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RULED REAL HYPERSURFACES HAVING THE SAME
SECTIONAL CURVATURE AS THAT OF AN AMBIENT
NONFLAT COMPLEX SPACE FORM

SADAHIRO MAEDA, HiRoMASA TANABE AND YOUNG Ho Kim

Abstract

Ruled real hypersurfaces in a nonflat complex space form M,(c) (n>=2) are
obtained by having a one-codimensional foliation whose leaves are totally geodesic
complex hypersurfaces of the ambient space. Motivated by a fact that the sectional
curvature K of every ruled real hypersurface M in M,(c) (n=3) satisfies |c/4] <
|K(X,Y)| < |c| for an arbitrary pair of orthonormal vectors X and Y that are tangent to
the leaf at each point x of M, we study ruled real hypersurfaces having the sectional
curvature K with |c/4| < |K| < || in M,(c).

1. Introduction

We denote by M,(c) a complex n-dimensional complete and simply con-
nected Kéhler manifold of constant holomorphic sectional curvature c(# 0)
endowed with the standard Riemannian metric {,» and the Kaéhler structure
J. This so-called an n-dimensional nonflat complex space form of constant
holomorphic sectional curvature ¢ is holomorphically isometric to either an
n-dimensional complex projective space CP"(¢) or an n-dimensional complex
hyperbolic space CH"(c) according as ¢ is positive or negative. We recall the
fact that for n = 2 the sectional curvatures K of CP"(¢) and CH"(c) satisfy
¢c/4 <K =<c¢ and ¢ <K =c/4, respectively. Needless to say, the sectional
curvatures K of CP'(c) and CH'(c) satisfy K = c.

In this paper, among real hypersurfaces isometrically immersed into a nonflat
complex space form M,(c) (n = 2), we shall focus on ruled real hypersurfaces.
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In classical differential geometry, it is well-known that every ruled surface in
3-dimensional Euclidean space R® has nonpositive Gaussian curvature. Hence
we have an interest in the sectional curvature of every ruled real hypersurface
M in a nonflat complex space form M,(c) (n = 2). Since every leaf of a one-
codimensional foliation on M is totally geodesic, in the case of n =3 we find
easily the fact that the sectional curvature K of every ruled real hypersurface M
in M,(c) satisfies |c/4| < |K(X,Y)| < |c| for an arbitrary pair of orthonormal
vectors X and Y tangent to the leaf at each point x of M. Motivated by
this fact we study ruled real hypersurfaces M having the sectional curvature K
with |¢/4| < |K]| £ |c|, that is, the sectional curvature K satisfies either c¢/4 <
K(X,Y)<c¢ (¢>0) or c<K(X,Y)=<c/4 (¢c<0) for an arbitrary pair of
orthonormal vectors X and Y that are not necessarily tangent to the leaf at
each point x of M. B

Every ruled real hypersurface in M, (c) is constructed by attaching complex
hyperplanes M,_;(c) on a smooth real curve y:I — M,(c) with its arclength
s _defined on some open interval /(= R) in such a way that the hyperplane
M,_(c) is orthogonal to the real plane spanned by {j(s),J7(s)} at each point
y(s). So, it is natural to investigate the relation between the properties of the
curve y which generates a ruled real hypersurface M and the value of the
sectional curvature K of M. In §4 we give our main results by using the notion
of Frenet curves.

2. Preliminaries

Let M 2”;‘ be a real hypersurface of an n(= 2)-dimensional nonflat complex
space form M, (c) of constant holomorphic sectional curvature ¢ and .4 be a unit
normal local vector field on M in M,(c). Then the formulae of Gauss and
Weingarten are given respectively by

(2.1) VY =VyY +<AX, YON, Vy AV =—AX

for vector fields X and Y tangent to M, where V and V denote the Riemannian
connections of M,(c) and M, respectively, <, ) denotes the Riemannian metric on
M induced from the standard metric on M,(c) and A4 is the shape operator of M
in M,(c). The Kihler structure J of M,(c) induces an almost contact metric
structure (¢,&,n,{,>) on the real hypersurface M. That is, we define a tensor
field ¢ of type (1,1), a vector field ¢ and a I-form # on M by

(22) E=—JN, pX)=LX,&>=JX, /> and ¢X =JX —p(X)N
for each tangent vector X € TM. Then the structure satisfies

(2.3) PX = —X +5(X)E, (PX,pY> =X, Y>—n(X)n(Y),
nE) =1, ¢&=0 and 5(¢X)=0
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for all vectors X,Y e TM. We call the vector field ¢ the characteristic vector
field on M. Tt follows from the equalities (2.1) and VJ =0 that

(2.4) (Vx9)Y =n(Y)AX — (AX, Y )¢
and
(2.5) Vxé =¢AX.

Denoting the curvature tensor of M by R, we have the equation of Gauss given
by

(2.6) (R(X,Y)Z, W
= (¢/A{KY, Z)X, W) — (X, Z)Y, W)
+{PY, ZPX, W) — {9pX, Z){pY, W)
— KpX, Y)PZ, W)}
F LAY, ZYAX, W — {AX, ZXAY , W)

for vector fields X, Y, Z, W on M.

For a real hypersurface M in M,(c) (n=2), the condition that =0
defines a (2n — 2)-dimensional subbundle T°M of the tangent bundle TM called
the holomorphic distribution: T°M =) __,, TOM, where T{M ={X € T.M |
n(X)=<X,&y=0}. A real hypersurface M in M,(c) is said to be ruled if
the holomorphic distribution 7°M is integrable and each of its leaves (i.c.,
maximal integral manifolds) is a totally geodesic complex hypersurface M, 1(c)
of M,(c). The construction of ruled real hypersurfaces in Introduction means
that in general a ruled real hypersurface has singularities. So we must omit such
points.

We define two functions p,v: M — R by u= A& EY and v = ||AE — ué||.
These functions u and v are important quantities which measure how far the
characteristic vector field & is from being a principal curvature vector. A
characterization of ruled real hypersurfaces in terms of the functions x,v and
the shape operator A is given as follows.

PrOPOSITION 1 ([8]). Let M be a real hypersurface in a nonflat complex space
Jorm M,(c) (n=2). Then the following three conditions are mutually equivalent.

(1) M is a ruled real hypersurface.

(2) The shape operator A of M satisfies <AX,Y» = 0 for any tangent vectors
X,Y e T.M orthogonal to &, at each point x e M.

(3) The set My = {xe M |v(x) # 0} is an open dense subset of M and there
exists a unit vector field U on M| such that it is orthogonal to & and
satisfies that

(2.7 A =pué+vU, AU =v¢ and AX =0

for an arbitrary tangent vector X orthogonal to both & and U.
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In this paper, considering a ruled real hypersurface M, we treat M as a
differentiable manifold such that M = M, U {xe M |v(x) = 0}.

3. Sectional curvatures of ruled real hypersurfaces

Let K be the sectional curvature of a ruled real hypersurface M in a nonflat
complex space form M,(c) (n=2). That is, K is defined by K(X,Y)=
(R(X,Y)Y,X) for orthonormal tangent vectors X, Y on M with the curvature
tensor R of M.

First of all we give the following inequalities for the sectional curvature K of
a ruled real hypersurface M (cf. [9]).

LemMA 1. Let M be a ruled real hypersurface in M,(c) (n=2). Then the
sectional curvature K of M satisfies Zhe following:

(1) If ¢ > 0, we have (c¢/4) —v(x)* <K<c at every point x € M;

2) If c<O we have (c/4) —v(x)>* <K <c/4 at the point xeM with

v(x)? = 3|c|/4 and ¢ £ K < ¢/4 at the point x € M with v(x)* < 3|c|/4.

These estimates are sharp in the sense that at each point of M we can take a pair
of orthonormal tangent vectors X and Y satisfying K(X,Y) =k for given k with
Kiin = k < Kinax-

Proof. By the equation of Gauss (2.6), the sectional curvature K is given as
(3.1) K(X,Y) = (c/4){1 +3{pX, YD?} + (AX, XD(AY, Y ) — (AX,Y)?

for orthonormal tangent vectors X, Y on M. At a point x of M, we take an
arbitrary 2-dimensional vector subspace P of the tangent space 7 M. Then we
can choose an orthonormal pair of vectors X, Y e T, M and a real number ¢
such that vectors cos¢-&,+sin¢-X and Y form the orthonormal basis of the
subspace P.

First, we examine the case where v(x) # 0. By using (2.3) and Proposition
1(2), (3), we find the sectional curvature K of the plane section P can be written
as

(3.2) K(cost- &, +sint- X, Y)
= (¢/8){1 + 3 sin® KpX, Y2} — v(x)? cos® iKY, UcH>.

If ¢ >0, we can see that the expression of (3.2) takes its maximum value ¢
at t=7n/2 and X = ¢Y (that is, for example, in the case that a plane section P
is a ¢- sectlon spanned by U, and ¢U ). Also, it takes the minimum value
(¢/4) —v(x)* at 1 =0, Y = U, (that is, in the case that the plane P is spanned by
Uy and ¢&,). If ¢ <0, it follows from (3.2) that

K(cost-&+sint- X, Y) = (¢/4)(1+ 3 sin® 1) — v(x)* cos® ¢
(c/4) —v(x)* + ((3¢/4) + v(x)?) sin® .
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Hence, if (3¢/4) + v(x)? = 0, the sectional curvature K takes its minimum value
(¢/4) —v(x)* at 1=0, Y = Us, X =¢Up. I (3¢/4) +v(x )2 <0, it takes the
minimum value (¢/4) — v(x)? + {(3¢/4) +v(x Yy=cat r=n/2, Y=U, X =
#U,. Obviously, we find that the maximum value of K is ¢/4 from (3.2).

Next we consider the case where v(x) =0. Since A&, = u(x)&, by the
definition of v, we see from Proposition 1(2)

K(cost-Ec+sint- X, Y) = (c/4){1 +3sin® t{pX, Y D2}

This implies our inequalities are valid at the point x with v(x) =0. Thus we
have the assertion (2). The last assertion of the lemma is clear from the above
argument. ]

4. Ruled real hypersurfaces associated with Frenet curves

Take an arbitrary regular real curve y:I — M,(c) with its arclength s
defined on some open interval /(= R). Then we consider a ruled real hyper-

surface M =), , M, 9 ,(c) associated with the curve y with arclength s, where
M,Ei)l(c) is a complex hyperplane through the point y(s) (for details, see

Introduction). Needless to say that the curve y is an integral curve of the
characteristic vector field & of M.

In [3], Lohnherr-Reckziegel studied ruled real hypersurfaces by parameter-
izing them by maps of the form f : I x M,_;(¢) — M,(c) and show properties on
these maps. The following lemma is due to them.

Lemma 2 ([3]). For every sel the function v satisfies the following:
(1) When ¢ >0, on each leaf M() ( ) we have 0 < v < o0;

(2) When ¢ <0, on_each leaf M\ (s) (e) we have either 0=v</|c|/2,

v=1/le]/2 or \/]e]/2 <V < 0.

Here we recall the definition of Frenet curves in a Riemannian manifold M.
A smooth curve y = y(s) parametrized by its arclength s is called a Frenet curve
of proper order d if there exist a field of orthonormal frames {V; =7, V>,..., Vy}

along y and positive smooth functions x;(s),...,ks_1(s) satisfying the following
system of ordinary differential equations
(4.1) ViTi(s) =~ () Vot (9) + () Vya(s), J=1,....d,

where Vy =V, =0 and V denotes the covariant differentiation along y with
respect to the Riemannian connectlon V of M. The functions x;(s) (j=1,.

d —1) and a field of orthonormal frames {V7,..., V;} are called the curuatures
and the Frenet frame of y, respectively. We call a curve a helix when all of its
curvatures are constant functions. A curve y is called a helix of order d if it is a
helix of proper order r(< d). For a helix of order d, which is of proper order
r(=d), we use the convention in (4.1) that x; =0 (r <jsd-1)and V;=0
(r+1=j=d). A helix of order 1 is nothing but a geodesic. A helix of order
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2, that is a curve which satisfies V;j(s) = kVa(s), V;Va(s) = —kj(s), is called a
circle of curvature k(= 0).

_ For a Frenet curve y of proper order d in a nonflat complex space form
M, (c), we define its complex torsions by t;(s) = {Vi(s), JV;(s)> (1 £i<j=d).
In the study of Frenet curves in M,(c) their complex torsions play an important
role (see [6]). A circle of positive curvature in M,(c) is said to be totally real if
its complex torsion 7 vanishes. A totally real circle lies on a totally real totally
geodesic surface M>(c)(= RP?*(c/4) or RH?(c/4)).

Now, we consider a ruled real hypersurface associated with a Frenet curve y
and investigate the value of the function v along y.

LemmA 3. Let y = y(s) be a Frenet curve of proper order d with curvatures
ki(s) (1=j=d—1) and complex torsions t;(s) (1 =i<j=d) in a nonflat
complex space form M,(c), n =2 and M be a ruled real hypersurface associated
with the curve y. Then the functions = {AE EY and v = ||AE — ué|| satisfy the
Jfollowing.

(4.2) u(y(s)) = —r1(s)T12(s),
(4.3) v((s)? =1 (s)*(1 = 12(s)°).
Proof.  As j(s) = &, we see from (2.1) and (2.5) that
(4.4) Vi(s) = V3i(s) + <Ap(s), 7(8) >Ny
= QAL ) + p(7(5)) Ny(s)-

We consider firstly the case in which v(y(s)) # 0. By use of (2.3) and (2.7) we
have

Vii(s) = d{u(r($))Syi5) + () Uy} + 1((5) Ay(s)
= v(()Uy(s) + u(r($))-H305)5
so that the first curvature x;(s) of y, considered as a curve in M,(c), satisfies
(4.5) K1(8)* = v(p(s)* + u(y(s)* (> 0)
and
Va(s) = (1/k1(s)){v(p(5))p Uys) + u(y(5)) N9 }-
This gives
t12(s) = (s), JVa(s))
= (1/r1(5)) <), TV ()@ Uys) + p(y(5)) N5) >
—(1/r1(8)){A3(8), v(2(8) @ Uyis) + 1(7(8) A5
= —u(y(s)) /11 ().
Thus we obtain (4.2), which, together with (4.5), implies (4.3).
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Next, let us consider the case in which there exists some sy € I such that
v(y(s0)) =0. Then we have A&, = u(y(s0))<y ) and hence equation (4.4)
becomes

(4.6) (V37)(s0) = u(y(50))A5(s0) -
If u(y(so)) >0, we find xi(so) = u(y(s0)), Va(s0) = Ny, and therefore

T12(80) = <P(50), JV2(50)> = <& 50)5 S N5(s0)> = —1-

Relations (4.2) and (4.3) follow from this. If u(y(so)) =0, equation (4.6) shows
K1(s0) = 0, so relations (4.2) and (4.3) hold. If u(y(so)) < 0, from (4.6) we have
K1(s0) = —u(y(s0)), Va(s0) = —A%s,)- Then, just as above we get the conclusion.

O

As a direct consequence of Lemmas 1, 2 and 3, we have the following.

THEOREM 1. Every ruled real hypersurface M of a complex projective space
CP"(c) (n=2) has the sectional curvature K with —oo < K < ¢, so that there
does not exist a ruled real hypersurface having the sectional curvature K with
c¢/4 £ K < c in this ambient space.

THEOREM 2. Let y:1 — CH"(c) (n = 2) be a Frenet curve of proper order d
defined on an open interval I1(c R) in a complex hyperbolic space CH"(c) and M
be a ruled real hypersurface associated with the curve y in CH"(c). Then M has
the sectional curvature K with ¢ £ K < ¢/4 if and only if the first curvature x| and
a complex torsion t15 of the Frenet curve y satisfy r1(s)2(1 — 112(s)?) < |¢|/4 for
any sel.

Remark 1. As a matter of course, the curve y which generates a ruled real
hypersurface M is not unique. At any point p of M there exists the unique
curve y, through p, which generates M. It follows from Lemma 2(2) and (4.3)
that in Theorem 2 the inequality x;(s)*(1 — 712(s)%) < |¢|/4 holds on every
generating M.

5. Examples

Example 1. 1In [2], Adachi, Bao and the first author studied congruency of
minimal ruled real hypersurfaces in a nonflat complex space form M,(c), n =2
with respect to the action of its isometry group I(M,(c)). They showed that
those in a complex projective space CP"(c¢) (n = 2) are congruent to each other
and that those in a complex hyperbolic space CH"(c¢) (n = 2) are classified into
three classes.

Here we consider minimal ruled real hypersurface M in a complex hyper-
bolic space. It is known that every minimal ruled real hypersurface M is

associated with a totally real circle y and vice versa ([3, 4]). Moreover, on the
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minimal ruled real hypersurface M the function u vanishes identically, the
function v is constant along each integral curve of its characteristic vector field
£ and we have Vyi(s) = v(5(s)#Uyy, V5($U), ) = —v((s)3(s) with 5(s) = &y,
These equations mean that a totally real circle y generating a minimal ruled real
hypersurface M has just one curvature k = v(y(s)) along the curve y. On the
other hand, totally real circles in CH"(c) are classified into three kind of classes
according to their curvatures ([1]). If the curvature k of a totally real circle y
is greater than \/|c|/2, 7 is closed and bounded. If k = \/|c|/2, it is horocyclic,
so that it is unbounded and has a single limit point at infinity y(o0) = y(—o0)
in the ideal boundary of CH"(¢). If 0 <k < +/|c[/2, it is unbounded and has
two distinct limit points at infinity y(o0), y(—o0) in the ideal boundary. Corre-
sponding to this classification of totally real circles, we call ruled real hyper-
surfaces M associated with y of elliptic type, parabolic type and axial type
according as the curvature of y satisfies k > +/[c[/2, k= /|c[/2 and 0 <k <
V/Jel/2 ([2]). Every minimal ruled real hypersurface is locally congruent to one
of minimal ruled real hypersurfaces of axial type, parabolic type and elliptic
type. Minimal ruled real hypersurfaces of parabolic type and axial type are
complete, but minimal ruled real hypersurfaces of elliptic type are not complete.
Furthermore, the minimal ruled real hypersurface of parabolic type is homoge-
neous, i.e. this minimal ruled real hypersurface is an orbit of some subgroup
of the full isometry group of the ambient space CH"(¢). Note that the isometry
group of the minimal ruled real hypersurface of parabolic type is the direct
product of I(CH"~!(c)) and a one-parameter subgroup whose orbit is a horocycle
on a totally geodesic RH?(c/4), where I(CH""'(c)) is the isometry group of a
totally geodesic CH""!(c) (for details, see [2, 5]).

Returning to our main topics, since the complex torsion 7j, of a totally real
circle y vanishes, by Theorem 2 we can see that minimal ruled real hypersurfaces
of types axial and parabolic in CH"(¢) have the sectional curvature K with
¢c< K <c¢/4. In particular, the minimal ruled real hypersurface associated
with geodesics on a totally geodesic RH?(c/4) has the sectional curvature K
with ¢ £ K < ¢/4.

Remark 2. For the minimal ruled real hypersurface of elliptic type we have
—oo < K =< ¢/4.

Example 2. Take an arbitrary geodesic y in CH"(¢) (n = 2) and consider
the ruled real hypersurface M associated with y. Then we find x; =0, so that
M has the sectional curvature K with ¢ < K < ¢/4 by Theorem 2. However this
ruled real hypersurface M can be considered the minimal ruled real hypersurface
of axial type. In fact, since CH"(c¢) is a Riemannian symmetric space of rank
one, our geodesic y is congruent to a geodesic on RH?(c/4).

Example 3. Let M be a ruled real hypersurface in CH"(c) (n=2)
associated with a curve y =y(s) lying on a totally geodesic complex line
CH!(¢). Then the curve y satisfies V;j(s) = x(s)Jj(s) for each sel, where
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K =1(s)(20) is a smooth function along y. Such a curve is called Kéhler
Frenet curve ([7]). Needless to say, every geodesic is a Kdhler Frenet curve in a
trivial sense. We can find |72] = 1 on the curve y and hence by Theorem 2 M
has the sectional curvature K with ¢ < K <c¢/4. We here remark that the
characteristic vector ¢ is principal along the above curve y. But, in general the
vector £ is not principal along other curves generating M, that is, 715 # +1 on
these curves. (In fact, if 7o = +1 on every curve generating M, then we see
easily our ruled real hypersurface M is a Hopf hypersurface, that is, the
characteristic vector ¢ on M is principal at its each point. This is a contra-
diction.) However the inequality in Theorem 2 must hold on every curve
generating M.
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