg(r(/)) nodes.

Appendix B: Proof of Proposition 4.1

It suffices to prove (22) for I = [n] because the general result for I C [n] obviously follows by
restriction to the subtree 7 (/) since each inner node of 7 (/) has degree at most three. The proof
proceeds by induction with respect to the number of leaves of T'. First, we show that the result is
true for n = 2. Since by definition k12 = w12 we need to prove that

1 _
po=20-a) [T (43)
(u,v)eE

where r is the root of 7. If any of the nodes of V represents a degenerate random variable, then
the global Markov properties in (4) imply that X1 L X5. In this case, the left-hand side of (43) is
zero. However, as we show next, one of the factors on the right-hand side of (43) must vanish as
well. We prove this by contradiction. Suppose that both ﬁ% # 1 and n, , # 0 for all (u,v) € E.
By Remark 4.3, this implies that all the nodes of T represent non-degenerate random variables,
which leads to contradiction.

So assume now that every random variable in the system is non-degenerate. From (12), by
taking I = {1}, J = {2}, we have

i =51 = Z)nr1nr2
so it suffices to show that

A=ama=0-pi) J] o and
(u,v)eEE(rl)

A=ina=0—=i2) ] o
(u,v)eE(r2)

(44)

If r =1 or r is a parent of 1, then the first equation in (44) is trivially satisfied. Assume that
the length of the path between r and 1 is greater than one. Let (r, hy,, hyy—1, ..., h1, 1) be the
directed path E(r1) joining r with 1. Then, because Y, 1L Y1|Y},, by (12) we have that

A= @)1 = e = 50— 5 a1 45)
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Similarly, because Y, AL Y}, |Yp,,, foreachk =1,...,m — 1, then again by (12)

1 22 1 2
71(1 - I’Lhk)nhksr = Z(l - V“hkﬂ)nhk‘*"’rnhk*"’hk'

Substituting this expression for all subsequent k = 1,...,m — 1 into (45) we can now conclude
that

A= @)1 = S0 = @ o iy Mgty My 1 (46)

But since %(1 — [L%m)nhm,r = lrh,, = %(1 — [Lf)nnhm, equation (46) implies that

A=ahna=0-a) [] o 7
(u,v)eE(rl)

The second equation in (44) is proved simply by changing the index from 1 to 2 above.

Now assume the proposition is true for all k <n — 1 and let T be a tree with n leaves. If one
of the inner nodes of T is degenerate, then by the global Markov properties in (4) there exists
an edge split C1|C> of the set of leaves such that X¢, 1L X¢,. The left-hand side is zero by
Lemma 3.2. Again, by Remark 4.3, if both ji2 # 1 and 7, , # 0 for all (4, v) € E, then ji2 # 1
for all v € V. Hence, on the right-hand side of equation (43), either /1% =1 or one of the 1, ,
vanishes. Consequently, (43) is satisfied.

We assume now that all the inner nodes of T represent non-degenerate random variables. As
n > 3, we can always find two leaves separated from all the other leaves by an inner node. We
shall call such a pair an extended cherry. Denote the leaves by 1, 2 and the inner node by a. Let
A={3,...,n}and let T(aA) be the minimal subtree of T spanned a U A. Note that the global
Markov properties in (4) give that, for each C C A, we have (X1, X») 1L X¢|H,. Using (12), we
can conclude that

iz = pizic + §(1— A2 Na120a,c = R12IC + Na,12aC - (48)

Let e € E be the edge incident with a separating 1 and 2 from all other leaves, that is, such
that e induces the split v = 12| 14. For each 7 € Iy, if 7 is induced by removing E, C E, then
m A v is induced by removing E; Ue. Let p = 12|6A € Ilr. Since {1, 2} forms an extended
cherry and all the inner nodes of 7" have degree at most three, it follows that a necessarily has
degree three in 7' and is a leaf of T(aA) The trimming map with respect to {1,2} is the map
[o, 1] — Ira) such that 7 — 7 is defined by changing the block 12C in 7 € [p, 1] to aC.
Note that the trimming map constitutes an isomorphism of posets between [p, 1] and I7ga).

It follows from the definition of tree cumulants in (17) that

=y me ) [Tus+ Y ma D] us. (49)

nelp, 1] Ben n¢lp. il Ben

The second summand in (49) is zero since every & € I17 suchthatw ¢ [p, i] necessarily contains
either 1 or 2 as one of the blocks and p; = uy = 0. Applying (48) to each p12c for each m €
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[p, i], we obtain

l_[,u3= l_[ MB+T)a,121_[MB

Bem BemAv Bew
and hence
k=Y me@. D [[ ws+nan D, me. D[] us (50)
ne[p,i] BemAv ne[p,f] Berw

The first summand in (50) can be rewritten as

Z [( Z m(rm, i))l_[,uB]- (51)

S€lp,v]- ‘wAV=4S Bes

However, from Lemma 3.1, since v # i, for each § the sum ZnAu:B m(r, i) in (51) is zero. It

follows that
K1on =Ta,12 Z m(r, 1) l_[ UB.

melp, 1] Bex

By Proposition 4 in [11], the M6bius function of [p, i] is equal to the restriction of the Mobius
function on I17 to the interval [p, i]. The trimming map constitutes an isomorphism between
[o, i] and I[17 (a A). Consequently, the Mobius function on [p, i] is equal to the Mobius function
on Il a). It follows that

Kl..n = 77a,12< Z m(m, i) 1_[ /'LB>

welp, 1] Bew
= 77(1,]2( > maatm i [ MB) = Ta,12KaA-
wellraa) Berm

Since X 1L X»|H,, by the second equation in Proposition 2.5, 04,12 = flaNa. 14,2 Since [aA| =
n — 1, by using the induction assumption

1 _ _d -2
KagA = Z(l - H’%(aA)) 1_[ Mveg(v) 1_[ Nu,v,
veV(aA)\aA (u,v)eE(aA)

where the degree is taken in T (aA). We have two possible scenarios: either r(aA) # a or
r(aA) = a. In the first case, r(al) = r(a2) = a and by (47)

Na,1Ma,2 = 1_[ Nu v
(u,v)eE(12)
and hence

Kl.n = (ﬁu l_[ nu,v>KaA~ (52)

(u,v)eE(12)
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In the second case, either 7(al) =a and r(a2) =r or r(al) =r and r(a2) = a and so

1—a?
Na,1Ma,2 = _—-;Ma l_[ Nu,v-
a (u,v)eE(12)

Hence,

1—ji2
Kl..n = 1 — 2 1_[ Nu,v |KaA- (53)

Ha (u,v)eE(12)

The degree of a in T is three and the degree of all the other inner nodes of 7' (12) is two. More-
over, E=FE(@A)UE(12) and V \ [n] = (V(aA) \ aA) U (V(12) \ {1, 2}). It follows that both
(52) and (53) satisfy (22).

Appendix C: Proofs of the theorems

Proof of Theorem 5.4. If each inner node of T has degree at least three in T, then for each inner
node u it is possible to find i, j, k € [n] separated by u in T. So fij ik jx # 0. Thus, by (28),
we can determrne all values uu = uu # 1. Since, by Remark 5 2(ii), all the equivalence classes
in [E \ E] are just single edges, we can identify all nu v = nu o Z0 forall (u,v) € E\ E by
Lemma 5.3.

We now s show that, because all equivalence classes in [E ] are smgletons Nw,w = 0 for every
(w, w') € E. By construction, for each (w, w’) € E either both w and w’ have degrees at least
three in 7 or one of them is a leaf and the other has degree at least three in T. Therefore, there
exist i, j € [n] such that E(ij) N E= {(w, w’)} by the constmctlon of E. We have that /2 iij =0.
However, 1., = y,» # 0 for all (u,v) € E \ E. Because Mr(u) r(l]) # 1, it follows by (27)
that Nw,w = 0. Therefore, the values of all the parameters are fixed up to signs and in this case
Qr is finite. The proof that there are exactly 2!V/=" points in this fiber is provided in Appendix D.

To prove the second statement of Theorem 5.4, first note that, since every inner node of T has
degree at least two in T, it follows by Lemma 5.1 that for each v € V, /1% < 1. This implies that
the p-fiber lies in Q(% C Q7 as defined in Appendix A.3. We can apply a smooth transformation
over this subset to a second space Q7. € RIVIHIEl whose coordinates are given by 5, for v € V
and p,, for (4, v) € E. The map is defined by (37) and is invertible with the inverse defined in
(38).

To investigate the geometry of the p-fiber in Q., first list all the defining constraints. For
alli =1,...,n we have that i; = [1; because p determines the sample means of the observed
nodes. Hence the value of p; is determined as well. Write p; = o; foralli = 1,...,n, where
0; is the image of [1; under (37). For each inner node v whose degree in T is at least three, we
can find i, j, k € [n] separated inT by v. The value of [ ,uv is determined by (28), which is well
defined because [1;; ik fLjx > O. Therefore the value of ,ov, for each v whose degree in T is at

least three, is fixed p2 = p2, where p2 = 1_ L
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Next, we show that for every (u, v) € E we must have that puv = 0. This follows by essentially
the same argument as in the first part of the proof. Because the degrees of both u and v are at
least two, there exist i, j € [n] such that E(ij) N E ={(u,v)}. In partlcular /1,,] =0 and so by
(27) ny,» = 0. Moreover, for any path E(kl) in [E'\ E ] the value of ,okl is constant by Lemma 5.3.
So write px; = pri- By (42), we have that

,6kl = l_[ Puv- (54)

(u,v)eEkl)

Finally, for any degree-two node v the parameter p, can take any real value and each p,, is
constrained to satisfy (40). This completes the list of constraints defining the image of the p-
fiber in Q7.

We now show that this image is diffeomorphic to a union of polyhedra. Let p = ((0y), (Puv))
be any point in the transformed p-fiber. Then p lies in a linear subspace £ of RIVIHIEl given
by pyy =0 for all (u,v) € E. Since puv 7 0 for all (u,v) € E\ E we can define the following
further smooth change of coordinates on L. Let s: E — {—1, 0, 1} be any possible sign assign-
ment for (o) such that s(u, v) = sgn(p,,) and sgn(p;;) in(u,v)eE(i/’) s(u,v) forall i, j € [n]
(cf. Appendix D). Then s induces an open orthant RLE\E‘ defined by s(u, v)pyy > 0 for all
(u,v) e E\ E. Moreover, the disjoint union of Uy = RIV! x RLE\E‘ C L, for all possible sign
assignments s, covers the p-fiber, that is, each point of the p-fiber lies in one of the ;. Note also

that on each U the sign of p, for all nodes of the degree at least three is fixed. This follows from
the fact that by (42)

Pijk = Pv 1_[ Puw,
(u,w)eE(ijk)
for any three leaves i, j, k € [n] separated by v in T. Since on each U, the signs of p,,, for all
(u, w) € E(ijk) are fixed, the sign of p, also has to be fixed to match the sign of p; ;. We write
pu = Py on Us. _
On each U define a map to the space RIVIHIE\E] with coordinates given by v, for (i, v) €
E\ E and z, for v € V. The map is a diffeomorphism defined as follows. We set

Vi = log(s(u, v) pyy) for all (u,v) € E'\ E.
Next, for every v € V we substitute p, for ¢, as defined in (39). This is an invertible transforma-
tion because
21

pv = ,
v f

which is well defined since #, > 0 for all v € V. We then simply substitute #, for z, =logt,.
In this new coordinate system, the p-fiber restricted to U is a union of polyhedra. The defining
constraints are as follows. First,

i =2 for all leavesi =1, ...,n,
~ (55)
2y =2, for all v with degree at least three in 7.
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Here, Z;, 2} are real numbers obtained as images of p;, pJ, respectively. Moreover, for each
Ekl)e[E\E ]

> v =log|pul (56)

(u,v)eE(kl)

subject to additional inequality constraints

Vyp < min{z, — 2y, Zv — Zu) ifs(u,v) =1,
Vuy < Min{zy + 2y, —2u — 20} ifs(u,v) =—1, foreach (u,v) € E\E and  (57)

Zp >0 for the inner nodes of degree 2.

These inequalities follow from (40). Since all these constraints are linear, they define a polyhe-
dron in RIVIHIE\El Therefore the p-fiber is a disjoint union of subsets each of which is diffeo-
morphic to a polyhedron.

To show the dimension of each polyhedron is equal to 2/,, we must ensure that the dimension
of the smallest affine subspace containing this polyhedron is 2/,. Since z,, > 0 for all v € V it is
easily checked that the inequalities in (57) do not induce any equality. Therefore, the description
of the affine span is obtained from the description of the polyhedron (given by (55)—-(57)) by
suppressing all inequalities in (57). The dimension of the ambient space is |V| + |E \ E |; the
codimension is given by the number of equations in (55) and (56). Hence the codimension is
equalto |V|—DL +|[E\ E]I For each E(kl) € [E \ E] one has that |E(kl)| — 1 is equal to the
number of degree-two nodes in E (k!). By summing over all E (k) it follows that |E \ E | —I[E\
E ]| = [». Therefore, the dimension of the polyhedron is given by

(VI+|E\E|) = (V| =L +|[E\ E]) =2b.

Since the dimension of the affine span of a polyhedron is equal to its dimension, the dimension
is equal to 2/, as required. (]

Proof of Theorem 5.8. Let V) C V and Eg C E and
Qvy.Ey) = (0 € Qr: 12 =1 forall v € Vo, n,, = 0 for all (u, v) € Eo). (58)

We say that (Vy, Eg) is minimal for S if for every point w in Qy,, g, and for every i, j € [n]
such that fi;; = 0 we have that y;; () = 0 and furthermore that (Vp, Ep) is minimal with such a
property (with respect to inclusion on both coordinates).

To illustrate the motivation behind this definition, consider the tripod tree singular case in
Example 5.7. If T is rooted in the inner node, we have four minimal subsets of 2" x 2 ({1}, @),
@, {(h, 1), (h, D)}, (&, {(h, 1), (h,3)}) and (&, {(h, 2), (h, 3)}).

We now show that the p-fiber satisfies

ﬁT = U Q(VO,EO) N ﬁT. 59
(Vo, Eo) min.



Tree cumulants and the geometry of binary tree models 319

The first inclusion “C” follows from the fact that if w € QT, then u;j(w) = f1;; forall i, j € [n].
In particular, 1;; (w) = 0 whenever fi;; = 0. Therefore, w € Qv £, N QT for (Vy, Ep) minimal.
The second inclusion is obvious.

For each minimal (Vy, Eo) the set Qy,, £, N ﬁT is a union of disjoint manifolds in RIVIFIEI
constrained to Q7. To show this, consider first all the connected components 7; = (V;, E;) for
i=1,...kof T except isolated inner nodes of T. By Remark 5.2(iv), all these components
are trees with a set of leaves contained in [n]. The projection of the parameter space Q27 to
the parameters for the marginal model M7, is denoted by ;. It is therefore a projection of
Qr on i, for v € V; and n, , for (u, v) € E By Theorem 5.4, each component 7; induces a
mamfold with corners in €2;, denoted by SZ Hence there exists a manifold M; in R‘V I+1Eil guch
that Q = M; N ;. The constraints on the remaining coordinates are given by: /Lv =1 for all
ve Vopandn,, =0 for (u, v) € Eg. These algebraic equations define a union My, g, of affine
subspaces in RIVIHED with coordinates given by i, for v e V and Nu,v for (u,v) € E.

For each (Vy, Ey), consider the union of manifolds M C RIVIHIEI given as the Cartesian prod-
uct of My, £, and M; fori =1, ..., k. The restriction of M to Q7 is exactly Qv £, N QT.
Now we have that

m (M(VO,EO)XMI X-'-XMk)Z( m M(VO,EO)) X My X -+ X M. (60)
(Vo, Ep) min. Vo, Eo) min.

However, [y, Mv,, k) is equal to

,E() min.
{weRVIHIEL 32— 1 forallve V,n,, =0 forall (u,v) € E},

where, after the restriction to Qr, the intersection in (60) is equal to the deepest singularity. [J

Appendix D: Sign patterns for parameters

Let p € M7y such that each inner node of T has degree at least three in the corresponding
forest 7. By the proof of Theorem 5.4, there is a finite number of points 6 € ®r such that
fr(©) = p. By definition, this set of points is denoted by Or. Corollary 5.5 gives the formulae
for the parameters modulo signs, which suggests that |@T| = 2IVI+IEl However, not all sign
choices are possible. Let m be the number of inner nodes of 7. We will show that the number
of possible choices of signs is, in fact, equal to 2™, that is, |@T| = 2" We also show how to
obtain all the points in Or given one of them. This construction becomes especially simple
when expressed in the new parameters defined by (35).

Let 6 be a point in O (O is finite and non-empty) and let w = fp,,(6). We assign signs
to each edge of T using the map s: E — {—1,0, 1} such that for every (u,v) € E, s(u,v) =
sgn(n,,»), where n, , are parameters in w. Let & be an inner node of 7. On ﬁT we define the
operation of local sign switching 8;, such that &, (w) = @’ where ’7;,1} = —1),,y if one of the ends
of (u,v) isin h and n,, , = 1y, otherwise; i), = —ji; and i, = ji, for all v # h. We have that



320 P. Zwiernik and J.Q. Smith

it = f1; and hence A} = A; for all leaves i = 1,...,n. Let now I € [n]>2. Then, from (22),

1 _ _ _
"I(w/)zz(l_l‘%(l)) l_[ (j1,) e =2 l—[ M-

veV(DO\I (u,v)€E(I)
We have two cases: either 4 lies in V(1) or not. In the first case,
k(@) = (=)W 2142 ) () = ks ().

In the second case, @’ = w and hence trivially «; (') = k7 (w). It follows that o’ € Qr and
therefore the operator §, :Qr — Qr is well defined. The local sign switchings form a group G
that is isomorphic to the multiplicative group Z3. By composing distinct local switchings we
obtain 2" different points in Q7. Hence the orbit of w in Q7 has exactly 2™ elements.

It remains to show that there are no other orbits of G in §T. Letw e @T and let o’ be a point
in Q7 such that (772“))2 = nu,vz for all (u,v) € E and (;1;)2 = ,EL% for all inner nodes v of T,
which is a necessary condition for o’ to be in Q7. Assume that o is not in the orbit of w. We
will show below that this implies that ' cannot lie in the p-fiber. It will then follow that the orbit
of w constitutes the whole §T and hence |§T| =2m,

We proceed by contradiction. Thus, let ' € Q7 and we want to show that &’ = § (w) for some
8 € G. Since w can be replaced by any other point in its orbit, we can assume that sgn(it,) =
sgn(ji,) for all v € V. Since w, o' € Qr, for every i, j, k € [n] by (22) applied for kij and k;jk,
respectively, we have that

1_[ s(u,v) = 1_[ s (u,v), 1_[ s(u,v) = 1_[ s'(u, v).

(u,v)€E(ij) (u,v)€E(ij) (u,v)eE(ijk) (u,v)eE(ijk)

It follows that [, ,)e iy s @ ) = [ v)epiys (. v) for each inner node v and leaf i. It
immediately implies that s(u, v) = s’ (u, v) for all (u, v) € E and hence w = «'. In this way we
have shown that ' is in the orbit of w under G.
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