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ESTIMATES OF EIGENVALUES OF A CLAMPED PROBLEM

Tao Zheng

Abstract

In this paper, for the eigenvalue problem of a clamped plate problem on complex

projective space with holomorphic sectional curvature cð> 0Þ and nðb 3Þ-dimensional

noncompact simply connected complete Riemannian manifold with sectional curvature

Sec satisfying �a2 aSeca�b2, where ab bb 0 are constants, we obtain universal

eigenvalue inequalities. Moreover, we deduce the estimates of the upper bounds of

eigenvalues.

1. Introduction

Let M be an n-dimensional complete Riemannian manifold and WHM be
a bounded domain with smooth boundary (possible empty) in M. A Dirichlet
eigenvalue problem of the biharmonic operator or a clamped plate problem,
which describes the characteristic vibrations of a clamped plate is given by

D2u ¼ Gu; in W;

u ¼ qu

qn
¼ 0; on qW;

8<
:ð1:1Þ

where D2 is the biharmonic operator on M and n denotes the outward normal
derivative on qW. We will denote eigenvalues and the corresponding real eigen-
functions by fGigyi¼1 and fuigyi¼1, respectively. The eigenvalues Gi satisfy

0 < G1 aG2 aG3 a � � �%y;

where each Gi has finite multiplicity which is repeated according to its multi-
plicity.
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For the universal inequalities for eigenvalues of the clamped plate problem
in a bounded domain in Rn, in 1956, Payne, Pólya and Weinberger [15, 16]
proved

Gkþ1 � Gk a
8ðnþ 2Þ
n2k

Xk
i¼1

Gi; k ¼ 1; 2; . . . :ð1:2Þ

In 1984, Hile and Yeh [12] obtained

Xk
i¼1

G
1=2
i

Gkþ1 � Gi

b
n2k3=2

8ðnþ 2Þ
Xk
i¼1

Gi

 !�1=2

; k ¼ 1; 2; . . . :ð1:3Þ

In 1990, Hook [13], Chen and Qian [3] independently proved

n2k2

8ðnþ 2Þ a
Xk
i¼1

G
1=2
i

Gkþ1 � Gi

 ! Xk
i¼1

G
1=2
i

 !
; k ¼ 1; 2; . . . :ð1:4Þ

In [8], Cheng and Yang have given an a‰rmative answer for a problem on
universal inequalities for eigenvalues, proposed by Ashbaugh [2]; that is, they
have proved

Gkþ1 �
1

k

Xk
i¼1

Gi a
8ðnþ 2Þ

n2

� �1=21
k

Xk
i¼1

GiðGkþ1 � GiÞ
 !1=2

; k ¼ 1; 2; . . . :ð1:5Þ

For domains in a unit sphere, Wang and Xia [21] gave a universal inequality for
the clamped plate problem (1.1). They proved

Xk
i¼1

ðGkþ1 � GiÞ2 a
8ðnþ 2Þ

n2

Xk
i¼1

ðGkþ1 � GiÞ G
1=2
i þ n2

2nþ 4

� �
G

1=2
i þ n2

4

� �
ð1:6Þ

For an n-dimensional complete manifold M, Cheng, Ichikawa and Mametsuka
[6] obtained

Xk
i¼1

ðGkþ1 � GiÞ2 a
8ðnþ 2Þ

n2

Xk
i¼1

ðGkþ1 � GiÞ G
1=2
i þ n2

2nþ 4
sup
W

jHj2
� �

ð1:7Þ

� G
1=2
i þ n2

4
sup
W

jHj2
� �

:

For the real hyperbolic space Hnð�1Þ, Cheng and Yang [11] proved that

Xk
i¼1

ðGkþ1 � GiÞ2 a 24
Xk
i¼1

ðGkþ1 � GiÞ G
1=2
i � ðn� 1Þ2

4

 !
G

1=2
i � ðn� 1Þ2

6

 !
ð1:8Þ

250 tao zheng



and Wang and Xia [22] proved

Xk
i¼1

ðGkþ1 � GiÞ2 a
Xk
i¼1

ðGkþ1 � GiÞð4G1=2
i � ðn� 1Þ2Þ

( )1=2

ð1:9Þ

�
Xk
i¼1

ðGkþ1 � GiÞ2ð6G1=2
i � ðn� 1Þ2Þ

( )1=2

which implies (1.8).
In this paper, motivated by [7, 20], for the eigenvalue problem of a clamped

plate problem on complex projective space with holomorphic sectional curvature
c > 0 and nðb 3Þ-dimensional noncompact simply connected complete Rieman-
nian manifold with sectional curvature Sec satisfying �a2 aSeca�b2, where
ab bb 0 are constants, we obtain the eigenvalue inequalities in the form of
(1.9).

Theorem 1.1. Let M ¼ CPnðcÞ be n-dimensional complex projective space
with holomorphic sectional curvature c > 0 and WHM be a bounded domain with
smooth boundary. Then for the eigenvalues Gi’s of a clamped plate problem (1.1),
we have

Xk
i¼1

ðGkþ1 � GiÞ2 a
1

n

Xk
i¼1

ðGkþ1 � GiÞð2G1=2
i þ cnðnþ 1ÞÞ

( )1=2

ð1:10Þ

�
Xk
i¼1

ðGkþ1 � GiÞ2ð2ðnþ 1ÞG1=2
i þ cnðnþ 1ÞÞ

( )1=2

:

Remark 1.1. If c ¼ 4, C. Xia [23] obtained an eigenvalue inequality for a
clamped plate problem.

Corollary 1.2. Under the same assumption of Theorem 1.1, for the
eigenvalues Gi’s of a clamped plate problem (1.1), we have

(1)

Xk
i¼1

ðGkþ1 � GiÞ2ð1:11Þ

a
1

n2

Xk
i¼1

ðGkþ1 � GiÞð2G1=2
i þ cnðnþ 1ÞÞð2ðnþ 1ÞG1=2

i þ cnðnþ 1ÞÞ;

(2)

Gkþ1 aSkþ1 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S2
kþ1 � Tkþ1

q
;ð1:12Þ
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where

Skþ1 ¼
1

k

Xk
i¼1

Gi þ
1

2n2k

Xk
i¼1

ð2G1=2
i þ cnðnþ 1ÞÞð2ðnþ 1ÞG1=2

i þ cnðnþ 1ÞÞ

and

Tkþ1 ¼
1

k

Xk
i¼1

G2
i þ

1

n2k

Xk
i¼1

Gið2G1=2
i þ cnðnþ 1ÞÞð2ðnþ 1ÞG1=2

i þ cnðnþ 1ÞÞ:

(3) For any positive real number e,

Gkþ1 þ
c2n2ðnþ 1Þ2ðn2 þ 4nþ 4þ 4eÞ

16eðnþ 1þ eÞð1:13Þ

a 1þ 4ðnþ 1þ eÞ
n2

� �
kð2ðnþ1þeÞÞ=n2

� G1 þ
c2n2ðnþ 1Þ2ðn2 þ 4nþ 4þ 4eÞ

16eðnþ 1þ eÞ

 !
:

Theorem 1.3. Let M ¼ CPnþmðcÞ be ðnþmÞ-dimensional complex projective
space with holomorphic sectional curvature c > 0 and WHM be a bounded com-
plex submanifold. Then for the eigenvalues of a clamped plate problem (1.1),
we have

Xk
i¼1

ðGkþ1 � GiÞ2 a
1

n

Xk
i¼1

ðGkþ1 � GiÞð2G1=2
i þ cnðnþ 1ÞÞ

( )1=2

ð1:14Þ

�
Xk
i¼1

ðGkþ1 � GiÞ2ð2ðnþ 1ÞG1=2
i þ cnðnþ 1ÞÞ

( )1=2

:

Corollary 1.4. Under the same assumption as Theorem 1.3, for the eigen-
values Gi’s of a clamped plate problem (1.1), we have

(1)

Xk
i¼1

ðGkþ1 � GiÞ2ð1:15Þ

a
1

n2

Xk
i¼1

ðGkþ1 � GiÞð2G1=2
i þ cnðnþ 1ÞÞð2ðnþ 1ÞG1=2

i þ cnðnþ 1ÞÞ;

(2)

Gkþ1 aSkþ1 þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
S2
kþ1 � Tkþ1

q
;ð1:16Þ
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where

Skþ1 ¼
1

k

Xk
i¼1

Gi þ
1

2n2k

Xk
i¼1

ð2G1=2
i þ cnðnþ 1ÞÞð2ðnþ 1ÞG1=2

i þ cnðnþ 1ÞÞ

and

Tkþ1 ¼
1

k

Xk
i¼1

G2
i þ

1

n2k

Xk
i¼1

Gið2G1=2
i þ cnðnþ 1ÞÞð2ðnþ 1ÞG1=2

i þ cnðnþ 1ÞÞ;

(3)

Gkþ1 þ
c2n2ðnþ 1Þ2ðn2 þ 4nþ 4þ 4eÞ

16eðnþ 1þ eÞð1:17Þ

a 1þ 4ðnþ 1þ eÞ
n2

� �
kð2ðnþ1þeÞÞ=n2

� G1 þ
c2n2ðnþ 1Þ2ðn2 þ 4nþ 4þ 4eÞ

16eðnþ 1þ eÞ

 !
;

where e is any positive real number.

Remark 1.2. Let W be bounded domain with smooth boundary in Eucli-
dean space. Then, for the eigenvalue problem (1.1), Agmon [1] and Pleijel [17]
proved the following Weyl’s asymptotic formula

Gk @
16p4

ðon vol WÞ4=n
k4=n; k ! y;ð1:18Þ

where on is the volume of the unit ball in Rn. The Weyl’s asymptotic formula
(1.18) also holds in general Riemannian manifolds. In the case of n-dimensional
complex manifold, since the real dimension is 2n, the Weyl’s asymptotic formula
(1.18) can be rewritten as

Gk @
16p4

ðo2n vol WÞ2=n
k2=n; k ! y:ð1:19Þ

Therefore, we can conjecture that there exists a constant Cn;W depending only on
the dimension n and W such that

Gkþ1 aCn;Wk
2=nG1:ð1:20Þ

Theorem 1.5. Let M be nðb 3Þ-dimensional noncompact simply connected
complete Riemannian manifold with sectional curvature Sec satisfying �a2 aSeca
�b2, where ab bb 0 are constants. Assume that WHM is a bounded domain
with smooth boundary. For the eigenvalue problem (1.1), we have
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Xk
i¼1

ðGkþ1 � GiÞ2ð1:21Þ

a 4
Xk
i¼1

ðGkþ1 � GiÞ G
1=2
i � ðn� 1Þ2

4
b2 þ a2 � b2

4

 !( )1=2

� 6
Xk
i¼1

ðGkþ1 � GiÞ2 G
1=2
i � ðn� 1Þ2

6
b2 þ a2 � b2

6

 !( )1=2
:

Remark 1.3. If a ¼ b ¼ 1, that is, M is the hyperbolic space, the inequality
(1.21) is the one of Wang and Xia [22] (see (1.9)).

Corollary 1.6. Under the same assumption as in Theorem 1.5, for the
eigenvalues Gi’s of a clamped plate problem (1.1), we have

Xk
i¼1

ðGkþ1 � GiÞ2 a 24
Xk
i¼1

ðGkþ1 � GiÞ G
1=2
i � ðn� 1Þ2

4
b2 þ a2 � b2

4

 !
ð1:22Þ

� G
1=2
i � ðn� 1Þ2

6
b2 þ a2 � b2

6

 !
:

Remark 1.4. The inequality (1.22) is better than the one in [4]. If a ¼
b ¼ 1, the inequality (1.22) is the one of Cheng and Yang [11] (see (1.8)).

2. Preliminaries

Let M be n-dimensional Hermitian manifold and h be its Hermitian
metric. Then the real part of h is a Riemannian metric g on M and ðM; gÞ
is a 2n-dimensional Riemannian manifold. Assume that z ¼ ðz1; . . . ; znÞ ¼
ðx1 þ

ffiffiffiffiffiffiffi
�1

p
xnþ1; . . . ; xn þ

ffiffiffiffiffiffiffi
�1

p
x2nÞ is the local coordinate system on M. we

have (see [14])

g ¼
X2n
a;b¼1

gab dx
a n dxb;

h ¼
Xn
i; j¼1

hij dz
i n dz j

¼
Xn
i; j¼1

ðgi; j þ
ffiffiffiffiffiffiffi
�1

p
gi;nþ jÞ dzi n dz j

¼
X2n
a;b¼1

gab dx
a n dxb �

ffiffiffiffiffiffiffi
�1

p

2

Xn
i; j¼1

ðgij þ
ffiffiffiffiffiffiffi
�1

p
gi;nþ jÞ dzi5 dz j:

ð2:1Þ
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Let ðgabÞ and ðhijÞ be the inverse matrixes of ðgabÞ and ðhijÞ, respectively, that is,

X2n
g¼1

gagggb ¼ dab;
Xn
p¼1

hpihjp ¼ dij :

Then we have hij ¼ gij �
ffiffiffiffiffiffiffi
�1

p
gi;nþ j .

If the Hermitian manifold ðM; hÞ is Kälerian, the Hermitian connection is
the same as Riemannian connection. Therefore, the Laplacian and gradient of
Riemannian metric can be rewritten as follows.

E f ; h A C2ðM;CÞ, we have

‘f ¼
X2n
a¼1

X2n
g¼1

gag qf

qxg

 !
q

qxa

¼ 2
Xn
i¼1

Xn
p¼1

hpi qf

qzp

 !
q

qzi
þ 2

Xn
j¼1

Xn
p¼1

h jp qf

qzp

 !
q

qz j
;

Df ¼
X2n
a;b¼1

gabfa;b

¼ 4
Xn
i; j¼1

h ji q2f

qziqz j
;

‘f � ‘h ¼
X2n
a;b¼1

gab qf

qxa

qh

qxb

¼ 2
Xn
i; j¼1

hij
qf

qzi

qh

qz j
þ 2

Xn
i; j¼1

hij
qh

qzi

qf

qz j
;

ð2:2Þ

where fa;b is the covariant derivative of fa with respective to Levi-Civita
connection, ‘f is the gradient of f and the � is the Riemannian inner product.
In particular,

j‘f j2g ¼ ‘f � ‘f ¼
X2n
a;b¼1

gab qf

qxa

qf

qxb
¼ 2

Xn
i; j¼1

hij
qf

qzi

qf

qz j
þ 2

Xn
i; j¼1

hij
qf

qzi

qf

qz j
:

3. A useful lemma

We need the following lemma to prove our results.

Lemma 3.1. Let Gi be the i-th eigenvalue of the above clamped plate eigen-
value problem (1.1) and ui be the orthonormal eigenvalue corresponding to Gi, that
is, ui satisfies

255estimates of eigenvalues of a clamped problem



D2ui ¼ Giui; in W;

ui ¼
qui

qn
¼ 0; on qW;Ð

W
uiuj ¼ dij ; for any i; j:

8>>><
>>>:

ð3:1Þ

Then for any complex value function g A C3ðW;CÞVC2ðqW;CÞ, we have

Xk
i¼1

ðGkþ1 � GiÞ2
ð
W

j‘gj2u2ið3:2Þ

a
Xk
i¼1

Gkþ1 � Gi

b

ð
W

j‘g � ‘uij2 þReðuiDg‘g � ‘uiÞ þ
1

4
u2i jDgj

2

� �

þ
Xk
i¼1

ðGkþ1 � GiÞ2b

�
ð
W

ðu2i jDgj
2 þ 4ðj‘g � ‘uij2 þReðuiDgð‘g � ‘uiÞÞÞ � 2uij‘gj2DuiÞ

and

Xk
i¼1

ðGkþ1 � GiÞ2
ð
W

j‘gj2u2ið3:3Þ

a
Xk
i¼1

Gkþ1 � Gi

b

ð
W

j‘g � ‘uij2 �
1

2

ð
W

u2i Reð‘g � ‘ðDgÞÞ � 1

4

ð
W

jDgj2u2i
� �

þ b
Xk
i¼1

ðGkþ1 � GiÞ2
ð
W

ð�u2i jDgj
2 þ 4j‘g � ‘uij2

� 2u2i Reð‘g � ‘ðDgÞÞ � 2uij‘gj2DuiÞ:

where b is any positive constant.

Proof. Define

aij ¼
ð
W

guiuj ¼ uaji;

bij ¼
ð
W

‘g � ‘ui þ
1

2
uiDg

� �
uj ¼ �bji;

cij ¼
ð
W

ujðDðuiDgÞ þ 2Dð‘g � ‘wiÞ þ 2‘g � ‘ðDuiÞ þ DgDuiÞ:

8>>>>>>>><
>>>>>>>>:
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Then from the Stokes’ theorem, we have

ðGj � GiÞaij ¼
ð
W

ðguiD2uj � gujD
2uiÞð3:4Þ

¼
ð
W

ðDðguiÞDuj � DðgujÞDuiÞ

¼
ð
W

ðuiDgþ 2‘g � ‘uiÞDuj � ðujDgþ 2‘g � ‘ujÞDui

¼
ð
W

ujðDðuiDgÞ þ 2Dð‘g � ‘uiÞ þ DgDui þ 2‘ðDuiÞ � ‘gÞ

¼ cij :

From (3.4), the Stokes’ theorem and the Paseval Identity, we haveð
W

guiðDðuiDgÞ þ 2Dð‘g � ‘uiÞ þ DgDui þ 2‘ðDuiÞ � ‘gÞð3:5Þ

¼
ð
W

ðDðguiÞuiDgþ 2DðguiÞ‘g � ‘ui � 2Dui divðgui‘gÞ þ guiDgDuiÞ

¼
ð
W

ðu2i jDgj
2 þ 4ðj‘g � ‘uij2 þReðuiDgð‘g � ‘uiÞÞÞ � 2uij‘gj2DuiÞ

¼
ð
W

ð�u2i jDgj
2 þ 4j‘g � ‘uij2 � 2 Reðu2i ‘g � ‘ðDgÞÞ � 2uij‘gj2DuiÞ

¼
Xy
j¼1

aijcij

¼
Xy
j¼1

ðGj � GiÞjaij j2:

From (3.5), we have

ðGkþ1 � GiÞ
Xy
j¼1

jaijj2ð3:6Þ

a
Xy
j¼1

ðGj � GiÞjaij j2 þ
Xk
j¼1

ðGkþ1 � GjÞjaijj2

¼
ð
W

ðu2i jDgj
2 þ 4ðj‘g � ‘uij2 þReðuiDgð‘g � ‘uiÞÞÞ � 2uij‘gj2DuiÞ

þ
Xk
j¼1

ðGkþ1 � GjÞjaij j2
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¼
ð
W

ð�u2i jDgj
2 þ 4j‘g � ‘uij2 � 2 Reðu2i ‘g � ‘ðDgÞÞ � 2uij‘gj2DuiÞ

þ
Xk
j¼1

ðGkþ1 � GjÞjaij j2:

From the definitions of bij ’s and aij ’s and the Paseval Identity, we haveð
W

j‘gj2u2i ¼ �2

ð
W

gui ‘g � ‘ui þ
1

2
uiDg

� �
ð3:7Þ

¼ �2
Xy
j¼1

aijbij :

From (3.5), (3.6), (3.7) and the Cauchy-Schwarz inequality, we have

ðGkþ1 � GiÞ2
ð
W

j‘gj2u2ið3:8Þ

¼ �2ðGkþ1 � GiÞ2
Xy
j¼1

aijbij

¼ �2ðGkþ1 � GiÞ2
Xk
j¼1

aijbij � 2ðGkþ1 � GiÞ2
Xy
j¼kþ1

aijbij

a�2ðGkþ1 � GiÞ2
Xk
j¼1

aijbij þ ðGkþ1 � GiÞ3bi
Xy
j¼kþ1

jaij j2

þ Gkþ1 � Gi

bi

Xy
j¼kþ1

jbij j2

¼ �2ðGkþ1 � GiÞ2
Xk
j¼1

aijbij � ðGkþ1 � GiÞ3bi
Xk
j¼1

jaij j2

� Gkþ1 � Gi

bi

Xk
j¼1

jbijj2

þ Gkþ1 � Gi

bi

Xy
j¼1

jbijj2 þ ðGkþ1 � GiÞ2biðGkþ1 � GiÞ
Xy
j¼1

jaijj2

a�2ðGkþ1 � GiÞ2
Xk
j¼1

aijbij � ðGkþ1 � GiÞ3bi
Xk
j¼1

jaijj2

� Gkþ1 � Gi

bi

Xk
j¼1

jbijj2
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þ Gkþ1 � Gi

bi

Xy
j¼1

jbij j2 þ ðGkþ1 � GiÞ2bi
Xy
j¼1

ðGj � GiÞjaij j2

þ ðGkþ1 � GiÞ2bi
Xk
j¼1

ðGkþ1 � GjÞjaij j2

¼ �2ðGkþ1 � GiÞ2
Xk
j¼1

aijbij þ ðGkþ1 � GiÞ2bi
Xk
j¼1

ðGi � GjÞjaij j2

� Gkþ1 � Gi

bi

Xk
j¼1

jbij j2

þ Gkþ1 � Gi

bi

Xy
j¼1

jbij j2 þ ðGkþ1 � GiÞ2bi
Xy
j¼1

ðGj � GiÞjaij j2

¼ �2ðGkþ1 � GiÞ2
Xk
j¼1

aijbij þ ðGkþ1 � GiÞ2bi
Xk
j¼1

ðGi � GjÞjaij j2

� Gkþ1 � Gi

bi

Xk
j¼1

jbij j2 þ
Gkþ1 � Gi

bi

ð
W

‘g � ‘ui þ
1

2
uiDg

����
����
2

þ ðGkþ1 � GiÞ2bi
ð
W

ðu2i jDgj
2 þ 4ðj‘g � ‘uij2

þReðuiDgð‘g � ‘uiÞÞÞ � 2uij‘gj2DuiÞ

¼ �2ðGkþ1 � GiÞ2
Xk
j¼1

aijbij þ ðGkþ1 � GiÞ2bi
Xk
j¼1

ðGi � GjÞjaij j2

� Gkþ1 � Gi

bi

Xk
j¼1

jbij j2

þ Gkþ1 � Gi

bi

ð
W

j‘g � ‘uij2 �
1

2

ð
W

u2i Reð‘g � ‘ðDgÞÞ � 1

4

ð
W

jDgj2u2i
� �

þ ðGkþ1 � GiÞ2bi
ð
W

ð�u2i jDgj
2 þ 4j‘g � ‘uij2

� 2u2i Reð‘g � ‘ðDgÞÞ � 2uij‘gj2DuiÞ

where bi is any positive constant.
Since

aij ¼ aji; bij ¼ �bji;ð3:9Þ

from the Cauchy-Schwarz inequality, we have
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�2
Xk
i; j¼1

ðGkþ1 � GiÞ2aijbij ¼ �2
Xk
i; j¼1

ðGkþ1 � GiÞðGj � GiÞaijbijð3:10Þ

a
Xk
i; j¼1

ðGkþ1 � GiÞðGj � GiÞ2bijaij j
2

þ
Xk
i; j¼1

Gkþ1 � Gi

bi
jbij j2:

From (3.10), (3.8) and the Stokes’ theorem, we have

Xk
i¼1

ðGkþ1 � GiÞ2
ð
W

j‘gj2u2ið3:11Þ

a
Xk
i¼1

Gkþ1 � Gi

bi

ð
W

j‘g � ‘uij2 þReðuiDg‘g � ‘uiÞ þ
1

4
u2i jDgj

2

� �

þ
Xk
i¼1

ðGkþ1 � GiÞ2bi

�
ð
W

ðu2i jDgj
2 þ 4ðj‘g � ‘uij2 þReðuiDgð‘g � ‘uiÞÞÞ � 2uij‘gj2DuiÞ

þ
Xk
i; j¼1

ðGkþ1 � GiÞðGkþ1 � GjÞðGi � GjÞbijaijj
2

¼
Xk
i¼1

Gkþ1 � Gi

bi

�
ð
W

j‘g � ‘uij2 �
1

2

ð
W

u2i Reð‘g � ‘ðDgÞÞ � 1

4

ð
W

jDgj2u2i
� �

þ ðGkþ1 � GiÞ2bi
ð
W

ð�u2i jDgj
2 þ 4j‘g � ‘uij2

� 2u2i Reð‘g � ‘ðDgÞÞ � 2uij‘gj2DuiÞ:

þ
Xk
i; j¼1

ðGkþ1 � GiÞðGkþ1 � GjÞðGi � GjÞbijaijj
2:

Taking b1 ¼ � � � ¼ bk ¼ b in (3.11), we have (3.2) and (3.3). r

Remark 3.1. (3.2) for f A CyðW;RÞ can be found in [22], and the proof
there is di¤erent from ours.
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4. Eigenvalue problems on CPnðcÞ

Proof of Theorem 1.1. Let Z ¼ ðZ0;Z1; . . . ;ZnÞ be a homogeneous coor-
dinate system of CPnðcÞ (Zp A C). Then the Fubini-Study metric is

h ¼ 4

c

Pn
a¼0 jZ aj2

Pn
b¼0 dZ bdZ b �

Pn
a¼0 Z

a dZa
Pn

b¼0 Z
b dZ b

ð
Pn

a¼0 jZ aj2Þ2
:ð4:1Þ

Defining fpq, for p; q ¼ 0; 1; . . . n, by

fpq ¼
ZpZqPn
r¼0 Z

rZr
;ð4:2Þ

we have

fpq ¼ fqp;
Xn
p;q¼0

fpq fpq ¼ 1:ð4:3Þ

For any fixed point P A W, since any two points in CPnðcÞ are holomorphic
isometric, without loss of generality, we can assume that at P,

Z0 0 0; Z1 ¼ � � � ¼ Zn ¼ 0:ð4:4Þ
We know that

z1 ¼ Z1

Z0
; . . . ; zn ¼ Zn

Z0

� �

is a local holomorphic coordinate system of CPnðcÞ in a neighborhood U of
P A W. Then in U we have

z1ðPÞ ¼ � � � ¼ znðPÞ ¼ 0;ð4:5Þ
for p; q ¼ 0; 1; . . . ; n,

fpq ¼
zpzq

1þ
Pn

r¼1 jzrj
2
;ð4:6Þ

where z0 ¼ 1 and the Fubini-Study metric can be rewritten as h ¼ hij dz
i n dz j,

where

hij ¼
4

c

dij

1þ
Pn

r¼1 jzrj
2
� z jzi

ð1þ
Pn

r¼1 jzrj
2Þ2

 !
:ð4:7Þ

The inverse matrix of ðhijÞ is

hij ¼ c

4
1þ

Xn
r¼1

jzrj2
 !

ðdij þ ziz jÞ;ð4:8Þ
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that is,

Xn
p¼1

hiphpj ¼ dij :

From (2.2) and (4.8), at the point P, we have

‘fpq ¼

c

2

q

qzq
; p ¼ 0; q ¼ 1; . . . ; n;

c

2

q

qzp
; q ¼ 0; p ¼ 1; . . . ; n;

0; otherwises;

8>>>>><
>>>>>:

ð4:9Þ

Dfpq ¼
�cn; p ¼ q ¼ 0;

cdpq; 1a p; qa n;

0; otherwises

8<
:ð4:10Þ

and

j‘uij2 ¼ c
Xn
l¼1

qui

qzl

����
����
2

:ð4:11Þ

From (4.9), (4.10) and (4.11), at the point P, we have

Xn
p;q¼0

j‘fpqj2 ¼ cn;

Xn
p;q¼0

Dfpq‘ fpq ¼~00;

Xn
p;q¼0

jDfpqj2 ¼ c2nðnþ 1Þ;

Xn
p;q¼0

j‘fpq � ‘uij2 ¼
c

2
j‘uij2:

8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:

ð4:12Þ

Since the point P is arbitrary, (4.12) holds on W.
From the Cauchy-Schwarz inequality and the Stokes’ theorem, we haveð

W

j‘uij2 ¼
ð
W

ð�uiÞDui a
ð
W

u2i

ð
W

ðDuiÞ2
� �1=2

¼
ð
W

uiðD2uiÞ
� �1=2

¼ G
1=2
i :ð4:13Þ

Taking g ¼ fpq, p; q ¼ 0; 1; . . . n in (3.2) and making summation on p and q from
0 to n, from (4.13), we have
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cn
Xk
i¼1

ðGkþ1 � GiÞ2 a
Xk
i¼1

Gkþ1 � Gi

b

c

2
G

1=2
i þ 1

4
c2nðnþ 1Þ

� �
ð4:14Þ

þ b
Xk
i¼1

ðGkþ1 � GiÞ2ð2cðnþ 1ÞG1=2
i þ c2nðnþ 1ÞÞ:

Taking

b ¼

Pk
i¼1

ðGkþ1 � GiÞ2ð2cðnþ 1ÞG1=2
i þ c2nðnþ 1ÞÞ

Pk
i¼1

ðGkþ1 � GiÞ
c

2
G

1=2
i þ 1

4
c2nðnþ 1Þ

� �
0
BBB@

1
CCCA
1=2

;

we have (1.10). r

We need the following lemma in [22].

Lemma 4.1. Let faigm
i¼1, fbigm

i¼1 and fcigm
i¼1 be three sequences of non-

negative read numbers with faigm
i¼1 decreasing and fbigm

i¼1 and fcigm
i¼1 increasing.

Then we have

Xm
i¼1

a2i bi

 ! Xm
i¼1

aici

 !
a

Xm
i¼1

a2i

 ! Xm
i¼1

aibici

 !
:ð4:15Þ

Proof of Corollary 1.2. Taking

ai ¼ Gkþ1 � Gi;

bi ¼ 2ðnþ 1ÞG1=2
i þ cnðnþ 1Þ;

ci ¼ 2G
1=2
i þ cnðnþ 1Þ;

from (1.10) and Lemma 4.1, we have (1.11). From (1.11), we can deduce (1.12).
From the Young’s inequality (e > 0), we have

ð2G1=2
i þ cnðnþ 1ÞÞð2ðnþ 1ÞG1=2

i þ cnðnþ 1ÞÞð4:16Þ

¼ 4ðnþ 1ÞGi þ 2cnðnþ 1Þðnþ 2ÞG1=2
i þ c2n2ðnþ 1Þ2

a 4ðnþ 1ÞGi þ 4eGi þ
c2n2ðnþ 1Þ2ðnþ 2Þ2

4e
þ c2n2ðnþ 1Þ2

¼ 4ðnþ 1þ eÞ Gi þ
c2n2ðnþ 1Þ2ðn2 þ 4nþ 4þ 4eÞ

16eðnþ 1þ eÞ

 !
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From (1.11) and (4.16), we have

Xk
i¼1

ðGkþ1 � GiÞ2ð4:17Þ

a
4ðnþ 1þ eÞ

n2

Xk
i¼1

ðGkþ1 � GiÞ Gi þ
c2n2ðnþ 1Þ2ðn2 þ 4nþ 4þ 4eÞ

16eðnþ 1þ eÞ

 !
:

From (4.17) and Corollary 2.1 in Cheng and Yang [9] (see also [10]), we can
deduce (1.13). r

5. Eigenvalue problems on the submanifold of CPnþmðcÞ

Proof of Theorem 1.3. Let i : W ,! CPnþmðcÞ be the inclusion map and an
imbedding. Defining dpq, for p; q ¼ 0; 1; . . . nþm, by

dpq ¼
ZpZqPnþm
r¼0 ZrZr

;ð5:1Þ

we have

dpq ¼ dqp;
Xnþm

p;q¼0

dpqdpq ¼ 1:ð5:2Þ

For any fixed point P A W, since any two points in CPnþmðcÞ are holomorphic
isometric, without loss of generality, we can assume that at P,

Z0 0 0; Z1 ¼ � � � ¼ Znþm ¼ 0;ð5:3Þ

z1 ¼ Z1

Z0
; . . . ; znþm ¼ Znþm

Z0

� �

is a local holomorphic coordinate system of CPnþmðcÞ in a neighborhood U of
P A W, and

i : WVU ,! U ;ð5:4Þ

ðz1; . . . ; znÞ 7! ðz1; . . . ; zn; h1ðz1; . . . ; znÞ; . . . ; hmðz1; . . . ; znÞÞ;

where hi’s are holomorphic functions defined in WVU satisfying

qhi

qzk

����
P

¼ 0; i ¼ 1; . . . ;m; k ¼ 1; . . . ; n:

Then in U we have

z1ðPÞ ¼ � � � ¼ znþmðPÞ ¼ 0;ð5:5Þ
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for p; q ¼ 0; 1; . . . ; nþm,

dpq ¼
zpzq

1þ
Pnþm

r¼1 jzrj2
;ð5:6Þ

where z0 ¼ 1 and the Kählerian metric on W at the point P induced from the
Fubini-Study metric h on CPnþmðcÞ by i can be rewritten as

gjP ¼ ði�hÞjP ¼ gijjP dzijP n dz jjP ¼ 4

c
dij dz

ijP n dz jjP:

Therefore, the inverse matrix of ðgijjPÞ is

gijjP ¼ c

4
dij:ð5:7Þ

that is,

Xn
r¼1

grigj r ¼ dij :

From (5.6) and (5.7), at the point P, we have

‘dpq ¼

c

2

q

qzq
; p ¼ 0; q ¼ 1; . . . ; n;

c

2

q

qzp
; q ¼ 0; p ¼ 1; . . . ; n;

0; otherwises

8>>>>><
>>>>>:

ð5:8Þ

and

Ddpq ¼
�cn; p ¼ q ¼ 0;

cdpq; 1a p; qa n;

0; otherwises:

8<
:ð5:9Þ

From (5.8) and (5.9), we have

Xnþm

p;q¼0

j‘dpqj2 ¼ cn;

Xnþm

p;q¼0

Ddpq‘dpq ¼~00;

Xnþm

p;q¼0

jDdpqj2 ¼ c2nðnþ 1Þ;

Xnþm

p;q¼0

j‘dpq � ‘uij2 ¼
c

2
j‘uij2:

8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:

ð5:10Þ
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Since the point P is arbitrary, (5.10) holds on W. Similar to the process of
obtaining (3.2), we have

Xk
i¼1

ðGkþ1 � GiÞ2
ð
W

j‘gj2u2ið5:11Þ

a
Xk
i¼1

Gkþ1 � Gi

b

ð
W

j‘g � ‘uij2 þReðuiDg‘g � ‘uiÞ þ
1

4
u2i jDgj

2

� �

þ
Xk
i¼1

ðGkþ1 � GiÞ2b

�
ð
W

ðu2i jDgj
2 þ 4ðj‘g � ‘uij2 þReðuiDgð‘g � ‘uiÞÞÞ � 2uij‘gj2DuiÞ:

Taking g ¼ dpq, p; q ¼ 0; 1; . . . nþm in (5.11) and making summation on p and q
from 0 to nþm, from (4.13) and (5.10), we have

cn
Xk
i¼1

ðGkþ1 � GiÞ2 a
Xk
i¼1

Gkþ1 � Gi

b

c

2
G

1=2
i þ 1

4
c2nðnþ 1Þ

� �
ð5:12Þ

þ b
Xk
i¼1

ðGkþ1 � GiÞ2ð2cðnþ 1ÞG1=2
i þ c2nðnþ 1ÞÞ:

Taking

b ¼

Pk
i¼1

ðGkþ1 � GiÞ2ð2cðnþ 1ÞG1=2
i þ c2nðnþ 1ÞÞ

Pk
i¼1

ðGkþ1 � GiÞ
c

2
G

1=2
i þ 1

4
c2nðnþ 1Þ

� �
0
BBB@

1
CCCA
1=2

;

we have (1.14). r

Proof of Corollary 1.4. The proof of this corollary is similar to the one of
Corollary 1.2. r

6. Eigenvalue problems on complete noncompact Riemannian manifold

Proof of Theorem 1.5. For p B W fixed point, the distance function rðxÞ is
defined by rðxÞ ¼ distanceðx; pÞ. From j‘rj ¼ 1 and Proposition 2.2 of [19], we
have

‘r � ‘ðDrÞ ¼ �jHess rj2 �Ricð‘r;‘rÞ:ð6:1Þ
From the discussion in [5], we have

2jHess rj2 þ 2 Ricð‘r;‘rÞ � ðDrÞ2 a�ðn� 1Þ2b2 þ ða2 � b2Þ:ð6:2Þ
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From (4.13) and (6.2), we haveð
W

j‘r � ‘uij2 �
1

2

ð
W

u2i ð‘r � ‘ðDrÞÞ �
1

4

ð
W

jDrj2u2i
� �

ð6:3Þ

a

ð
W

j‘uij2 þ
1

4
ð�ðn� 1Þ2b2 þ ða2 � b2ÞÞ

aG
1=2
i � ðn� 1Þ2

4
b2 þ a2 � b2

4
and ð

W

ð�u2i jDrj
2 þ 4j‘r � ‘uij2 � 2u2i ð‘r � ‘ðDrÞÞ � 2uij‘rj2DuiÞð6:4Þ

a 6

ð
W

j‘uij2 þ
ð
W

u2i ð2jHess rj2 þ 2 Ricð‘r;‘rÞ � ðDrÞ2Þ

a 6 G
1=2
i � ðn� 1Þ2

6
b2 þ a2 � b2

6

 !
:

Taking g ¼ r in (3.3), from (6.3) and (6.4), we have

Xk
i¼1

ðGkþ1 � GiÞ2 a
Xk
i¼1

Gkþ1 � Gi

b
G

1=2
i � ðn� 1Þ2

4
b2 þ a2 � b2

4

 !
ð6:5Þ

þ b6
Xk
i¼1

ðGkþ1 � GiÞ2 G
1=2
i � ðn� 1Þ2

6
b2 þ a2 � b2

6

 !
:

Taking

b ¼
6
Pk
i¼1

ðGkþ1 � GiÞ2 G
1=2
i � ðn� 1Þ2

6
b2 þ a2 � b2

6

 !

Pk
i¼1

ðGkþ1 � GiÞ G
1=2
i � ðn� 1Þ2

4
b2 þ a2 � b2

4

 !
0
BBBB@

1
CCCCA

1=2

;

we have (1.21). r

Proof of Corollary 1.6. Taking

ai ¼ Gkþ1 � Gi;

bi ¼ 6 G
1=2
i � ðn� 1Þ2

6
b2 þ a2 � b2

6

 !
;

ci ¼ 4 G
1=2
i � ðn� 1Þ2

4
b2 þ a2 � b2

4

 !
;

from the Lemma 4.1 and (1.21), we have (1.22). r
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