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AN OBSTRUCTION FOR CHERN CLASS FORMS

TO BE HARMONIC*

Shigetoshi Bando

Abstract

This is a publication of an old preprint which extended Futaki character to an

obstruction for Chern class forms to be harmonic. Although there were considerable

developments on the subject, this paper is presented ‘‘as was’’.

In his paper [1] Futaki gave a new obstruction to the existence of Einstein
Kähler metrics on compact complex manifolds of positive first Chern class.
Following Futaki’s construction, we show that the straightforward generalization
gives an obstruction of Chern forms to be harmonic.

Let M be an m-dimensional compact Kähler manifold, ds2 ¼ 2
P

gij dz
i5dz j

be a Kähler metric on M. Then its Kähler form o, connection form y, and
curvature form W are given as follows.

o ¼
ffiffiffiffiffiffiffi
�1

p X
gij dz

i5dz j;

y i
j ¼

X
gikqg

jk
;

W i
j ¼ dy i

j þ
X

y i
k5yk

j ¼ dyþ 1=2½y; y�:

Chern class forms ck with respect to the metric are defined by

det 1� t

2p
ffiffiffiffiffiffiffi
�1

p W

� �
¼
X

tkckðWÞ;

where t is a parameter.
Let JðMÞ be the Lie algebra of the group of the holomorphic transforma-

tions. Then each element of JðMÞ can be regarded as a vector field on M.
Although Futaki considered JðMÞ as a set of complex holomorphic vector fields,
we consider JðMÞ as a set of real vector fields. For d-closed real ðk; kÞ-form f,
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we denote its harmonic part by Hf, then there exists a real ðk � 1; k � 1Þ-form c
such that

f�Hf ¼
ffiffiffiffiffiffiffi
�1

p
qqc:

ln particular, there exists a real ðk � 1; k � 1Þ-form Fk such that

ck �Hck ¼
ffiffiffiffiffiffiffi
�1

p
qqFk:

We define a linear function fk on JðMÞ by

fkðXÞ ¼
ð
LXFk5om�kþ1 for X A JðMÞ;

where LX is the Lie di¤erentiation with respect to X .

Theorem 1. The function fk does not depend on the choice of Kähler metric,
provided the cohomology class ½o� of the Kähler form o is fixed. If M admits a
metric with harmonic k-th Chern class form ck, then fk vanishes.

If k ¼ 1 and ½o� is equal to the first Chern class, this is nothing but Futaki’s
main theorem. Calabi obtained the above theorem in the case of k ¼ 1. He
state it in terms of constancy of scalar curvature, which is equivalent to har-
monicity of first Chern class form (or Ricci form), but his proof is di¤erent from
ours. The last statement of the theorem is trivial, we only have to prove the
independence. First we show that fk is well-defined, namely independent of the
choice of Fk.

fkðXÞ ¼
ð
LXFk5om�kþ1

¼ �
ð
Fk5LXo

m�kþ1

¼ �ðm� k þ 1Þ
ð
Fk5om�k5LXo

There exists a real valued function v so that LXo ¼
ffiffiffiffiffiffiffi
�1

p
qqv, and

fkðX Þ ¼ �ðm� k þ 1Þ
ð
Fk5om�k5

ffiffiffiffiffiffiffi
�1

p
qqv

¼ �ðm� k þ 1Þ
ð ffiffiffiffiffiffiffi

�1
p

qqFk5om�k5v

¼ �ðm� k þ 1Þ
ð
ðck �HckÞ5om�k5v

Thus fk is well-defined. To prove the independence from metrics, it is
convenient to write fk in a di¤erent way.ð

LXFk5om�kþ1 ¼ ðm� k þ 1Þ
ð
LX ðFk5om�kÞ5o:
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Note that

ck5om�k �Hck5om�k ¼
ffiffiffiffiffiffiffi
�1

p
qqFk5om�k

Hck5om�k ¼ Hðck5om�kÞ ¼ const om:

and

det o� t

2p
ffiffiffiffiffiffiffi
�1

p W

� �
¼
X

tkck5om�k:

Thus denoting the invariant polynomial corresponding to the determinant by
P, we conclude that the theorem is equivalent to the following statement.

If we define f ðt;X Þ for X A JðMÞ in the following way, then f ðt;X Þ is
independent of the choice of the metric provided the Kähler class ½o� is fixed.

Let Ft be a ðm� 1;m� 1Þ-form so that

P o� t

2p
ffiffiffiffiffiffiffi
�1

p W

� �m� �
�HP o� t

2p
ffiffiffiffiffiffiffi
�1

p W

� �m� �
¼

ffiffiffiffiffiffiffi
�1

p
qqFt;

for instance,

Ft ¼
X

tkFk5om�k:

We define

f ðt;XÞ ¼
ð
LXFt5o:

Here again the choice of Ft does not matter because of the same reason as before.
Since the space of metrics with the fixed cohomology class is connected, to

prove the statement it is su‰cient to show the derivative of f as a function of
metrics is zero. It is easily seen that any infinitismal variation of the Kähler
form with fixed cohomology class is given by

ffiffiffiffiffiffiffi
�1

p
qqu with some real valued

function u on M. We denote the infinitismal variation of a tensor f which
depends on metrics by dfðuÞ. In a geodesic coordinate at each point,

dy i
j ðuÞ ¼ qui

j ¼ D 0ui
j ;

dW i
j ðuÞ ¼ dðdyÞ þ ½dy; y� ¼ Ddy ¼ DD 0ui

j ¼ D 00D 0ui
j ;

where ui
j ¼

P
u
jk
gki is given by raising indices of the complex Hessian of u, D

is covariant exterior di¤erentiation, and D 0, D 00 are its holomorphic and anti-
holomorphic parts.

df ðt;X ÞðuÞ ¼
ð
LX ðdFtÞðuÞ5oþ

ð
LXFt5doðuÞ

¼ �
ð
dFtðuÞ5LXoþ

ð
LXFt5

ffiffiffiffiffiffiffi
�1

p
qqu
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¼ �
ð
dFtðuÞ5

ffiffiffiffiffiffiffi
�1

p
qqvþ

ð
LXFt5

ffiffiffiffiffiffiffi
�1

p
qqu

¼ �
ð ffiffiffiffiffiffiffi

�1
p

qqdFtðuÞ5vþ
ð ffiffiffiffiffiffiffi

�1
p

qqLXFt5u

¼ �
ð
dð

ffiffiffiffiffiffiffi
�1

p
qqFtÞðuÞ5vþ

ð
LX ð

ffiffiffiffiffiffiffi
�1

p
qqFtÞ5u

¼ �
ð
dP o� t

2p
ffiffiffiffiffiffiffi
�1

p W

� �m� �
ðuÞ5v

þ
ð
dHP o� t

2p
ffiffiffiffiffiffiffi
�1

p W

� �m� �
ðuÞ5v

þ
ð
LXP o� t

2p
ffiffiffiffiffiffiffi
�1

p W

� �m� �
5u

�
ð
LXHP o� t

2p
ffiffiffiffiffiffiffi
�1

p W

� �m� �
5u

Here we used the fact that d and LX commute with q and q; for LX it is because X
is an infinitismal holomorphic transformation. By the definition of LX , it is easy
to see that if a tensor f is defined by the metric in a canonical way, LXf is nothing
but dfðvÞ, where v is a real valued function satisfying LXo ¼

ffiffiffiffiffiffiffi
�1

p
qqv. Hence,

df ðt;XÞðuÞ ¼ �
ð
dP o� t

2p
ffiffiffiffiffiffiffi
�1

p W

� �m� �
ðuÞ5v

þ
ð
dHP o� t

2p
ffiffiffiffiffiffiffi
�1

p W

� �m� �
ðuÞ5v

þ
ð
dP o� t

2p
ffiffiffiffiffiffiffi
�1

p W

� �m� �
ðvÞ5u

�
ð
dHP o� t

2p
ffiffiffiffiffiffiffi
�1

p W

� �m� �
ðvÞ5u

So what we have to prove is that the linearlizations of

P o� t

2p
ffiffiffiffiffiffiffi
�1

p W

� �m� �
and HP o� t

2p
ffiffiffiffiffiffiffi
�1

p W

� �m� �

are symmetric. Symmetry of HP o� t

2p
ffiffiffiffiffiffiffi
�1

p W

� �m� �
is easily seen, because

HP o� t

2p
ffiffiffiffiffiffiffi
�1

p W

� �m� �
¼ pðtÞom with a polynomial p which is independent of

o, thus dHP o� t

2p
ffiffiffiffiffiffiffi
�1

p W

� �m� �
ðuÞ ¼ pðtÞmom�15

ffiffiffiffiffiffiffi
�1

p
qqu ¼ pðtÞomhu, andÐ

pðtÞomhu5v is clearly symmetric.
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dP o� t

2p
ffiffiffiffiffiffiffi
�1

p W

� �m� �
ðuÞ

¼ mP o� t

2p
ffiffiffiffiffiffiffi
�1

p W

� �m�1

5 do� t

2p
ffiffiffiffiffiffiffi
�1

p dW

� �
ðuÞ

 !

¼ mP o� t

2p
ffiffiffiffiffiffiffi
�1

p W

� �m�1

5
ffiffiffiffiffiffiffi
�1

p
qqu� t

2p
ffiffiffiffiffiffiffi
�1

p D 00D 0ui
j

� � !

¼ �mP o� t

2p
ffiffiffiffiffiffiffi
�1

p W

� �m�1

5
ffiffiffiffiffiffiffi
�1

p
D 00D 0 u� t

2p
ui
j

� �� � !

¼ m
ffiffiffiffiffiffiffi
�1

p
qqP o� t

2p
ffiffiffiffiffiffiffi
�1

p W

� �m�1

5 u� t

2p
ui
j

� � !
;

where we used Do ¼ DW ¼ 0.ð
dP o� t

2p
ffiffiffiffiffiffiffi
�1

p W

� �m� �
ðuÞ5v

¼
ð
mP o� t

2p
ffiffiffiffiffiffiffi
�1

p W

� �m�1

5 u� t

2p
ui
j

� � !
5

ffiffiffiffiffiffiffi
�1

p
qqv

¼
ð
mP o� t

2p
ffiffiffiffiffiffiffi
�1

p W

� �m�1

5 u
ffiffiffiffiffiffiffi
�1

p
qqv� t

2p
ui
j

ffiffiffiffiffiffiffi
�1

p
qqv

� � !

¼
ð
mP o� t

2p
ffiffiffiffiffiffiffi
�1

p W

� �m�1

5ðu
ffiffiffiffiffiffiffi
�1

p
qqvÞ

 !

�
ð
mP o� t

2p
ffiffiffiffiffiffiffi
�1

p W

� �m�1
t

2p
ui
j

ffiffiffiffiffiffiffi
�1

p
qqv

� � !

Clearly the first term is symmetric in u and v, we want to prove that the
second term is symmetric, in fact we will show the integrand is symmetric. We
introduce some algebraic notations. Let E be a k-dimensional complex vector
space. For the tensor product of the exterior algebra over E, we define a wedge
product in the following way.

ðan bÞ5ðcn dÞ ¼ ða5cÞn ðb5dÞ for a; b; c; d A 5E;

and extend it linearly. We define the transpose tf of a element f of 5En5E
as follows.

tðan bÞ ¼ bn a for a; b A 5E;

and extend it linearly. Then we get that

tðf5cÞ ¼ tf5 tc; for f;c A 5En5E:
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We say that f A 5En5E is symmetric, if tf ¼ f. Using a non-
zero element n A 5k

E, we can identify 5k
E and 5k

En5k
E with C.

We apply the above notation for E ¼ T �
p M: complexified cotangent space

at each point p A M. We identify EndðTpMÞ (the space of endmorphisms of
holomorphic tangent space) with the space of ð1; 1Þ-forms in the following way.
In a local coordinate system

T i
j 7!

ffiffiffiffiffiffiffi
�1

p X
gk jT

k
i dzi5dz j:

For example the identity map is identified with o. We denote the obtained
form by the same letter T , then Tm ¼ detðT i

j Þom. Thus using the identification
52m

TpM ¼ C by the volume form,

Tm ¼ m! detðT i
j Þ

We apply this notation for o and W, then we get thatð
P o� t

2p
ffiffiffiffiffiffiffi
�1

p W

� �m�1

5ðui
j

ffiffiffiffiffiffiffi
�1

p
qqvÞ

 !

¼ 1=m!

ð
ono� t

2p
ffiffiffiffiffiffiffi
�1

p W

� �m�1

5ð
ffiffiffiffiffiffiffi
�1

p
qqun

ffiffiffiffiffiffiffi
�1

p
qqvÞ;

where the integrand in the right hand side is identified with a scalar and the
integral is taken over the volume form. Then

ono� t

2p
ffiffiffiffiffiffiffi
�1

p W

� �m�1

5ð
ffiffiffiffiffiffiffi
�1

p
qqun

ffiffiffiffiffiffiffi
�1

p
qqvÞ

¼
t

ono� t

2p
ffiffiffiffiffiffiffi
�1

p W

� �m�1

5ð
ffiffiffiffiffiffiffi
�1

p
qqun

ffiffiffiffiffiffiffi
�1

p
qqvÞ

" #

¼ ono� t

2p
ffiffiffiffiffiffiffi
�1

p W

� �m�1

5ð
ffiffiffiffiffiffiffi
�1

p
qqvn

ffiffiffiffiffiffiffi
�1

p
qquÞ;

where we used the fact that any scalar and W are symmetric. Thus we get that
the integrand is symmetric in u and v.

Next we prove a theorem which corresponds to the theorem 3.1 in [1].
Calabi also obtained it in the case k ¼ 1.

Theorem 2. Let f be a biholomorphic map which preserves the Kähler class
½o�. If we denote the pull back of a tensor T by f�T then

f ðt; f�X Þ ¼ f ðt;XÞ for x A JðMÞ:

Proof. Pulling back the equation which defines Ft, we find that f�1�Ft plays
the roll of Ft for the metric f�1�o. Because ½f�1�o� ¼ ½o�, and theorem 1,

f ðt;X Þ ¼
ð
LXf

�1�Ft5f�1�o ¼
ð
f�1� ðLf �XFt5oÞ ¼

ð
Lf �XFt5o ¼ f ðt; f�X Þ:
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Corollary 1. If X ;Y A JðMÞ, f ðt; ½X ;Y �Þ ¼ 0.

Proof. Let fs be the one parameter family of biholomorphic maps generated
by X , then fs preserves the Kähler class. Thus

f ðt; fs �Y Þ ¼ f ðt;YÞ:

Di¤erentiating in s, we get the desired result.

From now on we will deal with more than one manifold, thus when we
want to make clear which manifold is considered, we will write explicitly. Define
pðt;MÞ as

pðt;MÞ ¼
ð
P o� t

2p
ffiffiffiffiffiffiffi
�1

p W

� �m� �
¼
ð
HP o� t

2p
ffiffiffiffiffiffiffi
�1

p W

� �m� �
;

which depends only on ½o�. Let N be another compact Kähler manifold of
dimension n. For M �N we assign a Kähler form oM þ oN , where oM , oN are
the Kähler forms of M, N, respectively.

Theorem 3.

f ðt;X ;M �NÞ ¼ f ðt;XM ;MÞpðt;NÞ þ pðt;MÞ f ðt;XN ;NÞ;

for X A JðM �NÞ ¼ JðMÞ � JðNÞ, where XM , XN mean JðMÞ, JðNÞ components
of X , respectively.

Proof.

det oM�N � t

2p
ffiffiffiffiffiffiffi
�1

p WM�N

� �
¼ det oM � t

2p
ffiffiffiffiffiffiffi
�1

p WM

� �
� det oN � t

2p
ffiffiffiffiffiffiffi
�1

p WN

� �
:

det oM�N � t

2p
ffiffiffiffiffiffiffi
�1

p WM�N

� �
�H det oM�N � t

2p
ffiffiffiffiffiffiffi
�1

p WM�N

� �

¼ det oM � t

2p
ffiffiffiffiffiffiffi
�1

p WM

� �
�H det oM � t

2p
ffiffiffiffiffiffiffi
�1

p WM

� �� �

� det oN � t

2p
ffiffiffiffiffiffiffi
�1

p WN

� �
þH det oM � t

2p
ffiffiffiffiffiffiffi
�1

p WM

� �

� det oN � t

2p
ffiffiffiffiffiffiffi
�1

p WN

� �
�H det oN � t

2p
ffiffiffiffiffiffiffi
�1

p WN

� �� �

¼
ffiffiffiffiffiffiffi
�1

p
qq FtðMÞ det oN � t

2p
ffiffiffiffiffiffiffi
�1

p WN

� �
þH det oM � t

2p
ffiffiffiffiffiffiffi
�1

p WM

� �
FtðNÞ

� �
:

FtðM �NÞ ¼ FtðMÞ det oN � t

2p
ffiffiffiffiffiffiffi
�1

p WN

� �
þH det oM � t

2p
ffiffiffiffiffiffiffi
�1

p WM

� �
FtðNÞ:
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f ðt;X ;M �NÞ ¼
ð
LXFtðM �NÞ5oM�N

¼ �
ð
FtðMÞ det oN � t

2p
ffiffiffiffiffiffiffi
�1

p WN

� �
5LXoM�N

�
ð
H det oM � t

2p
ffiffiffiffiffiffiffi
�1

p WM

� �
5FtðNÞ5LXoM�N :

For example, if X ¼ XM , LXoM�N ¼ LX ðoM þ oNÞ ¼ LXoM ¼
ffiffiffiffiffiffiffi
�1

p
qqv

with a real function v on M, the second term vanishes, and using the Fubini’s
theorem,

f ðt;X ;M �NÞ ¼
ð
FtðMÞ5LXoM

ð
det oN � t

2p
ffiffiffiffiffiffiffi
�1

p WN

� �
¼ f ðt;X ;MÞpðt;NÞ:

Similarly for X ¼ XN .

Theorem 3 corresponds to the theorem 3.4 in [1]. For a Kähler manifold M
with a Kähler form oM , let us define lM, l > 0 as the same manifold with the
Kähler form loM .

Theorem 4.
f ðt;X ; lMÞ ¼ lmþ1f ðt=l;X ;MÞ;

pðt; lMÞ ¼ lmpðt=l;MÞ;

Proof. Because WlM ¼ WM .

Theorem 5. fk is non-trivial obstruction, that is there exist a Kähler manifold
M and Kähler class such that fk is not identically zero.

Proof. Let us redefine fk as the tk coe‰cient of f ðt;X ;MÞ, which is di¤erent
from the previous one only by some non-zero constant. As Futaki showed, there
exists a Kähler manifoldM which has non-trivial f1. We considerM � lPn, where
Pn is the projective space with the Fubini-Study metric. Then for X A JðMÞ,

f ðt;X ;M � lPnÞ ¼ f ðt;X ;MÞlnpðt=l;PnÞ;

fkðX ;M � lPnÞ ¼
X

fiðX ;MÞpk�il
n�kþi;

where pi are the coe‰cients of pðt;PnÞ which is non-zero. Since f1ðX ;MÞ is not
identically zero, we get that for some l, fkðX ;M � lPnÞ is not zero.
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