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ON THE ISHIDA AND DU BOIS COMPLEXES

Marianna Fornasiero*

Abstract

In [12] Ishida introduces a complex, denoted by ~WW
:
Y , associated to a filtered semi-

toroidal variety Y over Spec C and proves that it is quasi-isomorphic to the Du Bois

complex W
:
Y ([5]). In this article we regard a filtered semi-toroidal variety Y as an

ideally log smooth log scheme over Spec C, and we give an interpretation of the Ishida

complex ~WW
:
Y in terms of logarithmic geometry. Therefore, given a log smooth log

scheme X over Spec C, we use this logarithmic interpretation of the Ishida complex to

construct the following distinguished triangle in the Du Bois derived category Ddi¤ ðXÞ :
IMo

:
X ! W

:
X ! W

:
D ! �, where D ¼ X � Xtriv (Xtriv being the trivial locus for the log

structure M on X ). Since the complex IMo
:
X calculates the De Rham cohomology with

compact supports of the smooth analytic space X an
triv ([20, Corollary 1.6]), this triangle is

useful to give an interpretation of H
:
DR; cðXtriv=CÞ as the hyper-cohomology of the simple

complex s½W :
X ! W

:
D�.

Introduction

Ishida ([12], [13]) generalized the notion of toric polyhedra by introducing
varieties with singularities locally isomorphic to those of toric polyhedra, in the étale
topology. He called these ‘‘semi-toroidal varieties’’. He proved that, when a
semi-toroidal variety X over Spec C is endowed with a good filtration, it is possible
to construct a global dualizing complex for X ([13, Theorem 5.4]). He used this
to define a complex, ~WW

:
X , associated to a filtered semi-toroidal variety X , whose

cohomology is connected with the cohomological groups of the constant sheaf C on
the singular analytic space X an. This complex is a generalization of one introduced
by Danilov ([3]) for a normal variety with toroidal singularities ([3]). It is one of
the most important tools in toroidal geometry. In fact, in the semi-toroidal case,
it is closely connected to the toric type of singularities of the scheme.

On the other hand, Du Bois ([5], [6]) has defined a category Cdi¤ðX Þ, which
can be seen as a ‘‘filtered version’’ of the Herrera-Lieberman category ([10]): the
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objects of Cdi¤ ðXÞ are filtered complexes, and the morphisms are OX -linear maps
of complexes, which are compatible with the filtration. Working in this filtered
category, Du Bois proved that a part of the mixed Hodge structure (namely,
the Hodge filtration in cohomology) of a singular variety X over Spec C can
be described by using a complex, W:

X , which belongs to the derived category
Ddi¤ðXÞ. This complex is constructed through the use of a proper smooth hyper-
covering p: : X : ! X of X , by taking the classical De Rham complex W

:
Xi

of each
Xi, and defining W

:
X as the direct image Rp:�W

:
X :. The filtration on W

:
X comes

from the natural Hodge filtration F defined on each complex W
:
Xi
.

In the above context, one of the main results of Ishida ([12, Theorem 4.1])
was that, when X is a filtered semi-toroidal variety over Spec C, there exists a
natural map from the Ishida complex ~WW

:
X to the Du Bois complex W

:
X , which

is an isomorphism in the Du Bois derived category Ddi¤ðXÞ. Therefore, he
can describe a part of the mixed Hodge structure of a semi-toroidal variety
X by simply using its own toric structure, without the construction of hyper-
resolutions.

In this article, we then begin to compare two di¤erent points of view: toric
geometry on one hand, and logarithmic geometry on the other. A first approach
to the analysis of this comparison was done by K. Kato ([16]): having fixed a
logarithmic structure on a scheme X , he defined a toric singularity at a point x of
X in terms of the regularity in the logarithmic sense of x. In this direction, we
can regard the theory of toroidal embeddings (resp. semi-toroidal varieties) as a
theory of varieties with smooth logarithmic structures (resp. with ideally smooth
log structures) over Spec C. Then, the Ishida complex ~WW

:
X of a toroidal (or

semi-toroidal) variety X , can be interpreted merely using the log structure of the
variety. Under this interpretation, comparing the Ishida complex with the Du
Bois complex W:

X , we are able to find the most important result of this article.
Namely, given an fs log smooth log scheme X over Spec C, and D ¼ X � Xtriv

(Xtriv being the trivial locus for the log structure M on X ), there exists the
following distinguished triangle in the derived category Ddi¤ðXÞ

IMo
:
X ! W

:
X ! W

:
D !;

where IMOX is the ideal of OX introduced by Tsuji in [21], and IMo
:
X ¼

IMOX nOX
o

:
X . Since Tsuji had proved that the complex IMo

:
X calculates the

Analytic De Rham cohomology with compact supports of the smooth analytic
space X an

triv, this triangle is useful to give a more intrinsic definition of the Algebraic
De Rham cohomology with compact supports H

:
DR; cðXtriv=CÞ. In fact, we can

define it as the hyper-cohomology H
:ðX ; s½~WW:

X ! ~WW
:
D�Þ, where s½~WW:

X ! ~WW
:
D� is the

simple complex associated to ~WW
:
X ! ~WW

:
D, which is isomorphic to s½W:

X ! W:
D�, in

the Du Bois derived category Ddi¤ðXÞ.
I would like to thank Prof. L. Illusie for his helpful suggestions and

comments and the University of Paris-Sud Orsay for its kind hospitality.
I have also to thank the anonymous referee for his remarks and suggestions

which have allowed me to improve the earlier version.
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Notation: By S we denote the logarithmic scheme Spec C endowed with the
trivial log structure, and, by a log scheme, we mean a logarithmic scheme over S,
whose underlying scheme is a separated C-scheme of finite type. Moreover, given
a scheme X over S, by Dþ

cohðXÞ we denote the derived category of complexes of
coherent OX -modules limited below.

1. Ishida complex for ideally log smooth log schemes

We start to give the definition of fs ideally log smooth log scheme over
S ([14, Theorem (3.5), Example (3.7)], [20, Theorem 2.23, Corollary 2.24], [8,
Propositions II.1.0.11, II.1.0.12]).

Definition 1.1. Let X be a log scheme over S, with fs log structure
M. We say X is ideally log smooth over S if, étale locally on X , there exist a
toric monoid P, and ideal I of P, a scheme U over S and étale morphisms
j : U ! X , c : U ! Spec C½P�=ðIÞ, where U is endowed with the log structure
j�M, Spec C½P�=ðIÞ is endowed with the log structure P ! C½P�=ðIÞ, which sends
I to f0g, and j�M coincides with the log structure associated to P ! OU .

Let now X be a log smooth log scheme over S. We note that the pair
ðX ;U ¼ XtrivÞ is a toroidal embedding in the sense of [12, §5] (Xtriv being the
trivial locus for the log structure M on X ). Let D ¼ X �U . Ishida defines the
OX -module YX ð�log DÞ, by GðV ;YX ð�log DÞÞ ¼ fD : OV ! OV ;D A DerðOV Þ and
DðIðDÞjV ÞHIðDÞjVg, for each open set V HX , and IðDÞ the ideal of defi-
nition of D inside X .

He defines the locally free OX -module W1
X ðlog DÞ :¼ HomOX

ðYX ð�log DÞ;OX Þ,
and takes W

p
X ðlog DÞ :¼ 5p

W1
X ðlog DÞ.

Lemma 1.2. Denoted by o1
X the locally free OX -module W1

X ðlog MÞ, then
there exists an isomorphism

W1
X ðlog DÞGo1

X

Proof. We first construct a global map

C : DerlogC ðOX Þ ! YX ð�log DÞð1Þ

where DerlogC ðOX Þ is the sheaf of the logarithmic C-derivations on X . Now,
since X is log smooth over S, then o1

X is locally free OX -module, and

HomOX
ðDerlogC ðOX Þ;OX Þ ¼ HomOX

ðHomOX
ðo1

X ;OX Þ;OX ÞGo1
X . Therefore, from

(1), we get a global map

C4 : W1
X ðlog DÞ :¼ HomOX

ðYX ð�log DÞ;OX Þ ! o1
X

The map C in (1) is constructed using the definition of logarithmic derivations:

indeed, let ðD; dÞ A DerlogC ðOX Þ, where D : OX !d W1
X ! OX , and d : M �!dlog o1

X !
OX . We define CððD; dÞÞ :¼ D : OX ! OX . It is easy to show that D is in fact
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an element of YX ð�log DÞ. Then, working étale locally on X , it is easy to prove
that C4 is an isomorphism. Indeed, if X is étale locally equal to Spec C½P�
(P toric), endowed with canonical log structure e : P ,! C½P�, then o1

X and
W1

X ðlog DÞ are both étale locally isomorphic to the free C½P�-module C½P�nZ Pgp

([12, §2], [8, Proposition 1.2]). 9

Let fXigi be the filtration on X (coming from the log structure M), defined
by the following closed subschemes Xi of X , for 0a ia n ¼ dim X ,

Xi ¼ fx A X : rkZ Mgp
x b n� ig

where Mgp
x :¼ Mgp

x =O�
X ;x. It is an increasing filtration

X0 HX1 H � � �HXi HXiþ1 H � � �HXn ¼ X

From Definition 1.1, for each point x A X , an étale local model of X at the
point x is given by a toric variety Vx ¼ Spec C½Px�, and we have étale maps
jx : Ux ! X and cx : Ux ! Vx (cx strict). Let rðxÞ ¼ dim Vx (which is the di-
mension of X at the point x), Lx ¼ Pgp

x , and let sx be the rational convex polyhedral
cone generated by the toric monoid Px inside Lx nZ R. Taking a face t of the
dual cone s4x , let VðtÞ the closure of the orbit orbðtÞ :¼ Spec C½Lx V t?�. We
know codim VðtÞ ¼ dim t ¼ rkZ Lx=ðLx V t?Þ. There is an increasing filtration
fVxigi on Vx, defined by the closed subvarieties

Vxi ¼ 6
dim tbrðxÞ�i

VðtÞ

It is the natural filtration of the toric polyhedron Vx ([12, §5]).
Denoted by Fx the a‰ne fan Spec Px associated to the log regular variety Vx,

there is an identification Vxi ¼ 6
y AFx; codim ybrðxÞ�i

fyg, where fyg is the closure of

y in Vx, and codim y ¼ codimVx
fyg. Moreover, since rkZ Pgp

z b rðxÞ � i if and

only if z A 6
y AFx; codim ybrðxÞ�i

fyg, there is an identification Vxi ¼ fz A Vx : rkZ Pgp
z

b rðxÞ � ig, and so j�1
x ðXiÞ ¼ c�1

x ðVxiÞ; therefore X , endowed with the filtration
fXigi, is a filtered semi-toroidal variety in the sense of [12, Definition 5.2].

For each point x A X and integer i, we take the locally closed subscheme
S
ðiÞ
x :¼ Vxi � Vxi�1 of Vx: it is equal to 6

t0s4x;dim t¼rðxÞ�i
orbðtÞ, and it is non

singular of pure dimension i. We denote by V
ðiÞ
x the normalization of the

closure of S
ðiÞ
x in Vx: V

ðiÞ
x is equal to the disjoint union

‘
t0s4x;dim t¼rðxÞ�i VðtÞ ¼‘

y AFx; codim y¼rðxÞ�i fyg. The pair ðV ðiÞ
x ;S

ðiÞ
x Þ is a toroidal embedding of pure

dimension i. We denote by DðtÞ the reduced divisor VðtÞ � orbðtÞ, and by D
ðiÞ
x

the reduced divisor V
ðiÞ
x � S

ðiÞ
x ¼

‘
t0s4x;dim t¼rðxÞ�i DðtÞ.

Similarly, for each i, let U ðiÞ ¼ Xi � Xi�1, and let X ðiÞ be the normalization
of the closure of U ðiÞ. The pair ðX ðiÞ;U ðiÞÞ is a toroidal embedding of pure di-
mension i. Let DðiÞ be the reduced divisor X ðiÞ �U ðiÞ.

For each point x A X , Ishida defines the locally free O
V

ðiÞ
x
-modules, of rank

equal to the dimension rðxÞ of X at x, Y
V

ðiÞ
x
ð�log D

ðiÞ
x Þ, and W1

V
ðiÞ
x

ðlog D
ðiÞ
x Þ. He
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takes W
p

V
ðiÞ
x

ðlog D
ðiÞ
x Þ :¼ 5p

W1

V
ðiÞ
x

ðlog D
ðiÞ
x Þ. By Lemma 1.2, we have an identi-

fication W
p

V
ðiÞ
x

ðlog D
ðiÞ
x ÞGo

p

V
ðiÞ
x

. We denote by lðiÞ the natural maps lðiÞ : V
ðiÞ
x !

Vx. Following [12, §5], for each integer p, we define the complex C
:ðVx;W

4
pðOÞÞ

in degree �i, 0a ia rðxÞ, as

C�iðVx;W
4
pðOÞÞ :¼ lðiÞ� o

i�p

V
ðiÞ
x

ð2Þ

We simply denote C�iðVx;W
4
pðOÞÞ by C�i

p ðVxÞ. Since

V ðiÞ
x ¼

a
y AFx; codim y¼rðxÞ�i

fyg; then o1

V
ðiÞ
x

¼ 0
y AFx; codim y¼rðxÞ�i

o1

fyg:

For each point y A Vx, codimVx
y ¼ rðxÞ � i, we consider the subgroup of Pgp

x

generated by Pgp
x VO�

Vx;y
. This is free of rank dimfyg ¼ i. We denote it by

Kgp
y . Since, for each point y A Fx, there is an isomorphism Ofyg nZ Kgp

y Go1

fyg
,

then

C�i
p ðVxÞG 0

y AFx; codim y¼rðxÞ�i

Ofyg nZ 5
i�p

K gp
y

The di¤erential d ipðVxÞ : C�i
p ðVxÞ ! C�iþ1

p ðVxÞ of this complex is defined as the
direct sum, over y; z A Fx, codim y ¼ rðxÞ � i, codim z ¼ rðxÞ � i þ 1, of the maps
d ip; ðy; zÞ, where:

� d ip; ð y; zÞ ¼ 0 if z B fyg;
� if z A fyg, then d ip; ðy; zÞ : Ofyg nZ 5i�p

K gp
y ! Ofzg nZ 5i�p�1

Kgp
z is the

‘‘Poincaré residue map’’. This map sends a section anZ k15� � �5ki�p into
ajfzg nZ hk1;Nik25� � �5ki�p, where N is an element of L4x such that hk;Ni ¼ 0,
for k A Kgp

z , and hk;Nib 0, for k A Kgp
y � Kgp

z (we recall this map does not
depend on the choice of this element N, as it is shown in [19]).

We consider now the natural maps LðiÞ : X ðiÞ ! X . Following [12, §5], for
each p A Z, we define the complex C

:ðX ;W4
pðOÞÞ in degree �i, 0a ia n ¼ dim X ,

as

C�iðX ;W4
pðOÞÞ :¼ LðiÞ

� o
i�p

X ðiÞð3Þ

For simplicity, we denote C�iðX ;W4
pðOÞÞ by C�i

p ðX Þ.
The di¤erential d ip : C

�i
p ðX Þ ! C�iþ1

p ðXÞ of this complex is induced by the

Poincaré residue maps, for every x A X . Indeed, we recall that, for every x A X ,
the étale maps jx and cx are toroidal étale morphisms in the sense of [12, §5],
so the pairs ðUx;c

�1
x ðTxÞÞ, with Tx the torus of Vx, are toroidal embeddings,

which correspond to ðX ;UÞ. Then, since the homomorphisms d ipðVxÞ are
naturally defined by the Poincaré residue maps, and since c�

xðYVx
ð�log DxÞÞ ¼

j�
xðYX ð�log DÞÞ, by étale localization, we can glue together these local maps to

get a homomorphism d ip such that j�
xC

:
pðX Þ ¼ c�

xC
:
pðVxÞ, at each point x A X ([8,

II.3.1]).
Let now Y be an ideally log smooth log scheme over S, with log structure
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M. Let fYigi be the filtration on Y defined by the closed subschemes Yi of Y ,
for 0a ia s ¼ dim Y ,

Yi ¼ fy A Y : rkZ Mgp
y b s� ig

It is an icreasing filtration on Y . From Definition 1.1, for each point y A Y , an
étale local model of Y at y is given by a toric polyhedron Yy ¼ Spec C½Py�=ðIyÞ,
for an ideal Iy of the toric monoid Py, and there are étale maps jy : Uy ! Y ,
cy : Uy ! Yy (where MUy

¼ ðPy ! OUy
Þa).

For y A Y , let rðyÞ ¼ dim Yy. Let Fy ¼ Fy VYy be the star closed subset of
the a‰ne fan Fy associated to Spec C½Py�. There is an increasing filtration fYyigi
on Yy, defined by the closed subschemes Yyi ¼ 6

z AFy; codim zbrðyÞ�i
fzg. This fil-

tration coincides with the natural filtration of the toric polyhedron Yy, and
j�1
y ðYiÞ ¼ c�1

y ðYyiÞ. Therefore, Y , endowed with the filtration fYig, is a filtered
semi-toroidal variety.

For similar arguments used in the log smooth case, we define, as in (2),
(3), the complexes C

:ðYy;W
4
pðOÞÞ and C

:ðY ;W4
pðOÞÞ, using the natural maps

lðiÞ : Y
ðiÞ
y ¼

‘
z AFy; codim z¼rðyÞ�i fzg ! Yy, and LðiÞ : Y ðiÞ ! Y . We simply denote

C
:ðYy;W

4
pðOÞÞ and C

:ðY ;W4
pðOÞÞ by C

:
pðYyÞ and C

:
pðYÞ, respectively.

From [12, Theorem 5.4], the complex C
:
0ðYÞ associated to an ideally log

smooth log scheme Y is a global dualizing complex, because it is isomorphic in
the derived category to f !C (where f : Y ! S). We simply denote it by D

:
Y .

Moreover, for each integer p, ExtiOY
ðC :

pðYÞ;D:
Y Þ ¼ 0, for every i0 0 ([12,

Proposition 6.1]). Then Ext0OY
ðC :

pðYÞ;D:
Y Þ is equal, in the derived category, to

RHom
:
OY
ðC :

pðYÞ;D:
Y Þ. Globalizing Lemma 2.8 in [12], we get an isomorphism in

the derived category

Hom
:
OY
ðC :

pðY Þ;D:
Y Þ !

G
RHom

:
OY
ðC :

pðY Þ;D:
Y Þ

Definition 1.3. Let Y be an ideally log smooth log scheme over S. We
define the Ishida complex ~WW

:
Y associated to Y , in degree p, 0a pa dim Y , as

~WWp
Y :¼ H0ðHom

:
OY
ðC :

pðYÞ;D:
Y ÞÞ

The di¤erential ~dd p
Y : ~WW p

Y ! ~WWpþ1
Y is induced by that of the log De Rham complex

o
:
Y , via the inclusion ~WW

:
Y ,! o

:
Y .

Remark 1.4. For an ideally log smooth log scheme Y over S, we have
defined the sheaf ~WW p

Y as the Grothendieck dual (with respect to the global
dualizing complex D

:
Y ) of the complex which consists of modules of logarithmic

di¤erential p-forms and Poincaré residue maps. In fact, given an étale local
model Yy of Y at the point y, the sheaf ~WWp

Y locally coincides with a subsheaf ~WWp
Yy

of op
Yy

([12, §2, Proposition 2.2 and §3]). The di¤erential operator d : op
Yy

! o
pþ1
Yy

is such that dð~WWp
Yy
ÞH ~WW pþ1

Yy
, for any p A N. So, the Ishida complex ~WW

:
Y is the

natural globalization of a subcomplex ~WW
:
Yy

of o:
Yy

and the global map ~WW
:
Y ! o

:
Y

is in fact an inclusion.
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In the case when X is log smooth log scheme over S, we denote by ~LL0o
:
X the

subcomplex of o:
X which is the 0-degree term of the filtration ~LL

:
on o

:
X defined

by Ogus ([20, Definition 1.2 and Lemma 2.15]). We note that, when X is a
smooth scheme over S with fs log smooth log structure given by a normal
crossing divisor D, this filtration ~LL

:
coincides with the Deligne’s weight filtration

W
: ([8, Lemma III.1.0.2]). So, ~LL

:
is a sort of ‘‘generalization’’ of the weight

filtration to a generic log smooth log scheme over S. We recall that the hyper-
cohomology of the complex ~LL0o

:
X calculates the analytical cohomology of X an

([20, Theorem 1.4]). We can compare the Ishida complex ~WW
:
X with ~LL0o

:
X .

Proposition 1.5. Under the previous notations, there exists an isomorphism of
complexes, in the category Cdi¤ðXÞ,

c
:
: ~LL0o

:
X !G ~WW

:
X :

Proof. We first note that we can view ~LL0o
:
X as an object in Cdi¤ðXÞ, where

the filtration F
: is defined as F qð~LL0o

p
X Þ ¼ ~LL0o

p
X , if pb q, and F qð~LL0o

p
X Þ ¼ 0 if

p < q.
We want now to prove that ~LL0o

:
X and ~WW

:
X are isomorphic as complexes.

To this aim, we construct a global map c
:
: ~LL0o

:
X ! ~WW

:
X . Now, by [12, Propo-

sition 3.11], we know that ~WW
:
X ¼ v�W

:
V , where V is the smooth locus of X and

v : V ,! X is the open immersion. So, to construct a map c
:
: ~LL0o

:
X ! v�W

:
V is

equivalent to construct a map C
:
: v� ~LL0o

:
X ! W

:
V , by adjunction. We note

that, on the smooth open V of X , the log structure is given by the normal cross-
ing divisor DVV , and so v�~LL0o

:
X ¼ ~LL0ðv�o:

X Þ ¼ ~LL0o
:
V ¼ W

:
V (since ~LL0o

:
V ¼

W 0o
:
V ¼ W

:
V ,! o

:
V ). So the map C

:
is exactly the identity map.

We show that the adjoint map c
:
of C

:
is an isomorphism. We work étale

locally on X, and suppose that X ¼ Spec C½P�, where P is a toric monoid and the
log structure M is given by e : P ,! C½P�.

We recall that the Ogus filtration ~LL0 on o
:
X admits a local graded

description. Indeed, we consider the P-graded Z-algebra C½P� ¼ 0
p AP CeðpÞ

and the Z-algebra 5j
Pgp, then C½P�nZ 5j

Pgp Go
j

C½P� (which locally represents

the sheaf o j
X ) has a natural structure of a P-graded C½P�-module; its component

in degree p is just CeðpÞnZ 5j
Pgp.

Now, given a face F of the monoid P, and an element p A P, let
Li
pðF Þ5

j
Pgp be the subgroup of 5j

Pgp generated by all the elements of the form

dlog p15� � �5dlog pj, such that p1; . . . ; pj A P and there exists k A N and f A F
such that kpþ f � ðp1 þ � � � þ piÞ A P ([20, Definition 3.2]). In particular, if
F ¼ f0g and i ¼ j, the condition becomes kp� ðp1 þ � � � þ pjÞ A P. We simply

denote by Lp 5
j
Pgp the subgroup L j

pðf0gÞ5
j
Pgp. This is such that Lp 5

j
Pgp J

Lq 5
j
Pgp, for any p; q A P, pb q. Ogus calls such a collection of Z-submodules

of 5j
Pgp a P-filtration. The image of 0

p AP CeðpÞnZ Lp 5
j
Pgp inside C½P�nZ

5j
Pgp Go

j

C½P� is a P-graded C½P�-submodule. Then, the quasi-coherent sheaf
on X associated to this C½P�-submodule is nothing but ~LL0o

:
X (see [20, Lemma

3.3]).
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So, we compare the C½P�-submodule Imf0
p AP CeðpÞnZ L j

p 5
j
Pgp !

C½P�nZ 5j
Pgpg of o

j

C½P� with the C½P�-module ~WW j

C½P� ¼ 0
p AP CeðpÞnZ

5j
Pgp½rðpÞ�, where rðpÞ ¼ pV p? is a face of the cone p, with p4 the cone

generated by P. We note that, for each p A P, if hp;Fi is the face of P
generated by p and F , then Li

pðFÞ is just the image of the natural map
5i

hp;Figp n5j�i
Pgp ! 5j

Pgp. In our case, i ¼ j and F ¼ f0g and so

L j
pðf0gÞ is the image of the map 5j

hpigp ! 5j
Pgp which is equal to

5j
hpigp. Therefore, for each p A P, the image of CeðpÞnL j

pðf0gÞ5
j
Pgp inside

CeðpÞn5j
Pgp is just CeðpÞn5j

hpigp. On the other hand, we consider
CeðpÞn5j

Pgp½rðpÞ� and we note that, for each p A P, Pgp V ðp? V pÞ? ¼
Pgp Vhpigp ¼ hpigp if p A p?, and Pgp V f0g? ¼ Pgp if p A intðp4Þ. So, if we
consider the global image Imf0

p AP CeðpÞnZ L j
p 5

j
Pgp ! C½P�nZ 5j

Pgpg, we
see that it coincides with ~WW j

C½P�.

Therefore, c
:
: ~LL0o

:
X ! ~WW

:
X is an isomorphism of complexes and, since it

respects the filtrations F
:, it is an isomorphism in the category Cdi¤ðXÞ. 9

2. Distinguished Triangle in Ddi¤ðXÞ

In this section we mainly refer to the articles of Ishida [12], Du Bois [5] and
Ogus [20].

Let X be a log smooth log scheme over S. Let U ¼ Xtriv, j : U ,! X be the
open immersion and D ¼ X �U . We have just seen in the previous section that
the pair ðX ;UÞ is a toroidal embedding, and the ideally log smooth log subscheme
D of X is a filtered semi-toroidal variety.

We briefly recall the construction of the category Cdi¤ðXÞ and the complex
W:

X given by Du Bois in [5] for a generic scheme X of finite type over S.
The objects of Cdi¤ ðXÞ are all the triples ðC :;F ; dÞ, where ðC :; dÞ is a complex

of OX -modules and F is a decreasing filtration on C
: such that:

(1) C
: is bounded below,

(2) the filtration F is biregular, i.e. for each component Ci of C :, there exist
integers k; l A Z such that F kC i ¼ Ci and F lC i ¼ 0,

(3) d is a di¤erential operator of order at most one which preserves the
filtration,

(4) GrpF ðdÞ : Gr pF ðCiÞ ! GrpF ðCiþ1Þ is OX -linear for each p and i.
So Du Bois considers the derived category Ddi¤ðXÞ of Cdi¤ðXÞ and defines a

complex W
:
X like an object of Ddi¤ðXÞ, constructed as follows: let a: : X : ! X be

a proper smooth hyper-covering of X (see Deligne [4]). Since each component
Xn has the canonical De Rham complex W

:
Xn
, we have the complex W

:
X : on the

simplicial scheme X : which consists of W
:
Xn
’s. Thus, the complex W

:
X is defined

as Ra:�W
:
X :. Du Bois shows that this definition is indipendent on the choice of

the proper smooth hyper-covering X : of X . For each integer p, Ra:�ðWp
X :Þ is

canonically identified with Gr pF ðW
:
X Þ and it is an element of Dþ

cohðXÞ, denoted by
W

p
X ([5, Theorem 2.2]).
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We recall that, given the toroidal embedding ðX ;UÞ and the filtered semi-
toroidal variety D ¼ X �U , Ishida defines the complexes ~WW

:
X and ~WW

:
D: now, since

X is an fs log smooth log scheme over S and its closed subscheme D is an fs
ideally log smooth log scheme, we have given, in the previous section, an in-
terpretation of these complexes in logarithmic terms.

Since the Ishida and Du Bois complexes are both compatible with pull-backs
by étale morphisms (by definition), we can work étale locally on X .

We recall that, for an fs log smooth log scheme X over S, with log structure
M, it is defined a sheaf of ideals IM of the sheaf of monoids M as follows ([21,
Definition 2.4, Lemma 2.5 and Corollaries 2.6, 2.7]): GðU ; IMÞ ¼ fa A GðU ;MÞ:
the image of a in Mx is contained in p; for all points x A U ; and all prime
p A Spec Mx of height 1g. We can see that, for x A X , ðIMÞx ¼ fa A Mx: a is
contained in p; for all primes p A Spec Mx of height 1g. Let IMo

:
X denote the

complex IMOX nOX
o

:
X . We regard this complex as an object of Cdi¤ðXÞ, with

the filtration defined as F qðIMo
p
X Þ ¼ IMo

p
X , if pb q, and F qðIMo

p
X Þ ¼ 0, if p < q.

Let F ¼ F ðXÞ be the fan associated to the log regular log scheme X ([16,
Definition (9.3) and §10]). Then DVF is a star closed subset of F .

The first claim of this section is to prove the following

Proposition 2.1. For each integer p, 0a pa n ¼ dim X , there exists a short
exact sequence of OX -modules

0 ! IMo
p
X ! ~WWp

X ! ~WW p
D ! 0;ð4Þ

where ~WWp
X and ~WWp

D are the sheaves of Definition 1.3, for the log smooth log scheme
X and the ideally log smooth log scheme D, respectively.

Proof. From a globalization of [12, Lemma 3.6], we get

~WWp
D GHom

:
OX
ðC :

pðDÞ;D:
X Þ;

where D
:
X is the global dualizing complex C

:
0ðXÞ of X . Now, from the proof of

[12, Lemma 3.9], we have an exact sequence of complexes

0 ! C
:
pðDÞ ! C

:
pðXÞ ! o

n�p
X ½n� ! 0:ð5Þ

Now, applying RHom
:
OX
ð�;D

:
X Þ, we get a triangle in Dþ

cohðXÞ
RHom

:
OX
ðon�p

X ½n�;D:
X Þ ! RHom

:
OX
ðC :

pðX Þ;D:
X Þ ! RHom

:
OX
ðC :

pðDÞ;D:
X Þ !:

Now, we note that
(1) RHom

:
OX
ðC :

pðXÞ;D:
X ÞGHom

:
OX
ðC :

pðXÞ;D:
X ÞG ~WWp

X ;

(2) Since C
:
pðDÞ is a finite complex of coherent OD-modules and Ci

pðDÞ is
decomposed as a direct sum of locally free Ofyg-modules, for y A F VD, we also

have RHom
:
OX
ðC :

pðDÞ;D:
X ÞGHom

:
OX
ðC :

pðDÞ;D:
X ÞGHom

:
OD
ðC :

pðDÞ;D:
DÞG ~WWp

D.
So, we can write the previous triangle in Dþ

cohðXÞ as follows

RHom
:
OX
ðon�p

X ½n�;D:
X Þ ! ~WWp

X ! ~WWp
D !:

Since X is Cohen-Macaulay, if f : X ! S is the structure morphism, f !C is
a dualizing complex on X , and we have a quasi-isomorphism f !CGD

:
X .

470 marianna fornasiero



Moreover, from [21], f !CG IMon
X ½n�. We get RHom

:
OX
ðon�p

X ½n�;D:
X ÞG

RHom
:
OX
ðon�p

X ½n�; IMon
X ½n�ÞGRHom

:
OX
ðon�p

X ; IMon
X Þ.

Now, since ðX ;MÞ is an fs log smooth log scheme, the OX -module o1
X is locally

free of finite type and RHom
:
OX
ðon�p

X ; IMon
X Þ ¼ RHom

:
OX
ðon�p

X ; IMOX non
X ÞG

ðon�p
X Þ4n IMOX non

X G IMOX no
p
X ¼ IMo

p
X . So we get a short exact sequence

in Dþ
cohðXÞ, 0 ! IMo

p
X ! ~WW p

X ! ~WWp
D ! 0. 9

Ishida in [12, Theorem 4.1, Proposition 4.2, Theorem 6.2] compared the complex
~WW
:
Y , associated to a filtered semi-toroidal variety Y , with the Du Bois complex

W:
Y . Therefore,

Theorem 2.2. Given an fs ideally log smooth log scheme Y over S, the
natural homomorphism of filtered complexes ([12, §4])

c: : ~WW
:
Y ! W

:
Yð6Þ

is an isomorphism in the derived category Ddi¤ðYÞ.

The main result of this article is the following

Main Theorem 2.3. The short exact sequences (4) of Proposition 2.1, for
variable p, form an exact sequence of complexes

0 ! IMo
:
X ! ~WW

:
X ! ~WW

:
D ! 0:ð7Þ

Moreover, by Theorem 2.2, there exist the isomorphisms ~WW
:
X GW

:
X and ~WW

:
D GW

:
D

in Ddi¤ðXÞ, so the sequence (7) gives the following distinguished triangle in the
derived category Ddi¤ ðXÞ:

IMo
:
X ! W

:
X ! W

:
D ! :ð8Þ

where, denoted by i : D ,! X the closed immersion, from [5, (3.2.1)], when we write
W

:
X ! W

:
D we mean the map i� : W:

X ! Ri�W
:
D in Ddi¤ ðXÞ (which exists by the

funtoriality of the Du Bois complex).

Proof. We have to check that the short exact sequences (4), for variable p,

are compatible with the di¤erentials. Since the di¤erential of ~WW
:
X (resp. ~WW

:
D) is

induced by that of o:
X (resp. o:

D), and the maps ~WW p
X ! ~WWp

D are the natural maps
induced by the inclusion i : D ,! X , we just know that these commute with the
di¤erentials.

Moreover, since also the di¤erential of IMo
:
X is induced by that of o

:
X , we

can conclude that the maps IMo
p
X ,! ~WWp

X , for variable p A N, commute with the
di¤erentials. 9

3. De Rham Cohomology with compact supports

Let X be a log smooth log scheme whose underlying scheme is proper over
S. Let U ¼ Xtriv, D ¼ X �U , and iD : D ,! X , like in the previous section.

471on the ishida and du bois complexes



We have just seen there exists the exact sequence of complexes

0 ! IMo
:
X ! ~WW

:
X ! iD� ~WW

:
D ! 0:ð9Þ

So, in the category Ddi¤ðXÞ, we have an isomorphism between IMo
:
X and the

simple complex associated to ½~WW:
X ! iD� ~WW

:
D�, which we denote by s½~WW:

X ! ~WW
:
D�.

We note that the functor s½�� ¼ ‘‘associate simple complex’’ from Cdi¤ðXÞ into
Cdi¤ ðXÞ, sends filtered quasi-isomorphisms into filtered quasi-isomorphisms, and
so it is possible to derive it and get a functor s½�� : Ddi¤ ðXÞ ! Ddi¤ðXÞ in the
derived category. Therefore, we consider the simple complex s½W:

X ! W
:
D� in

Ddi¤ðXÞ. We note that there is an isomorphism in Ddi¤ðXÞ s½~WW:
X ! iD� ~WW

:
D�G

s½W:
X ! W

:
D�.

Now, we suppose that there exists a closed immersion of X inside a smooth
scheme P over S, and we consider the following closed immersions

D ,!iD X ,!i P

In [2, Definition 2.1], and [1, §1], there is a definition of De Rham cohomology
with compact supports of U , which is the following

H
:
DR; cðU=CÞ ¼ H

:ðX ; s½W:

P̂jjX ! iD�W
:

P̂jjD�Þ;
where P̂jjX and P̂jjD are the formal completions of P along the closed subschemes
X and D, respectively.

Now, by ([20, Theorem 1.5 and Corollary 1.6] and [21, Definition 3.2]), the
hyper-cohomology of the complex IMo

:
X is isomorphic to the analytic coho-

mology with compact supports of U an, H
:
cðU an;CÞ, and, by (9), IMo

:
X is iso-

morphic to s½~WW:
X ! ~WW

:
D�, in the derived category. So, since H

:
cðU an;CÞ is

isomorphic to the algebraic De Rham cohomology with compact supports of U ,
H

:
DR; cðU=CÞ, then we can give the following

Definition 3.1. We define the Algebraic De Rham cohomology with compact

supports of U as the hyper-cohomology of the simple complex s½~WW:
X ! ~WW

:
D�, i.e.

H
:
DR; cðU=CÞ :¼ H

:ðX ; s½~WW:
X ! ~WW

:
D�Þ;

where H
:ðX ; s½~WW:

X ! ~WW
:
D�ÞGH

:ðX ; s½W:
X ! W

:
D�Þ.

Remark 3.2. Definition 3.1 is more intrinsic, because it does not depend on
the choice of a closed immersion of X into a smooth scheme P over S.

3.1. Applications
We give some applications of the previous definition of algebraic De Rham

cohomology with compact supports.
A first simple example consists in a smooth and proper variety X over S,

with log structure given by a normal crossing divisor D ,! X . We consider
U ¼ Xtriv ¼ X �D. The De Rham cohomology with compact supports of U
can be calculate by using the complex of formal di¤erential forms s½W:

X ! W
:

X ĵjD�,
as in [1, Definition 1.2]. On the other hand, o

:
X ¼ W

:
X ðlog DÞ and IMo

:
X ¼
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IðDÞW:
X ðlog DÞ, where IðDÞ is the ideal of definition of D in OX . Then, we

have an exact sequence of complexes,

0 ! IðDÞW:
X ðlog DÞ ! W

:
X ! ~WW

:
D ! 0:

We can use the complex s½W:
X ! ~WW

:
D� to calculate H

:
DR; cðU=CÞ. Indeed, in this

case, the Ishida complex ~WW
:
D is easy to compute and it is isomorphic to the

complex of di¤erential forms ‘‘à la Sullivan’’, which is defined, for any p A N, as

~WW p
D ¼ Kerf�0�Wp

D0
!! e1�W

p
D1
g;

where D0 is the normalization of D, D1 ¼ D0 �D D0, ei : Di ! D, i ¼ 0; 1 (see [6,
Proposition 7.4]).

Other more interesting applications of Definition 3.1 can be given by log
smooth log schemes X over S, whose underlying schemes are proper and quasi-
smooth ([3, Definition 14.1]), namely whose all the local models for their toroidal
underlying schemes are associated with simplicial cones. For example, we con-
sider X to be the projectivization of the a‰ne cone C ¼ Vðxy� z2ÞHA3

C, which
has a toric singularity at the origin. Let U ¼ Xtriv. The divisor D ¼ X �U ¼
D1 UD2 consists of two quasi-smooth components D1, D2, which intersect quasi-
transversally. Locally at the origin, X is the toric variety associated to the
simplicial cone s ¼ ha1; a2iHR2, generated by a1 ¼ ð1; 2Þ and a2 ¼ ð1; 0Þ, i.e.
X ¼ Xs ¼ Spec C½s4VPgp� ¼ Spec C½P�, where P is the toric monoid associated
to s, and s4 is the dual cone of s, which is generated by m1 ¼ ð0; 1Þ and m2 ¼
ð2;�1Þ in R2. If m3 ¼ a2 ¼ ð1; 0Þ, we note that 2m3 ¼ m1 þm2 in P and Pgp is
free of rank 2.

If we follow the construction of algebraic De Rham cohomology with
compact supports of U given in [1], we need to consider a closed immersion of
X inside a smooth variety P over S and define H

:
DR; cðU=CÞ as the hyper-

cohomology of the complex s½W:

P̂jjX ! W
:

P̂jjD�, but we need to prove that this is

independent on the choice of P. On the other hand, by using Definition 3.1, we
can calculate H

:
DR; cðU=CÞ as the hypercohomology of the complex s½~WW:

X ! ~WW
:
D�.

In this case, ~WW
:
X G v�W

:
V , where V ¼ Xsmooth is the (classical) smooth locus of X

and v : V ,! X is the open immersion. Moreover, by using the Poincaré Residue
isomorphism given in [3, §15.7], we get an explicit description of the Ishida
complex ~WW

:
D in terms of the Ishida complexes of the quasi-smooth normal closed

subvarieties D1, D2 and D1 VD2.
Therefore, for a log smooth log scheme over S, whose underlying scheme is

proper and quasi-smooth, and the divisor D ¼ X � Xtriv consists of quasi-smooth
components D1; . . . ;DN , that intersect quasi-transversally, we have good descrip-
tions for ~WW

:
X and ~WW

:
D, so it is more convenient to use Definition 3.1 to calculate

H
:
DR; cðXtriv=CÞ instead of [1, Definition 1.2].
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