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CONSERVATION OF THE MASS FOR SOLUTIONS TO
A CLASS OF SINGULAR PARABOLIC EQUATIONS

AnMAD Z. FiNo, FATMA GAMZE DUZGUN AND VINCENZO VESPRI*

Abstract

In this paper we deal with the Cauchy problem associated to a class of quasilinear
singular parabolic equations with L* coefficients, whose prototypes are the p-Laplacian

. . N-2 .
<p< 2) and the Porous medium equation ((T) <m< 1>. In this
+

(7
range of the parameters p and m, we are in the so called fast diffusion case. We prove
that the initial mass is preserved for all the times.

1. Introduction

Let us consider the following homogeneous quasilinear parabolic equation

(L {u, =div A(x,t,u,Du), (x,t) e RY x [0, +x0),

u(0,x) =u
where u is a nonnegative Radon measure with finite mass and compact support
and the functions A := (4;,...,An) are assumed to be only measurable in

(x,7) e RY x [0,400), continuous with respect to u and Du for almost all (x, 7).
For p-Laplacian type equation we let 4 satisfy the following structure conditions:

A(x,t = r
(1‘2) { (x7 5”577) ”—CO|’7‘ Y

A(x, )| < el
for almost all (x,¢) e RY x [0,+0) and (u,%7) € R x R with

2N
1.3
(13) N+1

<p<2
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(supercritical range of the fast diffusion case) and ¢y, ¢; are given positive con-
stants. Moreover, we assume that there exists L > 0 such that

{ (A(x, tu,my) — A(x, tu,m,)) - (1 — 1) 20,
|A(X7 tvl’llv’//) - A(x7 t, u2u’7)| < L|u1 - u2|(1 + |’7|P—1)7

for almost all (x,7) e RY x [0,4+00) and all u,u;eR and 5,7, eRY, i=1,2.
For Porous medium type equation we follow the notation of [6] chapter 7,
section 5. Let

(1.5) uy = div A(x, t,u, D(ju|""'u)), (x,1) e RY x [0,+00),

(1L.4)

where A is required to satisfy the following conditions

. / 2
(1.6) A(x, t,u,n) - 2/00"” )
‘A(xv t’u’ﬂ)| < Cl|’7‘7

for almost all (x,7) e RY x [0,+c0) and (u,%7) € R x RY with

(1.7) (NT_Z)+ <m<1.

We assume the following monotonicity and Lipschitz conditions

(1 8) {(A(xvt7u7771)_A(x7t7u7772))'(’71 _’72) 207
|A(x, ) = Ay, )| < L |y = o™ (14 I,

that are sufficient to have a comparison principle and to preserve the positivity of
solutions.

Actually, we remark that hypotheses (1.4) and (1.8) not only imply a
comparison principle for weak solution of (1.1), but also guarantee the existence
of the solution. See, for instance, [10] and [14]). We recall that in [14] it is
proved the existence of the weak solutions of (1.1) with a Dirac mass instead of
a generic Radon measure as here and, in that specific case, sharp pointwise
estimates from above and from below are proved.

The aim of this paper is to prove that under these assumptions the mass is
preserved. This result is known for the prototype equations with initial data a
Dirac mass (where the explicit solutions are known) but, as far we know, not for
general equations.

Let us recall the fundamental solutions of the prototype equations.

First, let us consider the p-Laplacian equation. It is known that for some
positive constant C, (see, for instance, chapter 11, section 4 of [15] and [16]) the

function
x| p/(p=1)1"
Cp + Vp <m

1 1/(p—1) 2
(1.10) yp:(—> 7P and A=Np-2)+p

(p=1)/(2=p)
(1.9) B, =1 N

with
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is the solution of the following Cauchy problem in RY x (z > 0)
u, = div(|Du|” 2 Du),
u(x,0) = 6(0).

Analogously, for the Porous Medium equation it is known that for some positive
constant C,, (see, for instance, chapter 2, section 1 of [15] and [16]), the function

v ]
(1.11) By =t V" C,,1+yn1<tl/K>]
with
Vin = (}%)1_7’” and k=N(m—1)+2
is the solution of the following Cauchy problem in RY x (z > 0)
{ up = Alu™),
u(x,0) =6(0).

Let us now introduce the usual definition of a weak solution. A locally bounded,
non-negative function u(x,7) is a solution of (1.1) in RY x R™, if

ue CRYLARY))NLY(RY; WP (RY),

and for every subinterval [t,5] = R*

JRN ug dx

for all test functions ¢ € WI2(R™; L2 (RY))NLP(RF; w2 (RY)).

We use this definition of solution, because u, may have a modest degree of
regularity and in general has meaning only in the sense of distributions (see, for
instance, [5] and [6]).

Notice that the explicit fundamental solutions have less regularity than what
we required in the previous definition. In general, when the initial datum is a
measure, the gradient of the solution belongs only to the Marcinkiewicz space
N(p—1)

N-1"~
(p — 1) belongs to the Marcinkiewicz space of order

5] 15}
+ J J (—u¢p, + A(x, t,u, Du) - D¢) dxdt = 0,
RN

I3t 4l

of order However, the gradient of the solution raised to the power

i and therefore, to L'.

Hence, a distributional solution is well defined. For a more refined theory, see
[1] and [2] for the definition of entropy solutions, and see [4] and [12] for the
definition of renormalized solutions.
Keeping this in mind and following the approach of [9] and [13], we define
the notion of weak solution of (1.1) in the case of an initial datum measure.
A non-negative function u(x,¢) is a weak solution of (1.1) if the following
assumptions are satisfied
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cue C(RY;L'(RY)),
- for any s >0, u(x,?) is a weak solution of (1.1) in R" x [s,+o0)
- for any ¢ e C*(R") and with compact support, we have

limJ u(x, t)¢(x) dx = J é(x) du.
1—0 RY RY

We are now able to state our main Theorem concerning p-Laplacian type
equations:

THEOREM 1.1 (p-Laplacian type). Let u be a nonnegative solution of

(1.12) {“z=divA(x,t,u,Du)7 (x,7) e RY x [0, +00),
. u(x,0) =pu, xeR",

with A satisfying (1.2), (1.4), p in the supercritical range (1.3) and p a nonnegative
Radon measure with finite mass and with compact support. Then for any t >0

(1.13) L u(x, 1) dx = JR dp.

Let us consider Porous medium type equation. Analogously to p-Laplacian type
equation, we can introduce the definitions of weak solution. For the sake of
readability of the paper, we omit these definitions and we refer the reader to [6],
[13], [14] and [16] for all the necessary details.

THEOREM 1.2 (Porous medium type). Let u be a nonnegative solution of

=di m N
(114) {ut_leA(x7 Zau?Du ); (X,I)ER X [074—00)7

u(x,0)=un, xeRY,

with A satisfying (1.6), (1.8), m in the supercritical range (1.7) and u a nonnegative
Radon measure with finite mass and with compact support. Then for any t >0

(1.15) JRN u(x, 1) dx = JRN du.

The existence of weak solutions to such kind of equations is guaranteed by
Theorem 1.3 proved in [14].

The proofs in this paper are based on L'-L! estimates and L*-L! estimates.
We recall that the L'-L! estimates are not only a kind of integral Harnack
estimates, but they also give a sharp quantitative estimate on the speed of the
propagation of the solution.

We will prove only Theorem 1.1, i.e. we will consider only the p-Laplacian
type case. We will refer the reader to the recent monograph [6], in order to see
how to extend these results to the case of Porous medium type equation.



SINGULAR PARABOLIC EQUATIONS 523

. . 2N
Note that below the critical values, ie. for 1 < p < N and 0 <m <

+1
N -2 . . .
(—) , the extinction of the solution occurs, so we don’t have conservation
+

of the mass.
In the supercritical range, i.e.

2
N+1
initial datum needs to have a finite mass, otherwise the solution becomes +oo at
any positive time (for these results, see for instance [15]).

In the degenerate case, i.e. p > 2 and m > 1 there is the finite propagation of
the support, so the mass is clearly conserved.

As for the uniqueness of the solutions to (1.12) and (1.14), we recall that this
issue was considered for the p-Laplacian equation in [9] for p > 2 and for the
Porous medium equation in [8] in the case N =1 and in [13] for any N and in
a more general setting. The extension of the uniqueness result to our case seems
to be not trivial at all, also because the uniqueness would depend on the choice
of the definition of solution (renormalized, entropy, distributional).

The paper is organized in this way: in §2, we collect some known results to
be used in the proofs of our results.

In §3, estimates from above are derived for the solutions of problems (1.12)
and (1.14) Then we apply these estimates to deduce Theorem 1.1 and Theorem
1.2.

< p<2 and (E) <m<1 the
Ny

We stress that throughout the paper with y we will denote constants
depending only upon the data, i.e. for equation (1.12) depending only upon
N, p, ¢, ¢; and for equation (1.14) upon N, m, ¢/, c}.

2. Preliminaries

Let B,(x) denote as usual the euclidean ball in R" with center at x and
radius p, and set B,(0) = B,.
We use the following results along the paper:

TueoreM 2.1 (Local L' form of the Harnack inequality, [7]). Let
ue Cl()tf(R+;L12(1c(RN)) n Li)¢v(R+; Wlbcp(RN))

be a non-negative local weak solution of (1.1)=(1.2) in R x [0,400) and 1 < p < 2.
There exists a constant y depending only upon the data, such that for all cylinders
Boy(y) x [s, 1] =« RY x [0, +00),

NV
sup J u(x,7) dx <7y inf J u(x,t dx—l—y(—) ,
s<t<t JB,(y) (1) FSTSE ) By () (o P’
where A= N(p—2)+ p.
THEOREM 2.2 (L'-L™ estimates, [7]). Let

ue Coe(RY L (RV)NLY (RY; WhP(RYY)

loc loc
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be a non-negative local weak solution of (1.1)~(1.2) in RY x [0,4-00) and assume
(1.3) holds.  There exists a constant y, depending only upon the data such that for
all cylinders Ba,(y) x [s — (t —5),s+ (t — 5)] = RY x [0, +-00),

Pl
71 :
2.1 sup  u(x,7) < ———— inf J u(x,7) dx
@1 B,,<y>x[s1r1( ) (t—s)" (2“93’ Bz,><y>( ) )

[ 2\/CD)
+ o7 .

Note that this Theorem claims that if a solution is in L' at a certain time #o, it is
in L for any time s > fp. Note that if a function v is the solution of (1.12) and
it can be approximated by regular problems, by (2.1) one easily derives that
ve C([s,0); L*(RV))NLP((s,00); Wh?(RY)) for any s> 0.

The results of this section hold for Porous medium type equations (see
Appendix B of the monograph [6]).

3. The case of compact support

The aim of this section is to get an estimate from above for the solution of
the problem (1.12) assuming (1.2), (1.3) and (1.4) that there exists R > 0 such that
the support of u is contained in Bg. \!/*

Fix a positive time 7 >0 and x € RY such that |x| > 2R and |x| > (y_>

1\"7 . . 2
where y, = <2_V) and y is the constant defined in Theorem 2.1.

Lemma 3.1. Let u be a weak solution of (1.12) under (1.2)—(1.4). Let
T >0. For all x with

T\
(3.1) |x| > <> v 2R,
72
we have
7\
2p—1)/2(2—
(3.2) u(x, T) < y,4@r=1/2C=r) (W)

. T
Proof. Apply Theorem 2.2 with s = ?, t=T, p= % to get

yeB,(x) e<t<T

T A/2D)
e (T=e
e ( PP > '

p/
(33)  u(x,T)< sup u(y,T>sy12N//‘~<T—8>N“(inf J u(y, 1) dy>
Bz/,(x)
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Taking into account that the function u has the mass concentrated in the ball By
and that by hypothesis (3.1) the balls B,,(x) and Bg have empty intersection, we

p/A
get that lir% (J u(y,e) dy) = 0. Therefore letting ¢ — 0 we get (3.2).

By, (x)

Proof of Theorem 1.1. Fix Ry > 0. By equation (1.12)

d

(3.4) -

J u(x,t) dx = J div A(x, t,u, Du) dx
BRU BRO

= J {A(o,t,u, Du),vy do
631{0

where v is the external normal vector and the last equality comes from Gauss’s
theorem.
Applying (1.2) to (3.4) we get

T
Mxﬁ)dfo‘ dﬂ:SClj J'|Du@;gvflmdg
0<t<T BRO BRU aBRU 0
and hence
(3.5) sup J u(x, 1) dx—J du
0<1<T BRO BRO

T (r=1)/p
SawymgleW<J J wm@ovw@> ,

B, JO

N7'(N/2

NN
I'—=+1
(5+)
Let (e C*(R") be a cutoff function such that 0 <{<1, {=1 in
. 1
BMA&WLC201nB&Mam1RM£MOmﬂ|Wﬂ$h§;

where wy is the surface area of unit sphere dB(0,1), i.e., oy =

R . . . .
Assume that TO > R. 1If we multiply equation (1.12) by {’u and integrate it
in RY x [0, T], we get
T T
J J u,CPu dsdx = J div A(x,s,u, Du)("u dsdx.
RY Jo RY Jo

Using integration by parts, we have

Tl d T
J @J__waﬁwz_ JA@m%DWMwaﬁ.
RY 0 2 dS R Jo

Then we can write,
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lj ., Pu*(x,T) d —%JR‘ ¢ lim w?(x, ) dx

2 R t—0

T
= —J J A(x,s,u, Du){? Du dsdx
RV Jo

T
—pJ J A(x,s,u, Du)ul"~ ' D¢ dsdx.
RV Jo

This is equivalent to the following if we consider the properties of (:

T 1
J J A(x,s,u, Du){” Du dsdx = - llm J CPut(x, t) dx — EJ CPu(x, T) dx
R’V RJV RN

0 t—0

T
—pJ J A(x, s, u, Du)uCp_lDC dsdx
B3ry \Ba2r,

T
J A(x, s, u, Du)ul"" ' D¢ dsdx.

Bry2\Bry/a J0

Now if we use (1.2), we obtain

CoJ J |Du|"(P dsdx l lim J CPuP(x, t) dx
RY 2 ! RY

—0

T
| Du|”~ P~V u| D¢ dsdx

+ pa J J
B3gy\Bar, J0

T
|Du|”~' P u| DE dsdx.

+ pa J J
Bry/2\Bry/a J0

Applying Young inequality on the right hand side, we get
1
CoJ J |Du|P? dsdx < = lim J CPu(x, 1) dx
R" 2 11— RN

o T
+—J J |Dul?¢P dsdx
Bsry \Bar,

(p — r-1 T
+<42“(” ”) J J ul?| DL dsdx
Co Bsry\Bar, J0

Co r
—&——J J | Du|” (P dsdx
2 Bry/2\Bryja 40

2e1(p— D\ r
+ (L(p )) J J (u|?| DI dsdsx.
<o Bry/2\Brys4 40
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1
Since |V{| < Vg we have
0

) T
lim J Pu (x,z)dx+‘—oj J |\Dul?C? dsdx
11— N 2 RN 0

() &
d

NI =

T
C()J J |Du|P¢? dsdx <
RY Jo

T
\u|” dsdx—i—J J |u|? dsdx|.
B3R[)\BZR[) Bry/2\Bry/a J0
Then,
T
@ pep <1 p
2 |Du|C dsdx 2lr% CPuP(x, 1) dx
RY =0 JR¥
=) E
( i
T
\u|p dsdx—i—J J |u|? dsdx|.
B3R0\BZRO Bry/2\Bry/a 40

Multiply both sides w1th —
co’

T
J J |Du|’(P dsdx < — llm J CPu(x, 1) dx
RY RY

t—0

+3 20(p = DY
(&) (&) Rg

T T
X J J |ul? dsdx+J J |ul? dsdx | .
B3ry\Bar, JO Bry/2\Brysa J0

Since ‘[BZRO\BRO/Z I 1Dul?e? dsdx < [gx [ |Du|PCP dsdx and (=1 in Bag,\Bg, 2,

r 1
J J |Du|” dsdx < — lim J u?(x, t) dx
BZRO\BR0/7 0 ¢y t—0 JrN

L2 (2l -0y A
(&) Co Rg

T T
X J J |u]” dsdx+J J lul? dsdx|.
Bigy\Bag, J0 Bry/2\Brysa J0
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2 2 (2e(p— D\
Let y, := max (—,— (M) vy > Then we obtain,
Co Co Co

T
J J [Du(x,s)|” dsdx
Bogy\Bgy/2 /0

<’ lim J u?(x, 1) dx
RY

— 2 =0
y T T
+R—‘; J J lu(x, s)|” dsdx—i—J J lu(x, s)|” dsdx|.
0 | JBsry\B2g, J0 Bry/2\Brya J0

72

1/2
) > v2R we can apply Lemma 3.1 to get

R
If we assume that —° > (

T
J J |Du(x,s)|” dsdx
Bagy\Brys2 40

Vs T o optp2n) S p/(2-p)
S pP nAaTTIE (—) dsdx
Ry Lmo\BRO/4 Jo ! |Ro|”
and hence,
T
(3.6) J J \Du(x, s)|" dsdx < y T @2 RY=2/C1),
Biry\Bryj2 J0

. - [R
Therefore there exists R e {70,2&)} such that

T
(3.7) J J |Du(a,s)|” dsdo < yéTZ/(2*1J)RéV—1—2P/(2—p).
2By JO

Combining together (3.5) and (3.7), we have

(3.8) sup J u(x,t) dx — J du| < y7Tl/(2*P)RéV—1—2(17—1)/(2—p)
0<t<T|JBy B
Therefore
sup J u(x,t) dx — J dﬂ’
0<:t<T|JRY RY

<7

N=1-2(p-1)/(2 T\
Tl/(pr)RO —1=2(p=1)/(2-p) +J J (p) drdx| .
R¥\Bg 1, JO |x]
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2(p—-1)

As N—-1-— 2 p

< 0, when Ry — oo, we have that for any 0 <t< T

J u(x,t) dx :J du
RN RN

and this implies Theorem 1.1 in the case of a measure x4 with compact support.

Remark. Note that to prove the conservation of the mass we did not used
condition (1.4). This condition is necessary only to have the existence of the
solutions.

Remark. The case of an initial datum in L' not necessarily with compact
support.

Let us consider the case of u nonnegative solution of

{u, =div A(x,t,u,Du), (x,t) e RY x [0, +x0),
u(x,0)=f, xeRY,

with A4 satisfying (1.2), (1.4), and p in the supercritical range (1.3) and f e L'
(not necessarily with compact support). In order to apply the previous result, for
each n € N let us introduce the function 7,(x) equal to 1 if x € B, and equal to 0
otherwise. Let f,(x) = f(x)[,(x) and define u, as the solutions of

{ (un), = div A(x, t,un, Du,), (x,1) € R x [0, +c0),
Uy (x,0) = f, xeRY,

By assumptions (1.2) and (1.4), for each ne N there exists a unique solution.

Moreover by the comparison principle the sequence {u,},-, is an increasing

sequence that converges to a function u.,. By classical regularity results (see, for
instance, [5]) u, are equi-H6lder continuous. As the operator is monotone, we
can apply the Minty’s lemma (see [11]) to have that u., is the solution of

{ (uy), = div A(x, t,us, Duy), (x,t) e RN x [0, +c0),
‘(xa ):fv XERNa

U

As u, / u, we have that for each 1 > 0 and for each ne N

JRN U (x, 1) dx > JRN up(x,1) dx = JRN fu(x) dx

and letting » — oo we deduce

LN oo (X, 1) dx 2 JR /() dx.
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To prove the reverse inequality, consider m € N. In B, the function u, con-
verges uniformly to u,,. Therefore

J f(x)dx > lim J uy(x,1) dx = J U (x, 1) dx
RY B, B,

n—oo

and letting m — oo we deduce

LN Uy (x, 1) dx < J f(x) dx.

R.N

Therefore also for u, holds the conservation of mass property.
Remark. Application of the results to Fokker-Planck equation.

Let us consider the following problem

{ w; = div(A4(x, , w, Dw) + div(xw), (x,7) e RY x (£ > 0),

3.9
(3.9) w(x,0) =u, xeRY,

where the operator 4 satisfies conditions (1.2), (1.3) and (1.4) or (1.8). As proved
by Carrillo-Toscani [3] (see also [15] and references therein), equation (3.9) can be
transformed in equation (1.1) by the change of variables

wix, 1) = a(t) “u(x(0)x, f(1)),
1
where a(7) = e’ and B(1) = %(ek’ —1).

From the estimates on the p-Laplacian type equation (respectively the
Porous medium type equation) we can deduce that if x is a nonnegative Radon
measure with finite mass and with compact support, also equation (3.9) enjoys the
property of the conservation of the mass.

Remark. As already noticed in §2, these results can be proved for the Porous
medium case following the same arguments we applied for the p-Laplacian type
case.

REFERENCES

[1] P. BEnLAN, L. BoccarDO, T. GALLOUET, R. GARIEPY, M. PIERRE AND J. L. VAZQUEZ, An L'-
theory of existence and uniqueness of solutions of nonlinear elliptic equations, Ann. Scuola
Norm. Sup. Pisa Cl. Sci. 22 (1995), 241-273.

[2] L. Boccarpo, A. DALL’AGLIO, T. GALLOUET AND L. ORsINA, Nonlinear parabolic equations
with measure data, J. Funct. Anal. 147 (1997), 237-258.

[3] J. A. CarriLLO AND G. Toscani, Asymptotic L'-decay of solutions of the porous medium
equation to self-similaritry, Indiana Univ. Math. J. 49 (2000), 113-142.

[4] G. DAL Maso, F. MURAT, L. ORrsINA AND A. PRIGNET, Definition and existence of renor-
malized solutions of elliptic equations with general measure data, C. R. Acad. Sci. Paris
Ser. I Math. 325 (1997), 481-486.



[11]
[12]
[13]
[14]

(15]

(16]

SINGULAR PARABOLIC EQUATIONS 531

E. DiBeneDETTO, Degenerate parabolic equations, Springer Verlag, 1993.

E. DiBeneDETTO, U. GIiaNAZZA AND V. VESPRI, Harnack’s inequality for degenerate and
singular parabolic equations, Springer monographs in mathematics, 2011.

E. DiBeneDETTO, U. GiaNaAZZA AND V. VEsPRI, Forward backward and elliptic Harnack
inequality for nonnegative solution to certain singular parabolic partial differential equations,
Ann. Sc. Norm. Super. Pisa Cl. Sci. 9 (2010), 385-422.

S. KamiN, Souce-type solutions for equations of nonstationary filtration, J. Math. Anal.
Appl. 63 (1978), 263-276.

S. Kamin anND J. L. VAzQuez, Fundamental solutions and asymptotic behaviour for the
p-Laplacian equation, Rev. Mat. Iberoamericana 4 (1988), 339-354.

J. L. Lions, Quelques problémes de la théorie des équations non linéaires d’évolution, Pro-
blems in non-linear analysis, C.I.LM.E., IV Ciclo, Varenna, 1970, Edizioni Cremonese, Rome,
1971, 189-342.

G. MiNTY, Monotone (non linear) operators in Hilbert spaces, Duke Math. J. 29 (1962),
341-346.

F. PeETITTA, Renormalized solutions of nonlinear parabolic equations with general measure
data, Ann. Mat. Pura Appl. 187 (2008), 563-604.

M. PERRE, Uniqueness of the solutions of u, — A¢(u) =0 with initial datum a measure,
Nonlinear Anal. 6 (1982), 175-187.

F. RAGNEDDA, S. VERNIER PIRO AND V. VEsPrI, Pointwise estimates for the fundamental
solutions of a class of singular parabolic problems, J. Anal. Math. 121 (2013), 235-253.

J. L. VAzQuEz, Smoothing and decay estimates for nonlinear diffusion equations, Equations
of porous medium type, Oxford Lecture Ser. Math. Appl. 33, Oxford University Press,
Oxford, 2006.

J. L. VAzQuez, The porous medium equation, Mathematical theory, Oxford Math. Monogr.,
2007.

Ahmad Z. Fino

DEPARTMENT OF MATHEMATICS & COMPUTER SCIENCE
FACULTY OF SCIENCE

BEIRUT ARAB UNIVERSITY

BEIRUT

LEBANON

E-mail: a.fino@bau.edu.lb

Fatma Gamze Diizgiin
DEPARTMENT OF MATHEMATICS
HACETTEPE UNIVERSITY

06800, BEYTEPE, ANKARA

TURKEY

E-mail: gamzeduz@hacettepe.edu.tr

Vincenzo Vespri

DIPARTIMENTO DI MATEMATICA ED INFORMATICA ULISSE DINI
UNIVERSITA DEGLI STUDI DI FIRENZE VIALE MORGAGNI

67/a 1-50134 FIRENZE

ItALy

E-mail: vincenzo.vespri@unifi.it



