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ON DEVIATIONS, SMALL FUNCTIONS AND STRONG ASYMPTOTIC

FUNCTIONS OF MEROMORPHIC FUNCTIONS

Ewa Ciechanowicz and Ivan Ivanovich Marchenko

Abstract

The paper addresses two long-standing problems: of extending the second main

theorem of Nevanlinna to the case of small functions, and of finding an upper limit for

the number of asymptotic functions of a function of finite lower order. Upper estimates

of the sum of deviations and the numbers of strong asymptotic functions and strong

functional asymptotic spots of meromorphic functions of finite lower order are

presented. The structure of the set of Petrenko’s deviations from small functions

for meromorphic functions of finite lower order is examined. An analogue of Denjoy’s

question for strong asymptotic small functions of meromorphic functions of finite lower

order is also considered.

1. Introduction

Throughout the paper we apply the standard notations of value distribu-
tion theory of meromorphic functions: Nðr; a; f Þ, Nðr; a; f Þ, Nðr; f Þ, mðr; a; f Þ,
mðr; f Þ, Tðr; f Þ, dða; f Þ and yða; f Þ ([18]). Since 1920’s the problem of general-
izing Nevanlinna’s second main theorem has been approached a number of times,
beginning with Nevanlinna’s own theorem on three small functions. Following
earlier results of Chuang, Yang Le and Osgood, in 1986 Frank and Weissenborn
proved the theorem for rational defective functions ([8]).

Theorem 1.1. Let f be a transcendental meromorphic function. Then for
distinct rational functions q1; . . . ; qk and every e > 0 we have

mðr; f Þ þ
Xk
n¼1

mðr; qn; f Þa ð2þ eÞTðr; f Þ

for r ! y, possibly except for r in a set of finite linear measure.
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A meromorphic function a is called a small function with respect to f if

Tðr; aÞ ¼ oðTðr; f ÞÞ ðr ! yÞ:

The set of all small functions of f is denoted by Sð f Þ: In 1986 Steinmetz
proved a result which was more general than the theorem obtained by Frank and
Weissenborn ([25]).

Theorem 1.2. Let f be a nonconstant meromorphic function and let fangk
n¼1

be a set of pairwise distinct meromorphic small functions of f . Then for every
e > 0,

mðr; f Þ þ
Xk
n¼1

mðr; an; f Þa ð2þ eÞTðr; f Þ

for r ! y, possibly except for r in a set of finite linear measure.

The analogue of the second main theorem including ramification factor was
finally obtained by Yamanoi in 2004 ([26]).

Theorem 1.3. Let f be a nonconstant meromorphic function on C and let
a1; . . . ; ak be distinct meromorphic functions on C: Assume that for n ¼ 1; . . . ; k,

Tðr; anÞ ¼ oðTðr; f ÞÞ ðr ! yÞ:
Then for every e > 0 we have

ðk � 2� eÞTðr; f Þa
Xk
n¼1

Nðr; an; f Þ

for r ! y, r B E,
Ð
E
d log r < y: We also have the defect relation,X

a ASð f Þ
ðdða; f Þ þ yða; f ÞÞa 2:

In 1969 Petrenko set up the question: how will Nevanlinna’s theory change
if we measure the proximity of a meromorphic function f to a value a applying a
di¤erent metric? He introduced the following function of deviation:

Lðr; a; f Þ ¼
max
jzj¼r

logþj f ðzÞj for a ¼ y;

max
jzj¼r

logþ
1

f ðzÞ � a

����
���� for a0y:

8>><
>>:

The quantity

bða; f Þ ¼ lim inf
r!y

Lðr; a; f Þ
Tðr; f Þ
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is called the magnitude of deviation of f with respect to a, and

Wð f Þ :¼ fa A C : bða; f Þ > 0g;

the set of positive deviations of f . Let us remind that the values

% :¼ lim sup
r!y

log Tðr; f Þ
log r

and l :¼ lim inf
r!y

log Tðr; f Þ
log r

are called order and lower order of a meromorphic function f , respectively. In
case of meromorphic functions of finite lower order the properties of bða; f Þ
and dða; f Þ are similar. Petrenko himself obtained the sharp upper estimate of
bða; f Þ and also an estimate for the sum

P
a AC bða; f Þ ([20]).

Theorem 1.4. If f is a meromorphic function of finite lower order l, then for
all a A C we have

bða; f ÞaBðlÞ :¼
pl

sin pl
if la 0:5;

pl if l > 0:5:

8<
:

X
a AC

bða; f Þa 816pðlþ 1Þ2:

The conjecture asserting that the inequality bðy; f Þa p% is true for entire
functions of order %, 0:5a % < y, was stated by Paley in 1932 and proved
in 1969 by Govorov in [11]. In [17] Marchenko and Shcherba presented the
following exact estimate of the sum of deviations for functions of finite lower
order and solved the problem posed by Petrenko in [21].

Theorem 1.5. If f is a meromorphic function of finite lower order l,
then X

a AC

bða; f Þa 2BðlÞ:

The value

Dða; f Þ :¼ lim sup
r!y

mðr; a; f Þ
Tðr; f Þ

is called Valiron’s defect of f at a: If Dða; f Þ > 0 we say that a is a defective
value of f in the sense of Valiron and denote Vð f Þ :¼ fa A C : Dða; f Þ > 0g:
There is an interesting relationship between the set of positive deviations and the
set of Valiron’s defective values. The result belongs to Shea and was presented
by Fuchs in [9] (see also [21]).
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For gb 0 we put

Bðg;DÞ :¼
pg

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Dð2� DÞ

p
if g > 0:5 or sin

pg

2
>

ffiffiffiffi
D

2

r
pg

sin pg
ð1� ð1� DÞ cos pgÞ if 0a ga 0:5 and sin

pg

2
a

ffiffiffiffi
D

2

r
8>>><
>>>:

:

Theorem 1.6. Let f be a meromorphic function of finite lower order l.
Then for each a A C we have

bða; f ÞaBðl;Dða; f ÞÞ:

Corollary 1.6.1. For meromorphic functions of finite lower order
Wð f Þ � Vð f Þ.

The estimate in Theorem 1.6 is sharp, which was shown by Ryshkov in [23]. In
1973 the result of Shea was extended to n-valued algebroid functions by Niino in
[19].

If bða; f Þ > 0 and a A C then a meromorphic function f approaches the
value a fast in appropriate components. It could be expected that in those
components the derivative f 0 approaches 0: Hence a natural question is if the
sum

P
a0y bða; f Þ can be estimated by Dð0; f 0Þ: This problem was solved by

Marchenko in 1999 ([14]).

Theorem 1.7. For a meromorphic function of finite lower order l the
following inequality holds

X
a0y

bða; f Þa 2Bðl;Dð0; f 0ÞÞ:

Let E � ð0;yÞ be a measurable set. The quantities

logdens E ¼ lim sup
R!y

1

log R

ð
E\½1;R�

dt

t
;

logdens E ¼ lim inf
R!y

1

log R

ð
E\½1;R�

dt

t

are called, respectively, upper and lower logarithmic density of the set E. In [13]
we can find the following analogue of the second main theorem for Petrenko’s
theory.

Theorem 1.8. Let f be a meromorphic function of finite lower order l and
order r: Let fangk

n¼1 be a finite set of distinct values, an A C, 1a na k: For
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0 < g < y, put

E1ðgÞ ¼ r :
Xk
n¼1

Lðr; an; f Þ < 2BðgÞTðr; f Þ
( )

:

If g is an entire function, put

E2ðgÞ ¼ r :
Xk
n¼1

Lðr; an; gÞ < BðgÞTðr; gÞ
( )

:

We have

logdens EjðgÞb 1� l

g
and logdens EjðgÞb 1� r

g
j ¼ 1; 2:

The following extension of Theorem 1.8 appears in [15].

Theorem 1.9. Let f be a meromorphic function of finite lower order l and
order r: Let fangk

n¼1 be a finite set of distinct complex numbers, and let e be a
fixed positive number. For 0 < g < y, we put

EðgÞ :¼ r :
Xk
n¼1

Lðr; an; f Þ < 2Bðg;Dð0; f 0ÞÞTðr; f Þ
( )

if Dð0; f 0Þ > 0, and

EðgÞ :¼ r :
X

1anak

Lðr; an; f Þ < eTðr; f Þ
( )

if Dð0; f 0Þ ¼ 0. Then, in both cases,

logdens EðgÞb 1� l

g
and logdens EðgÞb 1� r

g
:

Let now f be a meromorphic function and a—a meromorphic small
function of f . We put

bða; f Þ ¼ lim inf
r!y

Lðr; a; f Þ
Tðr; f Þ ;

where Lðr; a; f Þ ¼ logþ max
jzj¼r

1

j f ðzÞ � aðzÞj : If bða; f Þ > 0 we say that a is a

defective function of f in the sense of Petrenko. Let us remind that for a
meromorphic function f and h : Rþ ! R we write hðrÞ ¼ Sðr; f Þ if hðrÞ ¼
oðTðr; f ÞÞ for r ! y, r B E, mes E < y: In 2011 the authors obtained the
following theorem, which is a generalization of Theorem 1.8 ([3]).
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Theorem 1.10. Let f be a transcendental meromorphic function of finite
lower order l and order r, such that Nðr; f Þ ¼ Sðr; f Þ and let 0 < g < y: Let
also fqngk

n¼1 be distinct rational functions. Put

EðgÞ ¼ r :
Xk
n¼1

Lðr; qn; f Þ < BðgÞTðr; f Þ
( )

:

We have

logdens EðgÞb 1� l

g
and logdens EðgÞb 1� r

g
:

Theorem 1.10 implies, that the set of rational functions q with positive deviation
from a function f with Nðr; f Þ ¼ Sðr; f Þ is at most countable andX

ðqÞ
bðq; f ÞaBðlÞ:

A standard definition (see, for instance, [4], or [10] p. 233) says that a A C is
an asymptotic value of a meromorphic function f if there exists a continuous
curve G � C,

G : z ¼ zðtÞ ð0a t < yÞ; zðtÞ ! y for t ! y;

such that

lim
z!y; z AG

f ðzÞ ¼ lim
t!y

f ðzðtÞÞ ¼ a:

We call a pair fa;Gg, defined as above, an asymptotic spot of f : Two
asymptotic spots fa1;G1g and fa2;G2g are considered equal if a1 ¼ a2 ¼ a
and there exists a sequence of continuous curves gk with one end of each gk
belonging to G1 and the other to G2, and

lim
k!y

min
z A gk

jzj ¼ y; lim
z!y; z A

S
k
gk

f ðzÞ ¼ a:

A classical theorem of Denjoy-Carleman-Ahlfors gives the sharp upper estimate
of the number of asymptotic spots for entire functions of finite lower order
(see: [10]).

Theorem 1.11. An entire function of finite lower order l cannot have more
than ½2l� di¤erent asymptotic spots connected with finite values. Here ½x� denotes
the integer part of x.

The number of asymptotic spots of an entire function of infinite lower order may
be infinite (it is indeed for f ðzÞ ¼ expðexp zÞ). The number of asymptotic values
of a meromorphic function may be infinite even for functions of finite order.
In 1986 Eremenko proved that for every value %, 0a %ay there exists a
meromorphic function of order % with the set of asymptotic values equal to C
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([6]). It shows that it is not possible to put an upper bound for the number
of classically defined asymptotic values for mermorphic functions in general. In
2004 Marchenko introduced the following definition.

Definition 1.1. We say that a A C is an a0-strong asymptotic value of a
meromorphic function f , if there exists a continuous curve

G : z ¼ zðtÞ; 0a t < y; zðtÞ ! y as t ! y;

such that

lim inf
t!y

logj f ðzðtÞÞ � aj�1

TðjzðtÞj; f Þ ¼ aðaÞb a0 > 0; if a0y;

lim inf
t!y

logj f ðzðtÞÞj
TðjzðtÞj; f Þ ¼ aðyÞb a0 > 0; if a ¼ y:

If a is an a0-strong asymptotic value of f , then an asymptotic spot fa;Gg is
called an a0-strong asymptotic spot.

In other words, a is a strong asymptotic value of a meromorphic function f if
on an asymptotic curve G the function tends to a with the speed comparable with
characteristic Tðr; f Þ: It is easy to notice that, if a is an a0-strong asymptotic
value of f , then the magnitude of Petrenko’s deviation bða; f Þb a0: It means
that a is also a defective value in the sense of Petrenko. In the same paper from
2004 Marchenko proved an estimate of the number of strong asymptotic spots
([16]).

Theorem 1.12. Let f be a meromorphic function of finite lower order l
and let fan;Gng, n ¼ 1; 2; . . . ; k, be distinct a0-strong asymptotic spots of f : Then

ka
2BðlÞ
a0

� �
:

The example of f ðzÞ ¼ expðexp zÞ again shows that no similar upper estimate
exists for functions of infinite order.

In 1956 Denjoy made the following conjecture concerning the set of
asymptotic functions of an entire function ([5]).

If f is an entire function of finite lower order l and a1; a2; . . . ; ak are entire
functions of order less than 1=2 such that f ðzÞ � anðzÞ ! 0 for z tending to infinity
along the path Gn, 1a na k, then ka ½2l�:

The problem is still open, although there have been some results, for instance
of Denjoy himself ([5]), Somorjai ([24]) or Fenton, who proved in [7] that the
conjecture holds for asymptotic functions of order less than 1=4: The assump-
tion that the asymptotic functions should be of order less than 1=2 is essential.
If we take f ðzÞ ¼ sin

ffiffiffi
z

p
=
ffiffiffi
z

p
ð f ð0Þ ¼ 1Þ, then all acðzÞ ¼ c sin

ffiffiffi
z

p
=
ffiffiffi
z

p
, c A C are

its asymptotic functions as f ðxÞ � acðxÞ ¼ ð1� cÞ sin
ffiffiffi
x

pffiffiffi
x

p ! 0 for x ! þy:
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Even the number of rational asymptotic functions of a meromorphic function
can be infinite, which the example of f ðzÞ ¼ exp z and its asymptotic functions
bcðzÞ ¼ c=z ðc A CÞ shows. It is interesting to learn, however, if for meromor-
phic functions the number of strong asymptotic functions can be estimated.

Definition 1.2. Let f be a transcendental meromorphic function. We say
that a meromorphic function a is an a0-strong asymptotic function of f , if there
exists a continuous curve G : z ¼ zðtÞ, 0a t < y, zðtÞ ! y as t ! y, such that

lim inf
t!y

logj f ðzðtÞÞ � aðzðtÞÞj�1

TðjzðtÞj; f Þ b a0 > 0:

A pair fa;Gg is called an a0-strong functional asymptotic spot of f :

In [3] we have given two estimates of the number of strong rational asymptotic
functions.

Theorem 1.13. Let f be a meromorphic function of finite lower order l
with Nðr; f Þ ¼ Sðr; f Þ and let m denote the number of distinct a0-strong rational

asymptotic spots of f : Then ma
BðlÞ
a0

� �
:

Theorem 1.14. Let f be a meromorphic function of finite lower order l,

fp1;G1
1g; . . . ; fp1;G1

i1
g; . . . ; fpk;Gk

1 g; . . . ; fpk;Gk
ik
g; i1 þ i2 þ � � � þ ik ¼ m;

—m distinct a0-strong polynomial asymptotic spots of f and d :¼

max1anak degðpnÞ: Then ma
ðd þ 2ÞBðlÞ

a0

� �
:

2. Main results

Applying a method introduced by Petrenko it is possible to examine the
structure of the set of positive deviations from small functions for meromorphic
functions of finite lower order.

Theorem 2.1. Let f be a meromorphic function of finite lower order. Then
the set fa A Sð f Þ : bða; f Þ > 0g of meromorphic small functions of f , which are
defective in the sense of Petrenko is at most countable and

b2ðy; f Þ þ
X

a ASð f Þ
b2ða; f Þa

2ð1þ
ffiffiffi
2

p
ÞðplÞ2 if lb 0:5;

2½2þ ð1þ
ffiffiffi
2

p
Þ sin pl� pl

sin pl

� �2
if 0a l < 0:5:

8><
>:

In case when functions a are constant the statement follows from Petrenko’s
result for entire curves (Theorem 3.3 in [22]). Applying Theorem 2.1 we arrive
at an interesting conclusion concerning asymptotic functions.
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Corollary 2.1.1. Let f be a meromorphic function of finite lower order l.
The set of a0-strong small asymptotic functions of f is finite and the number k of
such functions fulfills the inequality

ka

2ð1þ
ffiffiffi
2

p
Þ pl

a0

� �2" #
if lb 0:5;

2ð2þ ð1þ
ffiffiffi
2

p
Þ sin plÞ pl

a0 sin pl

� �2" #
if 0a l < 0:5:

8>>>>><
>>>>>:

As can be observed, there is no direct analogue of Denjoy’s hypothesis for strong
asymptotic functions. Although the number of strong asymptotic small func-
tions depends on the order of f , there is no strict upper bound for the order of
a strong asymptotic function other that being a small function of f . A simple
example of a function exp z and its strong asymptotic functions acðzÞ ¼ c exp z
ðc A CÞ shows that the condition that a should be a small function of f is
essential.

The following extension of Theorem 1.9 concerns meromorphic functions
with Nðr; f Þ ¼ Sðr; f Þ:

Theorem 2.2. Let f be a meromorphic function of finite lower order l and
order r, with Nðr; f Þ ¼ Sðr; f Þ: Let 0 < g < y and let fpngk

n¼1 be distinct poly-
nomials with d ¼ max1anak deg pn: We put

EðgÞ :¼ r :
X

1anak

Lðr; pn; f Þ < Bðg;Dð0; f ðdþ1ÞÞÞTðr; f Þ
( )

if Dð0; f ðdþ1ÞÞ > 0, and for a fixed positive number e,

EðgÞ :¼ r :
X

1anak

Lðr; pn; f Þ < eTðr; f Þ
( )

if Dð0; f ðdþ1ÞÞ ¼ 0. Then we have

logdens EðgÞb 1� l

g
and logdens EðgÞb 1� r

g
:

As a result, we obtain an upper estimate of the sum of deviations with respect to
polynomials of limited degree.

Corollary 2.2.1. Let f fulfill the conditions of Theorem 2.2 and let Pd

denote the set of all polynomials of a degree less or equal to d. ThenX
p APd

bðp; f ÞaBðl;Dð0; f ðdþ1ÞÞÞ:

Also the following estimate of the number of asymptotic polynomials holds.
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Corollary 2.2.2. If f fulfills the conditions of Theorem 2.2 and fpngk
n¼1

are distinct a0-strong asymptotic polynomials of f with d ¼ max1anak deg pn, then

ka
Bðl;Dð0; f ðdþ1ÞÞÞ

a0

� �
, where ½x� is the integer part of the number x:

For meromorphic functions with Nðr; f Þ ¼ Sðr; f Þ we can put an upper limit not
only on the number of strong asymptotic polynomials, but also on the number of
strong polynomial asymptotic spots.

Theorem 2.3. Let f be a meromorphic function of finite lower order l with
Nðr; f Þ ¼ Sðr; f Þ and

fp1;G1
1g; . . . ; fp1;G1

i1
g; . . . ; fpk;Gk

1 g; . . . ; fpk;Gk
ik
g; i1 þ i2 þ � � � þ ik ¼ m;

—a0-strong polynomial asymptotic spots of f with d ¼ max1anak deg pn. Then

ma
Bðl;Dð0; f ðdþ1ÞÞÞ

a0

� �
:

The following estimates hold for transcendental meromorphic functions of finite
lower order without restrictions on the quantity of their poles.

Theorem 2.4. Let f be a transcendental meromorphic function of finite lower
order l and order r, and let 0 < g < y: Let also fpngk

n¼1 be distinct polynomials
with d ¼ max1anak deg pn: We put

ÊEðgÞ :¼ r :
X

1anak

Lðr; pn; f Þ < ðd þ 2ÞBðg;Dð0; f ðdþ1ÞÞÞTðr; f Þ
( )

if Dð0; f ðdþ1ÞÞ > 0, and for a fixed positive number e,

ÊEðgÞ :¼ r :
X

1anak

Lðr; pn; f Þ < eTðr; f Þ
( )

if Dð0; f ðdþ1ÞÞ ¼ 0. Then we have

logdens ÊEðgÞb 1� l

g
and logdens ÊEðgÞb 1� r

g
:

Corollary 2.4.1. Let f fulfill the conditions of Theorem 2.4 and let Pd

again denote the set of all polynomials of a degree less or equal to d. Then

X
p APd

bðp; f Þa ðd þ 2ÞBðl;Dð0; f ðdþ1ÞÞÞ:

We also have the following upper bound for the number of polynomial
asymptotic spots.
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Theorem 2.5. Let f be a meromorphic function of finite lower order l,

fp1;G1
1g; . . . ; fp1;G1

i1
g; . . . ; fpk;Gk

1 g; . . . ; fpk;Gk
ik
g; i1 þ i2 þ � � � þ ik ¼ m;

—m distinct a0-strong polynomial asymptotic spots of f and d :¼

max1anak degðpnÞ: Then ma
ðd þ 2ÞBðl;Dð0; f ðdþ1ÞÞÞ

a0

� �
:

3. Auxiliary results

In order to prove Theorem 2.1 we apply the following formula by Petrenko
concerning the intervals where the value of Lðr;y; f Þ is not too big in com-
parison with Tðr; f Þ ([21]).

Lemma 3.1. Let f be a meromorphic function of finite lower order
l; x > maxðl; 0:5Þ: Then for any numbers S, R such that 2S < 0:5R we
haveð0:5R

2S

Lðr;y; f Þ
rlþ1

dra
pl

sin
pl

2x

ð0:5R
2S

mðr;y; f Þ
rlþ1

drþ pl tan
pl

4x

ð0:5R
2S

Nðr;y; f Þ
rlþ1

dr

þ c

x� l

Tð2S; f Þ
S l

þ Tð2R; f Þ
Rl

� �
:

We also need a modification of the lemma on the logarithmic derivative, which
follows from Lemma 4 in [13].

Lemma 3.2. Let f be a meromorphic function. Then, possibly except for r
in a set of finite linear measure, for k ¼ 1; 2; . . . we have

L r;y;
f ðkÞ

f

� �
¼ OðlogðrTðr; f ÞÞ; ðr ! yÞ;

where f ðkÞ means the k-th derivative of f :

Let f be a transcendental meromorphic function of finite lower order l
and for 1a na k, let fpngk

n¼1 be a set of distinct polynomials, such that
degðpnÞa d for 1a na k, and db 1: Let S0 > 0 be chosen in such a way
that if jzjbS0, then for all 1a n; ha k; n0 h we have pnðzÞ0 phðzÞ: We put
for n0 h

cn;h ¼ min
jzjbS0

jpnðzÞ � phðzÞj > 0;ð3:1Þ

min
1an;hak

cn;h ¼ c > 0:
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Let fRng be a sequence of positive numbers, Rn ! y ðn ! yÞ, fulfilling the
condition

l ¼ lim inf
r!y

log Tðr; f Þ
log r

¼ lim
n!y

log Tð3Rn; f Þ
log Rn

:ð3:2Þ

For nb n0 we consider the set

Gn ¼ fz : S0 < jzj < Rn; j f ðdþ1ÞðzÞj < R�fððdþ1Þ=2Þðlþ1Þþdþ2g
n g;ð3:3Þ

where n0 is chosen in such a way that for nb n0 we have

Tð3Rn; f Þ < Rlþ1
n and

fð2d þ 2Þdþ1 þ ð2d þ 2Þdgpdþ1

Rn

<
c

4
:ð3:4Þ

Now for 1a na k we put Gn; n for the union of those connected components of
Gn which contain a point z1 such that

j f ðz1Þ � pnðz1Þj <
c

4

and points z2; z3; . . . ; zdþ1 such that for j ¼ 2; . . . ; d þ 1

j f ð j�1ÞðzjÞ � pð j�1Þ
n ðzjÞj < R�fððdþ1Þ=2Þðlþ1Þþdþ2g

n :

Applying the method introduced by Weitsman in [27] and following the same
lines as in [2], we may show that for nb n0 the sets Gn; n and Gn;h are disjoint for
n0 h: In particular, for all z A Gn; n, nb n0 we get

j f ðzÞ � pnðzÞj <
½ð2d þ 2Þdþ1 þ ð2d þ 2Þd �pdþ1

Rn

þ c

4
<

c

2
:

Thus for 1a na k and nb n0 we may consider the functions

un; nðzÞ :¼
log

1

j f ðdþ1ÞðzÞj z A Gn; n;

d þ 1

2
ðlþ 1Þ þ d þ 2

� �
log Rn z B Gn; n:

8>>><
>>>:

ð3:5Þ

By definition, the value of each un; n is relatively high in some of the components

of Gn, that is in places where f ðdþ1Þ is close to zero. Moreover, for n0 h the
sets where the values of un; n or un;h are relatively high do not overlap. We
should note here that each un; nðzÞ is a d-subharmonic function in S0 < jzj < Rn,
which can be shown in a similar way as Lemma 6 in [17]. We now conduct a
symmetrization of functions un; n: For a complex number z ¼ reiy we put:

m�ðz; un; nÞ ¼ sup
jEj¼2y

1

2p

ð
E

un; nðreijÞ dj;

T �ðz; un; nÞ ¼ m�ðz; un; nÞ þNðr; un; nÞ;
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where r A ðS0;RnÞ, y A ½0; p�, jEj is Lebesgue’s measure of the set E and

Nðr; un; nÞ ¼
ð r
1

mn; nðtÞ
t

dt;

where for 1a na k, mn; nðrÞ is the number of the zeros of f ðdþ1ÞðzÞ in Gn; n \
fz : jzj < rg: For d-subharmonic functions u, the star function T �ðz; uÞ was
introduced by Baernstein in [1]. For a number t, 0 < taþy, let us consider
the set

Ft ¼ freiy : un; nðreiyÞ > tg
and let

~uun; nðreiyÞ ¼ supft : reiy A F �
t g;

where F �
t is the symmetric rearrangement of Ft through the circular symmet-

rization with respect to the ray arg z ¼ 0 ([12]). The function ~uun; nðreiyÞ is non-
negative an non-increasing with respect to y for y A ½0; p�, even in y and, for a
fixed r, equimeasureable with un; nðreiyÞ: Moreover, for 1a na k,

~uun; nðrÞ ¼ max log max
jzj¼r

1

j f ðdþ1ÞðzÞj ;
d þ 1

2
ðlþ 1Þ þ d þ 2

� �
log Rn

� �
;

~uun; nð�rÞ ¼ max log min
jzj¼r

1

j f ðdþ1ÞðzÞj ;
d þ 1

2
ðlþ 1Þ þ d þ 2

� �
log Rn

� �
:

Let us also notice that

m�ðz; un; nÞ ¼
1

p

ð y
0

~uun; nðreijÞ dj:

The function T �ðz; un; nÞ is subharmonic in D ¼ freiy : S0 < r < Rn; 0 < y <
pg, continuous on D [ ð�Rn;S0Þ [ ðS0;RnÞ and also logarithmically convex in
r A ðS0;RnÞ for each fixed y A ½0; p� ([1]). What is more, for r A ðS0;RnÞ,

T �ðr; un; nÞ ¼ Nðr; un; nÞ; T �ðreip; un; nÞ ¼ Tðr; un; nÞ;
q

qy
T �ðreiy; un; nÞ ¼

~uun; nðreiyÞ
p

for 0 < y < p;

where Tðr; un; nÞ is the Nevanlinna characteristic of un; nðzÞ: The following lemma
points to the existence of intervals where for a fixed y the star function
T �ðreiy; un; nÞ is increasing with r ([3]).

Lemma 3.3. Let S0 > 0, as before, be such that if jzjbS0 then pnðzÞ0 phðzÞ
ð1a n; ha k; n0 hÞ: Let also fRng be defined as in (3.2), n0 as in (3.4).
For each number S1 > S0, there exists n1 b n0 such that for all nb n1 and
y A ½0; p� the function T �ðreiy; un; nÞ is monotonically increasing in r on the interval
½S1;RnÞ:
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For aðrÞ—a real-valued function of a real variable r we consider the
operator

LaðrÞ ¼ lim inf
h!0

aðrehÞ þ aðre�hÞ � 2aðrÞ
h2

:

When aðrÞ is twice di¤erentiable in r, then

LaðrÞ ¼ r
d

dr
r
d

dr
aðrÞ

� �
:

As T �ðreiy; un; nÞ is a convex function of log r, for S0 < r < Rn, y A ½0; p� we have

LT �ðreiy; un; nÞb 0:

The following lemma gives a stronger convexity condition.

Lemma 3.4. Let S0, fRng be as in Lemma 3.3. For almost all y A ½0; p� and
for almost all r A ðS0;RnÞ we have

LT �ðreiy; un; nÞb� 1

p

q~uun; nðreiyÞ
qy

:

The proof of Lemma 3.4 can be conducted similarly as the proof of Lemma 1 in
[13]. We now put

T �
0 ðz; f Þ :¼

Xk
n¼1

T �ðz; un; nÞ:

It follows from the definition of operator L and from logarithmic convexity of
each T �ðz; un; nÞ that

LT �
0 ðz; f Þb

Xk
n¼1

LT �ðz; un; nÞb 0:

Moreover, Lemma 3.4 implies that

LT �
0 ðz; f Þb� 1

p

Xk
n¼1

q~uun; nðreiyÞ
qy

:

For t > 0 we choose the numbers a and c such that

0 < aamin p;
p

2t

� �
; � p

2t
aca

p

2t
� a

and let

hnðr; tÞ :¼
1

p

Xk
n¼1

~uun; nðrÞ cos tc� 1

p

Xk
n¼1

~uun; nðreiaÞ cos tðaþ cÞ

� t sin tðaþ cÞT �
0 ðreia; f Þ þ t sin tcNðr; 0; f ðdþ1ÞÞ:
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The following result shows that the set of real numbers r where hnðr; tÞ is positive
cannot be relatively big ([3]).

Lemma 3.5. Let S0, fRng, n1 be defined as in Lemma 3.3. Let S1 ¼ S0 þ 1,
nb n1: Put A ¼ fr : S1 < r < Rn; hnðr; tÞ > 0g: We have

t

ð
A

dt

t
a log Tð3Rn; f Þ þ log log Rn þOð1Þ ðn ! yÞ:

4. Proof of Theorem 2.1

Let a1; . . . ; ak be meromorphic functions small with respect to f . We shall

apply Lemma 3.1 to
1

f ðzÞ � anðzÞ
ð1a na kÞ:

ð0:5R
2S

Lðr; an; f Þ
rlþ1

dra
pl

sin
pl

2x

ð0:5R
2S

mðr; an; f Þ
rlþ1

drð4:1Þ

þ pl tan
pl

4x

ð 0:5R
2S

Nðr; 0; f � anÞ
rlþ1

dr

þ c

x� l

Tð2S; f Þ
S l

þ Tð2R; f Þ
Rl

� �
:

Moreover,

Nðr; 0; f � anÞaTðr; f � anÞ ¼ ð1þ oð1ÞÞTðr; f Þ ðr ! yÞ:
By [21] (Lemma 1.9.2, p. 40), we can find two sequences f2Sng, f2Rng such

that
Sn

Rn

! 0 and

Tð2Sn; f Þ
S l
n

þ Tð2Rn; f Þ
Rl

n

¼ o

ð 0:5Rn

2Sn

Tðr; f Þ
rlþ1

dr

� �
:

It follows from (4.1) thatð0:5Rn

2Sn

Lðr; an; f Þ
rlþ1

dra
pl

sin
pl

2x

ð0:5Rn

2Sn

mðr; an; f Þ
rlþ1

drð4:2Þ

þ pl tan
pl

4x
ð1þ oð1ÞÞ

ð0:5Rn

2Sn

Tðr; f Þ
rlþ1

dr:

Moreover, Lðr; an; f Þb ðbðan; f Þ � eÞTðr; f Þ for all rb r0: Thus from (4.2) we
get the inequality

bðan; f Þ � e� pl tan
pl

4x

� �ð0:5Rn

2Sn

Tðr; f Þ
rlþ1

dra
pl

sin
pl

2x

ð0:5Rn

2Sn

mðr; an; f Þ
rlþ1

dr:ð4:3Þ
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For the sake of simplicity we put b ¼ bðan; f Þ � e, sðx; lÞ ¼ s ¼ 0:5plx�1:

If lb 1
2 then s may take up any value from the interval 0;

p

2

� �
: From (4.3) we

get

b sin s

pl
� 1þ cos s

� �ð0:5Rn

2Sn

Tðr; f Þ
rlþ1

dra

ðRn

2Sn

mðr; an; f Þ
rlþ1

dr:

Let F ðsÞ ¼ bðplÞ�1 sin s� 1þ cos s: This function attains its maximum on the

interval 0;
p

2

� �
at the point s0 ¼

arctan b

pl
and

Fðs0Þ ¼
b2

plð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ ðplÞ2

q
þ plÞ

b b2ðplÞ�2ð1þ
ffiffiffi
2

p
Þ�1:

Then for nb n0 we have,

b2

ðplÞ2ð1þ
ffiffiffi
2

p
Þ
� e

( )ð0:5Rn

2Sn

Tðr; f Þ
rlþ1

dra

ð 0:5Rn

2Sn

mðr; an; f Þ
rlþ1

dr:

Applying this estimate to k distinct functions an we get

Xk
n¼1

b2ðanÞ
ðplÞ2ð1þ

ffiffiffi
2

p
Þ
� e

( )ð0:5Rn

2Sn

Tðr; f Þ
rlþ1

dra

ð0:5Rn

2Sn

Pk
n¼1 mðr; an; f Þ

rlþ1
dr:

For rb r0 we have ([25]),

Xkþ1

n¼1

mðr; an; f Þa 2Tðr; f Þ þ C log Tð2r; f Þ; akþ1 ¼ y:

Thus for nb n0,ð0:5Rn

2Sn

Pkþ1
n¼1 mðr; an; f Þ

rlþ1
dra ð2þ eÞ

ð0:5Rn

2Sn

Tðr; f Þ
rlþ1

dr:

It follows that

Xkþ1

n¼1

b2ðan; f Þa 2ðplÞ2ð1þ
ffiffiffi
2

p
Þ:

This completes the proof of Theorem 2.1 in case lb 0:5:
If l < 0:5 then the function s ¼ 0:5plx�1 for x > 0:5 takes up any value

from the interval ð0; plÞ: If 0 < bðan; f Þa pl tan pl, then again the maximum
value of F ðsÞ on ð0; plÞ is attained at s0 ¼ arctan bðplÞ�1. Similarly as in the
case lb 0:5, we get

F ðs0Þ ¼
b2

plð
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
b2 þ ðplÞ2

q
þ plÞ

b
b2 sin pl

ðplÞ2ðsin plþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ sin2 pl

p
Þ
b

b2 sin pl

ðplÞ2ð1þ
ffiffiffi
2

p
Þ
:
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Repeating the reasoning of the case lb 0:5, we arrive at the estimate

Xkþ1

n¼1

b2ðan; f Þa 2
ðplÞ2

sin pl
ð1þ

ffiffiffi
2

p
Þ;

where the sum is taken over those functions an for which bðan; f Þa pl tan pl:
Let now 0a l < 0:5 and bðan; f Þb pl tan pl: In this case for s A ½0; plÞ

we have

max F ðsÞ ¼ F ðplÞ ¼ b
sin pl

pl
� 2 sin2 0:5pl ¼ sin pl

pl
fb � pl tan 0:5plg:

For la 0:5 we have pl tan 0:5pla 0:5pl tan pl < 0:5b: Thus

max
0as<pl

F ðsÞb 0:5b
sin pl

pl
:

Similarly as before we get that for k distinct functions anu,

Xkþ1

n¼1

bðan; f Þa
4pl

sin pl

and from that, since in this case bðan; f Þa
pl

sin pl
, we have

Xkþ1

n¼1

b2ðan; f Þa
4ðplÞ2

sin2 pl
:

Put A ¼ fan : bðan; f Þ > pl tan plg, B ¼ fan : bðan; f Þa pl tan plg: Then

Xkþ1

n¼1

b2ðan; f Þa
X
an AA

b2ðan; f Þ þ
X
an AB

b2ðan; f Þa
2ðplÞ2

sin2 pl
f2þ ð1þ

ffiffiffi
2

p
Þ sin plg:

The statement in this case follows directly from this estimate. This completes the
proof of Theorem 2.1.

5. Proof of Theorem 2.2

We show the estimate for the upper logarithmic density of EðgÞ: The proof
for the estimate of the lower logarithmic density can be conducted in a similar
way, only instead of Rn we take any positive number R, and we replace the lower
order l with the order r:

We start with the following sum

Xk
n¼1

Lðr; pn; f Þ ¼
Xk
n¼1

logþ max
jzj¼r

1

j f ðzÞ � pnðzÞj
¼
Xk
n¼1

logþ
1

j f ðreiynÞ � pnðreiynÞj
;

where r A ðS1;RnÞ, pn are polynomials such that for 1a na k, degðpnÞa d:
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If j f ðreiynÞ � pnðreiynÞjb
c

4
then

logþ
1

j f ðreiynÞ � pnðreiynÞj
a logþ

4

c
:

Let j f ðreiynÞ � pnðreiynÞj <
c

4
: Then we have

logþ
1

jð f � pnÞðreiynÞj
a logþ

ð f � pnÞðdþ1ÞðreiynÞ
ð f � pnÞðreiynÞ

�����
�����þ logþ

1

f ðdþ1ÞðreiynÞ

����
����:

As un; nðreiynÞa ~uun; nðrÞ, it follows from the inequalities above that in general
for r A ðS1;RnÞ, 1a na k we have

logþ
1

jð f � pnÞðreiynÞj
a ~uun; nðrÞ þ logþ M r;

ð f � pnÞðdþ1Þ

f � pn

 !
þ logþ

4

c
:

This way we obtain

Xk
n¼1

Lðr; pn; f Þa
Xk
n¼1

~uun; nðrÞ þ logþ M r;
ð f � pnÞðdþ1Þ

f � pn

 !( )
þ k logþ

4

c
:ð5:1Þ

Notice that if ga l the theorem is obvious. Let then g > l: We take

l < t < g: We choose c ¼ p

2t
� a: Thus

hnðr; tÞ ¼
sin ta

p

Xk
n¼1

~uun; nðrÞ � tT �
0 ðreiaÞ þ t cos taNðr; 0; f ðdþ1ÞÞ:

From the definition of Valiron’s defect,

Dð0; f ðdþ1ÞÞ ¼ 1� lim inf
r!y

Nðr; 0; f ðdþ1ÞÞ
Tðr; f ðdþ1ÞÞ ;

so if e > 0 is a fixed number, for r > r0ðeÞ we have

Nðr; 0; f ðdþ1ÞÞ > ð1� Dð0; f ðdþ1ÞÞ � eÞTðr; f ðdþ1ÞÞ:ð5:2Þ
Notice that when Dð0; f ðdþ1ÞÞ ¼ 1 we have Bðg;Dð0; f ðdþ1ÞÞÞ ¼ BðgÞ and the

statement follows from Theorem 1.7.
Let us take 0 < Dð0; f ðdþ1ÞÞ < 1 and 0 < e < 1� Dð0; f ðdþ1ÞÞ:
Applying the first theorem of Nevanlinna we obtain

T �
0 ðz; f Þ ¼ T �

0 ðreiy; f Þ ¼
Xk
n¼1

T �ðz; un; nÞð5:3Þ

¼
Xk
n¼1

ðm�ðz; un; nÞ þNðr; un; nÞÞ
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am r;
1

f ðdþ1Þ

� �
þN r;

1

f ðdþ1Þ

� �
þ k

d þ 1

2
ðlþ 1Þ þ d þ 2

� �
log Rn

¼ Tðr; f ðdþ1ÞÞ þ Cf þ k
d þ 1

2
ðlþ 1Þ þ d þ 2

� �
log Rn;

where Cf is a constant appearing in the first theorem of Nevanlinna. For
r A ðr0ðeÞ;RnÞ, from (5.2) and (5.3), we get

hnðr; tÞ >
sin ta

p

Xk
n¼1

~uun; nðrÞ � tTðr; f ðdþ1ÞÞ � tk
d þ 1

2
ðlþ 1Þ þ d þ 2

� �
log Rn

� tCf þ t cos tað1� Dð0; f ðdþ1ÞÞ � eÞTðr; f ðdþ1ÞÞ

¼ sin ta

p

(Xk
n¼1

~uun; nðrÞ �
pt

sin ta

"
Tðr; f ðdþ1ÞÞ

þ k
d þ 1

2
ðlþ 1Þ þ d þ 2

� �
log Rn þ Cf

#

þ pt ctg tað1� Dð0; f ðdþ1ÞÞ � eÞTðr; f ðdþ1ÞÞ
)

:¼ sin ta

p
Hnðr; tÞ

We now consider the set

A1 ¼ fr A ðS1;RnÞ : Hnðr; tÞ > 0g:
If r A A1 then hnðr; tÞ > 0 and by Lemma 3.5,

t

ð
A1\½S1;Rn�

dt

t
a log Tð3Rn; f Þ þ log log Rn þOð1Þ:ð5:4Þ

If r B A1, then

Xk
n¼1

~uun; nðrÞa
pt

sin ta

�
ð1� cos tað1� Dð0; f ðdþ1ÞÞ � eÞÞTðr; f ðdþ1ÞÞ

þ k
d þ 1

2
ðlþ 1Þ þ d þ 2

� �
log Rn þ Cf

�
:

Thus for r A ½r0ðeÞ;Rn�nA1 from (5.1) we get

Xk
n¼1

Lðr; pn; f Þa
pt

sin ta
ð1� cos tað1� Dð0; f ðdþ1ÞÞ � eÞÞTðr; f ðdþ1ÞÞ

þ ptk

sin ta

d þ 1

2
ðlþ 1Þ þ d þ 2

� �
log Rn þ Cf

� �

þ
Xk
n¼1

logþ M r;
ð f � pnÞðdþ1Þ

f � pn

 !
þ k logþ

4

c
:
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Applying Lemma 3.2, lemma on the logarithmic derivative, and the fact that
Nðr; f Þ ¼ Sðr; f Þ, we obtain that, possibly except for r in a set of finite linear

measure, for r A ½r0ðeÞ;Rn�nA1 and for all a such that 0 < aamin p;
p

2t

� �
, for

n ! y,

Xk
n¼1

Lðr; pn; f Þa
pt

sin ta
ð1� cos tað1� Dð0; f ðdþ1ÞÞ � eÞÞTðr; f Þ

þ oðTðr; f ÞÞ þOðlog RnÞ:

We now calculate the minimum of
pt

sin ta
ð1� cos tað1� Dð0; f ðdþ1ÞÞ � eÞÞ

over all the numbers a with 0 < aamin p;
p

2t

� �
: Thus for n ! y we get

Xk
n¼1

Lðr; pn; f Þa ðBðt;Dð0; f ðdþ1ÞÞÞ þ eÞTðr; f Þ þ oðTðr; f ÞÞ þOðlog RnÞ:

Let dðRÞ ! 0 be chosen in such a way that
TðRdðRÞ; f Þ

log R
! y for R ! y:

We put Sn ¼ R
dðRnÞ
n , where fRng is a sequence from (3.2). Let also r A ½Sn;Rn�,

Sn > S1: It follows from the definition of Sn that

Tðr; f ÞbTðSn; f Þ ¼ log Rn

TðRdðRnÞ
n ; f Þ

log Rn

;

for r A ½Sn;Rn�, which implies that log Rn ¼ oðTðSn; f ÞÞ ðn ! yÞ: Therefore, as
g > t, for r A ½Sn;Rn�nA1, possibly except for r A E0, where E0 is a set of finite
linear measure we have

Xk
n¼1

Lðr; pn; f Þa ðBðt;Dð0; f ðdþ1ÞÞÞ þ oð1ÞÞTðr; f Þ

< Bðg;Dð0; f ðdþ1ÞÞTðr; f Þ ðn ! yÞ;

so ½Sn;Rn�nA1 � EðgÞ [ E0: This, together with Lemma 3.5 leads to the estimate

t

ð
EðgÞ\½1;Rn�

dt

t
b t

ð
EðgÞ\½Sn;Rn�

dt

t
b t

ð
½Sn;Rn�nA1

dt

t
þOð1Þ

b tð1� dðRnÞÞ log Rn � log Tð3Rn; f Þ � log log Rn þOð1Þ;

for n ! y: We divide this inequality by t log Rn

1

log Rn

ð
EðgÞ\½1;Rn�

dt

t
b ð1� dðRnÞÞ �

log Tð3Rn; f Þ
t log Rn

� log log Rn þOð1Þ
t log Rn

:
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From the definition of fRng we obtain for all t < g:

logdens EðgÞb 1� l

t
:

Passing to the limit with t ! g we get

logdens EðgÞb 1� l

g
:

Thus we obtain the statement in this case.
Finally, let us observe that if Dð0; f ðdþ1ÞÞ ¼ 0 we may conduct the proof

similarly, only taking a fixed positive number instead of Dð0; f ðdþ1ÞÞ.

6. Proof of Theorem 2.3

In the beginning let us notice that we need to consider only the case when

0 < Dð0; f ðdþ1ÞÞ < 1:

If Dð0; f ðdþ1ÞÞ ¼ 0 we have no a0-strong asymptotic polynomials (see: Corollary
2.2.2) and if Dð0; f ðdþ1ÞÞ ¼ 1, the statement follows from Theorem 1.10. Let f
be a transcendental meromorphic function of finite lower order l with Nðr; f Þ ¼
Sðr; f Þ, p1; . . . ; pk—distinct polynomials of degðpnÞa d and let

fp1;G1
1g; . . . ; fp1;G1

i1
g; . . . ; fpk;Gk

1 g; . . . ; fpk;Gk
ik
g; i1 þ i2 þ � � � þ ik ¼ m;

be m distinct a0-strong polynomial asymptotic spots of f : Let Gn be the set
defined in (3.3) and let ~GGn; n; j � Gn, 1a ja jn, n ¼ 1; . . . ; k, be the components of
Gn, each of which contains points z1; z2; . . . ; zdþ1 such that

j f ðs�1ÞðzsÞ � pðs�1Þ
n ðzsÞj < R�fððdþ1Þ=2Þðlþ1Þþdþ2g

n ;

s ¼ 1; 2; . . . ; d þ 1 ð f ð0ÞðzÞ ¼ f ðzÞÞ: Applying the method introduced by Weits-
man in [27] and following the same lines as in [2], we may show that for nb n0
the components ~GGn; n; j are pairwise disjoint. In particular,

j f ðzÞ � pnðzÞj <
cðdÞ
Rn

Ez A ~GGn; n;

where ~GGn; n ¼
S

1ajajn
~GGn; n; j :

Let ðpn;Gn
1Þ and ðpn;Gn

2Þ be two distinct asymptotic spots and let ~GGn; n;1

contain a part of the asymptotic curve Gn
1 : It is easy to show that for nb n0;G

n
2

does not intersect with ~GGn; n;1 ([3]). For nb n0, n ¼ 1; . . . ; k, 1a ja jn we put

un; n; jðzÞ :¼
log

1

j f ðdþ1ÞðzÞj z A ~GGn; n; j

d þ 1

2
ðlþ 1Þ þ d þ 2

� �
log Rn z B ~GGn; n; j

8>>><
>>>:

:
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For t > 0 we also put

~HHnðr; tÞ :¼
Xk
n¼0

~uun; nðrÞ � Bðt;Dð0; f ðdþ1ÞÞ

�
�
Tðr; f ðdþ1ÞÞ þ ~mm

d þ 1

2
ðlþ 1Þ þ d þ 2

� �
log Rn þ Cf

�
:

~A1A1 :¼ fr : ~HHnðr; tÞ > 0g;
where ~mm ¼ j1 þ � � � þ jk: Following the same lines as in the proof of (5.4), we
can show, that

t

ð
~A1A1\½S1;Rn�

dt

t
a log Tð3Rn; f Þ þ log log Rn þOð1Þ ðn ! yÞ;ð6:1Þ

where t is any fixed positive number such that t > l: From Lemma 3.2 we get

logþ
1

j f ðzÞ � pnðzÞj
a logþ

j f ðsÞðzÞ � p
ðsÞ
n ðzÞj

j f ðzÞ � pnðzÞj
þ logþ

1

j f ðsÞðzÞ � p
ðsÞ
n ðzÞj

ð6:2Þ

a logþ
1

j f ðsÞðzÞ � p
ðsÞ
n ðzÞj

þOðlogðrTðr; f ÞÞÞ

jzj ¼ r B En; s; mesðEn; sÞ < y and s ¼ 1; . . . ; d þ 1:

Put En ¼
S

1asadþ1 En; s and notice, that mesðEnÞ < y: As fpn;Gn
1g; . . . ;

fpn;Gn
in
g, n ¼ 1; . . . ; k are a0-strong polynomial asymptotic spots of f ,

lim inf
z!y; z AG n

l

logþ
1

j f ðzÞ � pnðzÞj
Tðjzj; f Þ b a0 > 0; l ¼ 1; . . . ; in:ð6:3Þ

Thus, on asymptotic curves Gn
l , for jzj A ½Sn;Rn�, we have

logþ
1

j f ðzÞ � pnðzÞj
>

a0

2
Tðjzj; f Þ:

As log Rn ¼ oðTðSn; f ÞÞ ðn ! yÞ, for jzj A ½Sn;Rn� we get

a0

2
Tðjzj; f Þ > d þ 1

2
ðlþ 1Þ þ d þ 2

� �
log Rn ðn ! yÞ;

which means that

j f ðzÞ � pnðzÞj < R�fððdþ1Þ=2Þðlþ1Þþdþ2g
n ðn ! yÞ:

Moreover, it follows from (5.4) that for s ¼ 1; . . . ; d þ 1 we have

lim inf
z!y; z AG n

l ; jzj BEn; s

logþ
1

j f ðsÞðzÞ � p
ðsÞ
n ðzÞj

Tðjzj; f Þ b a0 > 0:ð6:4Þ
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Therefore for z ! y on asymptotic curves Gn
l , for s ¼ 1; . . . ; d þ 1 we have

logþ
1

j f ðsÞðzÞ � p
ðsÞ
n ðzÞj

>
a0

2
Tðjzj; f Þ > d þ 1

2
ðlþ 1Þ þ d þ 2

� �
log Rn;

so

j f ðsÞðzÞ � pðsÞn ðzÞj < R�fððdþ1Þ=2Þðlþ1Þþdþ2g
n

for jzj A ½Sn;Rn�, jzj B En ðn ! yÞ: Put ~EE :¼
S

1anak En and notice that

mes ~EE < y. If

z A Gn
l ; jzj A ½Sn;Rn�n ~EE;

for 1a la in, n ¼ 1; . . . ; k we get

j f ðzÞ � pnðzÞj < R�fððdþ1Þ=2Þðlþ1Þþdþ2g
n ðn ! yÞ;

and for 1a sa d þ 1

j f ðsÞðzÞ � pðsÞn ðzÞj < R�fððdþ1Þ=2Þðlþ1Þþdþ2g
n ðn ! yÞ:

This way we get that for each asymptotic curve Gn
l ð1a na k; 1a la inÞ,

there exists a component ~GGn; n; j0 of Gn such that for nb n0 we have the
inclusion

Gn
l \ fz : jzj A ½Sn;Rn�n ~EEg � ~GGn; n; j0 ð j0 ¼ j0ðlÞÞ:

From Lemma 3.2 we conclude that for r ! y, r B En;dþ1, mes En;dþ1 < y,
n ¼ 1; . . . k,

logþ M r;
f ðdþ1Þ � p

ðdþ1Þ
n

f � pn

 !
¼ logþ M r;

f ðdþ1Þ

f � pn

� �
¼ OðlogðrTðr; f ÞÞÞ:

Put ÊE ¼
S

1anak En;dþ1: For jzj ¼ r, r B ÊE, for each 1a na k we have

logþ
1

j f ðzÞ � pnðzÞj
¼ logþ

1

j f ðdþ1ÞðzÞj þOðlogðrTðr; f ÞÞÞ:

Notice that ÊE � ~EE:
From lemma on the logarithmic derivative and from the fact that Nðr; f Þ ¼

Sðr; f Þ it follows that

Tðr; f ðdþ1ÞÞaTðr; f Þ þ oðTðr; f ÞÞ; r ! y; r B E; mesðEÞ < y:

Thus for r A ½Sn;Rn�nð ~A1A1 [ E [ ~EEÞ, we have

Xk
n¼1

Xjn
j¼1

max
jzj¼r

un; n; jðzÞ < ðBðt;Dð0; f ðdþ1ÞÞÞ þ oð1ÞÞTðr; f Þ; n ! y;ð6:5Þ
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and from (6.1),

t

ð
½Sn;Rn�nð ~A1A1[E[ ~EEÞ

dt

t
b t 1� log Sn

log Rn

� �
log Rn � log Tð3Rn; f Þ � log log Rn þOð1Þ:

From this and from the definition of the sequence Rn (see: (3.2)),

lim sup
n!y

1

log Rn

ð
½Sn;Rn�nð ~A1A1[E[ ~EEÞ

dt

t
b 1� l

t
> 0:

Therefore, from (6.3), (6.4) and (6.5), there exists a sequence rn A ½Sn;Rn�nð ~A1A1 [
E [ ~EEÞ such, that for each Gn

l ð1a na k; 1a la inÞ we have

max
jzj¼rn

un; n; j0ðlÞðzÞ ¼ max
jzj¼rn; z A ~GGn; n; j0ðlÞ

log
1

j f ðdþ1ÞðzÞj

b max
jzj¼rn; z AG

n
l

log
1

j f ðdþ1ÞðzÞj b ða0 þ oð1ÞÞTðrn; f Þ; n ! y;

and

mða0 þ oð1ÞÞTðrn; f Þa
Xk
n¼1

Xin
l¼1

max
jzj¼rn

un; n; j0ðlÞðzÞ

a
Xk
n¼1

Xjn
j¼1

max
jzj¼rn

un; n; jðzÞ

< ðBðt;Dð0; f ðdþ1ÞÞÞ þ oð1ÞÞTðrn; f Þ; n ! y:

It follows, that

mða0 þ oð1ÞÞaBðt;Dð0; f ðdþ1ÞÞ þ oð1Þ; n ! y:

Passing with n ! y, we get ma0 aBðt;Dð0; f ðdþ1ÞÞÞ: As we can choose any
t > l, this way we get the statement. r

Let us remark, that the proofs of Theorem 2.4 and Theorem 2.5 can be
obtained by similar reasoning as in the proofs of Theorem 2.2 and Theorem
2.3, bearing in mind that this time the restriction Nðr; f Þ ¼ Sðr; f Þ does not

hold. It means that we can apply only the estimate Tðr; f ðdþ1ÞÞa ðd þ 2ÞTðr; f Þ
instead of Tðr; f ðdþ1ÞÞaTðr; f Þ þ oðTðr; f ÞÞ (for r outside a set of finite linear
measure).
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