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GROWTH ESTIMATES FOR LOGARITHMIC DERIVATIVES
OF BLASCHKE PRODUCTS AND OF FUNCTIONS
IN THE NEVANLINNA CLASS

JANNE HEITTOKANGAS

Abstract

We prove growth estimates for logarithmic derivatives of functions in the
Nevanlinna class. Blaschke products with radially restricted zero sequences will be of
particular interest. Our results are sharper in a certain sense than the corresponding
estimates in [2] obtained for meromorphic functions in the unit disc.

1. Introduction

We recall that the order of growth of a meromorphic function f in the unit
disc D={z:|z| < 1} is given by

B L logt T(r, f)
p=p(f)= hrrll?}p m7

where log™ x = max{0,log x}, and where T(r, f) denotes the Nevanlinna char-
acteristic of f.
The following result can be found in [2, Corollary 3.2].

THEOREM A. Let f be a meromorphic function in D of finite order p. Let
£>0, and let k and j be integers satisfying k > j > 0. Assume that fU) % 0.
Then the following two statements hold.

(@) There exists a set Ey < [0,1) which satisfies

(1.1) L ¥ o,

1l—r

such that for all z € D satisfying |z| ¢ E\, we have
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1 (p+2+e)(k—j)
< .
<1 -z |>

(b) There exists a set E, < [0,2n) which has linear measure zero, such that
if 0€l0,2n)\E,, then there is a constant R = R(0) € (0,1) such that for all z
satisfying argz =0 and R <|z| < 1, the estimate in (1.2) holds.

z

F0()
(1.2) Mw>

Example 9.3 in [2] shows the sharpness of Theorem A in the following
sense: There exists an analytic function f for which (1.2) cannot be replaced by
U1 E)] = 0L/ = 2])" ).

The purpose of this paper is to show that the estimate in (1.2) can be further
improved in the case j =0 for functions in the Nevanlinna class N. The class
N consists of all meromorphic functions f in D for which T'(r, f) = O(1), hence
p(f) =0 for every feN.

Note that if {z,} denotes the sequence of all zeros and poles of a function
f €N, then

(1.3) > (1 =z < oo

n

For «€(0,1], we will also make use of the more restrictive condition
(1.4) S=> (1—|z)* <o
n

for the zero/pole sequences {z,}. The convergence condition (1.4) is studied, for
example, in [1, 7, 8, 9, 11, 12], which typically deal with the problem of when the
derivatives of a Blaschke product can belong to the Hardy spaces H”, and hence
to the Nevanlinna class N. See [3] for the basic theory of Hardy spaces. If
{z,} is a sequence of nonzero points in D satisfying (1.4) for some o € (0, 1], then
the product

[oe]
|za| zn—z

(1.5) Biz)=]]

n=1

zy 1 —2,2°

known as the Blaschke product, represents an analytic function in D, and has
zeros precisely at the points z,.

Our first result shows that the estimates in Theorem A can be slightly im-
proved in the case j =0 for functions in the Nevanlinna class.

THEOREM 1.1. Let f # 0 be a meromorphic function in N. Suppose that the
sequence {z,} of all zeros and poles of f satisfies (1.4) for some o€ (0,1]. Let
£>0 and ke N. Then the following two statements hold.

(@) There exists a set Ey < [0,1) which satisfies (1.1) such that for all z € D
satisfying |z| ¢ E1, we have
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1\
o (—— , 0<a<l,
1 -]
1 2k 1 (24e)k
0((1 ) (o) )oeen

(b) There exists a set E, = [0,2n) which has linear measure zero, such that
if 0€l0,2n)\E,, then there is a constant R = R(0) € (0,1) such that for all z
satisfying argz =6 and R < |z| < 1, we have

Gl of( L)) oenst

/
. 14z .
The function f(z) = exp 11— belongs to the class N, has neither zeros
nor poles, and satisfies =

’f W)
/()

(1.7)

/() :L zeD.

f2) (1-2)%
Therefore, the exponent 2k in (1.6), case 0 < o < 1, cannot be replaced by a
smaller number. In Section 6 we discuss the sharpness of the estimates in (1.6
in the case when f has infinitely many zeros.

Note that if f € N, then the function f” need not belong to N. See [1] for a
counterexample, where a Blaschke product B is constructed such that B’ ¢ N.
This is roughly the reason why we have to assume j = 0 in Theorem 1.1. These
observations also suggest that we should study the logarithmic derivatives of
Blaschke products in the case j=0.

THEOREM 1.2. Let B be a Blaschke product with zeros {z,}, z, # 0, such that
(1.4) holds for some e (0,1], and let ¢ >0 and ke N. Then the following two
statements hold.

(@) There exists a set Ey < [0,1) which satisfies (1.1) such that for all z € D
satisfying |z| ¢ E1, we have

B(k) z 1 (14+a)k 1 (2+4e)k
| ()_0<<1—|z|> (eer2) )

B(z)
(b) There exists a set E, < [0,2n) which has linear measure zero, such that if
0 € [0,2n)\E,, then, for all z satisfying argz =0 and |z| — 17, we have

’B(w @l _, < <1_#|Z|>(W)k> |

B(z)
For completeness, we next restate [9, Theorem 1], which can be considered as
an integrated analogue of Theorem 1.2.

(1.8)

(1.9)
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THEOREM B. Let k€N, and let B be a Blaschke product with zeros {z,},

1
z, # 0, such that (1.4) holds for some o € (O’ﬁ) Then, if m =
a constant C = C(a, k) > 0 such that +

JZn B(k) (reiH)
0

B(re'?)
In particular, B*) e H? for each p e (0,m).

o
——, there is
k

m

do < CS, %<r<1.

For further motivation, we note that growth estimates for logarithmic
derivatives of Blaschke products have been applied in the theory of complex
differential equations, see [5, 6].

This paper is organized as follows. Theorem 1.1 is proved in Sections 2
and 3, while Theorem 1.2 is proved in Sections 4 and 5. In Section 6 we will
construct a Blaschke product illustrating the sharpness of our estimates. The
proofs of Theorems 1.1(a) and 1.2(a) rely heavily on the reasoning in [2], hence
on the well-known Cartan’s lemma [10, pp. 19-21]. We prove Theorems 1.1(b)
and 1.2(b) using a method which does not rely on Cartan’s lemma. Unfortu-
nately, this method does not seem to work for proving Theorems 1.1(a) and
1.2(a).

In all of the proofs we may suppose that the points z, are listed according to
multiplicities and ordered by increasing moduli.

2. Proof of Theorem 1.1(a)

First, we observe that (1.4) enables us to estimate n(r)—the number of the
points z, lying in the disc {z: |z| < r}.

Lemma 2.1. Let {z,} be a sequence of nonzero points in D such that (1.4)
holds for some o€ (0,1]. Then

S
(1-r*

n(r) < 0<r<l.

Proof. By (1.4), we have

S= Y (-lza)*= Y (1-0"= (1) n(),

0<|z,|<r 0<|z,|<r

where re [0,1) is arbitrary. O

1+ |z]

Second, we denote R = , and deduce the following estimate by the

proof of [2, Lemma 5.2]: There exist constants Ry € (0,1) and C > 0 such that
for any z satisfying Ro < |z] <1 and f(z) # 0,00, we have
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ANE)

e —C(< ||) DA R)r)k'

In what follows, the value of the constant C may not be the same at each
occurrence. By Lemma 2.1 and the assumption on the sequence {z,}, the
estimate in (2.1) reduces into

k
22) \C]‘ZS)\SC(( |z|> f )

Let {D;}, Dj ={z:|z—¢;| <r;}, be the sequence of discs as defined in the
proof of [2, Theorem 3.1]. Then every disc D; is contained in the punctured unit
disc D\{0}, and the union U/ D; contains the pomts in the sequence {z,}. Now,
for some R; € [Ry,1) and for all e >0, we have

1 n(R) 1\
2. <2 1 1 R
(2.3) ‘ZZ‘QR‘Z_ZA < l—r(Ogl—r> og n(R),
provided that z ¢ Uj D; and R; < |z| < 1, see formula (6.7) in the proof of [2,

Theorem 3.1]. Again by Lemma 2.1 and the assumption on the sequence {z,},
the estimate in (2.3) reduces into

1 2
1 _

(2.4) > =

\;,,\<R|Z—Z"| 0 1 2 1 1 2te 1
<1—|z|>(°g1—|z|> AT

where z¢ (), D; and R <|z[ < L

Putting (2 2) and (2.4) together, we have shown that (1.6) holds, provided
that z¢ (), D; and Ry <[z] < 1. Thus it remains to show that the union (), D;
leads to the exceptional set E), as indicated in Theorem 1.1(a).

We define a set £ < [0,1) as a union of closed intervals:

(2.1) '

E:

s

[|C/| 15 lejl + 1]

~.
I
=

By formula (6.8) in [2], we obtain

© .
S
J=1 1_‘cj|

Therefore, by the Limit Comparison Test, it follows that

- 0 \(/Hr/ © 2,,]
Jl—r ZJ Zl—chl—V/ .

j=1 ljl —r]
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Finally, we define E; = EU[0,R|], and conclude that the set E; so defined
satisfies (1.1).
The proof of Theorem 1.1(a) is now completed.

3. Proof of Theorem 1.1(b)
We begin by surrounding each point z, by a Euclidean disc

K, :Kn(znyrn) = {Z: |Zn *Z‘ < Vn}7

1
where r, = a(l — |z,|) and a = mm{ 21

—————5>0. For each n, we get
2’ 2<1zl>} ¢

1 1
[2al 1w < |zl + 5 (1= |za]) = 5 (14 [z]) <1

and

|z1]

1 —lzu]) = |z -5 >0

|z1]
RN

so that each of the discs K, is properly contained in D, and none of them
contains the origin.
Let ¢, be the angle that the disc K, subtends at the origin. We have

o0 1 0
P INEE
Further, there exists an N € N such that if n > N, we have

sin”! ( I ) <2
|2l A

iﬂbn = 2§:sin*1 <Z> < .

n=N n=N

|Zu| = 10 = |2a] —

so that

Hence, for every ¢ > 0, there exists an M = M(e) e N, M > N, such that

(3.1) S g <e
n=M

For the rest of the proof we suppose that ze D is fixed such that
o 1
z¢ () K, Denote R= —;|Z|

1 n(R) 1 1+o
(3.2) Z P Z p a(l — R) = C<1 - |z|>

|z, |<R [ \<R

Lemma 2.1 now yields
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for some constant C > 0 independent of R. The estimate in (1.7) follows by
(2.2), (3.1) and (3.2).
The proof of Theorem 1.1(b) is now completed.

4. Proof of Theorem 1.2(a)

The following two auxiliary results are restatements of [8, Lemma 2] and [8,
Lemma 3], respectively.

LemMa C. Let JeN, and let {z,} be a sequence of nonzero points in D
satisfying (1.4) for some a € (0,1]). Then, for any number p satisfying p > o and
Jp+o>1, we have

0 17 |Z |) 1 Jpto—1
2 = 1.
nz:; 1 — |z,z))V 0P ‘ (1 - |Z>  H=

LemMa D. Let B be a Blaschke product with zeros {z,}, z, #0. Then, for
any J e NU{0}, we have

BU(z ii JI(m +1) BY-"(z )(Z_n)m+](|zn|2 -1
J }’}’1) = m+2

m=0 n=1 |2a|(1 = Z,2)

where

(4.1) B.(2) =]

J#n

Bl 5=z
Zj I—ZjZ.

Let {D;}, D; = {z:|z — ¢;| < r;}, be the sequence of discs as in the proof of
Theorem 1. 1( ). For the rest of the proof, we suppose that z e D is fixed such
that z ¢ U , and that |z| is sufficiently close to 1. By the proof of Theorem
1.1(a), we know that this assumption leads to an exceptional set E; satisfying
(1.1). Further, C > 0 denotes a constant (independent of #) the value of which
may not be the same at each occurrence. The proof is by induction.

THE cASE kK =1. Lemma D (or a direct computation) yields

B(2) A~ |1
4.2) =y = Z - n —.
(2) T ( Znz)(2n — 2)
1 N

Denote R = +TZ| Then (4.2) implies

B 1 — |z, 1 — |z,
(M)‘(”s B e ] _olml gy,

B(z) Eiok 1 —Z,z| |z, — 2| R |1 —Zz,z| |z, — 2|
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where S} may be empty. We proceed to show that both of the series S| and S,
converge uniformly for all z e D such that |z| ¢ E|.
Estimating S, in (4.3) is easy:

2 (1 o |Zn|)a(+171
(4.4) Sy < R_ P

E |za| =R 1= Z,z]

4 1\
<t <1—|zn|>“SC(—> ,
TEEER =E

where we have used the fact that « < 1. To estimate S; in (4.3) (assuming that it
is non-empty), we use Lemma 2.1 in inequality (2.3) to conclude, for an arbitrary
e >0, that

2 1 1+a 1 2+¢
4.5 < <C log ———— E.
(435 Si< ) TS (1—|z|> <°g1—|z|) - B

|7l <R

By combining (4.3), (4.4) and (4.5), it follows that

BI(Z) 1 14 1 2+¢
’B@SCG—M) (1°g1—|z|> - B

This proves Theorem 1.2(a) in the case k = 1.

(4.6)

Remark. Note that the estimate in (4.6) holds for any Blaschke product
whose zeros satisfy (1.4), but possibly for a different exceptional set. In par-
ticular, the estimate in (4.6) holds for the products B,(z) defined in (4.1), for the
same exceptional set E; as above, since each B,(z) has the same zeros as B(z)
except for one (or for one multiplicity in case of a multiple zero).

INDUCTION ASSUMPTION. Suppose then that the estimate

k
B<k) z 1 14 1 2+e
3 SC<(1—|Z|> (e 2g) ) Hem,

(4.7

B(z)
holds for every k=1,...,J.

THE CcASE k =J + 1. We make use of Lemma D:

BY(z) &I m+ 1) BT (2) (2)" 2 2 1
B vy

J—m)!  B,(z) 1za]? (1= Z2)" Mz —2)

B;J—m) (Z)
B,(z)

1 - |Zn|2

11— Z,z|™ Yz = za|
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By Remark following formula (4.6), the induction assumption (4.7) applies to
each of the products B,(z), and so, for every m =0,...,J — 1, we have

(J—m) I+a 246\ /M
B, 1 1
B Ol (1og L ¢ E
L=l L=

B, (z)
Similarly as in proving (4.4) and (4.5), we deduce that

o0 1_|Zn|2 m oo 1_|Zn|2
(4.10) Z _ _mtl = ( > Z|1 — Zyz| |z = zy]

w1 |1 — Zuz| |z — zu]
1 m+1+a 1 2+
- log ——
(g (g
provided that |z| ¢ E|.

By combining (4.8), (4.9) and (4.10), it follows that
’B(JH)(Z) s

1 1+o 1 2+¢
BC) SC((l—m) (102 121) ) Sl

This proves Theorem 1.2(a) in the case k =J + 1.
The proof of Theorem 1.2(a) is now completed.

(4.9)

/\

IA

5. Proof of Theorem 1.2(b)

This proof is by induction and combines the ideas used in proving Theorems
1.1(b) and 1.2(a), see Sections 3 and 4, respectively.

Let {K,} be the sequence of discs as in the proof of Theorem 1.1(b). We
suppose that z e D\U is fixed, where U = Un { By the proof of Theorem
1.1(b), we know that this assumption leads to an exceptional set E; of linear
1+ ||

2
(independent of n) the value of which may not be the same at each occurrence.

measure zero. As earlier, we denote R = , and C > 0 stands for a constant

THE case k=1. By (4.3), it follows that

Z |Zn| 1 - |Zn|2
5.1) ' -
( B(2) \.Z 1= el HZZRH =20zl — 2]
< 2 |Z’7| - |Zn‘
~ a(l - R) \z,,\<R |z,,z| 2| =k — |znz]

|Zn‘
< D\U.
_1—|Z|Zl—| z € D\

Lemma C, with p =J =1, yields
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© 1_ ‘Zn‘ 1 I+o -
—ol(——) ), =1
ol 5 L=

Now, (3.1), (5.1) and (5.2) prove Theorem 1.2(b) in the case k = 1.

(5.2)

INDUCTION ASSUMPTION. Suppose then that
B(k) (Z) 1 (14a)k

= — 1- D\U

=0 (1_|Z|) =17, zeD\D,

holds for every k=1,...,J. So, by (3.1), we assume that the assertion of
Theorem 1.2(b) holds for k=1,...,J.

(5.3)

THE casE k=J + 1. Applying Lemma C (with p=1 and J =m+ 1), we
get, in the spirit of the case k = 1, that the estimate

0 1_ |Z |2 1 m+1+a
(5.4) — u =0 ( ) ,zl = 17,
;|1_Z_nz| +1|Zn_Z‘ L=

holds for every m =0,...,J, provided that ze D\U. Just as in Section 4, we
note that the estimate in (5.3) holds for the products B,(z) as well. Therefore,
by (4.8), (5.3) and (5.4), we conclude that

BU+D) 1 (14o)(J+1)
’(Z) =0 <1 | |> , |zl =17, ze D\U.
— |z

B(2)

This, together with (3.1), proves Theorem 1.2(b) in the case k =J + 1.
The proof of Theorem 1.2(b) is now completed.

6. Discussion on sharpness

We illustrate the sharpness of Theorem 1.2(a) (and of Theorem 1.1(a)) by
constructing a suitable Blaschke product with infinitely many zeros. An anal-
ogous example for entire functions is constructed in [4, p. 103]. However, the
reasoning in the unit disc seems to be more involved than the corresponding
reasoning in the complex plane.

Let 0 < o< 1, and define a constant

1+«
1 -«

N:N(cx)z{ ]+122,

where [x] denotes the largest integer not exceeding x. Further, define

11/1
Z,,:l—(—) , n>=N.
n

For every ¢ > 0, we clearly have
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o0

(1-z,)"=0o and Z(l —2,)"" < 0.
n=N n=N

The Blaschke product having zeros at the points z,, n > N, is simply

Zy— Z

(6.1) B(z) = H
n=N

1 —z,z

Theorem 1.2(a) implies, for any ¢ > 0, that there is an exceptional set E; — [0,1)

satisfying (1.1) such that
1 1+o+te
= 0 (W) , |Z| ¢ El.

’B%z)
To illustrate the sharpness of (6.2), we prove the following result.

(6.2)

B(z)

PrROPOSITION 6.1. Let B be the Blaschke product defined in (6.1), and let
E; be the exceptional set in (6.2). Then there exist a set Fy €0,1), satisfying

d)
Jr, 1—_”}’ = o0, and a constant C = C(a) > 0 such that

‘B’(x) C

1
B(x)| = (1 - x) log 1—

(63) X e F]\El.

The remaining part of the present section is devoted to proving Proposition
6.1. To begin with, we define the sequences

1 1+1/o
ﬁnz(l—z,,)”":(—) ., n>N,

n
and
1 —z 140 ﬁ
(6.4) Vo = ( ) =—2— (<p,), n=N,
1 dlogn
od log ——
11—z,
where ¢ > is a constant to be fixed later on. Also, we define an auxiliary
function

1/a
X X
g<x>—m(x—+1) » x> 1

Obviously, ¢ is differentiable and lim,_, ., g(x) = 1. Further,

1+£)(x—1)—x(1+é-i;i)
(x—1D*x+1)%" ’

g/(x) — xl/a(x+ 1)1/0( (

so that ¢g’(x) > 0 if and only if
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1 1 x—1
(1+>(x—1)>x<1+~x >
o o x+1
l+a
which is equivalent to the statement x > 1—o Hence, we conclude that
g(x) <1l for N <x<oo. This property of g will be used to prove the
inequalities

(6.5) O<zy<zy+py<zm<z+pf,<zpp1 <---<1, n>N.
Namely, we have
n n 1/a
. ) = I, n>N.
(66 () —e<t n=w

N 1/o
Multiplying both sides of (6.6) " " ! (’11) , we obtain

1/a 1/a
(1) <@ (1) nem
1 1/o 1 1+1/a 1 1/o
- (- ° - > N.
O O R

But this is equivalent to z,+f, < z,+1, n = N. Note that all the other in-
equalities in (6.5) are trivial. Further, since y, < f, for n > N, the inequalities
(6.5) give us

so that

(6.7) O<zy<zyn+Iw<zm<zZp+ 9, <zZpn <---<1, n>N.
Next, we consider the union of open intervals
o0
F = U (Zmzn +Vn)~
n=N

By (6.7), F is a subset of [0, 1), and the intervals (z,,z, + y,) are pairwise disjoint.
Further,

dr L (T dr =y I

= > n_—Z =

Ll—r nzz:vjr l—r_’;vl—zn 5ngvnlogn
1

no matter how we choose the constant 6 > fog2’

A simple computation results in

z zw: z22-1
B(z) (1 —zu2)(z—2z)"

n:N
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Suppose then that z = x € F. Then there exists a unique integer kK > N such that
Zp < X <z +y,. We have

638) e il | Gl
(x) (1 —zex)(x —zi)| |z (1 = zux) (x — za)
1-z22 i 1—z2
T (1= zkx)(x — z) n:N (1 = zyx)(x — zp)

0 2

1—Zn
> (1 —z,x) (20 — x)

n=k+1

With the notation fixed above, we obtain the following two lemmas, which
are valid for all £ large enough. By this we mean that x is close to 1, yet x € F
and z; < x < zx +y,. The proofs of the lemmas will be given at the end of this
section.

LEMMA 6.2. For all k large enough, we have
- 1— zﬁ - C o
1 —z,x)(z0 = %) = (1 —z)"™ gl—zk’

n=k+1 (

where C; = C(a) > 0 is a constant independent of k.

LEMMA 6.3. For all k large enough, we have

i l—z A o
1_Zn Zn) o (1—Zk)1+a g 1 _Zk.

n:N

We will also make use of the next result, which follows directly from the
assumption z; < x < zx + 7, and the definition of the points y,.

LemMmA 6.4. For any k > N, we have

1—2,% - oo o 1
(I=zex)(x —z) — (1 —z)'™ 1=

)

where 6 > is the constant from (6.4).

1
log 2
Suppose for a moment that the assertions in Lemmas 6.2 and 6.3 hold for all

k> M > N. Choose the constant o > such that

1
log 2
Co=0d — C; —4a> > 0.
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Define

0

F = U (vazn +Vn)‘
n=M

d .
Clearly, F; = F and JFI 1_rr = o0. Suppose that z = x € F1\E|, where E) is the

exceptional set in (6.2). Then, by (6.8), Lemmas 6.2-6.4, and the inequalities
zr < X < zx + 9, we conclude that
B’ C 1 Co2~1+%) 2!

) > 0 T log > = log
B(x) (1—z)'* L=z = (1—-x)'* 1
The estimate in (6.3) follows from (6.9).

To conclude Proposition 6.1, it remains to prove Lemmas 6.2 and 6.3.

(6.9)

_x.

Proof of Lemma 6.2. For any n >k + 1, we have

1—z2 2 11—z
6.10 z < . u
10 TG S T= Gt o) 2 Grt )
2 1 -2z,
S .
U= (zk+ ) zn— (2 + Br)
k 2 k1+1/oc
Tk—1 1—z n'/r(k—1)— k1
4k1+1/(x 1
<

1l —z .nl/“(k— 1) — kit1/2”
Note that inequality (6.6) guarantees that
6.11) n'/*(k—1) = k" > (k+ D) (k= 1) = k""" >0, n>k+1.
In fact, by L’Hopital’s rule,

. kK \Y*\ 1
(6.12) Jim "(“(m) )7

so that
'/ 1
(6.13)  lim (k1) — lim 1 -
k= (k+ )Yk — 1) = K\ 1/ ke k \/= l—o
kKll—-{—— -1
k+1

We will also make use of the fact that

. k—1 k+1D)"* o

om 1/ 1/x k-1 1—
o (k+1)""k—-1)— k!t o

(6.14)

which clearly follows from (6.13).
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Now, by using (6.14) and integrating by parts, we deduce that

o0 dt 0 1/a—1
J :J (e dt
el tl/“(k—l)—k1+l/“ el ll/“(k—l)—kl+l/“

_ {HM (f”“(k - km/“)r
k_l k+1

_ 1+1/a
1 k ) dr

(1/1
<k+l o o
= k1 k—|—1 1/o g 1/0( ) kl+l/“

-« J -1/ 1/
+-— /% log(t'/*) dt
T

<k—|—1 o log 20(_ k—1
T k=1 (k+ 1) L—o (k41)"*

1 171/ o *©
- aof 7 4
k_l{l <1—°‘+Ogt>]k+1

2
ST <1fa+1og(k+1)>,

which holds for all k large enough. Hence, by using (6.10), (6.11), and (6.13),
we obtain

—l/fx lo
k — k+1

0 2

Z 11—z

Wy (1= 2ux) (20 — x)

4k1+l/oc 1

* dt
<
T 1 —z ((k+ 1)1/“(k_ 1) — J1+1/a + Jk+l zl/a(k_ 1) _k1+1/a>

4!t/ [ g 2 2 o
< - 7T 7 +log(k +1)
l—ze \I-a (k+ D" (k+DV*\1~-u

o ( 4°‘u + 2 log(k + 1)),

11— Zk 1-—
which holds for all k large enough. The assertion now follows by using the fact
that k = ;j for every k > N. O
(1 — Zk)

Proof of Lemma 6.3. We assume that k > N + 1, for otherwise there is
nothing to prove. Then, for any ne {N,...,k — 1}, we have
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1-22 1—2z,
n < 2
(1 = zyx)(x — zp) (1 = zu(zk + Bi)) (2 — zn)
— 2/ '’
<(n1/oc _ l)k; 1 +kl/a> (kl/oc _ nl/oc)
1/o
1/a n
<2k Il — pl/e’
Define a continuous function
xl/oﬂ |
h(x):m, l£x<k/“

Since the function / is strictly increasing, we get

n+l/2 1
h(n) < 2J h(f)d, 1<n<n+3< ke,

n

Therefore, it follows that

k—1 1_22 y k—1 nl/‘“
1 n < 2k te -
(6 5) Z I_an X — Iy a k Zkl/a_nl/oc
n=N n=N
k—1/2 ll/a
1/a
< 4k L T

1 k—1/2 Z‘l/oc—l
Vel _ Z -
<4k (k 2) Jl T

1o _
4ock1/“(kl> log k—lw ,
2 N ()

which holds for any k£ > N + 1. Similarly as in (6.12), we get
ke —1 . 1 — k=

lim = lim =
T )
Sk

Now, by (6.15) and (6.16), we deduce that

(6.16)

" < dok'"tV/* log k,

which holds for all £ large enough. Finally, since k = 1 - for every k > N,
we conclude the assertion. (1= z) O
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Remark. The discussion above holds in the case when 0 < o < 1. We note
that if « ¢ (0,1), then the sequence {z,} is not even a Blaschke sequence.
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