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THE FEKETE-SZEGO PROBLEM FOR A CLASS OF ANALYTIC
FUNCTIONS DEFINED BY DZIOK-SRIVASTAVA OPERATOR

ErRHAN DENIZ*, MURAT CAGLAR AND HALIT ORHAN

Abstract

By using Dziok-Srivastava operator a new subclass of analytic functions generalized
k-parabolic starlike functions, denoted by k — SP; ,,(o1; y), is introduced. For this class
the Fekete-Szeg6 problem is completely solved. Various known or new special cases of
our results are also point out.

1. Introduction

Let .o/ be the class of functions of the form
(1.1) fE) =z4> anz",

analytic in the open unit disk U= {z:zeC and |z| < 1}.

Let % denote the class of functions f € .o/ which are univalent in U. If
f and ¢ are analytic in U, we say that f is subordinate to g, written sym-
bolically as f <g or f(z) <g(z) (zeU), if there exists a Schwarz function
w(z), which (by definition) is analytic in U with w(0) =0 and |w(z)] <1 in U
such that f(z) = g(w(z)), ze U. In particular, if the function g(z) is univalent
in U, then we have that f(z) <¢g(z) (zeU) if and only if f(0) =g(0) and
£(U) < g(U).

A function f € .o/ is said to be in the class of k-uniformly convex functions
of order y, denoted by k — UCV(y) [3] if

(1.2) ?R{l + Z;((ZZ;} >k

#"(2)
1'(2)

+7;
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where k >0, y€[0,1) and it is said to be in the corresponding class k-parabolic
starlike functions of order y, denoted by k — SP(y) if

S L)
(13) %{ 5 }>" @

o

where k>0, ye[0,1).

These classes generalize various other classes which are worthy to mention
here. The class k — UCV(0) =k — UCV is the class of k-uniformly convex
functions [14] (also see [15] and [16]).

Using the Alexander type relation, we can obtain the class k — SP(y) in the
following way:

fek—UCV(y) < zf' ek —SP(y). The classes 1 — UCV(0) = UCV and
1 — SP(0) = SP, defined by Goodman [10] and Ronning [31], respectively.

Geometric Interpretation. It is known that fek— UCV(y) or fe

k — SP(y) if and only if 1+Zf p () or Zh (Z), respectively, takes all the values
1'(2) f(2)

in the conic domain Z, which is included in the right half plane given

by

(1.4) R, ={w=u+iveC:u>k (u—1)+v2+y, k>0 and y€[0,1)}.

Denote by 2(Py,,), (k> 0,0 <y < 1) the family of functions p, such that p € 2,
where Z denotes the well-known class of Caratheodory functions and p < Py, in
U. The function Py, maps the unit disk conformally onto the domain %, such
that 1€ %, and 0%y, is a curve defined by the equality

(1.5) Ry, ={w=u+iveC:u?= (k\/(u—1)"+02+7)?
k>0 and ye0,1)}.

From elementary computations we see that (1.5) represents conic sections sym-
metric about the real axis. Thus %, is an elliptic domain for k > 1, a parabolic
domain for k =1, a hyperbolic domain for 0 < k < 1 and the right half plane
u>vy, for k=0.

The functions Py ,, which play the role of extremal functions of the class
P(Py,,), were obtained in [1], and for some unique 7€ (0,1), every positive
number k can be expressed as

A (1)
1. = cosh
(1.6) k = cos 24D
where " is Legendre’s complete elliptic integral of the first kind and % is
complementary integral of A" (for details see [1], [22] and [26]).
For functions f,ge./, given by f(z)=z+>, ,a,z" and g¢(z)=
z+ >, byz", we define the Hadamard product (or convolution) of f(z) and
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8

(f*xg)(z) =z+ anbyz" =: (g* f)(z) (zel).

n=2

For o;, ;€ C—{0,—-1,-2,...} (i=1,2,...,5;j=1,2,...,m), the general-
ized hypergeometric function ;F,,(z) is defined by

lFm(Z) :lFm(o(l,.. OC],ﬂl,-w ﬂm? ) ZMZ
n=0 n mn

(l<m+1,,meNy:={0,1,2,...}, ze U)

where (1), is the Pochhammer symbol defined, for 1€ C and in terms of the
Euler I'-function, by
(), = F(/1+n) I; n=0
" T(A) MA+1)---(A4+n—1); neN:={1,2,...}.

Let Hjp = (t1,...,0501,...,8,) : o — o be the linear operator defined
by

(17) Hl,m((xlv-~~7a/§ﬁ17"'7ﬂm)f( ) = lFm(alw-wfxl;ﬂl?"'?ﬁm;z) *f(Z)

n

— < )n 1 anZ
B Z ﬁl n—1" (ﬂm)n 1 (7’1—1)

For simplicity, in the sequel, we will write H/(x;)f(z) instead of
Hl-,m(alv' . '7al;ﬂ17' . 7ﬁm)f(z)'

The linear operator H/(w;) is called the Dziok-Srivastava operator [6]
(see also [7]) and it contains, amongst its special cases, various other operators
introduced and studied by Hohlov [l1], Carlson-Shaffer [4], Ruscheweyh
[32], Noor [24] (also see [25]), Bernardi-Libera-Livingston ([2], [12], [13]) and
Srivastava-Owa ([27], [28], [36]).

Now, by making use of H!(c;), we define new subclasses of functions
in o/.

DeFiNiTION 1.1 Let o;,,€ C—{0,-1,-2,...} (i=1,2,....5;j=1,2,...
m), k>0 and 0 <y < 1. We denote by

k — SP/,m(Ofl;V) =k — SP/,m(OC17 cee >al;ﬁ17 o 7ﬂm; V)
the class of functions f €./ which satisfy the following condition

S ) FE)\ [ HL @) /()
(18) %{ Hi () /(2) }>" Hi (o) 1)

)

—1l+y (zel).
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Note that f ek — SP;,(o1;7) if and only if H! (x;)f €k — SP(y). Using
the Alexander type relation, we define the class k — UCV} ,(ou;y) as follows

fek—UCV ,(a;y) if and only if zf' € k — SP; (013 7),

and also

k — UCVLm(OCl;y) cSk—- SP].m(“l;y)'

Geomeltric Inter[’retation. From (1.8) fek— SP;p(ou;y) if and only if

R HCAYIE)
H(0)/ )
which is included in the right half plane.

Someone can find more information about uniformly convex functions and
parabolic starlike in Gangadharan et al. [9], Kanas and Srivastava [17], Deniz
et al. [5] and Orhan et al. [26].

The classical Fekete-Szegé inequality, presented by means of Loewner’s
method, for the coefficients of f € .% is that

take all the values in the conic domain %y , given in (1.4)

lay — pa3| < 1+ 2exp(—2u/(1 —p)) for 0 <u< 1.

As p— 17, we have the elementary inequality |a; —a3| < 1. Moreover, the
coefficient functional

Fu(f) = a3 — puaj

on the normalized analytic functions f in the unit disk U plays an important role
in function theory. For example, the quantity a3 — a3 represents Sy(0)/6, where
Sy denotes the Schwarzian derivative (f”/f") — (f"/f' )2/2 of locally univalent
functions f in U. In the literature, there exists a large number of results about
inequalities for F,(f) corresponding to various subclasses of &. The problem
of maximizing the absolute value of the functional F,(f) is called the Fekete-
Szegd problem (see [8]). In [18], Koepf solved the Fekete-Szegé problem for
close-to-convex functions and the largest real number p for which F,(f) is
maximized by the Koebe function z/(1—z)? is x=1/3, and later in [19]
(see also [20]), this result was generalized for functions that are close-to-
convex of order y. In [29], Pfluger employed the variational method to give
another treatment of the Fekete-Szegd inequality which includes a description of
the image domains under extremal functions. Later, Pfluger [30] used Jenkin’s
method to show that

F(f)] < 1+ 2lexp(~2u/(1 - )| f e,

holds for complex x such that #(1/(1 —u)) > 1. The inequality is sharp if and
only if x4 is in a certain pear shaped subregion of the disk given by

u=1—(u+iw)/@® +v%), —-1<r<l,
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where u=1—1log(cos¢) and v=tan¢g — ¢, 0< ¢ <n/2. For different sub-
classes of &, recently Fekete-Szegd problem has been investigated by many
authors including (see [21], [22], [23], [26], [33], [34], [35]).

In this paper, we solve the Fekete-Szegdé problem for functions in the class
k — SP; (o5 y) defined by using H/ (2;). Consequences of the main results and
their relevance to known results are also pointed out.

2. Preliminaries

In order to prove our results, we will need the following lemmas.
In [1] (also see [26]), we calculate the coefficients P; and P, from Taylor
series expansion of the function Py, and give in Lemma 2.1 as follows.

LemMa 2.1 (see [1] also [26]). Let 0 <k < oo and 0 <y <1 be fixed and
Py, be the Riemann map of U onto Ay ,, satisfying Py ,(0) =1 and P;_(0) > 0.
It ,

(2.1) Pi,(z) =1+ Piz+Pyz* +--- (zeU)
then
2(1 —y)%*
—_— < 1
. 0<k<1,
8(1—
P1: ( 3 y); kil,
T
21 —
(1 =7) 55— k>1,
4(k2 — D)Vi(1 + 1) 4 (1)
and
2
@Pl; 0<k<l,
2
P, = gpl; kIl,
200\ (12 _ 2
[~ (1) (¢ +6z+i) n]Pl; ks,
24/t(1 + ) A (1)
where
2
(2.2) B = — arccos k

and K (t) is the complete elliptic integral of first kind.

LemMa 2.2 (see [18]). Let he P given by

(2.3) hz)=14ciz4+ 22+ (ze ).
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Then

1
Cy) — —C%

(24) e/ <2 (neN), | —cl|<2 and 3

1
S2—§|c1|2.

3. Main results

In this section, we will give some upper bounds for the Fekete-Szego
functional |a3 — pa3|.

In order to prove our main results we have to recall the following.

Firstly, the following calculations will be used in the proofs of each of the
Theorems 3.1-3.7. By geometric interpretation there exists a function w satisfy-
ing the conditions of the Schwarz lemma such that

z(H,, () f(2))’
H,,(0a)f(2)

where Py, is the function defined in Lemma 2.1.
Define the function / in 2 given by

(3.1) = Pr;y(w(z)) (zel),

I +w(z) )
h(Z)—l_W(Z)—1+clz+622 4+ (zel).
It follows
c 1 c?
Lv(z):%z—kE(cz—El)zz—i—
and
a 1 A\ ,
(32) Pk}(W(Z)):l—FPl 32—'—5 CZ_? z5+ -
P G Y A S
2 22 (&) 2 z

Thus, by using (3.1) and (3.2), we obtain

1,
= 1
(3.3) ay = i 3 C1

j=1"
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and
1 (B +1
o0 e g
H (o + 1)

=i
Secondary, we introduce the following functions which will be used in the

discussion of sharpness of our results.
Define the function ¥ in U by

(35) %(2) % {(zsz(au st B B 2)) (Z exp(];% di))}

where Py, is the function defined in Lemma 2.1 and write the following extremal
function in k — SP; p(o1;y) by

(3.6) ¥(2,0,7) = (ziFm(n, -, 03 By By 2))

z eVE(E + 1 d
* Z eXp <J0 [le' <lé:- - )> — 1} §>
0<h<2m0<t<l)
Note that (z,0,1) = z%(z) defined by (3.5) and ¥(z, 0, 0) is an odd function.
THEOREM 3.1. Let the function f given by (1.1) be in the class
k—SPm(o;y) 0<y<1;0<k<1). Then
(3.7

jas — pas|

m /
— 2 . . — 2
4(1 y)'% jl;[] ﬁj(ﬁ] + 1) (1 l))% jl:Il(a/ + 1)j:1ﬂ_/ 1 (7 _ 6]/ _ k2)ﬁ2

737 6(1—k) |

(=01t +0 | =i fis+ 01
u=oi,

2(1 —V)%’ZH (B +1)

j=1

._.
\ I
_

< ; ;02 S pu <oy,
(1 —k2) [T oy(oy + 1)
j=1
1 m
—_ VB2 (B, — B2 o .
4(1 — 9B _H,b’j(ﬁ,+1) 76 kA 1 (1 =% j];[l(]—l—l)j];[lﬁ, |
1 6(1 — k2) +§_ m Ik
(1—k2)[l (0 + 1) (1 kz)H(ﬁ,Jrl)Hldf

U= 02,
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where % is given by (2.2), and

!
[+ 1) 1o
(3.8) o =" [ ! — (5(;2]‘2) +(7— 6y — k2)>,
6(1—7) l;ll(aﬂr 1) 1;[1/3,»
m /
[18+ 1) 1o
(3.9) gy =— 7! =l ((7 6y k) — ;‘2).

I
6(1 =) [T +1) H B;
Each of the estimates in (3.7) is sharp for the function Y(z,0,7t) given by (3.6).

Proof. Putting the values of P; and P, for 0 < k <1 from Lemma 2.1 in
(3.3) and (3.4) we find that

(1- V)gz Hﬂj
a 2—17101
(1—k2) Hl%‘
j=
and

m

(1—V)«@2Hﬁ([)’ +1)

o (1—k2)/ﬁl (o + 1) {cz_é(l_%%}.

An easy computation shows that

m

(1—y)8* l;llﬂ](ﬁj +1)

(3.10) ay — pa3 = ;
21— k) [T o3+ 1)
j=1
!
2(1=y)% H(O‘;+1)Hﬁ,
x n:: 11 H

(1—k2)H(ﬂj+1)Hl°€f
=

J=1

7 — 6y — k) %>
+ (1_#) 2~ 20,

1
3 (1 —k2)
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Thus, from (3.10) we obtain
(1 —y)8* 1‘[1/3_,(/3_, +1)
j=

2(1 — k%) [T oo+ 1)

j=1

20—@%%? i

1

B ey —pad] <

7 s
(=R 115+ D 11

J=1 J=1
5 (1—6y—k>)#?

2
—g—w |Cl|+2|cl —

If 4> oy, then by applying Lemma 2.2, we get

(312)  las — puad

s

(1- V)%'Z Bi(B;+1)

~.
Il
_

<

I~

21— k) [T o505 + 1)

~.
Il

/ m
_ 2

Jj=1 J=
x u— 4+4
(- k)10, + >ﬁ% oo
Jj=1 j=1
4a—mﬁﬁmw+w
) (1 =#2) TT (o + 1)
j=1
! m
X (1 W?ﬂ“*”ﬂ@ﬂl 76 k)
G- Mg, ° 0 R

I\
iR
I’
—_

J J

which is the first part of assertion (3.7).
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Next, if # <o, then we rewrite (3.10) as

(313) |as —
(1-9)%° ﬁlﬁj(ﬂ, +1)
=

21— k) [T o0y + 1)

J=1

(7—6y —kH#’ 1_

31-k2) 3

u—wWﬁ@%+m
J=

= !
2(1 = k2) T oy(oy + 1)

j=1

(T—6y—kH#> 1

3(1— k2)

21— )2 [0 + 1)

j=1

ERHAN DENIZ, MURAT CAGLAR AND HALIT ORHAN

1114

1

(1— k2

s

1

B

(=K T+ 1)

Applying Lemma 2.2 we have

las — pa3 |
m

(1—y)%> gﬂf(ﬁf +1)

= /
2(1 = k) [T oy(oy + 1)

Jj=1

(7—6y— k>8> 1

ﬂ~w

%;
1

J

2(1-7)% )

::]N

(@+1)

~.
Il

(o +1)

-
[1

J=1

s

o

p|letl +2leal |-

31-k%) 3

(1-k?)]

1:&

(ﬁ/ + 1)

~.
Il ~|~.
- Il

o

w et +2¢

uld+4
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4(1 )2 H1 BB+ 1)
L

: (1—k?) ﬁ %(o + 1)
Jj=1

/ m
Te-k) 3 n .
(1= I +1)H0<1

which is the third part of assertion (3.7).
Finally from (3.10) we get

(3.14)  las — pua

(1— )% Hl BB+ 1)

!
2(1 — k%) [T oj(e; + 1)

J=1

! m
— 2 .
(7—6y—k>%*> 2 R S L

Lo J e
_ 12 m m
-k 3 (=) 118+ D 1T
J= J=

< /
2(1 = k) [T oy(oy + 1)
j=1
2(1 — 7) %2
(7_6V_k2)%2+g_< ) /[g( )JI_Tﬂ,ﬂM
3=k 3 <1—k2>H<ﬁ,+1>ﬁa,
Jj=1
+262—%12
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We observe that o, < u < o7 implies

) ZU—ﬂ%IH%+Uﬁﬂ
(1—6r=p)%" 2 I I

W= - e+ il
j=1 j=1

Thus applying Lemma 2.2 to (3.14) we get

21 =92 T1 5,8+ 1)
(3.15) jas — pa3| < =

(1= k%) [T oy + 1)

J=1

which is the second part of assertion (3.7).

We now obtain sharpness of the estimates in (3.7).

If 4 > o1, equality holds in (3.7) if and only if equality holds in (3.12). This
happens if and only if |¢;| =2 and |¢] — ¢2| = 2. Thus w(z) =z. It follows that
the extremal function is of the form ¥(z,0,1) defined by (3.6) or one of its
rotations.

If 4 < 0, then equality holds in (3.7) if and only if |¢;| =0 and |c;| = 2.
Thus w(z) = ez and the extremal function is (z,0,1) or one of its
rotations.

If 4=o0,, the equality holds if and only if |c;] =2. In this case, we

have
h(z)lzf(lﬂ)_lgf(l_z) (0<7<l;zeU)

1-z 14z

Therefore the extremal function f is ¥(z,0,7) or one of its rotations.
Similarly, 4 = o is equivalent to

l m

_ \A2 oL .
A=n# M+ DI (1-6r— kB> _
m ! ﬂ_g_w_ ’

(1=~ TIB+ 1) [T o

1

J=1 J

Thus the extremal function is y/(z,7,7) or one of its rotations.

Finally if o < u < g1, then equality holds if |¢;| =0 and |c;| =2. Equiv-
alently, we have
1+ 122
1 —1z2

h(z) = (0<t<l;zel).



THE FEKETE-SZEGO PROBLEM 451
Therefore the extremal function f is ¥(z,0,0) or one of its rotations.

The proof of Theorem 3.1 is now completed. O

THEOREM 3.2. Let the function f given by (1.1) be in the class
k—SP;p(o1;y) (0<y<lik=1). Then

(3.16)
a3 — pa|
m / m
16(1 =) T18,(8;+1) (41 =) [1( + 1) I1B;
J=1 J=1 j=1 _1_4(1 -7) . >0
/ m ! K 3 2 ; M =201,
n? [1 (e + 1) 2 [1(B;+ DIl
J=1 j=1 j=1
8(1*V)H/>’(/f +1)
< ; = i O < u <0,
n? [T ooy + 1)
j=1
m / m
16(1 =) [18;(B;+ 1) 41 =) [T + D I B;
j=1 4(1—y) 1 j=1 j=1
/ 72 +§_ m / pls #<o,
n? [T ooy + 1) w2 1B+ 1) I1oy
Jj=1 Jj=1 Jj=1
where
m 1
‘Hl(ﬁj—’_l)nlaj 5n?
(3.17) o =" - + 321 = )
He+nfig s 2077
j=1 j=1
m 1
figofls
(3.18) 5 :"1—’;(1 —ﬁ).
He+nfis s 077
= i=

Each of the estimates in (3.16) is sharp for the function Y(z,0,7) given by
(3.6).

Proof. Putting the values of Py and P, for k = 1 from Lemma 2.1 in (3.3)
and (3.4) we find that
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4(1-7) l_Ilﬁj
a = 1'17 1

2 []oy

j=1

and

An easy computation shows that
(3.19) s — ua]

za—wﬁ@%+n

)
n2 [ o(oy + 1)
=1

! m
8(1 =) [+ DI
X mj:1 []:1 : +;—78(1n; ) et —2c
1+ D11y
joi joi
21-» 188 +1)
< =
n? [Toy(oy + 1)
j-i
/ m
81— ) [Ty + D115,
X — S ; I M= g - —8(17_; ) lefl +2lef — e
n? Hl(ﬂ/ +1) HI“J
J= =

To complete the proof of Theorem 3.2, we follow the same steps as in the proof
of Theorem 3.1. Therefore, we choose to omit the details involved. O

THEOREM 3.3. Let the function f given by (1.1) be in the class
k —SP;p(o15y) (0<y<1;1<k< o) and let t be the unique positive number
in the open interval (0,1) defined by (1.6). Then
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(3.20)
|laz — ua;|
m / m
R S 4A2(0) (2 + 614 1) —
l_ — — _Pl - 2 ;
Mo+ | 1168+ D% /LX)
j=1 Jj= Jj=1
= py,
< 1—, Pr =S U= P,
[T (0 + 1)
j=1
m ! m
Plgﬂj(ﬁjJr D 442 (t) (2 + 6t + 1) — o P ,13( )/Ulﬁ’ﬂ .
/ 2 m li !
Mog+1) | 20070 106+ 1%
J=1 j=1 j=1
m=p,

where A (1) is the complete elliptic integral of the first kind, Py is given by (2.1),
and

m

/
/l;ll(ﬂj+1)/l;[1 oy <1+P1 +4%2(l)(l2+6l+1)—752>
i nfin D)
= =

3.22 — A
(.22) P p ﬁ(a,+1) 241(1 + )47t
Jj=1 Jj=

m !
L+ >l_[1” <P1+4%2(I)(l2+6t+1)_”2—1>.
fis )

Each of the estimates in (3.20) is sharp for the function Y(z,0,7) given by
(3.6).

Proof. Putting the values of P; and P, for 1 < k < oo from Lemma 2.1 in
(3.3) and (3.4) we obtain

m
P Hlﬁj
=

a = C1,

!
2]
=1
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P LA G+ ) { 1( 4%2(1)(12+6z+1)—n2> }
L -2 (1-pP -

a3z = i ¢
2 r[[ o(o + 1) 2 24\/1(1+ 1) A7 (1)
j=1
and
(3.23)  |as — udl|
Plﬁlﬂj(ﬂjﬂ)
o
4ﬁ“j(“j+1)
Jj=1
! m
X tan )’Hlﬂju |_p, MCO@E@ 6] o
al ! R ) 1
Hl( )]_[loc] 24V/1(t + 1) (1)
J= =
+2|c%—cz| )

To complete the proof of Theorem 3.3, we follow the same steps as in the proof

of Theorem 3.1. Therefore, we choose to omit the details involved. O
Remark 3.4. For special values of the parameters
(I=2m=1y=p=1p=2) and (I=2,m=1,01 =0 =f;, = 1))

in Theorem 3.1-3.3, we obtain new results for the classes k — UCV(y) or

k — SP(y).

THEOREM 3.5. Let the function f given by (1.1) be in the class
k—SP])m(Otl;y) (0 <y<1;0< k< 1) Then

m !
16+ D112 e
(3.24)  as — pdd| + | pu——1 L ((76yk2) 7 > a3

m

u—wﬁ@+nqm

j=1

mfw%ﬁ@%+w
L

< (02 <u<o3)

(1—k2)ﬁ“j(“j+1) | B

J=1
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and

m /
H(ﬁ/+1)ﬂ% Y
629 Jar—padl+ | (-6 -+ L) i

m

61— ) 110 + +nfis

j=1

~.

2(1 —y)%° _ﬁﬁ_,(ﬁ_,+ 1)
< J_l . (o3<u<oar)

<vwan<%+n .

where B, a\ and g, are given by (2.2), (3.8) and (3.9), respectively, and

(3.26) o3 = — / <2 4!

Proof. Suppose that 0<k<1 and o0, <u<o; Using (3.14) for
lay — pa3| and (3.3) for |ax| we have

m

[1(B; +1>H
las — pal| + |u— —= ; = ” ((7—67—/(2)—1932](2) |a3 |
6(1 —7) [1(oy l)l;llﬂj

j=1

m

(1—y)8* Hlﬂj(ﬁ] +1)
j=

= !
2(1 — k2) [ (o + 1)
j=1
_ Y
) (7_6y_k2)932+%_2(1 )% Hl(ac]+1)jljlﬂ, |62|+26__12
31-k2) '3 1 ! )
(1*k2)H(/>’j+1)Ha_/
L j=1 j=1
r m /
[1B;+1) 1oy 12
6(1—V)1'[1(%+1)Hlﬂ]
L J= J=
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X 3 ler|?
!
(1~ k2>2<n a,)
j=1
(=2 T148+ 1)
. Jj=
21— k) [T 33+ 1)
j=1
1 m
_ 2
c? (7— 6y — k?)%* 2= ]1;[1( )jl;llﬁj 5
X 2cz—?1 3(1—k2) p” i M |C1|
(1= k) TIG+ ) [T
J=1 J=1
/ m
=P eI o g )|
+ = / - 3(1—](2) "‘rg |Cl|
(1= TIB+ D]y
J=1 J=1
Note that, since u < o3
/ m
e AL
31-k2) 37 m =
(I=k)TIB+ D]l
j=1 j=1
Thus, from Lemma 2.2 we have
m /
fio 011
s — | 4 — |76 - b
6(1—7) 11+ I14 '
J=1 J=1
(1= )@ [T B8+ 1) X 21 =B 18,8+ 1)
< ]:]1 {2 CQ—% +|C12}§ 511 ’

2(1 —k2) [T ooy + 1)

j=1

which proves (3.24).
have

Similarly, for

(1 —k2) TT oy(0y +

J=1

1)

the value of u given in (3.25), we
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m /
H(ﬁj+1)Haj 5(1_k2)

=1 =1
a5 — ] + | —2 E (- e- e )

=1
2(1 — k2) ﬁ aj(oy + 1)
=1
/ m
==Kz 2 R AL 2l 42lep -
31—k2) '3 v I 277
(I=k)TIB;+ D 1o
j=1 j=1
m /
H(ﬂ/ + 1) [l
I j=1 l j=1 _ <<7 _ 6]/ _ kz) I 5(19;2](2)) o
61— 11+ D115
j=1 j=1
m 2
(1 V)2ﬁ4<l_[1ﬁ_;>
% /1— s |Cl|2
(1 —k2)2<H 0‘1)
J=1

a—wﬁﬁm@+n

21— k) [T o0z + 1)
=1

! m
2(1 — 9) %2 o + 1 :
2 (=) ,131(’ )gﬂf 2 (T-6y—k))#?|
X 202—7—1— - ; K—3 30 =K 7]
(=i 1B+ D T %
Jj=1 j=1
/ m
201 =9 [[(+ D) LA
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TR 2y AT m
R e R

J=1 J=1
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Since y > a3,

=P eV 0 o oy

J=1 J=
U—5———F7—5— =0
1 I 3 3(1—k2)
(1—k2) H(ﬁ +1) _Hlfx/
: j=
and from Lemma 2.2, we get
m /
41 o
: R 2y S0= k) ,
@y — 3] + , — (76 -+ 2 13
6(1-7) H( +1) Hl/)’,-
=1 j=
(1_V)f@2nﬂj(ﬁj+l) N 2(1—y)£znﬁj(ﬂj+l)
< ./:ll {2 Cz—% +|612}S ;:l 7
2(1 = k) [Toy(oy + 1) (1 =4%) T oy(o5 +1)
Jj=1 j=1
which proves (3.25). The proof of Theorem 3.5 is thus completed. O

THEOREM 3.6. Let the function f given by (1.1) be in the class
k—SP;p(o;y) (0<y<lik=1). Then

m /
[1(A+ D 1T 2
(3.27) lay — pa3) + | u _ ];1  — a3
2 ﬁ@+UH@< )|
j=1 j=1
8- [148+1
< / ik R (52 <u< 53)
2 [T oy(oy + 1)
j=1
and
m /
[T+ 1) 1oy
628) oy pal | mf2> 1) ~a il
H(OC] + 1) H ﬁj
j=1 j=
81— TTA(8+1)
< 7 ! , (3<u<o)
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where 01 and 0, are given as before by (3.17) and (3.18), respectively, and
m /
j=

(3.29) oy =1 [ )
m 12 1_
(o7 +1) Hlﬂj =
=

=~

.
Il

THEOREM 3.7. Let the function f given by (1.1) be in the class
k—SP;m(on;y) (0<y<l;1<k< o) and let t be the unique positive number
in the open interval (0,1) defined by (1.6). Then

m /
I3+ 1) 11w
j=1 j=1

/ m

PlH(“/+1)l;Il,5’j

(330) o —pad|+ [u—

J=1

442 (1) + 6t + 1) — 7 s
8 <P1+ 2411+ 1) (1) _1> |

Pll:llﬂj(ﬂj+1)
< ;7 , (P =u<p)
1_[locj(acj+1)
j=
and
m !
l:ll(ﬁi+1)ljl°‘f
(331) oz — pa3| + | — —
Py [](y+1) ﬁj
j=1 j=1
A2 (2 + 61+ 1) — 2
R R a7
24\/1(1 + 1) (1)

<————, (ps<u<p)

[Toy(ey+1)

Jj=1
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where A (t) is the complete elliptic integral of the first kind, Py, p; and p, are given
by (2.1), (3.21) and (3.22), respectively, and

(332)  py=

m

fies+ 11 (

! m

PlH(ijJrl)Hl/)’j
.

J=1

42(t) (2 + 6t + 1) — o
2411+ ) A2 (2)

Proofs of the Theorems 3.6, 3.7. The proofs of Theorems 3.6, 3.7 are

similar to the proof of Theorem 3.5, except for some obvious changes. There-
fore, we omitted the details.

The following particular cases can be pointed out.

Remark 3.8. Some known results can be obtained as particular cases of

Theorem 3.1-3.7. For example:

(i) Taking /=2, m=1 with oy =1, p =2, f;=2-1 (0<A<1) and
y =0 in all our work, we obtain all results of Mishra and Gochhayat
[22].

(i) Taking /=2, m=1withoy =1, =2, =5n+1 (e Ny:=NU{0})
and y=0 in all our work, we obtain all results of Mishra and
Gochhayat [23].

(ili) Taking /=2, m=1 with oy =1, 0 =2, f;,=2—-1 (0<A< 1) and
y =0 in Theorems 3.2 and 3.6 we get the results obtained by Srivastava
and Mishra [33].

(iv) Taking /=2, m=1 with oy =1, 0p =2, f; =1 and y =0 in Theorem
3.2 we obtain a result due to Ma and Minda [21].

(v) Taking /=2, m=1 with oy =1, 0p =2, f;,=2-1 (0<A< 1) and
k =y =0 in Theorem 3.1 we obtain a result due to Srivastava, Mishra
and Das [34].
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