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Abstract

In this paper new results concerning three dimensional real hypersurfaces in non-flat
complex space forms in terms of their stucture Jacobi operator are presented. More
precisely, the conditions of 1) the structure Jacobi operator being of Codazzi type with
respect to the generalized Tanaka-Webster connection and commuting with the shape
operator and 2) p-invariance of the structure Jacobi operator and commutativity of
it with the shape operator are studied. Furthermore, results concerning Hopf hyper-
surfaces and ruled hypersurfaces of dimension greater than three satisfying the previous
conditions are also included.

1. Introduction

A complex space form is an n-dimensional Kidhler manifold of constant
holomorphic sectional curvature ¢. A complete and simply connected complex
space form is complex analytically isometric to a complex projective space CP" if
¢ >0, or to a complex Euclidean space C" if ¢ =0, or to a complex hyperbolic
space CH”" if ¢ < 0. The complex projective and complex hyperbolic spaces are
called non-flat complex space forms, since ¢ # 0 and the symbol M, (c) is used to
denote them when it is not necessary to distinguish them.

A real hypersurface M is an immersed submanifold with real co-dimension
one in M,(c¢). The Kihler structure (J, G), where J is the complex structure and
G is the Kéhler metric of M, (c), induces on M an almost contact metric structure
(p,&,m,9). The vector field ¢ is called structure vector field and when it is an
eigenvector of the shape operator 4 of M the real hypersurface is called Hopf
hypersurface and the corresponding eigenvalue is o = g(A&,&).

The study of real hypersurfaces M in M,(c) was initiated by Takagi, who
classified homogeneous real hypersurfaces in CP" and divided them into six types,
namely (4;), (42), (B), (C), (D) and (E) in [16]. These real hypersurfaces are
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Hopf ones with constant principal curvatures. In case of CH” the study of real
hypersurfaces with constant principal curvatures was started by Montiel in [9]
and completed by Berndt in [1]. They are divided into two types, namely (A)
and (B), depending on the number of constant principal curvatures. The real
hypersurfaces found by them are homogeneous and Hopf ones.

The last years many geometers have studied real hypersurfaces in M,(c)
when they satisfy certain geometric conditions. More precisely, the structure
Jacobi operator of them plays an important role in their study. Generally, the
Jacobi operator with respect to a vector field X on a manifold is defined by
R(-, X)X, where R is the Riemmanian curvature of the manifold. In case of real
hypersurfaces for X = ¢ the Jacobi operator is called structure Jacobi operator
and is denoted by / = R: = R(-,¢)E.

One of the geometric conditions concerning the structure Jacobi operator
that has been studied is that of Codazzi type. Generally, a tensor field 7 of type
(1,1) on M is of Codazzi type when it satisfies

(VxT)Y =(VyT)X, where X,YeTM.

In [14] the non-existence of real hypersurfaces in complex projective space whose
structure Jacobi operator is of Codazzi type is proved. In [18] and [19] the
previous result is extended for the case of three dimensional real hypersurfaces in
non-flat complex space forms and for real hypersurfaces in complex hyperbolic
space. In these cases it is also proved the non-existence of real hypersurfaces
satisfying the Codazzi-type condition for the structure Jacobi operator.

Another topic that has been of great importance is the study of real hyper-
surfaces in M,,(¢) in terms of their generalized Tanaka-Webster connection. The
notion of generalized Tanaka-Webster connection was first introduced by Tanno
in [17] in case of contact metric manifolds in the following way

VyY =VyY + (Van)(Y)E—n(Y)Vy& —n(X)pY.

In [2], [3] Cho extended Tanno’s work by defining the notion of generalized
Tanaka-Webster connection for real hypersurfaces M in M,(c) in the following
way

VY = Vi Y +g(pAX, Y)E = n(Y)pAX — kn(X)pY,

where X, Y are tangent to M and k is a non-zero real number. Denote by
FPY = gpAX, Y)E = n(Y)pAX — kn(X)pY which is called the k-th Cho oper-
ator corresponding to a vector field X. The above relation becomes

(1.1) VY =vyy+FPY.

The importance of the above connection lies in the fact that studying real
hypersurfaces in M,(c) which satisfy geometric conditions such as parallelness
or Codazzi type with respect to the generalized Tanaka-Webster connection leads
to different results to those obtained with respect to the Levi-Civita connection.
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More precisely, in [15] real hypersurfaces in M,(c), n > 3, whose shape operator
is of Codazzi type with respect to the generalized Tanaka-Webster connection
are classified in contrast to the fact that there are no real hypersurfaces in
M, (c) whose shape operator is of Codazzi type with respect to the Levi-Civita
connection.

Motivated by all the above the following question raises naturally.

QUESTION. Are there real hypersurfaces in M,(c) whose structure Jacobi
operator is of Codazzi type with respect to the generalized Tanaka-Webster
connection?

First of all, the structure Jacobi operator is called of Codazzi type with
respect to the generalized Tanaka-Webster connection, when the following relation
is satisfied

(1.2) VDY = (vPnx,

for any X, Y tangent to M.

In this paper we study three dimensional real hypersurfaces in M>(c) when
the structure Jacobi operator satisfies relation (1.2) and also commutes with the
shape operator, i.e.

(1.3) AIX = IAX

for any X tangent to M.
More precisely, the following Theorem is proved.

THEOREM 1.1. Every real hypersurface M in M;(c), whose structure Jacobi
operator satisfies relations (1.2) and (1.3), is a Hopf hypersurface. Furthermore, if
o # 2k then M is locally congruent

1) to a real hypersurface of type (A)

it) or to a Hopf hypersurface with A =0, which in case of CP? it is a non-

. . T
homogeneous real hypersurface, considered as a tube of radius r=y over a
holomorphic curve.

Furthermore, in this paper three dimensional real hypersurfaces in M;(c¢) whose
structure Jacobi operator is #-invariant are also studied. The condition of
p-invariance implies that the structure Jacobi operator satisfies the following

(1.4) g(#)Y,Z)=0, X,Y,ZeD,
where ¥ denotes the Lie derivative on M. More precisely, the following

Theorem is proved

THEOREM 1.2.  Every real hypersurface M in M,(c), whose structure Jacobi
operator satisfies relations (1.3) and (1.4), is a Hopf hypersurface. Furthermore,
M is locally congruent
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1) to a real hypersurface of type (A)
it) or to a Hopf hypersurface with A =0, which in case of CP? it is a non-

homogeneous real hypersurface, considered as a tube of radius r :g over a
holomorphic curve,
iii) or to a real hypersurface of type (B). In case of CP? it is a tube of radius

re (0,%) around the complex quadric Q' and in case of CH? it is a tube of some

radius r around the canonically (totally geodesic) embedded 2-dimensional real
hyperbolic space.

This paper is organized as follows: In Section 2 basic relations and results
about real hypersurfaces in M,(c), n > 2, are given. In Section 3 the proof of
Theorem 1.1 is provided. Furthermore, in this Section some Propositions for
Hopf and ruled hypersurfaces, whose structure Jacobi operator is only of Codazzi
type with respect to the generalized Tanaka-Webster connection, are proved. In
Section 4 the proof of Theorem 1.2 is given. Finally, in this Section Propositions
for Hopf and ruled hypersurfaces, whose structure Jacobi operator satisfies only
the condition of y-invariance, are included.

2. Preliminaries

Throughout this paper all manifolds, vector fields etc are assumed to be of
class C* and all manifolds are assumed to be connected. Furthermore, the real
hypersurfaces M are supposed to be without boundary.

Let M be a real hypersurface immersed in a non-flat complex space form
(M,(c),G) with complex structure J of constant holomorphic sectional curva-
ture c.

Let N be a locally defined unit normal vector field on M and & = —JN be
the structure vector field of M. For a vector field X tangent to M relation

JX = pX +5(X)N

holds, where ¢X and n(X)N are respectively the tangential and the normal

component of JX. The Riemannian connections V in M,(c) and V in M are
related for any vector fields X, ¥ on M by

ny:VXY—Fg(AX, Y)N,

where ¢ is the Riemannian metric induced from the metric G.
The shape operator 4 of the real hypersurface M in M, (c) with respect to N
is given by

VyN = —4X.

The real hypersurface M has an almost contact metric structure (¢,<,7,9)
induced from J of M,(c), where ¢ is the structure tensor which is a tensor
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field of type (1,1) and # is an 1-form on M such that
9(pX,Y) = GUX,Y), n(X)=g(X,{)=GJX,N).

Moreover, the following relations hold

X =X +n(X)E nop=0, p&=0, 5 =1,

9(pX,0Y) =g(X, Y) =n(X)n(Y), g(X,pY)=—g(pX,Y).
The fact that J is parallel implies VJ = 0. The last relation leads to
(2.1) Vi =pAX, (Vxg)Y =n(Y)AX — g(AX, V).

The ambient space M,(c) is of constant holomorphic sectional curvature ¢ and
this results in the Gauss and Codazzi equations are respectively given by

(22) R(X,Y)Z =5[9(Y.2)X —g(X,Z)Y +g(pY,Z)pX

—9(pX, Z)pY —29(pX, Y

~—

9Z] +9g(AY,Z)AX — g(AX,Z)AY,

(VxA)Y — (VyA)X =-[n(X)pY —n(Y)pX —2g(pX, Y)<],

E AN oY

where R denotes the Riemannian curvature tensor on M and X, Y, Z are any
vector fields on M.
Relation (2.2) implies that the structure Jacobi operator / is given by

c

(2.3) IX =7

(X —n(X)&] + aAdX — n(AX)AE,
for any X tangent to M and « =#5(A4AE) = g(A4E,<).
The tangent space 7pM, for every point Pe M, can be decomposed as

TpM = span{t} @ D,

where D=kery ={X e TpM : n(X) =0} and is called (maximal) holomorphic
distribution (if n > 3). Due to the above decomposition, the vector field A¢ can
be written

Aé:df—FﬂU,

1 . . .
where ff = |¢pV:£| and U = _B(ﬂVéé € ker(y) is a unit vector field, provided that
B #0.

The following Theorem is necessary in the proof of our Theorems. It was
proved by Okumura in case of CP" ([12]) and by Montiel and Romero in case
of CH" ([10]) and it provides the classification of real hypersurfaces in M,(c)
whose shape operator commutes with the structure tensor field ¢.
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THEOREM 2.1. Let M be a real hypersurface of M,(c), n>2. Then Ap =
@A, if and only if M is locally congruent to a homogeneous real hypersurface of
type (A). More precisely:

In case of CP" -

(A1) a geodesic hypersphere of radius r, where 0 <r < 3

(A2) a tube of radius r over a totally geodesic CP*, (1 <k <n—2), where
T
0<r<—.
"2

In case of CH"

(Ao) a horosphere in CH", i.e a Montiel tube,

(A1) a geodesic hypersphere or a tube over a totally geodesic complex
hyperbolic hyperplane CH"™!,

(A2) a tube over a totally geodesic CH* (1 <k <n-—2).

The above real hypersurfaces are called real hypersurfaces of type (A4).
Finally, we mention the following Theorem which in case of CP”" is owed to
Maeda [8] and in case of CH" is owed to Montiel [9] (also Corollary 2.3 in [11]).

THEOREM 2.2. Let M be a Hopf hypersurface in M,(c), n>2. Then
1) o is constant.
i) If W is a vector field which belongs to D such that AW = JW, then

.o Au ¢
iii) If the vector field W satisfies AW = AW and ApW = voW then

(2.5) prp (/H—v)—kg.

R

Remark 2.3. 1In case of real hypersurfaces of dimension greater than or
equal to three the third case of Theorem 2.2 occurs when o® + ¢ # 0, since in

this case relation A4 # % holds. Furthermore, the first of (2.1) and the structure

Jacobi operator for X = W and X = ¢W becomes
(2.6) Vwé=2pW and V,pé&=—vW,

(2.7) W = (2 + a/1> W and IpW = G + ocv)(pW.

2.1. Auxiliary facts about three dimensional real hypersurfaces
in non-flat complex space forms
Let M be a non-Hopf real hypersurface in M;(c) and {U, U, &} be a local
orthonormal basis at some point P of M. Then the following Lemma holds
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LemmA 2.4. Let M be a non-Hopf real hypersurface in M>(c). The fol-
lowing relations hold on M

(2.8) AU =yU +9pU + &, ApU = U + upU, AE = aé + U
Vué=—0U +ypU, V,ué=—pU+dpU, Vel=popU,
VoU = k19U + &, VU =120U +pé, VeU = k39U,

VuoU = —ic1U —y¢, VoupU = —i0U —6¢, VepU = —i3U — BE,

where o, B,7,0, 1, K1, K2,K3 are smooth functions on M and f # 0.
Remark 2.5. The proof of Lemma 2.4 is included in [13].

The structure Jacobi operator for X = U, X = ¢U and X = ¢ due to (2.8) is
given by

(2.9) U = (2—1— oy —/32> U + aopU,

1¢U=aau+<§+w)¢u and [¢ = 0.

The Codazzi equation for X € {U,pU} and Y = & because of Lemma 2.4
implies the following relations

(2.10) UB — &y = ad — 2013

(2.11) f5z<xy+[)’l€1+52+,ulc3+£—y,u—yk3—ﬁ2
(2.12) Uo — Ef = —3f0

(2.13) Eu = ad + Pres — 203

(2.14) (pU)or = aff + Prcs — 3P

(2.15) (pU)B = oy + Picy +28% + < — 2y + ot

2

and for X = U and Y =¢U

(2.16) Ud — (pU)y = urcy — i1y — By — 202 — 21
(2.17) Up— (pU)o = yrcy + po — 1o — 20k

Furthermore, combination of the Gauss equation (2.2) with the formula
of Riemannian curvature R(X,Y)Z =VyVyZ — VyVyZ —V|y y)Z, taking into
account relations of Lemma 2.4, implies
(2.18) Uy — (pU)xy = 20% = 2y — i} — pics — 13 — w3 — ¢,

(2.19) (pU)ics — iy = 2Pu — ey + 0Ky + K3icy + Pres.
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Remark 2.6. In case of Hopf three dimensional real hypersurfaces we
consider a local orthonormal basis {W, W £} at some point P e M such that
AW = AW and ApW = vpW. So relation (2.5) holds. Moreover, relations (2.6)
and (2.7) hold.

3. Proof of Theorem 1.1
Let M be a three-dimensional real hypersurface in M;(c) whose structure

Jacobi operator satisfies relations (1.2), (1.3) and o # 2k. More analytically,
relation (1.2) due to (1.1) is written

(3.1) V() + FEUY) = vy Yy —IFPy
=Vy(X)+ FPUx) - vy x — IFPx

where X, Y are tangent to M.
We consider the open subset .4~ of M such that

N ={PeM:[+#0 in a neighborhood of P}.

On A" relation (2.8) holds. Moreover, relation (1.3) for X = & implies that

/U =0 and due to the first of (2.9) we have «d =0 and oy +— =% Suppose
that o # 0. Then J =0 and relation (2.8) becomes

AU =yU+ p¢ and AU = upU.

Relation (3.1) for X =U and Y =¢ and X = U and Y = ¢U due to the
above relation, relation (2.9) and Lemma 2.4 implies respectively

(K3—k)<‘—i+0(,u> =0 and icl(%—i—ocu) =0.

Suppose that w3 # k then the first relation implies that §+ ou =0 and the

second of (2.9) yields IpU = 0. So we have that / = 0 which due to Proposition
8 in [4] is impossible. For the same reason as in the previous case the second
relation implies that x; = 0. So the following relations hold

(3.2) ky=k, ;=0 and %—Hx,u;éo,

since /U = 0 and Proposition 8 in [4]. Differentiation of ch + oy = % with respect
to U taking into account relations (2.14), (2.15), (2.16) and (3.2) implies
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vk 4+ yp = c.  On the other hand, relation (2.11) because of the first two relations
of (3.2) and ocy+§ = f* implies that

(3.3) e = yu+ yk.
Combination of the last two relations yields 4 = i and this results in Uy = 0.
The last one due to (2.17) implies (y — )k =0. If xp #0 then y =y and

substitution of the latter in (3.3) leads to 4 = 0. Then since u :2 this results in
¢ =0, which is impossible. So relation x, = 0 holds. v
Relation (2.18) due to k1 =k, =0, yk+yu=c and u= % implies that

y = —3k. Differentiation of the latter with respect to pU due to (2.16), (3.2) and
2

. . 3 .
the relations for y and u yields ¢ :%. On the other hand, relation (2.19)
2

because of (3.2), k, =0 and u =£ leads to ¢ = —%. Combination of the two

relations for ¢ leads to a contradiction. ‘ c
So on A" relation o = 0 holds and this results in i p? and lpU :Z(pU .

Relation (3.1) for X = U and Y = ¢ and for X = U and Y = ¢U due to the
above relations and Lemma 2.4 implies
K3:k and K1 :K‘z:O.
. . o k
Relation (2.14) because of the first of the above relations implies u = 3

Furthermore, relation (2.13) yields ¢ = 0, thus relation (2.11) due to the previous

. . k . o c L
relations results in r=z- Moreover, differentiation of 4_12'82 taking into

. . L k? o
account the relations for y, u and relation (2.15) implies ¢ = ER Substitution of

the previous relations for p, g, w3 and ¢ in (2.18) results in k=0, which is
impossible.
Thus, A" is empty and the following Proposition is proved

PropoSITION 3.1.  Every real hypersurface in M,(c) whose structure Jacobi
operator satisfies relations (1.2) and (1.3) is Hopf.

Due to the above Proposition, relations of Theorem 2.2 and remark 2.3 hold.
The inner product of relation (3.1) for X = W and Y = ¢ with ¢W due to (2.6)
and (2.7) implies

a(A=v)g(Ve W, oW ) = arc(A — v).
Suppose that o(42—v) #0 then since g(VeW,W)=g(VeW,E) =0 we have

VeW = koW and taking into account the second of (2.1) we obtain V:pW =
—KkW.
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The inner product of Codazzi equation for X = ¢ and Y = W with oW and
for X =¢ and Y = oW with W due to the above relations and (2.6) implies

A — VK — oA+ Av =

)

BN Y

¢
A — VK oy — v = 1
Combination of the above relations due to A # v results in o« = 2x which is
a contradiction.
So on M we have that (4 —v) =0. If 2 =0 in case of CP? we have two
cases: 1) if A#v then M is locally congruent to a non-homegeneous real

hypersurface considered as a tube of radius r:g over a holomorphic curve,
2) if A=v then M is locally congruent to a geodesic hypersphere of radius
r:g. In case of CH> M is a Hopf hypersurface with A& =0 (for the

construction of such real hypersurfaces see [5]).
If o #0 then A=v. The latter implies that

(Ap —pA)X =0

for any X tangent to M. So due to Theorem 2.1 M is locally congruent to a
real hypersurface of type (4).

Conversely, it will be proved that real hypersurfaces of type (4) and Hopf
hypersurfaces with 4 =0 in M,(c) satisfy relation (1.2), since it is known that
every Hopf hypersurface satisfies relation (1.3).

Let M be a real hypersurface of type (4) in M,(c), then the shape operator
of M is given by

Aé =0l and AZ =pZ, for any ZeD,

where « and p are constants. Then relation (2.3) for X =¢ and X =Z, ZeD
due to the above relation of the shape operator implies

=0 and lZz(%—i—ocp)Z, for any Z e D.

Relation (1.2) yields relation (3.1). The last one for any X =Y e TM is
identity, for any X e D and Y = & because of the above relations for the struc-
ture Jacobi operator is satisfied and for any X,Y €D is satisfied. So real
hypersurfaces of type (A4) satisty relation (1.2).

Let M be a Hopf hypersurface with 4 =0 in M,(c), then the shape
operator of M at some point P is given by

AE=0, AZ=1tZ and AZ, =17,
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where ¢, #; are non-constant functions. Then relation (2.3) for X =¢ and
Y e{Z,Z,} because of the above relation yields
c ¢
16:0, ZZ:ZZ and IZ] :ZZ]
Then, following the same combinations as in the case of real hypersurfaces of
type (A), it is proved that Hopf hypersurfaces with A& = 0 satisfy relation (1.2).

Remark 3.2. The structure Jacobi operator is parallel with respect to the
generalized Tanaka-Webster connection when it satisfies

vV¥ny =o,

for any X, Y tangent to M. The above relation implies that the structure Jacobi
operator satisfies relation (1.2). Thus M is locally congruent to one of the above
mentioned real hypersurfaces.

Conversely, it will be proved that real hypersurfaces of type (4) and Hopf
hypersurfaces with 4 =0 in M;(c) has parallel structure Jacobi operator with
respect to the generalized Tanaka-Webster connection, i.e. (V;‘)Z)Y:O, for
any X, Y tangent to M. The latter relation because of (1.1) is written more
analytically as

(3.4) Vy(IY)+ FEUY) = Ivy Y + IFP Y.
Let M be a real hypersurface of type (4) in M,(c), then the shape operator
of M is given by
Aé=0é and AZ =pZ, for any ZeD,

where « and p are constants. Then relation (2.3) for X =¢ and X =Z, ZeD
due to the above relation of the shape operator implies

[E=0 and lZ=<£+c<p)Z, for any Z € D.

Relation (3.4) for X =Y e TM, for X =¢ and Y e D, for any X € D and
Y = ¢ and for any X, Y € D is satisfied. So the structure Jacobi operator of real
hypersurfaces of type (A4) is parallel with respect to the generalized Tanaka-
Webster connection.

Let M be a Hopf hypersurface with 4 =0 in M,(c), then the shape
operator of M at some point P is given by

AéE = 0, AZ=tZ and AZ, =2,

where ¢, #; are non-constant functions. Then relation (2.3) for X =¢ and
Y e{Z,Z,} because of the above relation yields

4 c
lé == 07 lZ :ZZ and IZ] = ZZ]
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Then, following the same combinations as in the case of real hypersurfaces of
type (4), it is proved that Hopf hypersurfaces with 4¢ = 0 have parallel structure
Jacobi operator with respect to the generalized Tanaka-Webster connection.

COROLLARY. Let M be a real hypersurface in My(c) with o # 2k whose
structure Jacobi operator is parallel with respect to the generalized Tanaka-Webster
connection and also satisfies (1.3). Then M is locally congruent to

1) a real hypersurface of type (A)

ii) or to a Hopf hypersurface with A =0, which in case of CP? is a non-

. . . T
homegeneous real hypersurface considered as a tube of radius r=y over a
holomorphic curve.

3.1. Real hypersurfaces in M,(c), n > 2, whose structure Jacobi operator
satisfies relation (1.2)

3.1.1. Hopf hypersurfaces in non-flat complex space forms

Let M be a Hopf hypersurface in M,(c), n > 2, whose structure Jacobi
operator satisfies relation (1.2) and o # 2k. Relation (3.1) also holds. We
consider two cases

Case I: o> +c#0.

In this case relations of Theorem 2.2 and remark 2.3 hold. Thus, following
similar steps to those as in the proof of three dimensional Hopf hypersurfaces we
obtain

(3.5) a(l—v)=0.

Case II: o> +c¢=0. o

In this case the ambient space is CH" and o # 0. Suppose that 4 # 3 then
ApW = vpW and (2.5) results in v = %. The same steps as in the previous case
lead to o = 2k, which is a contradiction.

Therefore, 2 :% is the only eigenvalue for all vector fields in D and M is

locally congruent to a horosphere. Therefore, due to Theorem 1.1, relation (3.5)
and Theorem 2.1 we obtain

ProposITION 3.3. Let M be a Hopf hypersurface in M,(c), n > 2, whose
structure Jacobi operator is of Codazzi type with respect to the generalized Tanaka-
Webster connection and o # 2k. Then M is locally congruent

i) to a real hypersurface of type (A)

ii) or to a real hypersurface with AL = 0.

Due to remark 3.2 we also obtain the following Proposition
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PROPOSITION 3.4. Let M be a Hopf hypersurface in M,(c), n =2, whose
structure Jacobi operator is parallel with respect to the generalized Tanaka-Webster
connection and o # 2k. Then M is locally congruent

i) to a real hypersurface of type (A)

il) or to a real hypersurface with A¢ = 0.

3.1.2. Ruled hypersurfaces in non-flat complex space forms

A ruled real hypersurface in M, (c), n > 2, is a real hypersurface such that D
is integrable and its integral manifold is M, (c) (see [6] and [7]). Thus, the
shape operator of a ruled real hypersurface satisfies the following relations

Aé=aé+pU, AU =pE and AZ =0 for any Z orthogonal to span{&, U},

where f§ # 0. The inner product of Codazzi equation for X = ¢ and Y € {U, pU}
with U, oU and Z e Dy, for n > 3, which is the orthogonal complement of
span{U, pU, ¢} yields

(3.6) B2 = pry +§, where x1 = g(Vo U, pU),
(3.7) g(VyU,Z) =0, for any Z e Dy,

(3.8) 9(VouU,pU) =0,

(3.9) g(VouU,Z) =0, for any Z e Dy,

(3.10) (pU)B = B>+

4

The following relations, taking into account the second of (2.1) and relations
(3.7), (3.8), (3.9), g(VyU,U) =¢g(VyU,&) =0 and ¢g(V,uU,U) =¢g(V,uU,&) =
0, hold

(3.11) VuoU =x19pU, VypU =-x1U, V,yU=V,ypU =0.

Moreover, the structure Jacobi operator (2.3) becomes
(3.12) E=0, IU= (§—ﬁ2>U and

1z :22, for any Z orthogonal to U and ¢&.

Let M be a ruled real hypersurface whose structure Jacobi operator satisfies
relation (1.2). Relation (3.1) also holds. The inner product of relation (3.1) for
X =U and Y =¢ due to the first of (2.1) and (3.12) with ¢U and Z e Dy
implies respectively

k3 =g(VeU,pU) =k and ¢(V:U,Z)=0.
So because of the above and the second of (2.1) we have

(3.13) VeU =kopU and VepU = —kU — BE.
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Moreover, relation (3.1) for X =¢9U and Y = U yields ((/)U)/f:M. So

2
. o 3 . y
relation (3.10) due to the latter and (3.6) implies > = —Zc. Differentiation of

the latter with respect to @U implies (pU)f =0. So relation (3.10) implies

2, ¢

contradiction. So the following Proposition is proved

0. Combination of the latter with > = —ZL results in ¢ = 0 which is a

PrROPOSITION 3.5. There are no ruled real hypersurfaces in My,(c), n > 2,
whose structure Jacobi operator satisfies relation (1.2).

4. Proof of Theorem 1.2

Let M be a three-dimensional real hypersurface in M;(c) whose structure
Jacobi operator satisfies relations (1.3) and (1.4). The last one implies

4.1 g(VxlY —VyX —IVxY+IVyX,Z)=0, X,Y,ZeD.
We consider the open subset ./ of M such that
N ={PeM:p+#0 in a neighborhood of P}.

On A" relation (2.8) holds. Moreover, relation (1.3) for X = & implies that
U =0.

Relation (4.1) for X = oU and Y = U due to the latter and relations of
Lemma 2.4 implies

K2g(lpU,Z) =0, ZeD.
Suppose that x; # 0 then lpU = 0 and this results in / = 0, which due to Lemma

9 in [4] is impossible.
So on A" k3 =0 and since /U =0 the first of (2.9) implies

(4.2) a0 =0 and EJray:/iz.

Suppose that o # 0 then 6 = 0. Relation (4.1) for X = U and Y = ¢U due to
(4.2), the second of (2.9), relations of Lemma 2.4, x; = 0 and /U = /¢ = 0 yields

c
Ulna(oU.2) (5 + ) (V. 2) 0.
For Z = U the above implies that x; (2 + oc,u) =0. If x; # 0 then (2 + ocu) =0

and the second of (2.9) results in /pU = 0. The latter implies that / = 0 and due
to Lemma 9 in [4] we have a contradiction.
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So x; = 0. Differentiation of the second one of (4.2) with respect to pU
taking into account relations (2.14), (2.15) and (2.16) implies

(4.3) v+ vz = c.
Since x; = 0 relations (2.13) and (2.17) implies
Cu=Un=0.

The Lie bracket [U,&Ju is given by [U,&u= U(lu) —E(Uu) =0. On the
other hand, because of Lemma 2.4 we obtain [U,{u= (Vyé—V:U)u=
(y — k3)(pU)u. Combination of the above relations results in (y — x3)(eU)u = 0.

Suppose that (pU)u # 0 then y = k3 and relation (2.18) taking into account
(4.3) implies yu = —c. Substitution of the last one in (4.3) implies y*> = 2c.
Moreover, relation (2.11) yields y =0. So we conclude that ¢ =0, which is
impossible. Thus, relation (pU)u =0 holds.

Relation (4.1) for X = Y = Z = ¢U because of the latter implies u(pU)a =
0. Suppose that (pU)a # 0 then 4 = 0 and relation (2.11) results in yx3 = 0. So
(4.3) leads to ¢ =0, which is a contradiction. Thus (pU)x =0 and because of
(2.14) we obtain x3 =3u —o. Substitution of the last one in (4.3) implies
(4u — o)y = c¢. Differentiation of the last one with respect to ¢pU because of
pU)u= (pU)a =0 yields (4u—o)(pU)y=0. If (pU)y #0 then 4u=o and
13 = —u. On the other hand, relation (2.19) since (pU)xz =0 implies k3 =
1 =0 and relation (4.3) leads to ¢ =0, which is impossible.

So we have (pU)y =0 and (2.16) implies y = —2u. Relation (2.11) because
of the relations for y and x3 and (4.3) implies u(11g —30) =0. If 11g— 300 #0
then 4 = 0 and this results in y = 0. So g = % and differentiating the latter with
respect to oU taking into account (2.15) we obtain ¢ =0, which is a contra-
diction. ) 1042

So :Tﬂ and K3 = —?'u. So (2.18) implies ¢ :T’u. Substitution of

the relations for y, k3 and ¢ in (4.3) yields 4 = 0 and this results in ¢ = 0, which is
a contradiction. ¢
Therefore, on /" we have o =0 and the second of (4.2) implies 'S =7

Moreover, relation (2.14) implies k3 = 3u. Relation (4.1) for X = U, Y = U
and Z = U yields k; =0. So relations (1.3) and (2.11) taking into account the

. . 3 .
previous results yield u(4y —3u) =0. If 4 # 0 then y = Zﬂ and relation (2.15)

implies ¢ = 3u?. Thus, relation (2.18) yields u = 0, which is a contradiction.
So 1 =0 and this results in k3 = 0. Therefore, relation (2.18) implies ¢ = 0,
which is a contradiction.
Thus, 4" is empty and the following Proposition is proved

PROPOSITION 4.1.  Every real hypersurface in M>(c) whose structure Jacobi
operator satisfies relations (1.3) and (1.4) is Hopf.
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Due to the above Proposition we have that M is a Hopf hypersurface and
relations of Theorem 2.2 and Remark 2.6 hold. Relation (4.1) for X = oW,
Y =W and Z = oW due to (2.7) implies

(7~ V)g (Vo W, W) = 0.
Suppose that a(4 —v) # 0 then g(V,w W,pW) =0. Moreover, relation (4.1) for

X=W, Y=¢W and Z =W implies g(VwoW,W)=0. The inner product
of Codazzi equation for X = ¢ and Y = W with ¢W because of (2.5) implies

g(Ve W, W) = g. Combination of the Gauss equation with the formula for the

Riemannian curvature for X = W, Y = ¢W and Z = W taking into account

V(,WW: Vf, ngDW: 7&5, and V(/,WgoW:VWW:O,

implies Av = —ch and because of (2.5) we have that a(1+v) = —c. Thus 4, v

are constant and since A # v we have that M is locally congruent to a real
hypersurface of type (B).

Let o(4—v) =0. If =0 in case of CP?> we have two cases: 1) if 1 #v
then M is locally congruent to a non-homegeneous real hypersurface considered

as a tube of radius :g over a holomorphic curve, 2) if 2 =v then M is locally
congruent to a geodesic hypersphere of radius r = % In case of CH?> M is a
Hopf hypersurface with A¢ = 0 (for the construction of such real hypersurfaces
see [5]).

If « #0 then 2 =v. The latter implies that

(Ap —pA)X =0

for any X tangent to M. So due to Theorem 2.1 M is locally congruent to a
real hypersurface of type (4).

Conversely, it will be proved that real hypersurfaces of type (4), real hyper-
surfaces of type (B) and Hopf hypersurfaces with 4¢ = 0 in M;(c) satisfy relation
(1.4).

Let M be a real hypersurface of type (4) in M>(c), then the shape operator
of M is given by

A¢=aé and AZ| =pZ,, for any Z; €D,

where o and p are constants. Then relation (2.3) for X =¢ and X =2, Z, €D
due to the above relation of the shape operator implies

[E=0 and [Z, = <4—C‘Jrocp)Zl7 for any Z; € D.
Relation (1.4) yields relation (4.1). The last one taking into account the

above relation for the structure Jacobi operator is satisfied for all the possible
combinations of X, Y and Z eD.
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Let M be a real hypersurface of type (B), then the shape operator of M with
respect to an orthonormal basis {&,Z;,Z,} is given by

Af = ch, A21 = S121 and AZZ = SzZz7

where o, s; and s, are constants. Relation (2.3) for X =¢, X =Z; and X = Z;
because of the above relation of the shape operator implies

1E=0, IZ,= (24— ocsl)Zl and [Z, = <2+ocsz>Zz.

Relation (4.1) taking into account the above relation for the structure Jacobi
operator is satisfied for all the possible combinations of X, Y and Z € {Z;, Z,}.

Let M be a Hopf hypersurface with A =0 in M;(c), then the shape
operator of M at some point P is given by

AE=0, AZ,=1Z, and AZ, = s,

where #,, t, are non-constant functions. Then relation (2.3) for X = ¢ and X €
{Z\,Z,} because of the above relation yields

E=0, 1Z,=57 and 1Z,=S27,.
4 4
Then following the same combinations as in the case of real hypersurfaces of type
(4) it is proved that Hopf hypersurfaces with A& = 0 satisfy relation (1.4).

4.1. Real hypersurfaces in M,(c), n > 2, whose structure Jacobi operator
sastisfies relation (1.4)

4.1.1. Hopf hypersurfaces in non-flat complex space forms

Let M be a Hopf hypersurface in M,(c), n > 2, whose structure Jacobi
operator satisfies relation (1.4). Relation (4.1) also holds. We consider two
cases.

Case I o> +c#0.

In this case relations of Theorem 2.2 and remark 2.3 hold. Following
similar steps to those of the case of three dimensional real hypersurfaces we
obtain

g(Vow W, oW) =1x:,=0 and ¢g(VwoeW, W) =K, =0.

The inner product of Codazzi equation for X = ¢ and Y = W with ¢l due
to (2.5) yields

o
k3 =g(VeW,0W) =5
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The inner product of Codazzi equation for X = W and Y = ¢W with any
W) € Dy, if n > 3, which is the orthogonal complement of the span{ W, oW &}
yields

(44) Vg(VWgOW, Wl) — ig(Vq,W I/V7 W]) = g(AVW(DW — AV(pW I/V7 W1>

Furthermore, the inner product of (4.1) for X = W, Y = oW and Z = W,
due to relation (4.4) and relation (2.3) for X = VoW and X =V, W, since
A # v leads to

g(Vow W, W) =0, for any W, eDy.

Because of the latter and the fact that V,» W has no component on W and
oW we conclude that

(4.5) VowW =v¢é and V,weW =0.

The inner product of (4.1) for X = oW, Y = W and Z = W) due to relation
(4.4) and relation (2.3) for X = VW and X =V, W, since 1 # v leads to

g(VwoW W) =0, for any W;eDy.

Due to the latter and the fact that V¢ has no component on W and ¢ W
we conclude that

(4.6) VwoW = —A¢ and VW =0.
The Riemannian curvature tensor is given by the relation
(4.7 R(X,Y)Z=VxVyZ -VyVxZ —Vy yZ.

Relation (4.7) for X = W, Y = oW and Z = W because of relations (4.5)
and (4.6) yields
(4.8) R(W,oWYW = (Wv)E+vipW + (A +v)VeW.
On the other hand from the Gauss equation for X = W, Y =W and Z =W
we obtain

4.9) R(W,oW)W = —(Av+ c)pW.

The combination of the inner product of the above two relations with W; € Dy
implies
(A+v)g(VeW, W7) = 0.

Suppose that g(V:W,W;) #0 then the above relation gives A+ v =0.
Combining the inner product of (4.8) and (4.9) with ¢W results in Av=

—g. Substituting the previous two relations in (2.4) leads to ¢ = 0, which is a

contradiction. Therefore, on M we have that g(V:W, W) =0, which implies
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that V:W has no component on Dy,. Therefore, since x3 :% the following
relations hold

(4.10) véwzgfpw and VwW:—%W.

The combination of the inner product of relations (4.8) and (4.9) with ¢
because of (4.10) implies 24y —&—g(/l +v) = —c. The last one due to (2.4) results
in Av= —2. Substitution of the previous one in (2.4) implies a(A+v) = —c.
Therefore, the real hypersurface has at least three distinct constant principal

curvatures. Substitution of the principal curvatures in Av = — - implies that only
type (B) satisfies this relation. 4

If o(y —v) =0 holds, which implies that either M is a Hopf hypersurface
with o =0 or £ =v. The last one results in (4p — pA4)X =0, X tangent to M.

Case II: oa?> 4 ¢ =0. .,
In this case the ambient space is CH” and o # 0. Suppose that A # 3

then ApW = vpW and (2.5) results in v = g. Following similar steps as in the
previous case gives a contradiction.

Therefore, /4 :% is the only eigenvalue for all vector fields in D and M is

locally congruent to a horosphere. Therefore, due to Theorem 1.2, relation
(Ap — pA)X =0 and Theorem 2.1 we obtain

ProPOSITION 4.2. Let M be a Hopf hypersurface in M,(c), n > 2, whose
structure Jacobi operator satisfies relation (1.4). Then, M is locally congruent

i) to a real hypersurface of type (A)

ii) or to a Hopf hypersurface with A¢ =0,

iii) or to a real hypersurface of type (B), i.e. in case of CP" a tube of radius

re (0,%) around the complex quadric Q"' and in case of CH" a tube of some

radius r around the canonically (totally geodesic) embedded n-dimensional real
hyperbolic space.

4.2. Ruled hypersurfaces in non-flat complex space forms

Let M be a ruled real hypersurface whose structure Jacobi operator satisfies
relation (1.4) and also relation (4.1) holds. Furthermore, the relations (3.6)—
(3.12) are satisfied. Relation (4.1) for X = U, Y = ¢U and Z = U due to (3.11)
and (3.12), results in x; = 0. Combination of the Gauss equation for X = U,
Y=¢U and Z=U due to x; =0 with the definition of the Riemannian
curvature R(X,Y)Z =VxVyZ —VyVxZ — Vy,y_v,xZ implies ¢ =0, which is
impossible. Thus we have proved the following Proposition.
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PropoSITION 4.3. There are no ruled real hypersurfaces in M,(c), n > 2,

whose structure Jacobi operator satisfies relation (1.4).
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