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Let (Mn), (Nn) be two Hilbert-space-valued martingales adapted to some filtration (F n), with

corresponding difference sequences (dn), (en), respectively. We assume that (Nn) weakly dominates

(Mn), that is, for any convex non-decreasing function � : Rþ ! Rþ and any n ¼ 1, 2, . . . we have,

almost surely, E(�(jdnj)jF n�1) < E(�(jenj)jF n�1). We apply the Burkholder method to show that for a

convex non-decreasing function �: Rþ ! Rþ satisfying some extra conditions we have, for any

n ¼ 1, 2, . . . , kMnk� < C�kNnk�, where k � k� denotes an Orlicz norm with respect to � and C�

is a constant which depends only on �. This approach unifies and extends the classical Burkholder

inequalities for subordinated martingales and the inequalities for tangent martingales. The method

leads to moment inequalities for Rosenthal-type dominated martingales and variance-dominated

Gaussian martingales. All the constants obtained in the moment inequalities are of optimal order.
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1. Introduction and notation

Let (�, F , (F n), P) be a probability space equipped with a discrete filtration (we will

assume that F0 ¼ f˘, �g). Suppose that (Mn), (Nn) are Hilbert-space-valued martingales

with difference sequences (dn), (en), respectively, and M0 ¼ N0 ¼ 0 almost surely (a.s.).

Burkholder’s famous result (see Burkholder 1988, 1989) states that if (Mn) is differentially

subordinated by (Nn), that is, with probability 1,

jdnj < jenj,
then we have the following inequalities: for all t . 0 and all natural n,

tP(jMnj > t) < 2EjNnj (1)

(the so-called weak-type inequality) and, for any 1 , p , 1 and any natural n,

(EjMnj p)1= p < ( p� � 1)(EjNnj p)1= p (2)

(the strong-type inequality), where p� ¼ maxfp, p=(p� 1)g.
It is worth mentioning that these results were obtained by a method, invented by

Burkholder, which reduces the problem of proving a martingale inequality to one of finding

a function of two variables having special convex-type properties.

These results have many extensions; the subordination principle may be replaced by

various conditions (called dominations). For examples of such extensions we refer to

Kwapień and Woyczyński (1992) and references therein.

The aim of this paper is to give another generalization of these results. First we fix some
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notation. Throughout the paper, H is a Hilbert space, with inner product denoted by (�, �)
and norm denoted by j � j. The symbol I A stands for the indicator function of a set A, and

the complement of any set A is denoted by Ac. (Mn), (Nn) are two (F n)-adapted

martingales taking values in H. Their difference sequences are denoted by (dn), (en),

respectively. All the random variables considered in this paper are assumed to take values in

some separable Hilbert space. For any convex function �: Rþ ! Rþ such that

�(0) ¼ �9(0) ¼ 0, we define an H-Orlicz space LH� as a set of such H-valued random

variables X , such that for some � . 0,

E�(�jX j) , 1:

The set LH� is a Banach space with a norm

kXk� ¼ inf c . 0 : E�
jX j
c

� �
< 1

� �
:

We now introduce the following essential idea.

Definition 1. We say that a martingale (Mn) is weakly dominated by a martingale (Nn) if, for

any non-decreasing convex function � : Rþ ! Rþ and any n > 1, we have, almost surely,

E(�(jdnj)jF n�1) < E(�(jenj)jF n�1): (3)

We will write M �C N .

Such domination generalizes the subordination as well as tangency of martingales and leads

to other interesting (and much weaker) dominations, as we will see. The weak domination

was investigated by Stephen Montgomery-Smith and Shih-Chi Shen (n.d.), where the strong-

type inequality in this setting was proved. We will generalize this result to the inequality

between Orlicz norms of weakly dominated martingales and, in particular, obtain that the

strong-type inequality holds with a constant C p of order p as p ! 1 and 1=( p� 1) as

p ! 1þ, which is optimal, since it is already optimal in the case of subordinated martingales.

Moreover, we prove weak-type inequality and give further extensions and applications. Our

paper refines the results given by Kwapień and Woyczyński (1989, 1992), as the weak

domination generalizes the conditions on martingales investigated in these papers. For other

related results concerning tail probabilities, see, for example, de la Peña (1993).

The paper is organized as follows. The next section is devoted to the inequality between

Orlicz norms of weakly dominated martingales; Burkholder’s method turns out to be very

useful in this setting. In particular, we obtain the strong-type inequality and, as a by-

product, the weak-type inequality. In Section 3 we show that the assumption of weak

domination may be replaced by much weaker conditions.

We then present some applications: we obtain that, for p > 2, the strong-type inequality

(2) holds for martingales (Mn), (Nn) satysfying the following condition: for any positive

integer n, with probability 1,

E(jdnj2jF n�1) < E(jenj2jF n�1), E(jdnj pjF n�1) < E(jenj pjF n�1):

The constant in the inequality is of optimal order O( p).
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As a second application, we prove that for Gaussian martingales the weak and strong

(1 , p , 1) type inequalities (1), (2) hold if we assume that for any positive integer

n > 1, almost surely,

E(jdnj2jF n�1) < E(jenj2jF n�1):

The constant in the strong-type inequality is of optimal order O( p) as p ! 1 and

O(1=( p� 1)) as p ! 1þ.
In the final section we present some remarks concerning best constant in the weak-type

inequality and present some arguments which lead to the special functions u,2, u.2, defined

below.

2. The inequality between Orlicz norms

2.1. Two basis functions

We start by defining two important functions. Let

u,2(x, y) :¼
9jyj2 � 9jxj2, if (x, y) 2 D,

2jyj � 1þ 8jyj2 Ifj yj<1g þ (16jyj � 8)Ifj yj.1g, if (x, y) =2 D,

8<
:

u.2(x, y) :¼
0, if (x, y) 2 E,

9jyj2 � (jxj � 1)2 � 8(jxj � 1)2 Ifjxj>1g, if (x, y) =2 E,

( (4)

where

D ¼ f(x, y) 2 H2 : jyj þ 3jxj < 1g, E ¼ f(x, y) 2 H2 : 3jyj þ jxj < 1g:

It is straightforward to verify the following remarkable identity:

u. (x, y) ¼ 9(jyj2 � jxj2)þ u,2(y, x), (x, y) 2 H2: (5)

We now prove the fundamental property of these functions.

Lemma 1. If (Mn), (Nn) are two H-valued martingales such that M �C N, then for any

n ¼ 1, 2, . . . ,

Eu,2(Mn, Nn) > 0, Eu.2(Mn, Nn) > 0: (6)

Proof. Let u ¼ u,2 or u ¼ u.2. We will prove that u has the following crucial property: for

any (x, y) 2 H2, there exist operators Ax, y, Bx, y 2 H� and a convex non-decreasing function

� ¼ �x, y: Rþ ! R such that, for any h, k 2 H, we have the inequality

u(x, y)þ Ax, y hþ Bx, y k þ �(jkj)� �(jhj) < u(xþ h, yþ k): (7)

First, we consider the case u ¼ u,2. Assume that (x, y) 2 Dc [ @D. Let us introduce the

function ûu: H2 ! R defined by

2
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ûu(x, y) ¼ 2jyj � 1þ 8jyj2 Ifj yj<1g þ (16jyj � 8)Ifj yj.1g:

If y ¼ 0, then inequality (7) holds with Ax, y ¼ Bx, y ¼ 0, � ¼ �x, y ¼ 0; indeed, we have

u(xþ h, k) > �1 ¼ u(x, 0). Suppose, then, that y 6¼ 0 and take

Ax, y ¼
@ ûu

@x
(x, y), Bx, y ¼

@ ûu

@ y
(x, y), � ¼ �x, y � 0:

The function ûu is obviously convex and it is easy to check that u > ûu, with equality on the

set Dc [ @D. Therefore, we have

u(x, y)þ Ax, y hþ Bx, y k ¼ ûu(x, y)þ @ ûu

@x
(x, y)hþ @ ûu

@ y
(x, y)k

< ûu(xþ h, yþ k) < u(xþ h, yþ k):

Assume, then, that (x, y) belongs to D. We will prove that (7) holds with

Ax, y ¼
@u

@x
(x, y) ¼ �18(x, �), Bx, y ¼

@u

@ y
(x, y) ¼ 18(y, �),

�(s) :¼ �x, y(s) ¼
9s2, if s < 1� jyj,

18(1� jyj)s� 9(1� jyj)2, if s . 1� jyj:

(
(8)

The function s 7! 9s2 � �(s) is non-decreasing; in particular, we have �(s) < 9s2.

Suppose that (xþ h, yþ k) 2 D. We must prove that

9jyþ kj2 � 9jxþ hj2 > 9jyj2 � 9jxj2 þ 18(y, k)� 18(x, h)þ �(jkj)� �(jhj)

or, equivalently,

9jkj2 � �(jkj) > 9jhj2 � �(jhj): (9)

If jhj < 1� jyj, the right-hand side is equal to 0 and the left-hand side is non-negative. For

jhj . 1� jyj, we have

jkj > jyj � jyþ kj > jyj þ 3jxþ hj � 1 > jyj þ 3jhj � 3jxj � 1

> jhj þ (jhj � 1þ jyj)þ (jhj � 3jxj) . jhj þ 0þ (1� jyj � 3jxj) > jhj

and (9) holds: the function s 7! 9s2 � �(s) is non-decreasing.

Now let (xþ h, yþ k) =2 D. If jyþ kj > 1, then we must show that

18jyþ kj � 9 > 9jyj2 þ 18(y, k)þ �(jkj)� 9jxj2 � 18(x, h)� �(jhj)

¼ 9jyþ kj2 þ �(jkj)� 9jkj2 � 9jxj2 � 18(x, h)� �(jhj):

But jkj > jyþ kj � jyj, so

9jyþ kj2 þ �(jkj)� 9jkj2 < 9jyþ kj2 þ �(jyþ kj � jyj)� 9(jyþ kj � jyj)2

¼ 18jyþ kj � 9:
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Hence, it suffices to show that 0 > �9jxj2 � 18(x, h)� �(jhj) or

9jxþ hj2 > 9jhj2 � �(jhj): (10)

If jhj < 1� jyj, then the inequality holds true. Suppose, conversely, that jhj . 1� jyj. Fix
jxþ hj and x. The right-hand side is a non-decreasing function of jhj; hence, it is maximal

for jhj ¼ jxþ hj þ jxj and then

9jxj2 � 18jxkhj > �18(1� jyj)jhj þ 9(1� jyj)2

or, after simplifications,

(1� jxj � jyj)(2jhj � 1� jxj þ jyj) > 0:

This inequality holds: for (x, y) 2 D we have 1� jxj � jyj > 0 and 2jhj � 1� jxj
þ jyj ¼ 2(jhj þ jyj � 1)þ 1� jxj � jyj > 0.

The only remaining case is (xþ h, yþ k) =2 D, jyþ kj < 1. We must prove that

8jyþ kj2 þ 2jyþ kj � 1 > 9jyj2 þ 18(y, k)þ �(jkj)� 9jxj2 � 18(x, h)� �(jhj):
If jhj < 1� jyj, then �(jhj) ¼ 9jhj2, �(jkj) < 9jkj2 and we may write

8jyþ kj2 þ 2jyþ kj � 1 ¼ 9jyþ kj2 � (1� jyþ kj)2 > 9jyþ kj2 � 9jxþ hj2

> 9jyj2 þ 18(y, k)þ �(jkj)� 9jxj2 � 18(x, h)� �(jhj):
(11)

Suppose, then, that jhj . 1� jyj and consider a vector

h9 ¼ 1� jyj
jhj h:

We may use (11) for h9, because jh9j ¼ 1� jyj:

8jyþ kj2 þ 2jyþ kj � 1 > 9jyj2 þ 18(y, k)þ �(jkj)� 9jxj2 � 18(x, h9)� �(jh9j)
¼ 9jyj2 þ 18(y, k)þ �(jkj)� 9jxj2 � 18(x, h)� �(jhj)þ 18(x, h� h9)þ �(jhj)� �(jh9j)

and we have

18(x, h� h9)þ �(jhj)� �(jh9j) > �18jxkh� h9j þ 18(1� jyj)(jhj � jh9j)

¼ 18(jhj � 1þ jyj)(�jxj þ 1� jyj) > 0:

Hence the proof for u ¼ u,2 is complete.

The case u ¼ u.2 follows easily from the preceding case due to formula (5). Let us write

(7) for (y, x), (k, h):

u,2(yþ k, xþ h) > u,2(y, x)þ Ay,x k þ By,x hþ �(jhj)� �(jkj):

Adding the equality

9jyþ kj2 � 9jxþ hj2 ¼ 9jyj2 � 9jxj2 þ 18(y, k)� 18(x, h)� 9jhj2 þ 9jkj2

yields the desired result. Note that in this case the function � ¼ �x, y is given by

�x, y(s) ¼ 9s2 if (x, y) =2 E and

A. Osękowski58



�x, y(s) :¼
0, if s , 1� jxj,

9(s� 1þ jxj)2, if s > 1� jxj

(
(12)

for (x, y) 2 E. These functions are convex.

We now turn to inequalities (6). Fix n > 1, put in (7) x ¼ Mn�1, y ¼ Nn�1,

h ¼ dn, k ¼ en and take conditional expectations with respect to F n�1; we obtain

E(u(Mn, Nn)jF n�1) > u(Mn�1, Nn�1)þ E(�(jenj)jF n�1)� E(�(jdnj)jF n�1)

> u(Mn�1, Nn�1),
(13)

hence, taking expectations, Eu(Mn, Nn) > Eu(Mn�1, Nn�1), which yields Eu(Mn, Nn) >

Eu(M0, N0) ¼ 0. The proof is complete. h

Remark 1. In the proof we use the condition (3) only for special functions � defined by (8) or

(12); therefore the inequality Eu,2(Mn, Nn) > 0 (or Eu.2(Mn, Nn) > 0) holds if we assume

that (3) holds for the �s defined by (8) (or (12)). This will be taken up in Section 3.

As a corollary we will prove the weak-type inequality.

Theorem 1. For all martingales (Mn), (Nn) taking values in the Hilbert space H, such that

M �C N, and any t . 0, we have

tP(jMnj > t) < 6EjNnj, n ¼ 0, 1, 2, . . . :

Proof. We will show that

v(x, y) :¼ 18jyj � I jxj>1=3 > u,2(x, y): (14)

If (x, y) 2 D, then jxj < 1
3
, jyj , 1, hence

�9jxj2 þ I jxj>1=3 < 0 < 18jyj � 9jyj2,

which is (14). If (x, y) =2 D and jyj < 1, then we must prove that

18jyj � I jxj>1=3 > 2jyj � 1þ 8jyj2,

which reduces to a trivial inequality 16jyj þ 1� I jxj>1=3 > 8jyj2. The only remaining case is

(x, y) =2 D and jyj . 1. Then the inequality (14) takes form 18jyj � I jxj>1=3 > 18jyj � 9,

which again is trivial.

Suppose now that (Mn), (Nn) are two martingales such that M �C N , and fix t . 0.

Then the martingale (Mn=3t) is weakly dominated by the martingale (Nn=3t). Therefore, by
(14) and Lemma 1,

6EjNnj � tP(jMnj > t) ¼ tEv
Mn

3t
,
Nn

3t

� �
> tEu,2

Mn

3t
,
Nn

3t

� �
> 0,

which is the claim. h
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2.2. The main result

In this subsection we will compare the Orlicz norms of two weakly dominated martingales.

Let �: Rþ ! Rþ be a convex, twice continuously differentiable function such that

�(0) ¼ �9(0) ¼ 0. Let �: Rþ ! Rþ be the function given by the differential equation

� 0(s) ¼ �9(s)

s
, s . 0, �(0) ¼ �þ(0) ¼ 0:

Our main result is the following.

Theorem 2. Suppose that the function � satisfies one of the following conditions:

(A) �- , 0, lim t!1� 0(t) ¼ 0, and there exists C . 0 such that

�(Cs)þ 8�((C � 1)s) < �9(Cs)s, for all s . 0: (15)

(B) �- . 0, � 0(0) ¼ 0 and there exists C . 0 such that

�(Cs)þ 8�((C � 1)s) > �9(Cs)s, for all s . 0: (16)

Then for all martingales (Mn), (Nn) taking values in the Hilbert space H, such that

M �C N, the following inequality holds true:

kMnk� < C�kNnk�, n ¼ 0, 1, 2, . . . ,

where

C� ¼
1=(3(C � 1)), if (A) holds,

3(C � 1), if (B) holds:

(

Remark 2. Conditions (A) and (B) appear complicated and it is difficult to verify inequalities

(15), (16). The following easier conditions imply (A) and (B), respectively.

(A9) lim t!1� 0(t) ¼ 0 and there exists C . 0 such that

9(C � 1)�9(s) < s� 0(s) , �9(s), for all s . 0: (17)

(B9) � 0(0) ¼ 0 and there exists C . 0 such that

(C � 1)�9(s) > s� 0(s) . �9(s), for all s . 0: (18)

Proof of Remark 2. Suppose that (A9) holds and C satisfies (17). We have

�-(s) ¼ s� 0(s)��9(s)

s2
, 0:

We will prove that
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�(Cs)þ 8�((C � 1)s) <
C

9C � 8
�9(Cs)sþ 8C � 8

9C � 8
�9((C � 1)s)s,

which is stronger than (15), because �9 is non-decreasing. It suffices to show that for all

s . 0 we have

f (s) :¼ �(s)� 1

9C � 8
�9(s)s < 0:

But

f 9(s) ¼ �9(s)� 1

9C � 8
(� 0(s)s��9(s)) ¼ 9C � 9

9C � 8
�9(s)� 1

9C � 8
�9(s),

f 0(s) ¼ 1

9C � 8
(9C � 9)

�9(s)

s
�� 0(s)

� �
:

Hence f (0) ¼ f 9(0) ¼ 0 and f is concave. Therefore it is non-positive.

Assume now that (B9) holds and C satisfies (18). We have

�-(s) ¼ s� 0(s)��9(s)

s2
. 0:

Let f (s) ¼ �(Cs)þ 8�((C � 1)s)��9(Cs)s. It can be computed that

f 0(s) ¼ C (C � 1)
�9(Cs)

Cs
�� 0(Cs)

� �
þ 8(C � 1)2

�9((C � 1)s)

(C � 1)s
> 0,

hence f is convex. In addition, f (0) ¼ f 9(0) ¼ 0, so f is non-negative and the proof is

complete. h

We now are ready to define an important class of functions. If � satisfies (A), then we

take

w�(x, y) :¼ �
ð1
0

t2�-(t)u,2

x

t
,
y

t

� �
dt:

If � satisfies (B), then we define

w�(x, y) :¼
ð1
0

t2�-(t)u.2

x

t
,
y

t

� �
dt:

These functions will henceforth be called Burkholder functions (with respect to �). In the

lemma below we derive the formulae for w�.

Lemma 2. If � satisfies (A), then

w�(x, y) ¼ �2�9(3jxj þ jyj)3jxj þ 16�(jyj)þ 2�(3jxj þ jyj):

Otherwise, if (B) holds, then

w�(x, y) ¼ 2�9(jxj þ 3jyj)3jyj � 16�(jxj)� 2�(jxj þ 3jyj):
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Proof. We only prove the formula for when (A) holds; the calculations for when (B) holds

are analogous. By the definition of u,2,

w�(x, y) ¼ �
ð1
0

t2�-(t)u,2

x

t
,
y

t

� �
dt

¼ �
ð3jxjþj yj

0

t2�-(t)
2jyj
t

dt þ
ð3jxjþj yj

0

t2�-(t) dt

� 8

ð3jxjþj yj

j yj
t2�-(t)

jyj2
t2

dt � 16

ðj yj
0

t2�-(t)
jyj
t

dt

þ 8

ðj yj
0

t2�-(t) dt �
ð1
3jxjþj yj

t2�-(t)
9jyj2 � 9jxj2

t2
dt:

Integrating by parts, using �(0) ¼ �9(0) ¼ lims!1� 0(s) ¼ 0, we obtain

w�(x, y) ¼ �2jyj[� 0(3jxj þ jyj)(3jxj þ jyj)��9(3jxj þ jyj)]

þ� 0(3jxj þ jyj)(3jxj þ jyj)2 � 2�9(3jxj þ jyj)(3jxj þ jyj)þ 2�(3jxj þ jyj)

þ 8jyj2[�� 0(3jxj þ jyj)þ� 0(jyj)]� 16jyj[� 0(jyj)jyj ��9(jyj)]

þ 8[� 0(jyj)jyj2 � 2�9(jyj)jyj þ 2�(jyj)þ 9(jyj2 � jxj2)� 0(3jxj þ jyj)]

¼ �2�9(3jxj þ jyj)3jxj þ 16�(jyj)þ 2�(3jxj þ jyj):

h

Proof of Theorem 2. Suppose that (A) holds and C satisfies (15). We will prove that for all

(x, y) 2 H2 we have

�
C

C � 1
jyj

� �
��(3Cjxj) > C2

2
w�(x, y): (19)

As Ew�(Mn, Nn) > 0 (which follows from the definition of the function w� and Lemma 1),

this will prove that

E�
C

C � 1
jNnj

� �
> E�(3CjMnj),

which yields the inequality from the theorem. Fix y and let s ¼ 3jxj. We must show that the

function f given by

f (s) :¼ �(Cs)��
C

C � 1
jyj

� �
� C2 �9(sþ jyj)s� 8�(jyj)��(sþ jyj)½ �

is non-positive. But

f 9(s) ¼ C�9(Cs)� C2� 0(sþ jyj)s ¼ C2s � 0(Cs)�� 0(sþ jyj)½ �:
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The function � 0 is decreasing, hence f has maximum in s such that Cs ¼ sþ jyj. This
maximal value is equal to

f (s) ¼ C2[��9(Cs)sþ 8�((C � 1)s)þ�(Cs)],

which is non-positive due to (15).

We will skip the proof of the case where (B) holds as it is tedious and very similar to

that of (A). We wish only to mention that in this case the ‘dual’ inequality to (19) is

�(3Cjyj)��
C

C � 1
jxj

� �
>

C2

2
w�(x, y): (20)

h

As an application, we will use Theorem 2 to obtain the inequality between pth

moments of weakly dominated martingales. Let p 2 (1, 1), p 6¼ 2 and set �(t) ¼ t p. Then

�(t) ¼ (p� 1)�1 t p and inequalities (15), (16) take form

C p þ 8(C � 1) p < pC p�1, C p þ 8(C � 1) p > pC p�1:

Hence in both cases 1 , p , 2, 2 , p , 1 the best constant C we can get from our proof

is defined by the equation

C p þ 8(C � 1) p ¼ pC p�1: (21)

Theorem 2 yields the strong-type inequality with C p ¼ (3(C � 1))�1 for 1 , p , 2 and

C p ¼ 3(C � 1) for p . 2; before we state this as a theorem, let us study the asymptotics of

C p. Let

s0 ¼ C�1, A p ¼ C � 1 ¼ 1

s0
� 1:

Equation (21) can be rewritten in the form

8(1� s0)
p ¼ ps0 � 1: (22)

Hence, s0 2 (1=p, 1).

Lemma 3. Let K be a positive real number such that

(K � 1)eK ¼ 8 (23)

(i.e. K � 2:04). The asymptotics of A p is as follows: A p=( p� 1), considered as a function of

variable p, is increasing, and

lim
p!1þ

A p

p� 1
¼ 1

9
, lim

p!1

A p

p� 1
¼ 1

K
:

Proof. If we take the logarithm of both sides of (22), we get

log 8þ p log(1� s0) ¼ log( ps0 � 1):

Now differentiate over p; after some simplifications we obtain
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s90 ¼
1

p( p� 1)

(1� s0)log(1� s0)

s0
� (ps0 � 1)� (1� s0)

� �
: (24)

Let us investigate the function

f ( p) :¼ A p

p� 1
¼ 1

(p� 1)s0
� 1

p� 1
, p . 1:

We have

f 9( p) ¼ 1

( p� 1)2s20
(�s0 � (p� 1)s90 þ s20):

But f 9 is non-negative:

s0 þ ( p� 1)s90 ¼
ps0 � 1

p

(1� s0)log(1� s0)

s0
þ ps0 � 1þ s0

ps0 � 1

� �

¼ s0 �
1

p

� �
(1� s0)log(1� s0)

s0
þ 1

� �
þ s0

p
� s20 þ s20

¼ s20 þ s0 �
1

p

� �
(1� s0)log(1� s0)

s0
þ 1� s0

� �

¼ s20 þ s0 �
1

p

� �
� 1� s0

s0
� (log(1� s0)þ s0) < s20: (25)

Hence f is non-decreasing; it is also non-negative, therefore there exists a finite limit

g ¼ lim
p!1þ

f ( p) ¼ lim
p!1þ

1� s0

( p� 1)s0
¼ lim

p!1þ

1� s0

p� 1
,

because s0 ! 1 when p ! 1þ. Dividing both sides of (22) by ( p� 1) p�1(1� s0) gives

8
1� s0

p� 1

� � p�1

¼ (p� 1)s0

(p� 1) p�1(1� s0)
� 1

(p� 1) p�1
,

and if p ! 1þ, we see that g must satisfy the equation 8 ¼ 1=g � 1, hence g ¼ 1
9
and f > 1

9
.

On the other hand, s0 . 1=p, hence f is bounded from above by 1 and there exists the

finite limit g ¼ lim p!1 f ( p). Moreover, s0 ! 0 as p ! 1. Therefore,

lim
p!1

( p� 1)s0 ¼ lim
p!1

ps0 ¼
1

g

and letting p ! 1 in (22) implies that K ¼ 1=g. Hence f < 1=K. h

Thus we have proved the following:

Theorem 3. Let (Mn), (Nn) be two martingales as in Theorem 2. Then for any n > 1, we

have
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(EjMnj p)1= p < C p(EjNnj p)1= p,

where

C p ¼

1

3A p

,
3

p� 1
, for 1 , p , 2,

3A p ,
3

K
( p� 1) � 1:48( p� 1), for 2 , p , 1:

8>><
>>:

3. Weakening the assumptions in Theorems 1–3

The crucial part of the proofs of all the theorems is Lemma 1. Following Remark 1,

Theorem 2 holds true if for any n > 1, t . 0, (x, y) 2 H2, we have

E(�x, y

jdnj
t

� �
jF n�1) < E(�x, y

jenj
t

� �
jF n�1) a:s:,

where �x, y is defined by (8) or (12), depending on whether (A) or (B) holds. Moreover, this

assumption may be further relaxed; in the proof of the Theorem 2 we integrate the functions

u,2, u.2 with the kernel s 7! js2�-(s)j; hence, we also integrate the inequalities (13) to

obtain

E(w�(Mn, Nn)jF n�1)� w�(Mn�1, Nn�1) > E(��,Mn�1,Nn�1
(jenj)jF n�1)

� E(��,Mn�1,Nn�1
(jdnj)jF n�1), (26)

where

�(s) ¼ ��,x, y(s) :¼
ð1
0

js2�-(s)j�x= t, y= t
s

t

� �
dt: (27)

Therefore, the following inequality for ‘integrated’ � is sufficient: for all x, y,

E(��,x, y(jdnj)jF n�1) < E(��,x, y(jenj)jF n�1) a:s:, n ¼ 1, 2 . . . : (28)

We now turn to Theorem 3, where we may derive the formulae for the function �. For

�(t) ¼ t p we write � p,x, y :¼ ��,x, y. Note that t2�-(t) ¼ p( p� 2)t p�1.

Lemma 4. If 1 , p , 2, then

� p,x, y(s) ¼
9p(3jxj þ jyj) p�2s2, if s < 3jxj,

9p(3jxj þ jyj) p�2s2 þ 18

p� 1
¨ p(s� 3jxj), if s > 3jxj,

8><
>: (29)

where
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¨ p(s) ¼ ¨ p,x, y(s) :¼ (sþ 3jxj þ jyj) p � (3jxj þ jyj) p

� p(3jxj þ jyj) p�1s� p( p� 1)

2
(3jxj þ jyj) p�2s2:

If p . 2, then

� p,x, y(s) ¼
9p(jxj þ 3jyj) p�2s2, if s < 3jyj,

9p(jxj þ 3jyj) p�2s2 þ 18

p� 1
¨ p(s� 3jyj), if s < 3jyj,

8><
>: (30)

where

¨ p(s) ¼ ¨ p,x, y(s) ¼ (sþ jxj þ 3jyj) p � (jxj þ 3jyj) p

� p(jxj þ 3jyj) p�1s� p( p� 1)

2
(jxj þ 3jyj) p�2s2:

Proof. The following equation can easily be verified: for a, b . 0, p . 1, we haveðaþb

a

t p�3(aþ b� t)2 dt

¼ 2

p( p� 1)(p� 2)
(aþ b) p � a p � pa p�1b� p(p� 1)

2
a p�2b2

� �
: (31)

Let 1 , p , 2. If t , 3jxj þ jyj, then (x=t, y=t) =2 D and �x= t, y= t � 0, so

� p,x, y(s) ¼ p(2� p)

ð1
3jxjþj yj

t p�1�x= t, y= t
s

t

� �
dt:

If t > 3jxj þ jyj (or (x=t, y=t) 2 D), then we have

�x= t, y= t
s

t

� �
¼ 9s2

t2
� 9

s

t
� 1þ jyj

t

� �2

þ
:

If s < 3jxj, then for t > 3jxj þ jyj we have

s

t
� 1þ jyj

t
<

3jxj þ jyj
t

� 1 < 0

and

� p,x, y(s) ¼ 9p(2� p)

ð1
3jxjþj yj

t p�1 s
2

t2
dt ¼ 9p(3jxj þ jyj) p�2s2:

If, conversely, s . 3jxj, then for t , sþ jyj we have

s

t
� 1þ jyj

t
. 0

and
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� p,x, y(s) ¼ 9p(2� p)

ð1
3jxjþj yj

t p�1 s
2

t2
dt �

ð sþj yj

3jxjþj yj
t p�1 (s� t þ jyj)2

t2
dt

" #
,

which, by (31), used with a ¼ 3jxj þ jyj and b ¼ s� 3jxj, is equal to

9p(3jxj þ jyj) p�2s2 þ 18

p� 1

�
(s� 3jxj þ 3jxj þ jyj) p � (3jxj þ jyj) p

� p(3jxj þ jyj) p�1(s� 3jxj)� p( p� 1)

2
(3jxj þ jyj) p�2(s� 3jxj)2

�
,

as required. Again we skip the remaining part (for p . 2), which can be proved in the same

manner. h

We will formulate the weakened conditions in terms of the following functions:

ł,2,r(s) :¼
s2, if s < r,

2rs� r2, if s . r,

(
(32)

ł.2,r(s) :¼
0, if s < r,

(s� r)2, if s . r:

(
(33)

Moreover, for 1 , p , 1, Æ 2 [0, 1], let

— p,Æ(s) :¼
p( p� 1)

2
s2 þ (1þ (s� Æ)þ)

p � 1� p(s� Æ)þ � p(p� 1)

2
(s� Æ)2þ

� �
: (34)

The function ł�,r has the following property: for º . 0, s . 0, we have

º2ł�,r(s ¼ ł�,r(ºs): (35)

Theorem 4. In Theorem 2 it suffices to assume that, for all n > 1 and any r 2 Rþ we have

E(ł,2,r(jdnj)jF n�1) < E(ł,2,r(jenj)jF n�1) a:s:, if (A) holds,

E(ł.2,r(jdnj)jF n�1) < E(ł.2,r(jenj)jF n�1) a:s:, if (B) holds:

Moreover, Theorem 3 holds if, for any n > 1, Æ 2 [0, 1] and � 2 Rþ, we have

E(— p,Æ(�jdnj)jF n�1) < E(— p,Æ(�jenj)jF n�1) a:s: (36)

Theorem 1 holds if, for all n > 1 and any r 2 Rþ, we have

E(ł,2,r(jdnj)jF n�1) < E(ł,2,r(jenj)jF n�1) a:s:

Proof. Suppose � satisfies (A). It is enough to show that, for any (x, y) 2 D, n > 1 and

t . 0, we have

E �x= t, y= t
jdnj
t

� �
jF n�1

� �
< E �x= t, y= t

jenj
t

� �
jF n�1

� �
a:s: (37)
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If (x=t, y=t) =2 D, then �x= t, y= t � 0 and the inequality holds. If (x=t, y=t) 2 D, then t > jyj
and, as one can easily verify, we have the identity

�x= t, y= t
s

t

� �
¼ 9

t2
ł,2, t�j yj(s),

which yields (37) and also implies the weak-type inequality. When (B) holds, the proof is

similar.

We will now deal with the second statement. It suffices to show that, for any (x, y) 2 H2

and n > 1, we have

E(� p,x, y(jdnj)jF n�1) < E(� p,x, y(jenj)jF n�1) a:s: (38)

For 1 , p , 2 it is an immediate consequence of the equation

� p,x, y(s) ¼
18

p� 1
(3jxj þ jyj) p— p,Æ(�s),

where

Æ ¼ 3jxj
3jxj þ jyj 2 [0, 1], � ¼ 1

3jxj þ jyj . 0:

For p . 2 we use the fact

� p,x, y(s) ¼
18

p� 1
(jxj þ 3jyj) p— p,Æ(�s), (39)

for

Æ ¼ 3jyj
jxj þ 3jyj 2 [0, 1], � ¼ 1

jxj þ 3jyj . 0: (40)

h

3.1. Burkholder–Rosenthal-type inequality

Burkholder (1973) proved the following inequality: for p > 2, any positive integer n and

any real-valued martingale (Mn) with difference sequence (dn),

c�1
p E

Xn
k¼1

E(jd k j2jF k�1)

 ! p=2
2
4

3
5
1= p

þ E
Xn
k¼1

jd k j p
 !1= p

8><
>:

9>=
>; < EjMnj pð Þ1= p

< C p E
Xn
k¼1

E(jd k j2jF k�1)

 ! p=2
2
4

3
5
1= p

þ E
Xn
k¼1

jd k j p
 !1= p

8><
>:

9>=
>;: (41)

The best order of the constants c p and C p as p ! 1 is O(p) and O( p=ln p) (see Hitczenko

1990). For extensions of this inequality see de la Peña et al. (2003) and references therein.
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Therefore, in order to compare the pth moments of two martingales, p > 2, it suffices to

compare the second and pth conditional moments of corresponding difference sequences; this

motivates a domination introduced in the following theorem.

Theorem 5. Let p > 2. Assume that (Mn), (Nn) are H-valued martingales, such that, for

k ¼ 0, 1, 2, . . ., we have, with probability 1,

E(jd k j2jF k�1) < E(jek j2jF k�1), E(jd k j pjF k�1) < E(jek j pjF k�1):

Then

(EjMnj p)1= p < K p(EjNnj p)1= p, n ¼ 0, 1, 2, . . . ,

where

K p ¼ 2 C p
p þ

9(C � 1) p(p� 1) p�3

C p�2

� �1= p

,

C is defined by equation (21) and C p comes from Theorem 3.

Remark 3. It is easy to check that K p is of order O( p) as p ! 1; in fact, K p , 3p.

Remark 4. As noted by Zinn (1985), inequality (41), used twice, yields the

theorem, however, with the constant K p of order O( p2=ln p) as p ! 1.

First we prove an additional fact.

Lemma 5. Let H be a Hilbert space. For any x, y 2 H, we have

jxþ yj p � jyj p � pjyj p�2(y, x) >
jxj2jyj p�2

2
Ifjxj<2j yjg þ (jxj � jyj) p Ifjxj.2j yjg:

Proof. We have

jxþ yj p � jyj p � pjyj p�2(y, x) ¼ jxþ yj p � p

2
jxþ yj2jyj p�2 � jyj p þ p

2
jyj p þ p

2
jyj p�2jxj2:

Fix jyj and jxj; we will minimize the expression above. Consider a function g: Rþ ! R

given by g(t) ¼ t p � 1
2
pjyj p�2 t2. Then g9(t) ¼ pt(t p�2 � jyj p�2), so g has global minimum

in jyj and for t . jyj it is increasing.

Therefore, if jxj < 2jyj, then g > g(jyj):

jxþ yj p � jyj p � pjyj p�2(y, x) > jyj p � p

2
jyj2jyj p�2 � jyj p þ p

2
jyj p þ p

2
jyj p�2jxj2

¼ p

2
jxj2jyj p�2:

If jxj . 2jyj, then jxþ yj > jxj � jyj . jyj and g > g(jxj � jyj):

immediately
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jxþ yj p � jyj p � pjyj p�2(y, x) > (jxj � jyj) p � p

2
(jxj � jyj)2jyj p�2 � jyj p þ p

2
jyj p

þ p

2
jyj p�2jxj2

¼ (jxj � jyj) p � jyj p þ pjyj p�1jxj > (jxj � jyj) p:

h

Lemma 6. Let p > 2. Then, for s > 0 and any ª 2 [0, 1], we have

(1þ s) p � 1� ps <
e

2
(p� 1)2s2 þ ( p� 1) p�2s p

<
p( p� 1)

2
(2s)2 þ ( p� 1) p�2 ª p�2

2
(2s)2 If2s<2ªg þ (2s� ª) p If2s.2ªg

� �
:

Proof. To prove the first inequality, consider the function

f (s) :¼ e

2
( p� 1)2s2 þ ( p� 1) p�2s p � (1þ s) p þ 1þ ps:

Since f (0) ¼ f 9(0) ¼ 0, it suffices to prove that f is convex. We have

f 0(s) ¼ e( p� 1)2 þ p(p� 1)[( p� 1)s] p�2 � p( p� 1)(1þ s) p�2:

If s < 1=(p� 1), then

f 0(s) > e(p� 1)2 � p( p� 1) 1þ 1

p� 1

� � p�2

¼ ( p� 1)2 e� 1þ 1

p� 1

� � p�1
" #

. 0:

If 1=( p� 1) , s , 1=(p� 2), then

f 0(s) . e( p� 1)2 þ p( p� 1)� p( p� 1) 1þ 1

p� 2

� � p�2

: (42)

If p < 3 the right-hand side is greater than

e( p� 1)2 þ p(p� 1)� 2p(p� 1) ¼ ( p� 1)[p(e� 1)� e] . 0:

If p . 3, then the right-hand side of (42) exceeds

e(p� 1)2 þ p( p� 1)� p( p� 1)e ¼ (p� 1)( p� e) . 0:

The only remaining case is s > 1=(p� 2). Then we have 1þ s < ( p� 1)s and we

immediately obtain f 0(s) . 0.

Let us deal with the second inequality. We have

e

2
( p� 1)2s2 ¼ p(p� 1)

2
s2 � p� 1

p
e <

p( p� 1)

2
(2s)2:

Moreover, if s < ª, then
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( p� 1) p�2s p < ( p� 1) p�2ª p�2s2 < ( p� 1) p�2 ª
p�2

2
(2s)2,

as required; if s . ª, then s , 2s� ª and

(p� 1) p�2s p ¼ (p� 1) p�2 s

2s� ª

� � p

(2s� ª) p < ( p� 1) p�2(2s� ª) p:

h

Proof of Theorem 5. Let wp be the Burkholder function with respect to �(t) ¼ t p.

Unfortunately, inequalities (28) do not hold under the assumptions of Theorem 5. We will

modify the function w p; consider a function w: H2 ! R given by

w(x, y) :¼ wp(x, y)þ 18( p� 1) p�3jyj p:

By (20), we have

wp(x, y) <
2

C2
(3Cjyj) p � C

C � 1
jxj

� � p� �
¼ 2C p�2

(C � 1) p
[C p

pjyj p � jxj p]:

Therefore w < v, where v: H2 ! R is given by

v(x, y) ¼ 2C p�2

(C � 1) p
C p

p þ
9(C � 1) p( p� 1) p�3

C p�2

� �
jyj p � jxj p

� �
:

Therefore it suffices to prove the inequality Ew(Mn, 2Nn) > 0. We have, by (26),

E(w(Mn, 2Nn)jF n�1)� w(Mn�1, 2Nn�1)

> E(� p,Mn�1,2Nn�1
(2jenj)jF n�1)� E(� p,Mn�1,2Nn�1

(jdnj)jF n�1) (43)

þ 18( p� 1) p�3E (j2Nnj p � j2Nn�1j p � pj2Nn�1j p�2(2Nn�1, 2en)jF n�1

	 

:

We will show, that for any x, y 2 H and any centred bounded variables X , Y , taking values

in Hilbert-space H, such that

EjX j2 < EjY j2, EjX j p < EjY j p,

we have

E� p,x,2 y(jX j) < E� p,x,2 y(j2Y j)þ 18(p� 1) p�3E j2yþ 2Y j p � j2yj p � pj2yj p�2(2y, 2Y )
	 


:

This will immediately imply that the right-hand side of (43) is non-negative almost surely.

Divide both sides of the inequality above by 18(jxj þ 6jyj) p=( p� 1) and substitute

Æ ¼ 6jyj
jxj þ 6jyj , X :¼ X

jxj þ 6jyj , Y :¼ Y

jxj þ 6jyj , y :¼ 2y

jxj þ 6jyj :

Then, by (39) and (40), we obtain the following inequality to prove:

E— p,Æ(jX j) < E— p,Æ(jY j)þ (p� 1) p�2E(jyþ 2Y j p � jyj p � pjyj p�2(y, 2Y )):
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But E— p,Æ(jX j) < E— p,0(jX j), as for any s > 0 the function Æ 7! — p,Æ(s) is non-increasing.

Therefore, by Lemma 6 we have

E— p,0(jX j) ¼ E[(1þ jX j) p � 1� pjX j] < e

2
( p� 1)2EjX j2 þ ( p� 1) p�2EjX j p

<
e

2
( p� 1)2EjY j2 þ ( p� 1) p�2EjY j p:

Now we apply the second inequality from Lemma 6 with ª ¼ jyj; we may bound the

expression from above by

p( p� 1)

2
E(2jY j)2 þ ( p� 1) p�2E

jyj p�2

2
(2jY j)2 If2jY j<2j yjg þ (2jY j � jyj) p If2jY j.2j yjg

� �
,

which, due to Lemma 6, does not exceed

p( p� 1)

2
E(2jY j)2 þ ( p� 1) p�2E jyþ 2Y j p � jyj p � pjyj p�2(y, 2Y )

	 

< E— p,Æ(j2Y j)þ (p� 1) p�2E jyþ 2Y j p � jyj p � pjyj p�2(y, 2Y )

	 

:

h

3.2. Gaussian martingales

The purpose of this subsection is to prove the strong- and weak-type inequalities for

Gaussian martingales. We start from the definition.

Definition 2. A martingale (Mn, F n) is Gaussian if for any n > 1 the conditional distribution

of d n with respect to the � -algebra F n�1 is Gaussian almost surely.

We now introduce a new domination.

Definition 3. Let (Mn), (Nn) be (F n)-martingales taking values in Hilbert space H. We say

that (Mn) is variance-dominated by (Nn) if, for any n > 1, we have

E(jdnj2jF n�1) < E(jenj2jF n�1) a:s:

First we prove a lemma which enables us to relate the variance domination with the

‘weakened’ domination from Theorem 4.

Lemma 7. Let X , Y be two centred Gaussian random variables with values in the Hilbert

space H, such that EjX j2 < EjY j2. Then, for any r . 0, we have

Ełr(jX j) < Ełr

ffiffiffi
�

2

r
jY j

� �
, (44)

where łr ¼ ł,2,r is given by (32).
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Proof. The function s 7! łr(
ffiffiffi
s

p
) is concave, so by the Jensen inequality we may write

Ełr(jX j) ¼ Ełr(
ffiffiffiffiffiffiffiffiffi
jX j2

p
) < łr(

ffiffiffiffiffiffiffiffiffiffiffiffi
EjX j2

p
):

With no loss of generality we may assume that H is finite-dimensional. Let k1, k2, . . . , km

be its orthonormal basis. The random variables

Wi ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EjY j2

Ej(Y , ki)j2

s
(Y , ki)

are real, centred, Gaussian and have variance EjY j2. Again by the Jensen inequality,

Ełr

ffiffiffi
�

2

r
jY j

� �
¼ Ełr

ffiffiffiffiffiffiffiffiffiffiffiffi
�

2
jY j2

r� �

¼ Ełr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�

2

Xm
i¼1

Ej(Y , ki)j2
EjY j2

EjY j2
Ej(Y , ki)j2

j(Y , ki)j2
� �s !

>
Xm
i¼1

Ej(Y , ki)j2
EjY j2 Ełr

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�

2
jWij2

r� �
¼ Ełr

ffiffiffi
�

2

r
jW1j

� �
:

Hence, it is enough to show that

Ełr

ffiffiffi
�

2

r
jW1j

� �
> łr(

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EjW1j2

p
):

By (35), this inequality is equivalent to

�

2
Ełr(jW1j) > ł ffiffiffiffiffiffiffiffi

(�=2)
p

r
(
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EjW1j2

p
): (45)

We may assume that EjW1j2 ¼ 1. Suppose that r <
ffiffiffiffiffiffiffiffiffiffiffi
(2=�)

p
. Then

ł ffiffiffiffiffiffiffiffi
(�=2)

p
r
(1) ¼

ffiffiffiffiffiffi
2�

p
r � �

2
r2 and (45) takes the form

�

2

ffiffiffi
2

�

r ð r
0

s2exp � s2

2

� �
dsþ

ffiffiffi
2

�

r ð1
r

(2rs� r2)exp � s2

2

� �
ds

 !
>

ffiffiffiffiffiffi
2�

p
r � �

2
r2: (46)

Integrating by parts, we obtainffiffiffi
�

2

r
r exp � r2

2

� �
þ (1þ r2)

ð r
0

exp � s2

2

� �
ds

� �
>

ffiffiffiffiffiffi
2�

p
r,

hence we must show that

f (r) :¼
ð r
0

exp � s2

2

� �
dsþ r

r2 þ 1
exp � r2

2

� �
� 2r

1þ r2
> 0:

But we have
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f 9(r) ¼ 2

(r2 þ 1)2
exp � r2

2

� �
� 1þ r2

� �
> 0,

so inequality (46) holds.

On the other hand, if r .
ffiffiffiffiffiffiffiffi
2=�

p
, then ł ffiffiffiffiffiffiffiffi

(�=2)
p

r
(1) ¼ 1 and the left-hand side of (45) is

increasing (as a function of r). But the inequality is true for r ¼
ffiffiffiffiffiffiffiffi
2=�

p
, so the proof is

complete. h

Inequality (44) enables us to prove the weak-type inequality and the strong-type

inequality for 1 , p , 2; unfortunately, it fails to hold for łr ¼ ł.2,r and in this case we

need a different argument.

Lemma 9. Let p . 2. Then, for any � . 0, we haveffiffiffi
2

�

r ð1
0

[(1þ � s) p � 1� ps� ]exp � s2

2

� �
ds <

p(p� 1)

2
(2� )2 þ 2(2 p� ) p:

Proof. Consider the function f (x) ¼ [(1þ x) p � 1� px]=x2. It is increasing for x > 0, as we

have f (x) ¼ p( p� 1)
Ð 1
0
(1� t)(1þ tx) p�2 dt. Suppose that � < 1=p. Thenffiffiffi

2

�

r ð1
0

(1þ � s) p � 1� ps�

� 2
exp � s2

2

� �
ds

<

ffiffiffi
2

�

r ð1
0

(1þ (1=p)s) p � 1� ps(1=p)

1=p2
exp � s2

2

� �
ds

<

ffiffiffi
2

�

r
p2
ð1
0

[exp(s)� 1� s]exp � s2

2

� �
ds

¼ p2
ffiffiffiffiffi
2e

p ffiffiffi
�

p
ð1
�1

exp � s2

2

� �
ds� 1�

ffiffiffi
2

�

r !
< p2 <

p( p� 1)

2
� 4:

Suppose now that � . 1=p. Thenffiffiffi
2

�

r ð1
0

[(1þ � s) p � 1� ps� ]exp � s2

2

� �
ds

<

ffiffiffi
2

�

r ð1=�
0

(1þ � s) pexp � s2

2

� �
dsþ

ffiffiffi
2

�

r ð1
1=�

(1þ � s) pexp � s2

2

� �
ds

< 2 p þ
ffiffiffi
2

�

r ð1
1=�

(2s� ) pexp � s2

2

� �
ds

< (2 p� ) p þ (2� ) p
ffiffiffi
2

�

r ð1
0

s pexp � s2

2

� �
ds < 2 � (2 p� ) p:

h
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We are ready to extend the previous results to the Gaussian setting.

Theorem 5. Let (Mn), (Nn) be two Gaussian martingales taking values in the Hilbert space

H, such that N variance-dominates M . Then

(a) For t . 0, we have

P(jMnj > t) < 3
ffiffiffiffiffiffi
2�

p
EjNnj:

(b) For 1 , p , 1 and n > 0, we have

(EjMnj p)1= p < K p(EjNnj p)1= p,

where

K p ¼

ffiffiffi
�

2

r
C p if 1 , p , 2,

1 if p ¼ 2,

2 C p
p þ

18(C � 1) p p p

C p�2( p� 1)

� �1= p

, if p . 2,

8>>>><
>>>>:

C is defined by equation (21) and C p is the constant from Theorem 3.

Remark 5. One can verify that for 1 , p , 2 we have K p , 3:76=( p� 1) and for p . 2 we

have K p , 4p.

Proof of Theorem 6. (a) This is an immediate consequence of the Theorem 4 and the Lemma

7.

(b) For 1 , p , 2 we again apply Theorem 4 and Lemma 7. For p ¼ 2 the proof is

trivial. Suppose, then, that p . 2. The proof is similar to that of Theorem 5: we consider

the function w: H2 ! R given by

w(x, y) ¼ wp(x, y)þ
36p p

p� 1
jyj p,

where wp is the Burkholder function with respect to �(t) ¼ t p. Then w < v, where

v(x, y) ¼ 2C p�2

(C � 1) p
(C p

p þ
18(C � 1) p p p

C p�2( p� 1)
)jyj p � jxj p

� �
:

To prove the theorem, it suffices to show that for any x, y 2 H and any centred Gaussian

random variables X , Y taking values in H, such that EjX j2 < EjY j2, we have

E�(jX j) < E�(2jY j)þ 36p p

p� 1
(Ej2yþ 2Y j p � j2yj p),
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where � ¼ � p,x,2 y is given by (30). The variable Y is symmetric, hence

Ej2yþ 2Y j p ¼ 1

2
E j2yþ 2Y j p þ j2y� 2Y j p½ �

¼ 1

2
E (j2yj2 þ j2Y j2 þ 2(2y, 2Y )) p=2 þ (j2yj2 þ j2Y j2 � 2(2y, 2Y )) p=2
h i

> E(j2yj2 þ j2Y j2) p=2 > j2yj p þ Ej2Y j p:

Therefore it suffices to show that

E�(jX j) < E�(j2Y j)þ 36p p

p� 1
Ej2Y j p:

Let � 2 ¼ EjX j2. It is an easy matter to check that the function s 7! �(
ffiffiffi
s

p
) is convex

(because � ¼
Ð1
0

t p�1�(�=t) dt and all integrated functions have this property). Hence, by

the Jensen inequality,

E�(j2Y j)þ 36p p

p� 1
Ej2Y j p ¼ E�(

ffiffiffiffiffiffiffiffiffiffiffi
j2Y j2

p
)þ 36p p

p� 1
E(j2Y j2) p=2

> �(2� )þ 36

p� 1
(2p� ) p > 9p(jxj þ 3 � 2jyj) p�2(2� )2 þ 36

p� 1
(2 p� ) p:

With no loss of generality we may assume that H is finite-dimensional; let h1, h2, . . . , hm be

its orthonormal basis. We have

X ¼
Xm
l¼1

(hl, X )hl ¼
Xm
l¼1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
E(hl, X )2

EjX j2

s ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EjX j2

E(hl, X )2

s
(hl, X )hl

 !
:

The variables

Wl ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
EjX j2

E(hl, X )2

s
(hl, X ), l ¼ 1, 2, . . . , m,

are real, Gaussian and have variance � 2. Moreover,

Xm
l¼1

E(hl, X )
2

EjX j2 ¼ 1,

hence, by the Jensen inequality,

E�(jX j) ¼ E�(
ffiffiffiffiffiffiffiffiffi
jX j2

p
) ¼ E�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiXm
l¼1

E(hl, X )
2

EjX j2 jWlj2
s !

<
Xm
l¼1

E(hl, X )
2

EjX j2 E�(jWlj) ¼ E�(jW1j),
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therefore we may assume that dimH ¼ 1. Hence it suffices to show that, for X � N (0, � ),
we have

E�(jX j) < 9p(jxj þ 6jyj) p�2(2� )2 þ 36

p� 1
(2 p� ) p:

If we divide both sides by 18(jxj þ 6jyj) p=(p� 1) and substitute

� :¼ �

jxj þ 6jyj , Æ ¼ 6jyj
jxj þ 6jyj , X :¼ X

jxj þ 6jyj ,

we obtain the following inequality to prove:

E— p,Æ(jX j) <
p(p� 1)(2� )2

2
þ 2(2p� ) p:

But we have

E— p,Æ(jX j) < E— p,0(jX j) ¼
ffiffiffi
2

�

r ð1
0

[(1þ � s) p � 1� ps� ]exp(�s2=2) ds

and the result follows from Lemma 9.

4. Concluding remarks

Remark 6. As we have seen, the function u,2 gives a constant 6 in the weak-type inequality.

The function

u(x, y) ¼ jyj2 � jxj2, if jyj <
ffiffiffi
2

p
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jxj2 þ 1

p
,

2
ffiffiffi
2

p
jyj � 1, otherwise

�

yields the weak type inequality with the constant 2
ffiffiffi
2

p
. The best constant cannot be less than

1þ
ffiffiffi
2

p
(an easy example). The details will appear elsewhere.

Remark 7. We will now explain how the functions u,2, u.2 were constructed. Let us first

note, that the ‘integration method’, which leads from simple functions to the more

complicated ones, has its origin in the case of differentially subordinated martingales; indeed,

if we define

v,2(x, y) ¼
jyj2 � jxj2, if jxj þ jyj < 1,

2jyj � 1 otherwise,

(

v.2(x, y) ¼ (jyj2 � (jxj � 1)2)I jxjþj yj.1,

then it is easy to check that if a martingale (Mn) is subordinated by (Nn), then

Ev,2(Mn, Nn) > 0, Ev.2(Mn, Nn) > 0:

Hence, if we define, for p , 2,
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wp(x, y) ¼
ð1
0

t p�1v,2

x

t
,
y

t

� �
dt ¼ c1

1

p� 1
jyj � jxj

� �
(jxj þ jyj) p�1

and for p . 2,

w p(x, y) ¼
ð1
0

t p�1v.2

x

t
,
y

t

� �
dt ¼ c2(( p� 1)jyj � jxj)(jxj þ jyj) p�1,

then we have Ewp(Mn, Nn) > 0. The functions w p are exactly those used by Burkholder to

prove the strong-stype inequalities.

In this paper we modify the functions v,2, v.2 so that condition (7) is satisfied. Let us

deal with u,2; the other function can be treated in the same manner. The idea is the

following: first we set H ¼ R and expect the constructed function to be easily extended to

the Hilbert space setting. Then, in order to make the verification of condition (7) simpler,

the function is sought in the class of the continuous functions u : R2 ! R of the form

u(x, y) ¼ jyj2 � jxj2, (x, y) 2 D,

f (jyj), (x, y) =2 D:

�

Here D is a certain symmetric subset of R2 and f is a certain function, f : Rþ ! R, which

satisfies the following conditions:

(a) it is quadratic for small arguments and linear for large ones;

(b) for (x, y) 2 D we have jyj2 � jxj2 > f (y);

(c) for fixed x, the function y 7! u(x, y), y 2 R, is convex.

In practice, we take a set D ¼ f(x, y) : ajxj þ bjyj ¼ cg (we need @D to be simple, as

we want to integrate u,2) and the function f is determined on a certain interval due to the

continuity of u,2. Then we extend it using conditions (a) and (c), trying to keep the slope

of f (i.e. f 9(t) for large t) as small as possible (as it is proportional to the constants in the

theorems).

Now we impose (7); then for (x, y) =2 D, by (b) and (c), it is automatically satisfied with

�x, y � 0 and Ax, y, Bx, y equal to partial derivatives of the function u. The only case which

needs some calculations is (x, y) 2 D, where again we set Ax, y, Bx, y equal to the partial

derivatives of u (i.e. Ax, y ¼ �2x and Bx, y ¼ 2y). The function �x, y is sought in the set of

the convex differentiable functions of the form t 7! t2 If t<Tg þ (at þ b)If t.Tg.
It turns out that, up to the constant 9, the optimal function (i.e. such that f has the

smallest slope for large arguments) is the one defined by (4).
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Burkholder, D.L. (1989) Differential subordination of harmonic functions and martingales. In

J. Garcı́a-Cuerva (ed.), Harmonic Analysis and Partial DIfferential Equations, Lecture Notes in

Math. 1384, pp. 1–23. Berlin: Springer-Verlag.

de la Peña, V.H. (1993) Inequalities for the tails of adapted processes with applications to Wald’s

lemma. J. Theoret. Probab., 6, 285–302.

de la Peña, G.H., Ibragimov, R. and Sharakhmetov, S. (2003) On extremal distributions and sharp

Lp-bounds for sums of multilinear forms. Ann. Probab., 31, 630–675.

Hitczenko, P. (1990) Best constants in martingale version of Rosenthal’s inequality. Ann. Probab., 18,

1656–1668.
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