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CONGRUENCE OF MINIMAL SURFACES

OGNIAN KASSABOV

Abstract

An interesting problem in classical differential geometry is to find methods to prove
that two surfaces defined by different charts actually coincide up to position in space.
In a previous paper we proposed a method in this direction for minimal surfaces.
Here we explain not only how this method works but also how we can find the
correspondence between the minimal surfaces, if they are congruent. We show that two
families of minimal surfaces which are proved to be conjugate actually coincide and
coincide with their associated surfaces. We also consider another family of minimal
polynomial surfaces of degree 6 and we apply the method to show that some of them
are congruent.

1. Introduction

Minimal surfaces have a long and interesting history. The name minimal
corresponds to the property that each point of such a surface has a neighborhood
that minimizes the area among all surfaces with the same boundary. It turns out
that this is equivalent to the vanishing of the mean curvature of the surface. The
first nontrivial minimal surfaces discovered were the catenoid and the helicoid.
After that, for many years no new minimal surfaces were found. From the
investigations of Weierstrass and Enneper in the 19th century we know that
any minimal surface can be found at least locally from a complex minimal curve,
see e.g. [2].

Nowadays the minimal surfaces are important in many areas such as archi-
tecture, material science, aviation, biology. Because of their minimizing prop-
erty, these surfaces can be also interesting in CAD research. Note that, for
the moment, in this area it is more important to consider polynomial minimal
surfaces. The problem is that such surfaces are probably not very numerous
in small degrees. In [1] it is shown that up to homothety and position in the
space, the classical Enneper surface is the unique polynomial minimal surface of
degree 3.

2010 Mathematics Subject Classification. 53A10.

Key words and phrases. Minimal surface, canonical principal parameters, associated surfaces.

This research is supported by the National Science Fund of the Bulgarian Ministry of Education
and Science under Grant DFNI-T01/0001, 2012.

Received January 15, 2015; revised July 10, 2015.

175



176 OGNIAN KASSABOV

In [6] and [7] some families of polynomial minimal surfaces of degrees 6 and
5 are introduced. In [5] we showed a relation among these families. To do this,
we cannot use the classical method used in [1] for degree 3. We need a new
method developed thanks to a new approach to minimal surfaces, proposed by
Ganchev [3].

Here we explain with examples how this method works. Namely, in section
4 we prove that the above mentioned families of polynomial surfaces of degree
6 from [6] contain many congruent surfaces and that all the surfaces in these
families coincide up to homothety and position in space with the classical Enneper
surface. We also show how one can look for an explicit relation between
congruent minimal surfaces. Note that the construction of these examples in [6]
is based on a theorem for the coefficients of a minimal polynomial surface of
degree six, but two of the equations in this theorem as formulated in [6] are not
exact. In section 3, we give the correct version of the theorem. Actually, the
construction of the above mentioned examples is not affected by the wrong
equations. Unfortunately in [6] another general family is obtained by using one
of the wrong equations and the surfaces in it are not minimal. So in section 5
we construct a new large family of polynomial minimal surfaces of degree 6 and
we prove some relations between its surfaces.

2. Preliminaries

Let S be a regular surface defined by the parametric equation
X = x(u, U) = (X] (u7 U), x2(ua U),X3(l/l, U))7 (u7 l)) eUc R’.

Denote the derivatives of the vector function x = x(u,v) by x,, X, Xuu, Xuw, Xuo-
The unit normal to the surface is defined by

X, X X,

e x x|

Then the coeflicients of the first and the second fundamental form are given resp.
by

2

E=x’ ;

o F=xx,, G=x

and

L=Ux,, M=Ux,, N=Uxy,.

Recall that the parameters of the surface are called isothermal, if E = G,
F=0.

The Gauss curvature K and the mean curvature H of a surface S are defined
by

LN - M? _EN —2FM + GL

K=—— =
EG—F?’ 2(EG — F?)
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The surface S is called minimal if its mean curvature vanishes identically. In this
case the Gauss curvature is non-positive. The normal curvature v of a minimal
surface S is defined to be the function v =+/—K, see [3]. This is exactly the
non-negative principal curvature of S.

Let us now consider a minimal surface defined in isothermal parameters.
Then it can be considered as a real part of a complex curve. More precisely, let
f(z) and g(z) be two holomorphic functions. Define the Weierstrass complex
curve ¥(z) by

e P = | (360 - P50+ ). Sl )

20

Then ¥(z) is a minimal curve, i.e. ¥'?(z) = 0, and its real and imaginary parts
x(u,v) and y(u,v) define two minimal surfaces in isothermal parametrizations.
We say that these two minimal surfaces are conjugate. Moreover, every minimal
surface can be obtained at least locally as the real part of a Weierstrass minimal
curve.

Example. Taking f(z) = €%, g(z) = e * we obtain a Weierstrass minimal
curve whose real part is the catenoid

x(u,v) = (cosh u cos v, —cosh u sin v, u)
and the imaginary part is the helicoid
y(u,v) = (sinh u sin v, sinh u cos v, v).

Given two conjugate minimal surfaces x(u,v) and y(u,v) we can define the
associated family

Sy : assoc,(u,v) = x(u,v) cos t + y(u,v) sin ¢.

Then for any real number 7 the surface S, is also minimal and has the same first
fundamental form as S.

It is easy to verify that the coefficients of the first fundamental form of the
associated family defined in the above way via the Weierstrass formula with
functions f(z), g(z) are given by

1 1
(22) E= /P +1gP% F=0, G=If0+gP)?
and the normal curvature is

4lg’|

(23) vl
£1CL +1g1)

see [4, Theorem 22.33].
A new approach to minimal surfaces was proposed by Ganchev in [3].

He introduced special principal parameters and called them canonical principal
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parameters. The surface being parametrized with them, the coefficients of its
fundamental forms are given by

bl ko go!
v Vv

L = 17 M = 0’ N = _1
Moreover, the surface in canonical principal parametrization is the real part of

a Weierstrass minimal curve generated by some functions f(z), g(z) with f(z) =
—1/¢'(z), i.e. it is the real part of the special Weierstrass curve

2 /1 = 2 i(1 2
() = _J ( g (2) nad () g/(Z)) i
o\ 29'(2) 29'(z)  "9'(2)
The following theorem is of great importance:

THEOREM 2.1 [3]. If a surface is parametrized with canonical principal
parameters, then its normal curvature satisfies the differential equation

Alnv+2v=0.

Conversely, for any solution v(u,v) of this equation (with v,v, # 0), there exists a
unique (up to position in space) minimal surface with normal curvature v(u,v), (u,v)
being canonical principal parameters. Moreover, the canonical principal param-
eters (u,v) are determined uniquely up to the following transformations

u=c¢cu-+a,

2.4
24) v=2¢b+b,

e=+1, a=const.,, b= const.

We will also use the following results:

THEOREM 2.2 [5].  Let the minimal surface S be defined by the real part of the
Weierstrass minimal curve (2.1).  Any solution of the differential equation

1
(2.5) (W)= ———————.
S (z(w))g'(z(w))
defines a transformation of the isothermal parameters of S to canonical principal
parameters.  Moreover the function §(w) that defines S via the Ganchev formula is

given by g(w) = g(z(w)).

THEOREM 2.3 [5]. Let the holomorphic function ¢(z) generate a minimal
surface in canonical principal parameters, i.e. via the Ganchev formula. Then, for
an arbitrary complex number o, and for an arbitrary real number ¢, any of the
functions

ei(p o + g(Z)

(2.6) 30
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generates the same surface in canonical principal parameters (up to position in
space).  Conversely, any function that generates this surface (up to position in
space) in canonical principal parameters has the above form.

More precisely, from the proof of the last theorem we see that, up to a
translation, the surface generated by the function (2.6) is obtained from the
surface generated by ¢(z) after a rotation with the matrix 4B, where

1 —a%+ b2 ~ 2ab B 2a
. 1+ a%+ b2 l4+a2+b2 14+a®2+0b?
cosp —sing 0
. . o 2ab 1 +a%— b2 2b
A=|singp cosp 0], B=| — _
0 0 ) 14+a?2+b2 14a%+5b2 1+a%+ b2
2a 2b 1 —a%—h2

l+a>+b> 14a>+b> 1+a>+0b?
and o = a +ib. In particular, if o = 0 this is a rotation by the angle ¢ about the

third axis.

THEOREM 2.4 [5]. Let k and n be any natural numbers. For arbitrary non-
zero complex numbers a, b, the minimal surfaces generated via the Weierstrass
formula by the pairs of functions

f(z)= azk, g(z) = bz"

coincide up to position in space and homothety.

3. Parametric minimal surfaces of degree six

It is shown in [6] that if a parametric minimal surface of degree 6 is
presented in isothermal parameters, then it has the form

(3.1)  r(u,v) = a(u® — 15u*v> + 15u*v* — 0%) + b(3u’v — 100> + 3uv’)
+ c(u® — 10u*v? + Suv*) + d(v° — 10u20° + 5u®v)
+ e(u* — 610 + v*) + fuv(u® — v*) + gu(u® — 30%) + hv(v?> — 3u?)
+i(u? — 0?) +juv + ku+1lv+m

where a, b, ¢, d, e, f, g, h, i, j, k, I, m are coeflicient vectors. Then the authors
of [6] formulate and give a sketch of the proof of a theorem about the relation
between these coefficients so that the surface be minimal. Actually, two of the
equations in this theorem are not exact. Namely, the statement must look as
follows
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THEOREM 3.1.  The harmonic polynomial surface (3.1) is a minimal surface if
and only if its coefficient vectors satisfy the following system of equations

4a* = b*
ab=0
2a.c—bd=0
2ad+b.c=0

25¢2 — 25d* + 48a.e — 6b.f =0

25d.c+ 12b.e+ 6a.f =0

16¢% — f? +30c.g + 30d.h + 24a.i — 6b.j = 0
de.f —15¢.h+ 15d.g + 6b.i + 6a.j=0

9g% — Oh* + 16e.i — 2f .j + 10c.k — 101.d = 0
99.h—2fi—4ej—5dk—5cl=0

(32) 4 —j> + 6g.k + 6h1 =0
2i.j+3g9.0l—3hk=0

18a.g + 9b.h + 20e.c — 5f.d =0

18a.h — 9b.g — 20e.d — 5f.c =0

6a.k —3b.1+10ci—5d.j+ 12¢.g+3fh=0
6a.l +3b.k +5cj+10d.i+3f.g—12¢.h=0
4ek —f1+3hj+6gi=0
4el+f.k+3g.j—6hi=0

Ai+kj=0
2ki—1j=0
K=
kl=0

The proof is based on the vanishing of the coefficients of u*v# in the power
expansion of the isothermal condition £ = G, F =0. The differences with the
theorem as formulated in [6] are in the seventh and the twelfth equations.

Using the first four equations of the system (3.2), we can suppose that
the coefficient vectors are a = (a1,a3,0), b= (—2a3,2a;,0), ¢ = (c1,¢2,¢3), d =
(—Cz,C17d3), €= (61,62,63), f= (f17f27f3)> g = (91792793)3 h = (h17h27h3)a i=
(i17i27i3)a J= (j17j23j3): k= (klvk27k3)’ I= (11712713)3 m= (07070)9 see [6]

4. First example

If we suppose c=d=g=h=k=1=o0, j| =20, j, =-—2i;, we obtain a
family of minimal surfaces, depending on four shape parameters a;, az, i1, i.
Two special cases are studied in [6]. Namely, if @ =i, =0 the surface is

rilar, i) (u,0) = (X1 (u,v), Y1(u,v), Z1(u,v)),
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where
X1 (u,v) = ay (u® — 15u*v* 4+ 15u%0* — 0®) + iy (u* — v?),

Yi(u,v) = 2a1(3u50 — 104’0 + 3u175) — 20 uw,

3
Z(u,v) = \/;\/ layiy| — ariy (u* — 6uPv? + v*) — 2vV6:/|arit| + ariyuv(u® — v?)

and if a; = i; = 0, the surface is
VZ[a27 iZ](u7 l)) = (Xz(ll, l)), Yz(ll, l)), ZZ(u7 U)),
where
Xo(u, v) = —2a>(3u’v — 100> + 3uv®) + 2iuv,

Y (u,v) = ar(u® — 15u*v? + 15u0* — 0%) + ir(u? — 0v?),

3
Z>(u,v) = \/;\/ lazia| — arip(u* — 6u*v? + v*) — 2V6/|aria| + aziyuv(u® — v?).

The following theorem is proved in [6]:

THEOREM 4.1. The surfaces defined by the charts ri[ay,ii](u,v) and
r[—ay, i](u,v) are conjugate minimal surfaces.

The figures bellow represent the surfaces r[1,600](u,v) and ry[—1,600](u,v)
for u,ve[-4.3,4.3].

FIGURE 4.1. r[1,600](u,0) FIGURE 4.2. r[l,—600](u,v)

It turns out that the conjugate surfaces in Theorem 4.1 actually coincide.
We will see that moreover they coincide with any surface of their associated
family. Namely, we have
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THEOREM 4.2. For any real number t the surface
4.1) S; : assoc,[ay, i) (u,v) = ri]ai, i1] cos t + ry[—ay, i1](u,v) sin ¢
coincides up to position in space with that defined by ray,i]|(u,v) =

assoco[ay, i1](u, v).

Proof.  Suppose for example that a;i; > 0. We will change the parameters
of S; to canonical principal ones. First we need the functions that generate
assoc,[ay, i) (u,v) via the Weierstrass formula. They can be found from the well
known relations

(4~2) Ji=01 —ipy, g/ =

where

03
@1 — iy )

(91,92, 03) = (assoc,), — i(assoc,),,
see e.g. [4], Lemma 22.31. In our case these equalities give
\/§a1i
Vaiiy

(4.3) fi(z) = 4ire "z, g,(2) = z2.

With these functions a solution of (2.5) is
(1+i)e?w

z(w) = ——F——
( ) \/§(3a1i1)1/8
So we change z in g,(z) by z(w) and we obtain that the function

| . 31/4 it/2
) = e

Z(Cllil) /

generates S; in canonical principal parameters. Then, using (2.3) we obtain the
normal curvature in canonical principal parameters to be (recall that ¢ is real)
2

_a
(ali1)3/4

4|')
gl g3
(1+1g.0")

2\ 2
aj

<a1i1)3/4

2443

w

Since this number does not depend on #, Theorem 2.1 implies that any surface
S; is congruent with every other surface in the associated family and in particular
to So. O

In the same way we can prove

THEOREM 4.3. The minimal surfaces defined by the charts rilay,i|(u,v),
rilar, —i|(u,v), ri[—a,ii](u,v), rl—a, —i](u,v) are congruent.
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COROLLARY 4.4. All the minimal surfaces from the associated families
assoc,[ay, i) (u,v), assoc|ay,—ii](u,v), assoc—ay,ii)(u,v), assoc[—ay,—ii](u,v)
are congruent.

Of course, the proof of Theorem 4.2 given above hides the relation between
the charts ri[a;,i1](u,v) and assoc|ay,ii](u,v). To show this relation we first
remark that we can find an alternative end of the proof of Theorem 4.2 if we
notice that the generating functions gy(z) and g,(z) satisfy

(4.4) gi(z) = ¢"go(z2).

Indeed, the last equality and Theorem 2.3 imply the conclusion of Theorem 4.2.
Moreover in view of (4.4) and Theorem 2.3 we can say that up to a translation
S, is obtained from S, with a rotation of angle ¢/2 around the third axis. To
realize this rotation we first obtain the Weierstrass minimal curves of ri[ay, i1](u, v)
and assoc|a;,i](u,v). By (2.1), (4.3), and the definitions of r[a;,i;](u,v) and
ry[—ay, i1](u,v), these curves are

(4.5) (22(iy + a1z, iz* (i) — a1z%), iv/3ayir %)
(4.6) (67”22(1.1 + a124)7 ieiitzz(l'l — a124), l'eiit\/ 3a1i124),

respectively. So we see that the transformation from the chart (4.5) to the chart
(4.6) can be made without any translation, but we have to make the change of
the parameters z — e /2 in (4.5). So we obtain the following parametrization
of the minimal curve defined by (4.5):

(e7"222(iy 4+ are™"z%), ie 71?22 (i) — aye™"'z%), ie " \/3ayii z*).
Now the rotation of the last chart with angle #/2 around the third axis gives (4.6).

The real form of the above change of parameters is

4.7 cos [+ sin ! sin t+ cos !
. u—u - v - U— —U - v —-.
4 4 4 4

As a result we obtain

THEOREM 4.5. For any real number t the chart assoc,ay,ii|(u,v) is obtained
from rilay, i\](u,v) with a change of the parameters (4.7) and then a rotation with
angle t/2 around the third axis.

Remark also that from (4.3) and Theorem 2.4 we obtain
THEOREM 4.6. For any real number t and for arbitrary values of the shape

parameters ay, i1, the surface (4.1) coincides up to position in space and homothety
with the surface generated via the Weierstrass formula by the functions

(4.8) f@) =z g@)=2"
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In particular, Theorem 4.6 says that all the surfaces in the families
rifar,i)(u,v) and rafas, ix](u,v) coincide up to position in space and homothety.

At the end of this section we note that, for any values of the shape
parameters, the function g(z) that generates the considered surfaces has the form
g(z) = Cz with a complex constant C, just like the surfaces homothetic to the
Enneper surface. This looks strange for a polynomial surface of degree 6. Now
we are obliged to take a more careful look on the equations of r[a;, i](u,v) and
raz, b](u,v). We remark that they are all homothetic to the Enneper surface.
If for example a;ij > 0, to realize the correspondence it suffices to make the
change of the parameters

i 0
W — 02 =\ [=U 2uv— ]/ —V.
aj aj

5. Second example

In this section we suppose that g=h=i=j=k=1=0. Then, with the
assumptions from the end of section 3, the system (3.2) is equivalent to

25¢2 — 25d° 4+ 48a.e — 6b.f =0
25c.d + 12b.e + 6a.f =0
(5.1) 16e2 — 2 =0
ef=0
4ece—d.f=0
4d.e+c.f=0

Suppose in addition that the vectors e and f lie in span{a,b}. If the surface
is not part of a plane, then, using (5.1);—(5.1)s, we find e = (ej,e2,0), f =
(4e3,—4e1,0). So (5.1) takes the form
25(c3 — d3) + 96(arer + azes) =0
(5.2) 25¢3ds + 48(0162 — a2€1) =0
cle; +cer =0
c1ey — e = 0

If e; = e; =0, then the surface is part of a plane. So we assume that (ej,e;) #
(0,0). Then, from (5.2) we obtain ¢; = ¢, =0,

25(—aic3 + 2arc3ds + ard3) 25(—axc3 — 2ayc3ds + apd3)

e = , =
: 96(a? + a2) 96(a? + a2)

€ =

So, as in section 4, we obtain a family of minimal surfaces depending on the
four shape parameters a;, ay, ¢3, ds:

slar, az, ¢3, ds)(u,v) = (X (u,v), Y(u,v), Z(u,v)),
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where

X (u,0) = ay(u® — 15u*0? + 15u*0* — 0°) — 2auv(3u* — 10u*v? + 3v*)
B 25(alc§ — 2arc3ds — a1d32)

96(at + a3)
B 25(are? + 2aic3ds — ard})

24(a? + a3)
Y (u,0) = 2ajuv(3u® — 10u*v* + 30%) + @ (u® — 15u*v? + 15u%0* — %)
N 25(arc3 — 2arc3ds — ardy)

24(a? + a3)

(u* — 6u*v* + v*)

uv(u? — v?)

uv(u® — v?)

25(axc3 + 2arc3ds — apd3) | 4 22, 4
_ -6
96(a? + a3) W o)

Z(u,v) = csu(u* — 10u*v? + 5v*) + dso(5u* — 1060 + v*).

Now we shall consider the surfaces defined by

si[ai, c3) = s[ai, 0, ¢3,0](u, v)
and

L) [a27 d3] = S[O, ay, 07 d3] (u7 U).

Using (4.2) we obtain the functions that generate these surfaces via the
Weierstrass formula. They are respectively

2563 4 _ Ra

(53) ﬁ(Z) - lza] z gl(z) - SC3 Z,
) 25d} 12a;

(5.4) fo(z) = — a iz ga(z) = 5—d32.

From (2.1) and (5.3) we find the Weierstrass minimal curve, whose real part is

silar, e
25¢2 25¢2
Yi(z) = <<a122 — 962?)24’ —i<a122 —s—ﬁ)z“,qzs).

Then it is easy to check that the imaginary part of ¥,(z) is s»[—ay, c3]. Hence
we have

THEOREM 5.1.  The minimal surfaces defined by the charts si[ai, c3](u,v) and
s2[—ai, c3)(u,v) are conjugate.
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Concerning the pairs (5.3) and (5.4), we take the following solutions of the
system (2.5) for the transition to canonical principal parameters:

iv/5w 2 iv/5w 2
zi(w) = (2\/E> : Zz(“’)zl'(Z\/%) ,

respectively. Hence the functions
ji(z) = 82 (W Ny 82 (i VI
91 - 54/56‘3 \/a y 92 - 54/5d3 \/%

generate the surfaces in canonical principal parameters. Hence it is clear that the
normal curvatures of s;[ay, ¢3](u,v) and sp[—ay, ¢3](u,v) coincide, and so we have

THEOREM 5.2. The conjugate minimal surfaces defined by the charts
silar, e3|(u,v) and s;[—ay, c3)(u,v) are congruent.

COROLLARY 5.3. Any two minimal surfaces from the associated family
si[ar, 3] (u,v) cos t + sa[—ay, c3])(u,v) sint, te[0,7/2)
are congruent.

To find the exact relation between the conjugate charts s;[ai, ¢3](u,v) and
$2[—ay, c3](u,v), we can use the same arguments as in section 4. Then we can
see that the chart sa[—ay, ¢3](u, v) is obtained from si[a;, ¢3](u, v) with the change
of the parameters u — v, v — —u and then a rotation with angle 7/2 about the
third axis.

Of course, this is not the only way to obtain s;[—aj,cs](u,v) from
silai, c3](u,v). For example, another possibility is to make the following change
of the parameters in si[aj, ¢3](u,v):

54+V5 V51 V5 -1 545
u— 8u—|—4vv—>—4u+ 8U

and to rotate about the third axis with an angle ¢, such that

[5+V5 . —14++/5
cos ¢ = g smgo:T.

An analogous remark holds for the surfaces in section 4.
Now consider the general chart sla;, az, ¢3,d5](u,v). Using (4.2) we see that
it is generated via the Weierstrass formula with the functions

25(cy — ids)* _ 12(ay + ian)
Dt 9= SGom)

Z.

(5.5) f(2) =
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A corresponding solution of the differential equation (2.5) is
51/5(_ 2\ 1/3
z(w):—( W) 5
22/5(03 — id3) /
which gives the following generating function in canonical principal parameters:
_ 6.23/5(ay + ias
gow) = — 2l r i)
54/5((33 - ld3)
and the following normal curvature in these parameters:

(_WZ) 1/5

al + a3
(3 +d) ||
4/5\2"
25+ 72501/5%
(e3 +d)”
Hence it follows that every two surfaces for which
(af +a3)°
6
(3 +d3)
is one and the same number are congruent. In particular, this implies Theorem 5.2.
On the other hand, using (5.5) and Theorem 2.4, we obtain

1152.501/5

THEOREM 5.4. For any shape parameters, the surface defined by
sla, az, ¢3,ds)(u, v) coincides with the surface generated via the Weierstrass formula
by the functions

f@) =2, g)=:

up to position in space and homothety.

Figure 5.1 represents a surface of the family s[a;,az,c3,ds](u,v) from dif-
ferent points of view.

FiGure 5.1. s[3,0,1,0](u,v) for u,ve[-0.1,0.1].
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At the end of this article we note that the parametric minimal surfaces of
degree six in section 4 are completely different from those in section 5. This
follows from their normal curvatures and Theorem 2.1, or from the functions
that generate these surfaces in canonical principal parameters and Theorem 2.3.
Indeed, any of the surfaces in section 4 is generated in canonical principal para-
meters by a function of the form §(z) = Cz, whereas any surface defined by a

chart s[a;, as, 3, ds](u, v) is generated by a function of the form §(z) = C(—z2)"°.

Acknowledgments. The author wants to thank Prof. Frank Morgan and the
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