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THE FEKETE-SZEGÖ PROBLEM FOR A CLASS OF ANALYTIC

FUNCTIONS DEFINED BY DZIOK-SRIVASTAVA OPERATOR

Erhan Deniz*, Murat Çağlar and Halit Orhan

Abstract

By using Dziok-Srivastava operator a new subclass of analytic functions generalized

k-parabolic starlike functions, denoted by k � SPl;mða1; gÞ, is introduced. For this class

the Fekete-Szegö problem is completely solved. Various known or new special cases of

our results are also point out.

1. Introduction

Let A be the class of functions of the form

f ðzÞ ¼ zþ
Xy
n¼2

anz
n;ð1:1Þ

analytic in the open unit disk U ¼ fz : z A C and jzj < 1g.
Let S denote the class of functions f A A which are univalent in U. If

f and g are analytic in U, we say that f is subordinate to g, written sym-
bolically as f 0 g or f ðzÞ0 gðzÞ ðz A UÞ, if there exists a Schwarz function
wðzÞ, which (by definition) is analytic in U with wð0Þ ¼ 0 and jwðzÞj < 1 in U
such that f ðzÞ ¼ gðwðzÞÞ, z A U. In particular, if the function gðzÞ is univalent
in U, then we have that f ðzÞ0 gðzÞ ðz A UÞ if and only if f ð0Þ ¼ gð0Þ and
f ðUÞJ gðUÞ:

A function f A A is said to be in the class of k-uniformly convex functions
of order g, denoted by k �UCVðgÞ [3] if

< 1þ zf 00ðzÞ
f 0ðzÞ

� �
> k

zf 00ðzÞ
f 0ðzÞ

����
����þ g;ð1:2Þ
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where kb 0, g A ½0; 1Þ and it is said to be in the corresponding class k-parabolic
starlike functions of order g, denoted by k � SPðgÞ if

< zf 0ðzÞ
f ðzÞ

� �
> k

zf 0ðzÞ
f ðzÞ � 1

����
����þ g;ð1:3Þ

where kb 0, g A ½0; 1Þ:
These classes generalize various other classes which are worthy to mention

here. The class k �UCVð0Þ ¼ k �UCV is the class of k-uniformly convex
functions [14] (also see [15] and [16]).

Using the Alexander type relation, we can obtain the class k � SPðgÞ in the
following way:

f A k �UCVðgÞ , zf 0 A k � SPðgÞ. The classes 1�UCVð0Þ ¼ UCV and
1� SPð0Þ ¼ SP, defined by Goodman [10] and Ronning [31], respectively.

Geometric Interpretation. It is known that f A k �UCVðgÞ or f A

k � SPðgÞ if and only if 1þ zf 00ðzÞ
f 0ðzÞ or

zf 0ðzÞ
f ðzÞ , respectively, takes all the values

in the conic domain Rk; g which is included in the right half plane given
by

Rk; g :¼ fw ¼ uþ iv A C : u > k

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðu� 1Þ2 þ v2

q
þ g; kb 0 and g A ½0; 1Þg:ð1:4Þ

Denote by PðPk; gÞ, ðkb 0; 0a g < 1Þ the family of functions p, such that p A P,
where P denotes the well-known class of Caratheodory functions and p0Pk; g in
U. The function Pk; g maps the unit disk conformally onto the domain Rk; g such
that 1 A Rk; g and qRk; g is a curve defined by the equality

qRk; g :¼ fw ¼ uþ iv A C : u2 ¼ ðk
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðu� 1Þ2 þ v2

q
þ gÞ2;ð1:5Þ

kb 0 and g A ½0; 1Þg:

From elementary computations we see that (1.5) represents conic sections sym-
metric about the real axis. Thus Rk; g is an elliptic domain for k > 1, a parabolic
domain for k ¼ 1, a hyperbolic domain for 0 < k < 1 and the right half plane
u > g, for k ¼ 0:

The functions Pk; g, which play the role of extremal functions of the class
PðPk; gÞ, were obtained in [1], and for some unique t A ð0; 1Þ, every positive
number k can be expressed as

k ¼ cosh
pK 0ðtÞ
4KðtÞð1:6Þ

where K is Legendre’s complete elliptic integral of the first kind and K 0 is
complementary integral of K ( for details see [1], [22] and [26]).

For functions f ; g A A, given by f ðzÞ ¼ zþ
Py

n¼2 anz
n and gðzÞ ¼

zþ
Py

n¼2 bnz
n, we define the Hadamard product (or convolution) of f ðzÞ and
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gðzÞ by

ð f � gÞðzÞ :¼ zþ
Xy
n¼2

anbnz
n ¼: ðg � f ÞðzÞ ðz A UÞ:

For ai; bj A C� f0;�1;�2; . . .g ði ¼ 1; 2; . . . ; l; j ¼ 1; 2; . . . ;mÞ, the general-
ized hypergeometric function lFmðzÞ is defined by

lFmðzÞ ¼ lFmða1; . . . ; al ; b1; . . . ; bm; zÞ ¼
Xy
n¼0

ða1Þn � � � ðalÞn
ðb1Þn � � � ðbmÞn

zn

n!

ðlamþ 1; l;m A N0 :¼ f0; 1; 2; . . .g; z A UÞ

where ðlÞn is the Pochhammer symbol defined, for l A C and in terms of the
Euler G-function, by

ðlÞn :¼
Gðlþ nÞ
GðlÞ ¼

1; n ¼ 0

lðlþ 1Þ � � � ðlþ n� 1Þ; n A N :¼ f1; 2; . . .g:

�

Let Hl;m ¼ ða1; . . . ; al ; b1; . . . ; bmÞ : A ! A be the linear operator defined
by

Hl;mða1; . . . ; al ; b1; . . . ; bmÞ f ðzÞ ¼ zlFmða1; . . . ; al ; b1; . . . ; bm; zÞ � f ðzÞð1:7Þ

¼ zþ
Xy
n¼2

ða1Þn�1 � � � ðalÞn�1

ðb1Þn�1 � � � ðbmÞn�1

anz
n

ðn� 1Þ! :

For simplicity, in the sequel, we will write Hl
mða1Þ f ðzÞ instead of

Hl;mða1; . . . ; al ; b1; . . . ; bmÞ f ðzÞ:
The linear operator Hl

mða1Þ is called the Dziok-Srivastava operator [6]
(see also [7]) and it contains, amongst its special cases, various other operators
introduced and studied by Hohlov [11], Carlson-Sha¤er [4], Ruscheweyh
[32], Noor [24] (also see [25]), Bernardi-Libera-Livingston ([2], [12], [13]) and
Srivastava-Owa ([27], [28], [36]).

Now, by making use of Hl
mða1Þ, we define new subclasses of functions

in A.

Definition 1.1. Let ai; bj A C� f0;�1;�2; . . .g ði ¼ 1; 2; . . . ; l; j ¼ 1; 2; . . . ;
mÞ, kb 0 and 0a g < 1. We denote by

k � SPl;mða1; gÞ :¼ k � SPl;mða1; . . . ; al ; b1; . . . ; bm; gÞ

the class of functions f A A which satisfy the following condition

< zðHl
mða1Þ f ðzÞÞ

0

Hl
mða1Þ f ðzÞ

� �
> k

zðHl
mða1Þ f ðzÞÞ

0

Hl
mða1Þ f ðzÞ

� 1

����
����þ g ðz A UÞ:ð1:8Þ
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Note that f A k � SPl;mða1; gÞ if and only if Hl
mða1Þ f A k � SPðgÞ. Using

the Alexander type relation, we define the class k �UCVl;mða1; gÞ as follows

f A k �UCVl;mða1; gÞ if and only if zf 0 A k � SPl;mða1; gÞ;

and also

k �UCVl;mða1; gÞJ k � SPl;mða1; gÞ:

Geometric Interpretation. From (1.8) f A k � SPl;mða1; gÞ if and only if

qðzÞ ¼ zðHl
mða1Þ f ðzÞÞ

0

Hl
mða1Þ f ðzÞ

take all the values in the conic domain Rk; g given in (1.4)

which is included in the right half plane.
Someone can find more information about uniformly convex functions and

parabolic starlike in Gangadharan et al. [9], Kanas and Srivastava [17], Deniz
et al. [5] and Orhan et al. [26].

The classical Fekete-Szegö inequality, presented by means of Loewner’s
method, for the coe‰cients of f A S is that

ja3 � ma22 ja 1þ 2 expð�2m=ð1� mÞÞ for 0a m < 1:

As m ! 1�, we have the elementary inequality ja3 � a22 ja 1. Moreover, the
coe‰cient functional

Fmð f Þ ¼ a3 � ma22

on the normalized analytic functions f in the unit disk U plays an important role
in function theory. For example, the quantity a3 � a22 represents Sf ð0Þ=6, where
Sf denotes the Schwarzian derivative ð f 00=f 0Þ 0 � ð f 00=f 0Þ2=2 of locally univalent
functions f in U. In the literature, there exists a large number of results about
inequalities for Fmð f Þ corresponding to various subclasses of S. The problem
of maximizing the absolute value of the functional Fmð f Þ is called the Fekete-
Szegö problem (see [8]). In [18], Koepf solved the Fekete-Szegö problem for
close-to-convex functions and the largest real number m for which Fmð f Þ is
maximized by the Koebe function z=ð1� zÞ2 is m ¼ 1=3, and later in [19]
(see also [20]), this result was generalized for functions that are close-to-
convex of order g. In [29], Pfluger employed the variational method to give
another treatment of the Fekete-Szegö inequality which includes a description of
the image domains under extremal functions. Later, Pfluger [30] used Jenkin’s
method to show that

jFmð f Þja 1þ 2jexpð�2m=ð1� mÞÞj f A S;

holds for complex m such that <ð1=ð1� mÞÞb 1. The inequality is sharp if and
only if m is in a certain pear shaped subregion of the disk given by

m ¼ 1� ðuþ itvÞ=ðu2 þ v2Þ; �1a ta 1;
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where u ¼ 1� logðcos fÞ and v ¼ tan f� f, 0 < f < p=2. For di¤erent sub-
classes of S, recently Fekete-Szegö problem has been investigated by many
authors including (see [21], [22], [23], [26], [33], [34], [35]).

In this paper, we solve the Fekete-Szegö problem for functions in the class
k � SPl;mða1; gÞ defined by using Hl

mða1Þ. Consequences of the main results and
their relevance to known results are also pointed out.

2. Preliminaries

In order to prove our results, we will need the following lemmas.
In [1] (also see [26]), we calculate the coe‰cients P1 and P2 from Taylor

series expansion of the function Pk; g and give in Lemma 2.1 as follows.

Lemma 2.1 (see [1] also [26]). Let 0a k < y and 0a g < 1 be fixed and
Pk; g be the Riemann map of U onto Rk; g, satisfying Pk; gð0Þ ¼ 1 and P 0

k; gð0Þ > 0.
If

Pk; gðzÞ ¼ 1þ P1zþ P2z
2 þ � � � ðz A UÞð2:1Þ

then

P1 ¼

2ð1� gÞB2

1� k2
; 0a k < 1;

8ð1� gÞ
p2

; k ¼ 1;

p2ð1� gÞ
4ðk2 � 1Þ

ffiffi
t

p
ð1þ tÞK2ðtÞ

; k > 1;

8>>>>>>><
>>>>>>>:

and

P2 ¼

ðB2 þ 2Þ
3

P1; 0a k < 1;

2

3
P1; k ¼ 1;

½4K2ðtÞðt2 þ 6tþ 1Þ � p2�
24

ffiffi
t

p
ð1þ tÞK2ðtÞ

P1; k > 1;

8>>>>>>><
>>>>>>>:

where

B ¼ 2

p
arccos kð2:2Þ

and KðtÞ is the complete elliptic integral of first kind.

Lemma 2.2 (see [18]). Let h A P given by

hðzÞ ¼ 1þ c1zþ c2z
2 þ � � � ðz A UÞ:ð2:3Þ
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Then

jcnja 2 ðn A NÞ; jc2 � c21 ja 2 and c2 �
1

2
c21

����
����a 2� 1

2
jc1j2:ð2:4Þ

3. Main results

In this section, we will give some upper bounds for the Fekete-Szegö
functional ja3 � ma22 j:

In order to prove our main results we have to recall the following.
Firstly, the following calculations will be used in the proofs of each of the

Theorems 3.1–3.7. By geometric interpretation there exists a function w satisfy-
ing the conditions of the Schwarz lemma such that

zðHl
mða1Þ f ðzÞÞ

0

Hl
mða1Þ f ðzÞ

¼ Pk; gðwðzÞÞ ðz A UÞ;ð3:1Þ

where Pk; g is the function defined in Lemma 2.1.
Define the function h in P given by

hðzÞ ¼ 1þ wðzÞ
1� wðzÞ ¼ 1þ c1zþ c2z

2 þ � � � ðz A UÞ:

It follows

wðzÞ ¼ c1

2
zþ 1

2
c2 �

c21
2

� �
z2 þ � � �

and

Pk; gðwðzÞÞ ¼ 1þ P1
c1

2
zþ 1

2
c2 �

c21
2

� �
z2 þ � � �

� �
ð3:2Þ

þ P2
c1

2
zþ 1

2
c2 �

c21
2

� �
z2 þ � � �

� �2

þ � � �

¼ 1þ P1c1

2
zþ 1

2
c2 �

c21
2

� �
P1 þ

1

4
c21P2

� �
z2 þ � � �

Thus, by using (3.1) and (3.2), we obtain

a2 ¼

Qm
j¼1

bj

Ql
j¼1

aj

P1

2
c1ð3:3Þ
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and

a3 ¼

Qm
j¼1

bjðbj þ 1Þ

Ql
j¼1

ajðaj þ 1Þ

P1

2
c2 �

c21
2

� �
þ P2c

2
1

4
þ P2

1c
2
1

4

� �
:ð3:4Þ

Secondary, we introduce the following functions which will be used in the
discussion of sharpness of our results.

Define the function G in U by

GðzÞ ¼ 1

z
ðzlFmða1; . . . ; al ; b1; . . . ; bm; zÞÞ � z exp

ð z
0

Pk; gðxÞ � 1

x
dx

� �� �� �
ð3:5Þ

where Pk; g is the function defined in Lemma 2.1 and write the following extremal
function in k � SPl;mða1; gÞ by

cðz; y; tÞ ¼ ðzlFmða1; . . . ; al ; b1; . . . ; bm; zÞÞð3:6Þ

� z exp
ð z
0

Pk; g
eiyxðxþ tÞ
1þ tx

� �
� 1

� �
dx

x

� �
:

ð0a ya 2p; 0a ta 1Þ

Note that cðz; 0; 1Þ ¼ zGðzÞ defined by (3.5) and cðz; y; 0Þ is an odd function.

Theorem 3.1. Let the function f given by (1.1) be in the class
k � SPl;mða1; gÞ ð0a g < 1; 0a k < 1Þ. Then

ð3:7Þ
ja3 � ma22 j

a

4ð1� gÞB2
Qm
j¼1

bjðbj þ 1Þ

ð1� k2Þ
Ql
j¼1

ajðaj þ 1Þ

ð1� gÞB2
Ql
j¼1

ðaj þ 1Þ
Qm
j¼1

bj

ð1� k2Þ
Qm
j¼1

ðbj þ 1Þ
Ql
j¼1

aj

m� 1

3
� ð7� 6g� k2ÞB2

6ð1� k2Þ

0
BBB@

1
CCCA;

mb s1;

2ð1� gÞB2 Qm
j¼1

bjðbj þ 1Þ

ð1� k2Þ
Ql
j¼1

ajðaj þ 1Þ
; s2 a ma s1;

4ð1� gÞB2 Qm
j¼1

bjðbj þ 1Þ

ð1� k2Þ
Ql
j¼1

ajðaj þ 1Þ

ð7� 6g� k2ÞB2

6ð1� k2Þ þ 1

3
�
ð1� gÞB2 Ql

j¼1

ðaj þ 1Þ
Qm
j¼1

bj

ð1� k2Þ
Qm
j¼1

ðbj þ 1Þ
Ql
j¼1

aj

m

0
BBB@

1
CCCA;

ma s2;

8>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>:
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where B is given by (2.2), and

s1 ¼

Qm
j¼1

ðbj þ 1Þ
Ql
j¼1

aj

6ð1� gÞ
Ql
j¼1

ðaj þ 1Þ
Qm
j¼1

bj

5ð1� k2Þ
B2

þ ð7� 6g� k2Þ
� �

;ð3:8Þ

s2 ¼

Qm
j¼1

ðbj þ 1Þ
Ql
j¼1

aj

6ð1� gÞ
Ql
j¼1

ðaj þ 1Þ
Qm
j¼1

bj

ð7� 6g� k2Þ � 1� k2

B2

� �
:ð3:9Þ

Each of the estimates in (3.7) is sharp for the function cðz; y; tÞ given by (3.6).

Proof. Putting the values of P1 and P2 for 0a k < 1 from Lemma 2.1 in
(3.3) and (3.4) we find that

a2 ¼
ð1� gÞB2

Qm
j¼1

bj

ð1� k2Þ
Ql
j¼1

aj

c1

and

a3 ¼
ð1� gÞB2 Qm

j¼1

bjðbj þ 1Þ

ð1� k2Þ
Ql
j¼1

ajðaj þ 1Þ
c2 �

1

6
1� ð7� 6g� k2ÞB2

1� k2

� �
c21

� �
:

An easy computation shows that

a3 � ma22 ¼ �
ð1� gÞB2

Qm
j¼1

bjðbj þ 1Þ

2ð1� k2Þ
Ql
j¼1

ajðaj þ 1Þ
ð3:10Þ

�

2
6664
0
BBB@

2ð1� gÞB2
Ql
j¼1

ðaj þ 1Þ
Qm
j¼1

bj

ð1� k2Þ
Qm
j¼1

ðbj þ 1Þ
Ql
j¼1

aj

m

þ 1

3
1� ð7� 6g� k2ÞB2

ð1� k2Þ

� �1CCCAc21 � 2c2

3
7775:
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Thus, from (3.10) we obtain

ja3 � ma22 ja
ð1� gÞB2 Qm

j¼1

bjðbj þ 1Þ

2ð1� k2Þ
Ql
j¼1

ajðaj þ 1Þ
ð3:11Þ

�

2
6664
���������
2ð1� gÞB2

Ql
j¼1

ðaj þ 1Þ
Qm
j¼1

bj

ð1� k2Þ
Qm
j¼1

ðbj þ 1Þ
Ql
j¼1

aj

m

� 5

3
� ð7� 6g� k2ÞB2

3ð1� k2Þ

���������
jc21 j þ 2jc21 � c2j

3
7775:

If mb s1, then by applying Lemma 2.2, we get

ja3 � ma22 jð3:12Þ

a

ð1� gÞB2
Qm
j¼1

bjðbj þ 1Þ

2ð1� k2Þ
Ql
j¼1

ajðaj þ 1Þ

�
2ð1� gÞB2 Ql

j¼1

ðaj þ 1Þ
Qm
j¼1

bj

ð1� k2Þ
Qm
j¼1

ðbj þ 1Þ
Ql
j¼1

aj

m� 5

3
� ð7� 6g� k2ÞB2

3ð1� k2Þ

0
BBB@

1
CCCA4þ 4

2
6664

3
7775

¼
4ð1� gÞB2 Qm

j¼1

bjðbj þ 1Þ

ð1� k2Þ
Ql
j¼1

ajðaj þ 1Þ

�
ð1� gÞB2 Ql

j¼1

ðaj þ 1Þ
Qm
j¼1

bj

ð1� k2Þ
Qm
j¼1

ðbj þ 1Þ
Ql
j¼1

aj

m� 1

3
� ð7� 6g� k2ÞB2

6ð1� k2Þ

0
BBB@

1
CCCA

which is the first part of assertion (3.7).
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Next, if ma s2 then we rewrite (3.10) as

ja3 � ma22 jð3:13Þ

¼
ð1� gÞB2 Qm

j¼1

bjðbj þ 1Þ

2ð1� k2Þ
Ql
j¼1

ajðaj þ 1Þ

� ð7� 6g� k2ÞB2

3ð1� k2Þ � 1

3
�
2ð1� gÞB2

Ql
j¼1

ðaj þ 1Þ
Qm
j¼1

bj

ð1� k2Þ
Qm
j¼1

ðbj þ 1Þ
Ql
j¼1

aj

m

0
BBB@

1
CCCAc21 þ 2c2

���������

���������

a

ð1� gÞB2 Qm
j¼1

bjðbj þ 1Þ

2ð1� k2Þ
Ql
j¼1

ajðaj þ 1Þ

�

2
6664
0
BBB@ ð7� 6g� k2ÞB2

3ð1� k2Þ � 1

3

�
2ð1� gÞB2 Ql

j¼1

ðaj þ 1Þ
Qm
j¼1

bj

ð1� k2Þ
Qm
j¼1

ðbj þ 1Þ
Ql
j¼1

aj

m

1
CCCAjc21 j þ 2jc2j

3
7775:

Applying Lemma 2.2 we have

ja3 � ma22 j

a

ð1� gÞB2 Qm
j¼1

bjðbj þ 1Þ

2ð1� k2Þ
Ql
j¼1

ajðaj þ 1Þ

� ð7� 6g� k2ÞB2

3ð1� k2Þ � 1

3
�
2ð1� gÞB2 Ql

j¼1

ðaj þ 1Þ
Qm
j¼1

bj

ð1� k2Þ
Qm
j¼1

ðbj þ 1Þ
Ql
j¼1

aj

m

0
BBB@

1
CCCA4þ 4

2
6664

3
7775
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¼
4ð1� gÞB2

Qm
j¼1

bjðbj þ 1Þ

ð1� k2Þ
Ql
j¼1

ajðaj þ 1Þ

� ð7� 6g� k2ÞB2

6ð1� k2Þ þ 1

3
�
ð1� gÞB2

Ql
j¼1

ðaj þ 1Þ
Qm
j¼1

bj

ð1� k2Þ
Qm
j¼1

ðbj þ 1Þ
Ql
j¼1

aj

m

0
BBB@

1
CCCA

which is the third part of assertion (3.7).
Finally from (3.10) we get

ja3 � ma22 jð3:14Þ

¼
ð1� gÞB2 Qm

j¼1

bjðbj þ 1Þ

2ð1� k2Þ
Ql
j¼1

ajðaj þ 1Þ

�

���������
ð7� 6g� k2ÞB2

3ð1� k2Þ þ 2

3
�
2ð1� gÞB2 Ql

j¼1

ðaj þ 1Þ
Qm
j¼1

bj

ð1� k2Þ
Qm
j¼1

ðbj þ 1Þ
Qm
j¼1

aj

m

0
BBB@

1
CCCAc21

þ 2 c2 �
c21
2

� �
���������

a

ð1� gÞB2 Qm
j¼1

bjðbj þ 1Þ

2ð1� k2Þ
Ql
j¼1

ajðaj þ 1Þ

�

2
6664 ð7� 6g� k2ÞB2

3ð1� k2Þ þ 2

3
�
2ð1� gÞB2 Ql

j¼1

ðaj þ 1Þ
Qm
j¼1

bj

ð1� k2Þ
Qm
j¼1

ðbj þ 1Þ
Qm
j¼1

aj

m

���������

���������
jc21 j

þ 2 c2 �
c21
2

����
����
3
7775:
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We observe that s2 a ma s1 implies

ð7� 6g� b2ÞB2

3ð1� b2Þ
þ 2

3
�
2ð1� gÞB2

Ql
j¼1

ðaj þ 1Þ
Qm
j¼1

bj

ð1� k2Þ
Qm
j¼1

ðbj þ 1Þ
Qm
j¼1

aj

m

���������

���������
a 1:

Thus applying Lemma 2.2 to (3.14) we get

ja3 � ma22 ja
2ð1� gÞB2 Qm

j¼1

bjðbj þ 1Þ

ð1� k2Þ
Ql
j¼1

ajðaj þ 1Þ
ð3:15Þ

which is the second part of assertion (3.7).
We now obtain sharpness of the estimates in (3.7).
If m > s1, equality holds in (3.7) if and only if equality holds in (3.12). This

happens if and only if jc1j ¼ 2 and jc21 � c2j ¼ 2. Thus wðzÞ ¼ z. It follows that
the extremal function is of the form cðz; 0; 1Þ defined by (3.6) or one of its
rotations.

If m < s2 then equality holds in (3.7) if and only if jc1j ¼ 0 and jc2j ¼ 2.
Thus wðzÞ ¼ eiyz2 and the extremal function is cðz; 0; 1Þ or one of its
rotations.

If m ¼ s2, the equality holds if and only if jc2j ¼ 2. In this case, we
have

hðzÞ ¼ 1þ t

2

1þ z

1� z

� �
� 1� t

2

1� z

1þ z

� �
ð0 < t < 1; z A UÞ:

Therefore the extremal function f is cðz; 0; tÞ or one of its rotations.
Similarly, m ¼ s1 is equivalent to

2ð1� gÞB2 Ql
j¼1

ðaj þ 1Þ
Qm
j¼1

bj

ð1� k2Þ
Qm
j¼1

ðbj þ 1Þ
Ql
j¼1

aj

m� 5

3
� ð7� 6g� k2ÞB2

3ð1� k2Þ ¼ 0:

Thus the extremal function is cðz; p; tÞ or one of its rotations.
Finally if s2 a ma s1, then equality holds if jc1j ¼ 0 and jc2j ¼ 2. Equiv-

alently, we have

hðzÞ ¼ 1þ tz2

1� tz2
ð0a ta 1; z A UÞ:
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Therefore the extremal function f is cðz; 0; 0Þ or one of its rotations.
The proof of Theorem 3.1 is now completed. r

Theorem 3.2. Let the function f given by (1.1) be in the class
k � SPl;mða1; gÞ ð0a g < 1; k ¼ 1Þ. Then

ð3:16Þ
ja3 � ma22 j

a

16ð1� gÞ
Qm
j¼1

bjðbj þ 1Þ

p2
Ql
j¼1

ajðaj þ 1Þ

4ð1� gÞ
Ql
j¼1

ðaj þ 1Þ
Qm
j¼1

bj

p2
Qm
j¼1

ðbj þ 1Þ
Ql
j¼1

aj

m� 1

3
� 4ð1� gÞ

p2

0
BBB@

1
CCCA; mb d1;

8ð1� gÞ
Qm
j¼1

bjðbj þ 1Þ

p2
Ql
j¼1

ajðaj þ 1Þ
; d2 a ma d1;

16ð1� gÞ
Qm
j¼1

bjðbj þ 1Þ

p2
Ql
j¼1

ajðaj þ 1Þ

4ð1� gÞ
p2

þ 1

3
�
4ð1� gÞ

Ql
j¼1

ðaj þ 1Þ
Qm
j¼1

bj

p2
Qm
j¼1

ðbj þ 1Þ
Ql
j¼1

aj

m

0
BBB@

1
CCCA; ma d2;

8>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>:

where

d1 ¼

Qm
j¼1

ðbj þ 1Þ
Ql
j¼1

aj

Ql
j¼1

ðaj þ 1Þ
Qm
j¼1

bj

1þ 5p2

24ð1� gÞ

� �
;ð3:17Þ

d2 ¼

Qm
j¼1

ðbj þ 1Þ
Ql
j¼1

aj

Ql
j¼1

ðaj þ 1Þ
Qm
j¼1

bj

1� p2

24ð1� gÞ

� �
:ð3:18Þ

Each of the estimates in (3.16) is sharp for the function cðz; y; tÞ given by
(3.6).

Proof. Putting the values of P1 and P2 for k ¼ 1 from Lemma 2.1 in (3.3)
and (3.4) we find that
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a2 ¼
4ð1� gÞ

Qm
j¼1

bj

p2
Ql
j¼1

aj

c1

and

a3 ¼
4ð1� gÞ

Qm
j¼1

bjðbj þ 1Þ

p2
Ql
j¼1

ajðaj þ 1Þ
c2 �

1

6
1� 24ð1� gÞ

p2

� �
c21

� �
:

An easy computation shows that

ja3 � ma22 jð3:19Þ

¼
2ð1� gÞ

Qm
j¼1

bjðbj þ 1Þ

p2
Ql
j¼1

ajðaj þ 1Þ

�
8ð1� gÞ

Ql
j¼1

ðaj þ 1Þ
Qm
j¼1

bj

p2
Qm
j¼1

ðbj þ 1Þ
Ql
j¼1

aj

mþ 1

3
� 8ð1� gÞ

p2

0
BBB@

1
CCCAc21 � 2c2

���������

���������

a

2ð1� gÞ
Qm
j¼1

bjðbj þ 1Þ

p2
Ql
j¼1

ajðaj þ 1Þ

�
8ð1� gÞ

Ql
j¼1

ðaj þ 1Þ
Qm
j¼1

bj

p2
Qm
j¼1

ðbj þ 1Þ
Ql
j¼1

aj

m� 5

3
� 8ð1� gÞ

p2

���������

���������
jc21 j þ 2jc21 � c2j

2
6664

3
7775:

To complete the proof of Theorem 3.2, we follow the same steps as in the proof
of Theorem 3.1. Therefore, we choose to omit the details involved. r

Theorem 3.3. Let the function f given by (1.1) be in the class
k � SPl;mða1; gÞ ð0a g < 1; 1 < k < yÞ and let t be the unique positive number
in the open interval ð0; 1Þ defined by (1.6). Then
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ð3:20Þ
ja3 � ma22 j

a

P1

Qm
j¼1

bjðbj þ 1Þ

Ql
j¼1

ajðaj þ 1Þ

P1

Ql
j¼1

ðaj þ 1Þ
Qm
j¼1

bj

Qm
j¼1

ðbj þ 1Þ
Ql
j¼1

aj

m� P1 �
4K2ðtÞðt2 þ 6tþ 1Þ � p2

24
ffiffi
t

p
ð1þ tÞK2ðtÞ

0
BBB@

1
CCCA;

mb r1;

P1

Qm
j¼1

bjðbj þ 1Þ

Ql
j¼1

ajðaj þ 1Þ
; r2 a ma r1;

P1

Qm
j¼1

bjðbj þ 1Þ

Ql
j¼1

ajðaj þ 1Þ

4K2ðtÞðt2 þ 6tþ 1Þ � p2

24
ffiffi
t

p
ð1þ tÞK2ðtÞ

þ P1 �
P1

Ql
j¼1

ðaj þ 1Þ
Qm
j¼1

bj

Qm
j¼1

ðbj þ 1Þ
Ql
j¼1

aj

m

0
BBB@

1
CCCA;

ma r2;

8>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

where KðtÞ is the complete elliptic integral of the first kind, P1 is given by (2.1),
and

r1 ¼

Qm
j¼1

ðbj þ 1Þ
Ql
j¼1

aj

P1

Ql
j¼1

ðaj þ 1Þ
Qm
j¼1

bj

1þ P1 þ
4K2ðtÞðt2 þ 6tþ 1Þ � p2

24
ffiffi
t

p
ð1þ tÞK2ðtÞ

 !
;ð3:21Þ

r2 ¼

Qm
j¼1

ðbj þ 1Þ
Ql
j¼1

aj

P1

Ql
j¼1

ðaj þ 1Þ
Qm
j¼1

bj

P1 þ
4K2ðtÞðt2 þ 6tþ 1Þ � p2

24
ffiffi
t

p
ð1þ tÞK2ðtÞ

� 1

 !
:ð3:22Þ

Each of the estimates in (3.20) is sharp for the function cðz; y; tÞ given by
(3.6).

Proof. Putting the values of P1 and P2 for 1 < k < y from Lemma 2.1 in
(3.3) and (3.4) we obtain

a2 ¼
P1

Qm
j¼1

bj

2
Ql
j¼1

aj

c1;
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a3 ¼
P1

Qm
j¼1

bjðbj þ 1Þ

2
Ql
j¼1

ajðaj þ 1Þ
c2 �

1

2
1� P1 �

4K2ðtÞðt2 þ 6tþ 1Þ � p2

24
ffiffi
t

p
ðtþ 1ÞK2ðtÞ

 !
c21

( )

and

ja3 � ma22 jð3:23Þ

a

P1

Qm
j¼1

bjðbj þ 1Þ

4
Ql
j¼1

ajðaj þ 1Þ

�

2
6664
P1

Ql
j¼1

ðaj þ 1Þ
Qm
j¼1

bj

Qm
j¼1

ðbj þ 1Þ
Ql
j¼1

aj

m� 1� P1 �
4K2ðtÞðt2 þ 6tþ 1Þ � p2

24
ffiffi
t

p
ðtþ 1ÞK2ðtÞ

���������

���������
jc21 j

þ 2jc21 � c2j

3
7775:

To complete the proof of Theorem 3.3, we follow the same steps as in the proof
of Theorem 3.1. Therefore, we choose to omit the details involved. r

Remark 3.4. For special values of the parameters

ððl ¼ 2;m ¼ 1; a1 ¼ b1 ¼ 1; a2 ¼ 2Þ and ðl ¼ 2;m ¼ 1; a1 ¼ a2 ¼ b1 ¼ 1ÞÞ
in Theorem 3.1–3.3, we obtain new results for the classes k �UCVðgÞ or
k � SPðgÞ:

Theorem 3.5. Let the function f given by (1.1) be in the class
k � SPl;mða1; gÞ ð0a g < 1; 0a k < 1Þ. Then

ja3 � ma22 j þ m�

Qm
j¼1

ðbj þ 1Þ
Ql
j¼1

aj

6ð1� gÞ
Ql
j¼1

ðaj þ 1Þ
Qm
j¼1

bj

ð7� 6g� k2Þ � 1� k2

B2

� �2
6664

3
7775ja22 jð3:24Þ

a

2ð1� gÞB2 Qm
j¼1

bjðbj þ 1Þ

ð1� k2Þ
Ql
j¼1

ajðaj þ 1Þ
; ðs2 a ma s3Þ
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and

ja3 � ma22 j þ

Qm
j¼1

ðbj þ 1Þ
Ql
j¼1

aj

6ð1� gÞ
Ql
j¼1

ðaj þ 1Þ
Qm
j¼1

bj

ð7� 6g� k2Þ þ 5ð1� k2Þ
B2

� �
� m

2
6664

3
7775ja22 jð3:25Þ

a

2ð1� gÞB2 Qm
j¼1

bjðbj þ 1Þ

ð1� k2Þ
Ql
j¼1

ajðaj þ 1Þ
; ðs3 a ma s1Þ

where B, s1 and s2 are given by (2.2), (3.8) and (3.9), respectively, and

s3 ¼
ð1� k2Þ

Qm
j¼1

ðbj þ 1Þ
Ql
j¼1

aj

6ð1� gÞB2 Ql
j¼1

ðaj þ 1Þ
Qm
j¼1

bj

2þ ð7� 6g� k2ÞB2

ð1� k2Þ

� �
:ð3:26Þ

Proof. Suppose that 0a k < 1 and s2 a ma s3. Using (3.14) for
ja3 � ma22 j and (3.3) for ja2j we have

ja3 � ma22 j þ m�

Qm
j¼1

ðbj þ 1Þ
Ql
j¼1

aj

6ð1� gÞ
Ql
j¼1

ðaj þ 1Þ
Qm
j¼1

bj

ð7� 6g� k2Þ � 1� k2

B2

� �2
6664

3
7775ja22 j

a

ð1� gÞB2 Qm
j¼1

bjðbj þ 1Þ

2ð1� k2Þ
Ql
j¼1

ajðaj þ 1Þ

� ð7� 6g� k2ÞB2

3ð1� k2Þ þ 2

3
�
2ð1� gÞB2 Ql

j¼1

ðaj þ 1Þ
Qm
j¼1

bj

ð1� k2Þ
Qm
j¼1

ðbj þ 1Þ
Ql
j¼1

aj

m

���������

���������
jc21 j þ 2 c2 �

c21
2

����
����

2
6664

3
7775

þ m�

Qm
j¼1

ðbj þ 1Þ
Ql
j¼1

aj

6ð1� gÞ
Ql
j¼1

ðaj þ 1Þ
Qm
j¼1

bj

ð7� 6g� k2Þ � 1� k2

B2

� �2
6664

3
7775
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�
ð1� gÞ2B4

Qm
j¼1

bj

 !2

ð1� k2Þ2
Ql
j¼1

aj

 !2

0
BBBBB@

1
CCCCCAjc1j2

¼
ð1� gÞB2

Qm
j¼1

bjðbj þ 1Þ

2ð1� k2Þ
Ql
j¼1

ajðaj þ 1Þ

�

2
66642 c2 �

c21
2

����
����þ ð7� 6g� k2ÞB2

3ð1� k2Þ þ 2

3
�
2ð1� gÞB2 Ql

j¼1

ðaj þ 1Þ
Qm
j¼1

bj

ð1� k2Þ
Qm
j¼1

ðbj þ 1Þ
Ql
j¼1

aj

m

���������

���������
jc21 j

þ
2ð1� gÞB2 Ql

j¼1

ðaj þ 1Þ
Qm
j¼1

bj

ð1� k2Þ
Qm
j¼1

ðbj þ 1Þ
Ql
j¼1

aj

m� ð7� 6g� k2ÞB2

3ð1� k2Þ þ 1

3

0
BBB@

1
CCCAjc1j2

3
7775:

Note that, since ma s3

ð7� 6g� k2ÞB2

3ð1� k2Þ þ 2

3
�
2ð1� gÞB2 Ql

j¼1

ðaj þ 1Þ
Qm
j¼1

bj

ð1� k2Þ
Qm
j¼1

ðbj þ 1Þ
Ql
j¼1

aj

mb 0:

Thus, from Lemma 2.2 we have

ja3 � ma22 j þ m�

Qm
j¼1

ðbj þ 1Þ
Ql
j¼1

aj

6ð1� gÞ
Ql
j¼1

ðaj þ 1Þ
Qm
j¼1

bj

ð7� 6g� k2Þ � 1� k2

B2

� �8>>><
>>>:

9>>>=
>>>;
ja22 j

a

ð1� gÞB2
Qm
j¼1

bjðbj þ 1Þ

2ð1� k2Þ
Ql
j¼1

ajðaj þ 1Þ
2 c2 �

c21
2

����
����þ jc21 j

� �
a

2ð1� gÞB2
Qm
j¼1

bjðbj þ 1Þ

ð1� k2Þ
Ql
j¼1

ajðaj þ 1Þ
;

which proves (3.24). Similarly, for the value of m given in (3.25), we
have
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ja3 � ma22 j þ

Qm
j¼1

ðbj þ 1Þ
Ql
j¼1

aj

6ð1� gÞ
Ql
j¼1

ðaj þ 1Þ
Qm
j¼1

bj

ð7� 6g� k2Þ þ 5ð1� k2Þ
B2

� �
� m

2
6664

3
7775ja22 j

a

ð1� gÞB2 Qm
j¼1

bjðbj þ 1Þ

2ð1� k2Þ
Ql
j¼1

ajðaj þ 1Þ

� ð7� 6g� k2ÞB2

3ð1� k2Þ þ 2

3
�
2ð1� gÞB2

Ql
j¼1

ðaj þ 1Þ
Qm
j¼1

bj

ð1� k2Þ
Qm
j¼1

ðbj þ 1Þ
Ql
j¼1

aj

m

���������

���������
jc21 j þ 2 c2 �

c21
2

����
����

2
6664

3
7775

þ

Qm
j¼1

ðbj þ 1Þ
Ql
j¼1

aj

6ð1� gÞ
Ql
j¼1

ðaj þ 1Þ
Qm
j¼1

bj

ð7� 6g� k2Þ þ 5ð1� k2Þ
B2

� �
� m

2
6664

3
7775

�
ð1� gÞ2B4

Qm
j¼1

bj

 !2

ð1� k2Þ2
Ql
j¼1

aj

 !2

0
BBBBB@

1
CCCCCAjc1j2

¼
ð1� gÞB2 Qm

j¼1

bjðbj þ 1Þ

2ð1� k2Þ
Ql
j¼1

ajðaj þ 1Þ

�

2
66642 c2 �

c21
2

����
����þ

2ð1� gÞB2 Ql
j¼1

ðaj þ 1Þ
Qm
j¼1

bj

ð1� k2Þ
Qm
j¼1

ðbj þ 1Þ
Ql
j¼1

aj

m� 2

3
� ð7� 6g� k2ÞB2

3ð1� k2Þ

���������

���������
jc21 j

þ ð7� 6g� k2ÞB2

3ð1� k2Þ þ 5

3
�
2ð1� gÞB2

Ql
j¼1

ðaj þ 1Þ
Qm
j¼1

bj

ð1� k2Þ
Qm
j¼1

ðbj þ 1Þ
Ql
j¼1

aj

m

0
BBB@

1
CCCAjc1j2

3
7775:
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Since mb s3,

2ð1� gÞB2 Ql
j¼1

ðaj þ 1Þ
Qm
j¼1

bj

ð1� k2Þ
Qm
j¼1

ðbj þ 1Þ
Ql
j¼1

aj

m� 2

3
� ð7� 6g� k2ÞB2

3ð1� k2Þ b 0

and from Lemma 2.2, we get

ja3 � ma22 j þ

Qm
j¼1

ðbj þ 1Þ
Ql
j¼1

aj

6ð1� gÞ
Ql
j¼1

ðaj þ 1Þ
Qm
j¼1

bj

ð7� 6g� k2Þ þ 5ð1� k2Þ
B2

� �
� m

2
6664

3
7775ja22 j

a

ð1� gÞB2
Qm
j¼1

bjðbj þ 1Þ

2ð1� k2Þ
Ql
j¼1

ajðaj þ 1Þ
2 c2 �

c21
2

����
����þ jc21 j

� �
a

2ð1� gÞB2
Qm
j¼1

bjðbj þ 1Þ

ð1� k2Þ
Ql
j¼1

ajðaj þ 1Þ
;

which proves (3.25). The proof of Theorem 3.5 is thus completed. r

Theorem 3.6. Let the function f given by (1.1) be in the class
k � SPl;mða1; gÞ ð0a g < 1; k ¼ 1Þ. Then

ja3 � ma22 j þ m�

Qm
j¼1

ðbj þ 1Þ
Ql
j¼1

aj

Ql
j¼1

ðaj þ 1Þ
Qm
j¼1

bj

1� p2

24ð1� gÞ

� �2
6664

3
7775ja22 jð3:27Þ

a

8ð1� gÞ
Qm
j¼1

bjðbj þ 1Þ

p2
Ql
j¼1

ajðaj þ 1Þ
; ðd2 a ma d3Þ

and

ja3 � ma22 j þ

Qm
j¼1

ðbj þ 1Þ
Ql
j¼1

aj

Ql
j¼1

ðaj þ 1Þ
Qm
j¼1

bj

5p2

24ð1� gÞ þ 1

� �
� m

2
6664

3
7775ja22 jð3:28Þ

a

8ð1� gÞ
Qm
j¼1

bjðbj þ 1Þ

p2
Ql
j¼1

ajðaj þ 1Þ
; ðd3 a ma d1Þ
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where d1 and d2 are given as before by (3.17) and (3.18), respectively, and

d3 ¼

Qm
j¼1

ðbj þ 1Þ
Ql
j¼1

aj

Ql
j¼1

ðaj þ 1Þ
Qm
j¼1

bj

1þ p2

12ð1� gÞ

� �
:ð3:29Þ

Theorem 3.7. Let the function f given by (1.1) be in the class
k � SPl;mða1; gÞ ð0a g < 1; 1 < k < yÞ and let t be the unique positive number
in the open interval ð0; 1Þ defined by (1.6). Then

ja3 � ma22 j þ

2
6664m�

Qm
j¼1

ðbj þ 1Þ
Ql
j¼1

aj

P1

Ql
j¼1

ðaj þ 1Þ
Qm
j¼1

bj

ð3:30Þ

� P1 þ
4K2ðtÞðt2 þ 6tþ 1Þ � p2

24
ffiffi
t

p
ð1þ tÞK2ðtÞ

� 1

 !37775ja22 j

a

P1

Qm
j¼1

bjðbj þ 1Þ

Ql
j¼1
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j¼1
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Qm
j¼1

bj

ð3:31Þ
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� m
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Qm
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j¼1
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where KðtÞ is the complete elliptic integral of the first kind, P1, r1 and r2 are given
by (2.1), (3.21) and (3.22), respectively, and

r3 ¼

Qm
j¼1

ðbj þ 1Þ
Ql
j¼1

aj

P1

Ql
j¼1

ðaj þ 1Þ
Qm
j¼1

bj

P1 þ
4K2ðtÞðt2 þ 6tþ 1Þ � p2

24
ffiffi
t

p
ð1þ tÞK2ðtÞ

 !
:ð3:32Þ

Proofs of the Theorems 3.6, 3.7. The proofs of Theorems 3.6, 3.7 are
similar to the proof of Theorem 3.5, except for some obvious changes. There-
fore, we omitted the details.

The following particular cases can be pointed out.

Remark 3.8. Some known results can be obtained as particular cases of
Theorem 3.1–3.7. For example:

(i) Taking l ¼ 2, m ¼ 1 with a1 ¼ 1, a2 ¼ 2, b1 ¼ 2� l ð0a l < 1Þ and
g ¼ 0 in all our work, we obtain all results of Mishra and Gochhayat
[22].

(ii) Taking l ¼ 2, m ¼ 1 with a1 ¼ 1, a2 ¼ 2, b1 ¼ hþ 1 ðh A N0 :¼ NU f0gÞ
and g ¼ 0 in all our work, we obtain all results of Mishra and
Gochhayat [23].

(iii) Taking l ¼ 2, m ¼ 1 with a1 ¼ 1, a2 ¼ 2, b1 ¼ 2� l ð0a l < 1Þ and
g ¼ 0 in Theorems 3.2 and 3.6 we get the results obtained by Srivastava
and Mishra [33].

(iv) Taking l ¼ 2, m ¼ 1 with a1 ¼ 1, a2 ¼ 2, b1 ¼ 1 and g ¼ 0 in Theorem
3.2 we obtain a result due to Ma and Minda [21].

(v) Taking l ¼ 2, m ¼ 1 with a1 ¼ 1, a2 ¼ 2, b1 ¼ 2� l ð0a l < 1Þ and
k ¼ g ¼ 0 in Theorem 3.1 we obtain a result due to Srivastava, Mishra
and Das [34].
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