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HERMITIAN MANIFOLDS WITH FLAT ASSOCIATED CONNECTION

G. Ganchev and O. Kassabov

Abstract

A local classification of the Hermitian manifolds with flat associated connection is

given. Hermitian manifolds admitting locally a conformal metric with flat associated

connection are characterized by a curvature identity. Locally conformal Kähler mani-

folds as well as Hermitian surfaces with vanishing associated conformal curvature

tensor are characterized as locally conformal to a Kähler manifold of constant holo-

morphic sectional curvatures.

1. Introduction

Let ðM; g; JÞ be a Hermitian manifold with metric g and complex struc-
ture J.

One of the characterizations of the Chern connection D on a Hermitian
manifold is that the Chern connection is the unique natural connection ðDg ¼
DJ ¼ 0Þ with torsion T so that the symmetric connection D� 1

2T is complex.
In this paper we prove that any symmetric connection ‘ on a complex

(Hermitian) manifold admits a unique symmetric complex connection ~‘‘ so that
for any two holomorphic vector fields X ;Y the vector field ~‘‘XY coincides with
the ð1; 0Þ-part of ‘XY . We call the connection ~‘‘ associated with ‘.

If ‘ is the Levi-Civita connection on a Hermitian manifold, then it follows
that the associated connection ~‘‘ is the symmetric complex connection D� 1

2T .
In Theorem 3.1 we precise the conditions under which a given complex

symmetric connection is holomorphically projectively flat in dimension 4.
Using the fact that a Hermitian manifold with flat associated connection ~‘‘

admits locally special holomorphic coordinates in which the local components of
~‘‘ are zero, we obtain a local classification of these manifolds. Namely, the local
components of the metric with respect to special holomorphic coordinates are
found in Theorem 5.2.

In Section 6 we show that any conformal transformation of the metric g
induces locally a holomorphically projective transformation (with closed 1-form)
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of the symmetric complex connection ~‘‘ and vice versa. Then the holomor-
phically projective tensor PH of the connection ~‘‘ gives rise to the associated
conformal curvature tensor ~WW which is a conformal invariant.

In Theorem 6.4 we give the following geometric interpretation of the con-
dition ~WW ¼ 0 in the class of locally conformal Kähler manifolds:

Let ðM; g; JÞ ðdim M ¼ 2nb 6Þ be a locally conformal Kähler manifold with
associated conformal curvature tensor ~WW. Then the following conditions are equiv-
alent:

(i) ~WW ¼ 0;
(ii) ~WW l

abg
¼ 0;

(iii) there exists locally a conformal metric with flat associated connection;
(iv) the metric g is locally conformally equivalent to a Kähler metric of con-

stant holomorphic sectional curvatures.
In Theorem 6.7 we characterize the Hermitian surfaces with vanishing asso-

ciated conformal curvature tensor:
Let ðM; g; JÞ be a Hermitian surface with associated conformal curvature

tensor ~WW. Then the following conditions are equivalent:
(i) ~WW ¼ 0;
(ii) there exists locally a conformal metric with flat associated connection;
(iii) the metric g is locally conformally equivalent to a Kähler metric of con-

stant holomorphic sectional curvatures.
In Example 1 (Example 2) we give conformal Kähler metrics with flat asso-

ciated connection.

2. Symmetric connections on a complex manifold

Let ðM; JÞ be a complex manifold with complex structure J. The tangent
space to M at a point p A M and its complexification are denoted by TpM and
TC
p M, respectively. By XM and XCM we denote the algebras of real and

complex di¤erentiable vector fields on M, respectively. The complex structure J
generates the standard splittings

TC
p M ¼ T 1;0

p MlT 0;1
p M; XCM ¼ X1;0MlX0;1M:

If dimC M ¼ n and z1; . . . ; zn are local holomorphic coordinates in a neighbor-

hood U , then the vector fields qa ¼ q=qza, a ¼ 1; . . . ; n (resp. qa ¼ q=qza, a ¼
1; . . . ; n) form a basis for T 1;0

p M (resp. T 0;1
p M) at any point p A U .

In what follows Greek indices a; b; g; . . . run from 1 to n, while Latin indices
i; j; k; . . . run from 1 to 2n.

Throughout the whole paper the standard summation convention is assumed.
Let ‘ be an arbitrary symmetric connection on M. Then the condition that

ðM; JÞ is a complex manifold is equivalent to the identity

ð‘XJÞJY þ ð‘JXJÞY ¼ ð‘YJÞJX þ ð‘JYJÞX ; X ;Y A XM:ð2:1Þ

The aim of this section is to prove the following statement.
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Proposition 2.1. Let ‘ be a symmetric connection on a complex manifold

ðM; JÞ. Then there exists a unique symmetric complex connection ~‘‘ on M, sat-
isfying the condition:

~‘‘XY ¼ ð‘XYÞ1;0; X ;Y A X1;0M:

Proof. Any symmetric connection ~‘‘ on M is determined by the equality

~‘‘XY ¼ ‘XY þQðX ;YÞ; X ;Y A XM;

where Q is a symmetric tensor. Since ~‘‘ is complex, then we have

JQðX ;Y Þ �QðX ; JYÞ ¼ ð‘XJÞY
or in local holomorphic coordinates

Q
g

ab
¼ � i

2
‘aJ

g

b
; Q

g
ab ¼

i

2
‘aJ

g
b:ð2:2Þ

The first equality of (2.2) is equivalent to the next one

QðX ;Y Þ þQðJX ; JY Þ ¼ ð‘XJÞJY � ð‘JYJÞX ;ð2:3Þ

while the second equality of (2.2) is equivalent to the following one

QðX ;YÞ �QðJX ; JYÞ þ JQðJX ;YÞ þ JQðX ; JYÞ ¼ ð‘XJÞJY þ ð‘JXJÞY :ð2:4Þ

Let X ;Y A X1;0M. Then the condition ~‘‘XY ¼ ð‘XYÞ1;0 is equivalent to
the identity

QðX ;Y Þ �QðJX ; JY Þ � JQðJX ;Y Þ � JQðX ; JY Þ ¼ 0:ð2:5Þ
Now (2.3), (2.4) and (2.5) imply that

QðX ;Y Þ ¼ 1

4
f2ð‘XJÞJY þ ð‘YJÞJX � ð‘JYJÞXg:

Because of (2.1) the tensor Q is symmetric.

Hence, the connection ~‘‘ is determined by

~‘‘XY ¼ ‘XY þ 1

4
fð2ð‘XJÞJY þ ð‘YJÞJX � ð‘JYJÞXg:ð2:6Þ

An immediate verification shows that the connection (2.6) satisfies the con-
ditions of the proposition. QED

We call the connection ~‘‘ from Proposition 2.1 associated with ‘.
The local components of the symmetric connection ‘ satisfy the equalities

G
g
ab ¼ � i

2
‘aJ

g
b ; G

g

ab
¼ i

2
‘aJ

g

b
:

Hence the local components of the associated connection satisfy the conditions
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~GGg
ab ¼ 0; ~GGg

ab
¼ 0:

Then the essential components of the associated connection ~‘‘ (i.e. those that may
not be zero) are:

~GGg
ab ¼ G

g
ab:

An application to the Riemannian connection on a Hermitian manifold.
Let ðM; g; JÞ be a Hermitian manifold. It is well known that Hermitian

manifolds are characterized in terms of the Levi-Civita connection ‘ of the metric
g by the following identity (e.g. [4])

ð‘JXJÞY ¼ Jð‘XJÞY ; X ;Y A XM;

which is equivalent to the identity

‘aJ
g
b ¼ 0

in local holomorphic coordinates. Then the equality (2.6) reduces to

~‘‘XY ¼ ‘XY þ 1

2
fð‘XJÞJY þ ð‘YJÞJXg:ð2:7Þ

Another approach to the connection ~‘‘ has been used in [1, 2]. Let D be
the Hermitian (Chern) connection of the manifold ðM; g; JÞ and T be its torsion
tensor. By using the relation between ‘ and D, it follows that

~‘‘ ¼ D� 1

2
T ;

i.e. ~‘‘ is the unique symmetric connection having the same geodesics with the
same a‰ne parameter as the Hermitian connection D.

The associated connection has been studied from the point of view of its
a‰ne group of transformations in [1]. Hermitian manifolds with flat associated
connection have been treated in [3] with respect to their complex holomorphic
sectional curvatures. Hermitian manifolds with flat associated connection satis-
fying the Einstein condition with respect to the Hermitian curvature have been
investigated in [2].

3. A note on the holomorphically projective curvature tensor

Let ðM; J; ~‘‘Þ ðdim M ¼ 2nb 4Þ be a complex manifold with complex struc-
ture J and complex symmetric connection ~‘‘. The curvature tensor of ~‘‘ and its
Ricci tensor are denoted by ~RR and ~rr, respectively. If ~‘‘ 0 is a complex symmetric

connection on M with the same holomorphic planar curves as ~‘‘, then [5]

~‘‘ 0
XY ¼ ~‘‘XY þ oðX ÞY þ oðY ÞX � oðJX ÞJY � oðJY ÞJX ; X ;Y A XMð3:1Þ

for some 1-form o on M.
A transformation of ~‘‘ onto ~‘‘ 0 given by (3.1) is called a holomorphically

projective transformation of ~‘‘.
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The tensor

PHðX ;Y ÞZ ¼ ~RRðX ;Y ÞZ � PðY ;ZÞX þ PðX ;ZÞYð3:2Þ
þ fPðX ;Y Þ � PðY ;XÞgZ þ PðY ; JZÞJX
� PðX ; JZÞJY � fPðX ; JYÞ � PðY ; JX ÞgJZ;

where

PðX ;YÞ ¼ 1

4ðn2 � 1Þ fð2n� 1Þ~rrðX ;Y Þþ ~rrðY ;XÞ � ~rrðJX ; JYÞ� ~rrðJY ; JXÞgð3:3Þ

is called the holomorphically projective curvature tensor.
If P 0

H is the corresponding holomorphically projective tensor associated with
~‘‘ 0, then P 0

H ¼ PH [6].
The complex manifold ðM; J; ~‘‘Þ is said to be holomorphically projectively

flat if there exists a 1-form o, so that the connection ~‘‘ 0 is flat, i.e. its curvature
tensor ~RR 0 ¼ 0. Therefore, if ðM; J; ~‘‘Þ is holomorphically projectively flat, then
its holomorphically projective tensor PH ¼ 0.

The inverse problem is treated in [6] and [7] as follows:
Let the holomorphically projective tensor, given by (3.2) and (3.3) vanish

identically. To find a 1-form o, so that the corresponding connection ~‘‘ 0 (3.1) is
flat, is equivalent to solving the equation

ð‘XoÞðY Þ � oðXÞoðY Þ þ oðJXÞoðJYÞ ¼ PðX ;YÞ;ð3:4Þ
with respect to o, P being given by (3.3).

Since the integrability conditions for the system (3.4) are

ð‘XPÞðY ;ZÞ ¼ ð‘YPÞðX ;ZÞ; X ;Y ;Z A XM;ð3:5Þ
the main point is to prove that the condition PH ¼ 0 implies (3.5). Applying the
second Bianchi identity to both sides of (3.2) and taking the two possible con-
tractions in the resulting equality, it follows that

ð‘XPÞðY ;ZÞ � ð‘YPÞðX ;ZÞ þ ð‘YPÞðZ;X Þð3:6Þ
� ð‘ZPÞðY ;XÞ þ ð‘ZPÞðX ;YÞ � ð‘XPÞðZ;Y Þ ¼ 0

and

ð2n� 1Þ½ð‘XPÞðY ;ZÞ � ð‘YPÞðX ;ZÞ�ð3:7Þ
þ ð‘XPÞðJY ; JZÞ � ð‘JYPÞðX ; JZÞ
þ ð‘JXPÞðY ; JZÞ � ð‘YPÞðJX ; JZÞ
� ð‘YPÞðJZ; JX Þ þ ð‘JZPÞðY ; JXÞ
� ð‘JZPÞðX ; JY Þ þ ð‘XPÞðJZ; JYÞ ¼ 0:

Here we precise the exact corollaries from the above equalities concerning
the components of the tensor ð~‘‘XPÞðY ;ZÞ � ð~‘‘YPÞðX ;ZÞ with respect to local
holomorphic coordinates. From (3.6) and (3.7) we obtain
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ðn� 2Þð~‘‘aPbg � ~‘‘bPagÞ ¼ 0;

ðnþ 1Þð~‘‘aPbg � ~‘‘bPagÞ ¼ 0;

ðn� 1Þð~‘‘aPbg
� ~‘‘

b
PagÞ ¼ 0:

ð3:8Þ

Hence, the condition PH ¼ 0 implies (3.5) in dim M ¼ 2nb 6.
Taking into account (3.8), we obtain the following statement in dim M ¼ 4.

Theorem 3.1. Let ðM; J; ~‘‘Þ be a complex surface with complex symmetric

connection ~‘‘. Then ðM; J; ~‘‘Þ is holomorphically projectively flat if and only if:

PH ¼ 0 and ~‘‘aPbg � ~‘‘bPag ¼ 0:

Finally we consider the holomorphically projective transformations (3.1) with
closed 1-form o. We call them special holomorphically projective transforma-
tions. Since the 1-form o is closed, then the tensor

ð‘XoÞY � oðXÞoðY Þ þ oðJXÞoðJYÞ
is symmetric and the relation between the the tensors PðX ;YÞ and P 0ðX ;Y Þ
implies that P 0ðX ;Y Þ � P 0ðY ;X Þ ¼ PðX ;Y Þ � PðY ;X Þ. From here and (3.3) it
follows that the tensor

~rrðX ;YÞ � ~rrðY ;XÞ; X ;Y A XMð3:9Þ
is an invariant of the special holomorphically projective transformations.

Let us denote ~SSðX ;Y Þ ¼ 1
2 f~rrðX ;YÞ þ ~rrðY ;X Þg. Then the tensor

P0
HðX ;YÞZ ¼ ~RRðX ;YÞZ � P0ðY ;ZÞX þ P0ðX ;ZÞYð3:10Þ

þ P0ðY ; JZÞJX � P0ðX ; JZÞJY

� fP0ðX ; JYÞ � P0ðY ; JXÞgJZ;

where

P0ðX ;YÞ ¼ 1

2ðn2 � 1Þ fn
~SSðX ;YÞ � ~SSðJX ; JYÞgð3:11Þ

is an invariant of the special holomorphically projective transformations.
The invariance of the tensor given by (3.10) is equivalent to the invariance of

both tensors given by (3.2) and (3.9).

4. Relations between the basic linear connections on a Hermitian
manifold

In this section we consider the relations between the connections and their
curvatures, which we deal with in the next.

Let ðM; g; JÞ be a Hermitian manifold with fundamental form

FðX ;YÞ ¼ gðJX ;YÞ; X ;Y A XM:
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The tensor

F ðX ;Y ;ZÞ ¼ gðð‘XJÞY ;ZÞ ¼ ð‘XFÞðY ;ZÞ; X ;Y ;Z A XM

gives the deviation of Hermitian geometry from Kähler geometry. The essential
components of F with respect to local holomorphic coordinates are

Fgab ¼ ‘gFab ¼ qaFbg � qbFag:ð4:1Þ
The Lee form of the Hermitian structure ðg; JÞ at a point p A M is given by

yðXÞ ¼ �F ðei; JX ; ejÞgij; X A XM;

where feig i ¼ 1; . . . ; 2n is an arbitrary basis at p and ðgijÞ is the inverse of the
matrix ðgijÞ ¼ ðgðei; ejÞÞ. In local holomorphic coordinates the defining equality
for y has the form

ya ¼ �iglmFmal;ð4:2Þ
where ðglmÞ is the inverse of the matrix ðglmÞ.

In this paper we deal with the following linear connections on ðM; g; JÞ.
1) The Levi-Civita connection ‘
The local components GC

AB of ‘ satisfy the following relations:

G
g
ab ¼ ‘aJ

g
b ¼ 0; G

g

ab
¼ i

2
F
abs

ggs:ð4:3Þ

There are no conditions for the components G
g
ab of ‘.

The Riemannian curvature tensor R is defined by

RðX ;YÞZ ¼ ‘X‘YZ � ‘Y‘XZ � ‘½X ;Y �Z; X ;Y ;Z A XM

and the corresponding curvature tensor of type ð0; 4Þ is given by

RðX ;Y ;Z;UÞ ¼ gðRðX ;Y ÞZ;UÞ; X ;Y ;Z;U A XM:

The curvature tensor R has two types of essential local components:

Rl

abg
ðor R

abgd
¼ Rl

abg
g
ld
Þ and Rl

abg ðor R
abgd

¼ Rl
abggldÞ:

The two Ricci tensors with respect to R at any point p A M are defined by

rðY ;ZÞ ¼ gijRðei;Y ;Z; ejÞ; r�ðY ;ZÞ ¼ gijRðei;Y ; JZ; JejÞ;
where feig i ¼ 1; . . . ; 2n is an arbitrary basis of the tangent space at p. In local
holomorphic coordinates these tensors satisfy the conditions:

rbg ¼ rgb; rbg ¼ rgb;

r�
bg ¼ r�

gb; r�
bg ¼ �r�

gb:

Further we need the trace Ra
abg, which is

Ra
abg ¼

1

2
ðrbg þ r�

bgÞ:ð4:4Þ
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Applying the Ricci identity to the derivations of the fundamental form F we
find

‘g‘d
Fab � ‘

d
‘gFab ¼ 2iR

abgd
:

Then, by virtue of (4.3) we obtain

2iR
abgd

¼ ‘gFdab
� i

2
F
dgl

Fmabg
lm:

After a contraction the last equality, (4.2) and (4.4) imply

Ra
abg ¼

1

2
ðrbg þ r�

bgÞ ¼ � 1

2
‘gyb �

1

4
F
dgl

Fmabg
lm:

Hence

Ra
abg þ Ra

agb ¼ rbg;

Ra
abg � Ra

agb ¼ r�
bg ¼

1

2
ð‘byg � ‘gybÞ ¼

1

2
dybg:

ð4:5Þ

2) The associated connection ~‘‘
According to (2.7), the only essential components of the associated con-

nection ~‘‘ are

~GGg
ab ¼ G

g
ab:ð4:6Þ

We denote the curvature tensor of ~‘‘ by ~RR. This curvature tensor has two types
of essential local components:

~RRl
abg ¼ qaG

l
bg � qbG

l
ag þ Gs

bgG
l
sa � Gs

agG
l
sb ¼ Rl

abg;

~RRl

abg
¼ �q

b
Gl
ag:

ð4:7Þ

The Ricci tensor ~rrðX ;YÞ with respect to the associated curvature tensor ~RR is
introduced in the standard way:

~rrðY ;ZÞ ¼ gij ~RRðei;Y ;Z; ejÞ:
3) The Hermitian (Chern) connection D
This connection is the unique complex metric connection ðDJ ¼ Dg ¼ 0Þ

with torsion tensor T satisfying the property

TðJX ; JY Þ ¼ �TðX ;Y Þ; X ;Y A XM:

The only essential local components D
g
ab of D satisfy the relation

D
g
ab ¼ G

g
ab þ

1

2
T

g
abð4:8Þ

and the essential local components of the torsion tensor are given by

T
g
ab ¼ ggsðqagbs � qbgasÞ:ð4:9Þ
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In view of (4.9) and (4.1) the equality (4.2) becomes

ya ¼ T s
as:ð4:10Þ

Denoting by K the curvature tensor of D, we have the following essential
local components of K :

K l

abg
¼ �q

b
Dl

ag:ð4:11Þ

The Ricci tensor s associated with the Hermitian curvature tensor K is
defined in a standard way [2]:

sðX ;YÞ ¼ gijKðei;X ;Y ; ejÞ;

or in local holomorphic coordinates

s
bg

¼ K a

abg
:

Taking into account (4.11), the relation

K l

abg
� K l

gba
¼ �D

b
T l
ag

implies that

s
gb
� s

bg
¼ dy

gb
:ð4:12Þ

From (4.6) and (4.8) it follows that

~GGl
ab ¼

1

2
ðDl

ab þDl
baÞ

and

~RRl

abg
¼ 1

2
ðK l

abg
þ K l

gba
Þ:ð4:13Þ

Taking into account (4.7), (4.5), (4.12) and (4.13) we obtain the relations
between the Ricci tensor ~rr and the basic tensors of type ð0; 2Þ:

~rrab ¼
1

2
ðrab þ r�

abÞ;

~rrab þ ~rrba ¼ rab;

~rrab � ~rrba ¼ r�
ab ¼

1

2
dyab;

~rr
ab

� ~rr
ba

¼ 1

2
ðs

ab
� s

ba
Þ ¼ 1

2
dy

ab
:

ð4:14Þ

From (4.14) it follows that

~rrðX ;YÞ � ~rrðY ;X Þ ¼ 1

2
dyðX ;Y Þ; X ;Y A XM:ð4:15Þ
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5. A local description of Hermitian manifolds with flat associated
connection

In this section we study the class of Hermitian manifolds with flat associated
connection ~‘‘.

Let ~GGg
ab ¼ G

g
ab be the essential components of ~‘‘ with respect to the local

holomorphic coordinates z1; . . . ; zn. The classical problem to find new holomor-
phic coordinate functions wa ¼ waðz1; . . . ; znÞ, a ¼ 1; . . . ; n satisfying the condi-

tion that the components of ~‘‘ with respect to w1; . . . ;wn are zero (or
q

qwa
are

parallel with respect to ~‘‘) leads to the geometric system of PDE

q2wg

qzaqzb
¼ Gs

ab

qwg

qzs
:ð5:1Þ

This system is completely integrable if ~RR ¼ 0, i.e. if

Rl
abg ¼ 0; q

b
Gl
ag ¼ 0:ð5:2Þ

Thus we have the standard statement

Lemma 5.1. Let ðM; g; JÞ be a Hermitian manifold with flat associated
connection ~‘‘. Then any point p A M has a neighborhood with holomorphic co-
ordinates z1; . . . ; zn satisfying the condition

~GGg
ab ¼ G

g
ab ¼ 0:

We call the local holomorphic coordinates from Lemma 5.1 special holo-
morphic coordinates.

The aim of this section is to describe locally the Hermitian manifolds sat-
isfying (5.2).

According to Lemma 5.1 (5.2) implies that Gs
abgsg ¼ 0, or

qagbg þ qbgag ¼ 0ð5:3Þ

with respect to special holomorphic coordinates.
Further we consider the derivative qaqbggd in special holomorphic coor-

dinates. Since this derivative is symmetric in ða; bÞ and skew symmetric in ðb; gÞ,
then we have

qaqbggd ¼ �qaqggbd ¼ �qgqagbd ¼ qgqbgad

¼ qbqggad ¼ �qbqaggd ¼ �qaqbggd:

Hence

qaqbggd ¼ 0 ðand qaqbggd ¼ 0Þ:ð5:4Þ

On the other hand the derivative qaqbggd has the following symmetries

qaqbggd ¼ q
b
qaggd ¼ qaqbgdg:
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Now we can prove the basic statement in this section.

Theorem 5.2. Let ðM; g; JÞ be a Hermitian manifold with flat associated
connection. Then in special holomorphic coordinates z1; . . . ; zn the metric g has
the following form

g
ab

¼ a
ablm

zlzm þ b
abl

zl þ b
abm

zm þ h
ab
;

where a
ablm

, b
abl

, b
abm

and h
ab

are constants.

Proof. As a corollary of (5.4) we have

g
ab

¼ A
abl

ðz1; . . . ; znÞzl þ B
ab
ðz1; . . . ; znÞ;ð5:5Þ

for some anti-holomorphic functions A
abl

, B
ab

and

g
ab

¼ A 0
abm

ðz1; . . . ; znÞzm þ B 0
ab
ðz1; . . . ; znÞ;ð5:6Þ

for some holomorphic functions A 0
abm

, B 0
ab
.

Di¤erentiating (5.5) and (5.6) we get

q
d
g
ab

¼ q
d
A

abl
ðz1; . . . ; znÞzl þ q

d
B
ab
ðz1; . . . ; znÞ

¼ A 0
abd

ðz1; . . . ; znÞ;

qggab ¼ A
abg

ðz1; . . . ; znÞ

¼ qgA
0
abm

ðz1; . . . ; znÞzm þ qgB
0
ab
ðz1; . . . ; znÞ:

These equalities imply q
d
A

abg
¼ qgA

0
abd

¼ const, q
d
B
ab

¼ const, qgB
0
ab

¼ const.
Putting

a
abgd

¼ q
d
A

abg
¼ qgA

0
abd

¼ const;

b
abd

¼ q
d
B
ab

¼ const;

b
abg

¼ qgB
0
ab

¼ const

we obtain

g
ab

¼ a
ablm

zlzm þ b
abm

zm þ C
ab
ðz1; . . . ; znÞ

for some holomorphic functions C
ab

and similarly

g
ab

¼ a
ablm

zlzm þ b
abl

zl þ C 0
ab
ðz1; . . . ; znÞ

for some anti-holomorphic functions C 0
ab
. These equalities give that

C
ab

¼ b
abl

zl þ h
ab
;

where h
ab

¼ const.
Hence

g
ab

¼ a
ablm

zlzm þ b
abl

zl þ b
abm

zm þ h
ab
: QED
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The constants in the above theorem determine the tensors aijkl , bijk and hij at
the initial point with the following properties:

a
abgd

¼ a
bagd

¼ a
abdg

¼ �a
gbad

¼ �a
adgb

;

b
abg

¼ b
bag

¼ �b
gba

; b
abd

¼ b
bad

¼ �b
adb

;

h
ab

¼ h
ba
:

6. Conformal invariants with respect to the associated curvature tensor

In this section we study the relation between the conformal transformations
of the metric of a Hermitian manifold and the holomorphically projective trans-
formations of the associated connection. We prove that some holomorphically
projective invariants can be considered as conformal invariants.

Let ðM; g; JÞ be a Hermitian manifold and g 0 ¼ e2ug be a conformal metric
on M determined by the Cy-function u on M. It is well known that the
corresponding Lee forms y and y 0 of the Hermitian structures ðg; JÞ and ðg 0; JÞ
are related as follows:

y 0 ¼ yþ 2ðn� 1Þ du:
Hence dy is a conformal invariant, i.e. dy 0 ¼ dy.

If ‘ 0 is the Levi-Civita connection of the metric g 0 and ~‘‘ 0 is the connection
associated with ‘ 0, then because of (4.7) we have

~GG 0l
ab ¼ G 0l

ab ¼ Gl
ab þ uad

l
b þ ubd

l
a ¼ ~GGl

ab þ uad
l
b þ ubd

l
a ;ð6:1Þ

where dba are the Kronecker’s deltas and ua ¼ duðq=qzaÞ.
This equality shows that the conformal transformation g 0 ¼ e2ug of the

metric g generates the holomorphically projective transformation (6.1) of the
associated connection ~‘‘ with closed 1-form ð2o ¼ duÞ, i.e. a special holomor-
phically projective transformation in the sense of Section 3.

Conversely, let

~GG 0l
ab ¼ ~GGl

ab þ 2oad
l
b þ 2obd

l
að6:2Þ

be a special holomorphically projective transformation of ~‘‘. There exists locally
a function u so that 2o ¼ du. Then the conformal change g 0 ¼ e2ug of the metric
g generates the given special holomorphically projective transformation (6.2) of the
associated connection ~‘‘. Hence, the special holomorphically projective transfor-
mation (6.2) determines locally (up to a homothety) a conformal change g 0 ¼ e2ug.

Thus we have the following statement.

Proposition 6.1. Every conformal transformation g 0 ¼ e2ug of the metric g
of a Hermitian manifold generates a special holomorphically projective transfor-
mation (3.1) of the associated connection ~‘‘ and vice versa, every special holomor-
phically projective transformation (3.1) of ~‘‘ generates locally a conformal change
g 0 ¼ e2ug of the metric g.
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Now we study conformal invariants with respect to the associated connection
~‘‘, by using their relation to the corresponding special holomorphically projective
invariants.

Taking into account (3.9), (3.10), (3.11) and Proposition 6.1 we obtain the
following statement.

Proposition 6.2. Let ðM; g; JÞ ðdim M ¼ 2nb 4Þ be a Hermitian manifold

with associated curvature tensor ~RR. If ~SSðX ;YÞ ¼ ~rrðX ;Y Þ þ ~rrðY ;XÞ
2

, then the
tensors

~WWðX ;Y ÞZ ¼ ~RRðX ;YÞZ

� n

2ðn2 � 1Þ f
~SSðY ;ZÞX � ~SSðX ;ZÞY � ~SSðY ; JZÞJX þ ~SSðX ; JZÞJYg

þ 1

2ðn2 � 1Þ f
~SSðJY ; JZÞX � ~SSðJX ; JZÞY

þ ~SSðJY ;ZÞJX � ~SSðJX ;ZÞJYg

� 1

2ðnþ 1Þ f
~SSðX ; JY ÞJZ � ~SSðJX ;Y ÞJZg

and

~rrðX ;YÞ � ~rrðY ;X Þ

are conformal invariants.

We call the tensor ~WW from Proposition 6.2 the associated conformal curvature
tensor.

The associated conformal curvature tensor ~WW has two types of components
with respect to local holomorphic coordinates:

~WW l
abg ¼ ~RRl

abg �
1

n� 1

~rrbg þ ~rrgb
2

dla �
~rrag þ ~rrga

2
dlb

� �

~WW l

abg
¼ ~RRl

abg
� 1

nþ 1

~rr
ab

þ ~rr
ba

2
dlg þ

~rr
gb
þ ~rr

bg

2
dla

� �
:

ð6:3Þ

The components ~WW l
abg and ~WW l

abg
give rise to two tensors, which are again con-

formal invariants.
The usual Weyl conformal curvature tensor W of the metric g and ~WW have

a common part. Namely, taking into account (4.7) and (4.14) we obtain from
(6.3) that

~WW l
abg ¼ Rl

abg �
1

2ðn� 1Þ ðrbgd
l
a � ragd

l
b Þ ¼ W l

abg
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Thus we have:

Proposition 6.3. Let ðM; g; JÞ ðdim M ¼ 2nb 4Þ be a Hermitian manifold
with conformal curvature tensor W and associated conformal curvature tensor ~WW.
Then the following conditions are equivalent:

(i) ~WW ¼ 0;
(ii) W l

abg ¼ 0 and ~WW l

abg
¼ 0:

Now, let ~WW ¼ 0. After a contraction this equality implies that ~rrðX ;Y Þ�
~rrðY ;XÞ ¼ 0, i.e. the Ricci tensor ~rr is symmetric. Because of (4.15) it follows
that

dyðX ;Y Þ ¼ 0;

i.e. the Lee form y is closed.
Further we study the properties of the associated conformal curvature tensor

in the class of Hermitian manifolds satisfying the condition:

dF ¼ 1

n� 1
y5F:ð6:4Þ

These manifolds are known as W4-manifolds according to the classification in
[4]. Every four dimensional Hermitian manifold (Hermitian surface) satisfies
(6.4). In dimension 2nb 6 every W4-manifold is locally conformal Kähler and
vice versa.

First we consider the case 2nb 6.

Theorem 6.4. Let ðM; g; JÞ ðdim M ¼ 2nb 6Þ be a locally conformal Kähler
manifold with associated conformal curvature tensor ~WW. Then the following con-
ditions are equivalent:

(i) ~WW ¼ 0;
(ii) ~WW l

abg
¼ 0;

(iii) there exists locally a conformal metric with flat associated connection;
(iv) the metric g is locally conformally equivalent to a Kähler metric of con-

stant holomorphic sectional curvatures.

Proof. Since ðM; g; JÞ is locally conformal Kähler, then it follows that
W l

abg ¼ 0. According to Proposition 6.3 the condition ~WW l

abg
¼ 0 is equivalent to

the condition ~WW ¼ 0, which proves (i) , (ii).
Let ~WW ¼ 0. This implies that ~rr is symmetric and the holomorphically pro-

jective curvature tensor PH of the connection ~‘‘ vanishes. Then there exists
locally a 1-form o such that the connection ~‘‘ 0 given by (6.2) is flat. Since ~rr
is symmetric, then o is closed, i.e. (6.2) is a special holomorphically projective
transformation. Putting locally 2o ¼ du, it follows from Proposition 6.1 that the
metric g 0 ¼ e2ug is with flat associated connection, which proves the implication
(i) ) (iii). The inverse implication follows from the conformal invariance of ~WW .
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To prove (i) ) (iv), let ~WW ¼ 0. Under the conditions of the theorem we
can consider locally a Kähler metric g 0 conformal to g. Since ~WW is a conformal
invariant, then the Kähler manifold ðM; g 0; JÞ has vanishing associated conformal
curvature tensor. Taking into account that the curvature tensor of a Kähler
manifold coincides with its associated curvature tensor and using the second
equality of (6.3) we conclude that ðM; g 0; JÞ is a Kähler manifold of constant
holomorphic sectional curvatures, which proves the implication.

The inverse implication (iv) ) (i) follows from Proposition 6.2 and the fact
that the associated conformal curvature tensor of any Kähler manifold of con-
stant holomorphic sectional curvature vanishes. QED

Finally we shall consider the four dimensional case, i.e. Hermitian surfaces.
Let ðM; g; JÞ be a Hermitian surface. We have the following standard for-

mulas:

Fgab ¼ iðyagbg � ybgagÞ;
‘gFdab

¼ ið‘gyagbd � ‘gybgadÞ;

Rl
abg ¼

1

2
‘gya þ

1

2
yayg

� �
dlb �

1

2
‘gyb þ

1

2
ybyg

� �
dla ;ð6:5Þ

rbg ¼ � 1

2
ð‘byg þ ‘gybÞ �

1

2
ybyg;ð6:6Þ

r�
bg ¼

1

2
ð‘byg � ‘gybÞ ¼

1

2
dybg;ð6:7Þ

From (6.5), (6.6) and (6.7) it follows that

Rl
abg ¼

1

2
ðrbgdla � ragd

l
b Þ þ

1

2
ðr�

bgd
l
a � r�

agd
l
b Þ

and

W l
abg ¼

1

2
ðr�

bgd
l
a � r�

agd
l
b Þ:ð6:8Þ

Lemma 6.5. On a Hermitian surface the following conditions are equivalent:
(i) W l

abg ¼ 0;
(ii) r�

ab ¼ 1
2 dyab ¼ 0;

(iii) ~rrab ¼ ~rrba.

Proof. The statement follows from the equality ~WW l
abg ¼ W l

abg and the for-
mulas (6.8), (6.7), (4.15). QED

Further we find a corollary from any of the conditions in Lemma 6.5.
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Lemma 6.6. On a Hermitian surface the condition dyab ¼ 0 implies that

‘arbg � ‘brag ¼ 0:

Proof. From the given condition we have that ‘ayb � ‘bya ¼ 0. Di¤er-
entiating (6.6) we find

‘arbg ¼ �‘a‘byg �
1

2
yg‘ayb �

1

2
yb‘ayg:

Hence

‘arbg � ‘brag ¼ �ð‘a‘byg � ‘b‘aygÞ �
1

2
ðyb‘ayg � ya‘bygÞ

¼ Rs
abgys �

1

2
ðyb‘ayg � ya‘bygÞ:

Now, taking into account (6.5), we obtain the assertion. QED

Theorem 6.7. Let ðM; g; JÞ be a Hermitian surface with associated conformal
curvature tensor ~WW. Then the following conditions are equivalent:

(i) ~WW ¼ 0;
(ii) there exists locally a conformal metric with flat associated connection;
(iii) the metric g is locally conformally equivalent to a Kähler metric of con-

stant holomorphic sectional curvatures.

Proof. The condition ~WW ¼ 0 implies that ~rr is symmetric, which by virtue

of (4.14) gives ~rrab ¼ 1
2 rab. Using the equalities ~GGl

ab ¼ Gl
ab and Gl

ab ¼ 0 we find

~‘‘a ~rrbg � ~‘‘b ~rrag ¼
1

2
ð‘arbg � ‘bragÞ:

Applying successively Lemma 6.6 and Theorem 3.1 we obtain that there exists
locally a flat complex symmetric connection ~‘‘ 0 satisfying (3.1) or equivalently
(6.2). Since r is symmetric, then (6.2) is a special holomorphically projective
transformation. Applying Proposition 6.1 we obtain the implication (i) ) (ii).

The inverse follows from the conformal invariance of ~WW .
To prove (i) ) (iii) we note that ~WW ¼ 0 implies y is closed and hence the

manifold is locally conformal Kähler. The rest of the proof is similar to the
proof of the corresponding equivalence in Theorem 6.4. QED

Theorem 6.4 and Theorem 6.7 allow us to find the metrics conformal to the
standard Kähler metrics of constant holomorphic sectional curvatures whose asso-
ciated connections are flat.

Let ðCn; g0; JÞ be the complex space with the standard complex structure J
and flat Kähler metric g0. For any Zðz1; . . . ; znÞ A Cn the distance function r2

from the origin in Cn is given by
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r2 ¼ g0ðZ;ZÞ ¼ jz1j2 þ � � � þ jznj2 ¼ d
ab
zazb;

where

d
ab

¼ 1 if a ¼ b;

0 if a0 b:

�

Putting dr ¼ ra dz
a þ ra dz

a we have

ra ¼
1

2r
d
ab
zb

and the standard Fubini-Study metric g in Cn is given by

g
ab

¼ 2

cð1þ r2Þ d
ab

� 4r2

1þ r2
rarb

� �
; c > 0:

The local components Gl
ab of the Levi-Civita connection of g are

Gl
ab ¼ � 2r

1þ r2
ðradlb þ rbd

l
a Þ:

Now, let g 0 ¼ e2ug be a conformal metric with u ¼ uðr2Þ. If ~GG 0l
ab are the

local components of the associated connection with the Levi-Civita connection of
g 0, then

~GG 0l
ab ¼ � 2r

1þ r2
ðradlb þ rbd

l
a Þ þ 2ru 0ðradlb þ rbd

l
a Þ:

Therefore ~GG 0l
ab ¼ 0 if and only if

u 0 ¼ 1

1þ r2
, u ¼ lnð1þ r2Þ þ const:

Thus we obtained the following

Example 1. Let ðCn; g; JÞ be the complex space with the Fubini-Study

metric g. Then ðCn; g 0; JÞ, where g 0 ¼ ð1þ r2Þ2g, is a locally conformal Kähler
manifold with flat associated connection.

In a similar way we obtain

Example 2. Let ðDn; g; JÞ be the unit disc in Cn with the Kähler metric
g of constant holomorphic sectional curvatures �c < 0. Then the manifold
ðDn; g 0; JÞ, where g 0 ¼ ð1� r2Þ2g is a locally conformal Kähler manifold with flat
associated connection.

More precisely, the holomorphic coordinates ðz1; . . . ; znÞ in Cn are special
holomorphic coordinates in the sense of Lemma 5.1.
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