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CASTELNUOVO-MUMFORD REGULARITY AND CLASSICAL

METHOD OF CASTELNUOVO

Chikashi Miyazaki

Abstract

This paper investigates the Castelnuovo-Mumford regularity of generic hyperplane

section of projective curve. The classical method of Castelnuovo plays an important

role in order to study the extremal examples for the bounds for the Castelnuovo-

Mumford regularity.

1. Introduction

This paper investigates the Castelnuovo-Mumford regularity of a generic
hyperplane section of a projective curve. Let T ¼ k½y0; . . . ; yNþ1� be the
polynomial ring over an algebraically closed field k. Then we put PNþ1

k ¼
ProjðTÞ. Let C be an irreducible reduced nondegenerate projective curve in

PNþ1
k , that is, the defining ideal IC is generated by elements of degreeb 2 in T

and T=IC is an integral domain of dimension 2. Let X be a generic hyperplane

section of C, that is, X ¼ C VH, where H is a generic hyperplane of PNþ1
k . So,

X is a zero-dimensional subscheme of PN
k ¼ ProjðSÞ, where S is the polynomial

ring k½x0; . . . ; xN �. Let I be the defining ideal of X and R be the coordinate
ring of X , that is, R ¼ S=I . For a coherent sheaf F on PN

k and an integer
m A Z, F is said to be m-regular if H iðPN

k ;Fðm� iÞÞ ¼ 0 for all ib 1. For a
projective scheme Y JPN

k , Y is said to be m-regular if the ideal sheaf IY is m-
regular. So, in this case, X is m-regular if and only if H1ðPN

k ;IX ðm� 1ÞÞ ¼ 0,
where IX is the ideal sheaf of X . The Castelnuovo-Mumford regularity of
X JPN

k is the least such integer m and is denoted by regðX Þ. It is well-known
that X is m-regular if and only if for every pb 0 the minimal generators of the
pth syzygy module of the defining ideal I of X JPN

k occur in degreeamþ p.
In this sense, it is important to study upper bounds on the Castelnuovo-Mumford
regularity for projective schemes in order to describe the minimal free resolu-
tions of the defining ideals. The following result (1.1) is a starting point of our
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research on the Castelnuovo-Mumford regularity for generic hyperplane sections
of projective curves. Throughout this paper, for a rational number n A Q, dne
denotes the smallest integer which is not less than n.

Proposition 1.1. Let X JPN
k be a generic hyperplane section of a non-

degenerate projective curve. Then we have regðXÞadðdegðXÞ� 1Þ=codimðX Þeþ 1.

Before describing a sketch of the proof of (1.1), we explain the terms
‘‘uniform position’’, ‘‘linear general position’’ and ‘‘linear semi-uniform position’’
for zero-dimensional schemes. Let X JPN

k a reduced zero-dimensional scheme
such that X spans PN

k as k-vector space. Then X is said to be in uniform
position if HZðtÞ ¼ maxfdegðZÞ;HX ðtÞg for all t, for any subscheme Z of X ,
where HZ and HX denote the Hilbert function of Z and X respectively. This
condition is equivalent to saying that, for any subschemes Z1 and Z2 of X with
degðZ1Þ ¼ degðZ2Þ, h0ðPN

k ;IZ1
ðlÞÞ ¼ h0ðPN

k ;IZ2
ðlÞÞ for all integers l A Z. A

reduced zero-dimensional scheme X is said to be in linear semi-uniform position
if there are integers vði;XÞ, simply written as vðiÞ, 0a iaN such that every i-
plane L in PN

k spanned by linearly independent i þ 1 points of X contains exactly
vðiÞ points of X . We say X is in linear general position if vðiÞ ¼ i þ 1 for all
ib 1. Further, we note that ‘‘uniform position’’ implies ‘‘linear general posi-
tion’’, see [7, (4.3)].

Remark 1.2. A generic hyperplane section of a nondegenerate projective
curve is in linear semi-uniform position, see [2], and in uniform position if
charðkÞ ¼ 0, see [1].

The property of h-vectors for zero-dimensional scheme in linear semi-uniform
position yields the proof of Proposition 1.1. Now we sketch the proof for the
readers’ convenience.

Sketch of the proof of Proposition 1.1. Let R be the coordinate ring of a
zero-dimensional scheme X JPN

k . Let h ¼ hðXÞ ¼ ðh0; . . . ; hsÞ be the h-vector

of X JPN
k , where hi ¼ dimk½R�i � dimk½R�i�1 and s is the largest integer such

that hs 0 0. Note that s ¼ regðXÞ � 1. Since X is in linear semi-uniform posi-
tion, we have h1 þ � � � þ hi b ihi for all i ¼ 1; . . . ; s� 1, that is, HX ðtÞb
minfdegðXÞ; tN þ 1g by [2]. Since degðX Þ ¼ h0 þ � � � þ hs and codimðXÞ ¼ h1 ¼
N, we obtain dðdegðX Þ � 1Þ=codimðXÞe ¼ dðh1 þ � � � þ hsÞ=h1eb s. Hence the
assertion is proved. r

Remark 1.3. For a nondegenarate reduced zero-dimensional scheme
X JPN

k in linear semi-uniform position, regðXÞa dðdegðXÞ � 1Þ=codimðX Þe þ 1
holds from the proof of (1.1). On the other hand, when X is in linear general
position, the classical method of Castelnuovo gives the inequality, see [1, page 115]
or [4, page 95].
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We will study extremal cases for regularity bounds in Proposition 1.1. Now
we state the main theorem, which extends the results of [4, (2.4)].

Theorem 1.4. Let X JPN
k be a generic hyperplane section of a non-

degenerate projective curve C in PNþ1
k for Nb 3. Assume that degðX ÞbN 2 þ

2N þ 2. If the equality regðX Þ ¼ dðdegðXÞ � 1Þ=codimðX Þe þ 1 holds, then X is

contained in a rational normal curve in PN
k .

We remark here the hypothesis degðXÞbN 2 þ 2N þ 2 is indispensable
because of an example of a ð2; 2; 4Þ complete intersection in P3

k , see [9].
For N ¼ 1, the curve C is defined by one equation of degree d, and we easily

have regðX Þ ¼ d. Then we have an equality regðX Þ ¼ dðdegðXÞ � 1Þ=codimðX Þe
þ 1. For Nb 2, the corresponding result is obtained by the Hilbert-Burch
matrix, see [5].

Proposition 1.5 (See [9, (2.6)]). Let X JPN
k be a generic hyperplane sec-

tion of a nondegenerate projective curve. Assume that X is in uniform position
and degðX ÞbN 2 þ 2N þ 2. If the equality regðXÞ ¼ dðdegðXÞ � 1Þ=Ne þ 1 holds,

then X is contained in a rational normal curve in PN
k .

From (1.5) we focus on the case that X is not in uniform position. So, k
is assumed to be a field of positive characteristic. Theorem 1.4 is reduced to
Theorem 1.6.

Theorem 1.6. Let X JPN
k be a generic hyperplane section of a non-

degenerate projective curve for Nb 3. Assume that X is not in uniform position
and degðXÞbN 2 þ 2N þ 2. Then we have regðX Þa dðdegðXÞ � 1Þ=Ne.

What we have to prove is that H0ðOPN
k
ðtÞÞ ! H0ðOX ðtÞÞ is surjective, that is,

H1ðIX ðtÞÞ ¼ 0, where t ¼ dðdegðXÞ � 1Þ=Ne � 1.

Lemma 1.7. Under the condition of (1.6), let t ¼ dðdegðXÞ � 1Þ=Ne � 1.
For any fixed point P A X , there exists a ( possibly reducible) hypersurface F of

degree t in PN
k such that X VF ¼ X nfPg.

Section 2 is devoted to the proof of Lemma 1.7, which is a consequence of
Theorem 2.2. In Section 3, we study the configuration of the zero-dimensional
scheme of P2

k in linear semi-uniform position having the extremal bound for the
regularity. Throughout this paper, the classical method of Castelnuovo plays an
important role in order to describe the Castelnuovo-Mumford regularity for the
zero-dimensional scheme.

2. Curve in Pn ðnb 4Þ
In this section, we investigate extremal bounds on the Castelnuovo-Mumford

regularity by the classical method in order to prove Lemma 1.7 for a generic
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hyperplane section of a nondegenerate projective curve C in Pn ðnb 4Þ. Now
we begin with a useful result of Rathmann [10] by describing a relation between
the monodromy group of the projective curve and the configuration of the generic

hyperplane section of the curve. For a generic hyperplane section X JPN
k of a

nondegenerate projective curve CJPNþ1
k , let MJC � ðPNþ1

k Þ� be the incidence
correspondence parametrizing the pairs ðx;HÞ A M such that x is contained in H.
Since M is generically étale finite over P ¼ ðPNþ1

k Þ� via the second projection, the
function field KðMÞ of M is separable finite over KðPÞ. For a splitting field Q
for KðMÞ=KðPÞ, we take the Galois group GC ¼ GalðQ=KðPÞÞ. Then GC is a
subgroup of the full symmetric group Sd and is called the monodromy group of

CJPN
k , where d ¼ degðCÞ. The following classification correponds with the

transitivity of the monodromy group of the projective curve.

Proposition 2.1 (See [10, (2.5)]). Let X JPN be a generic hyperplane
section of a nondegenerate projective curve CJPNþ1 for Nb 3. Let GC be the
monodromy group of C. If X is not in uniform position, then either of the
following holds:

(a) vð1Þ ¼ 3, and GC is exactly 2-transitive.
(b) vð1Þ ¼ 2, vð2Þb 4, and GC is exactly 3-transitive.
(c) degðCÞ ¼ 11; 12; 23 or 24, and GC is the Mathieu group M11, M12,

M23, M24 respectively. Moreover M11 and M23 are exactly 4-transitive and Nb 4
for the case. Also, M12 and M24 are exactly 5-transitive and Nb 5 for the
case.

Now we state the main theorem of this section.

Theorem 2.2. Let X JPN
k be a generic hyperplane section of a non-

degenerate projective curve C of degree d in PNþ1
k for Nb 3. Assume that X

is not in uniform position and that dbN 2 þ 2N þ 2. For any fixed point
P A X , there exists a ( possibly reducible) hypersurface F of degree t in PN

k such
that X VF ¼ X nfPg, where t ¼ dðd � 1Þ=Ne � 1. In other words, regðX Þa
dðd � 1Þ=Ne.

According to the classification (2.1) we will prove (2.2) in each case sep-
arately. As for the case (c) in (2.1), since Nb 4 for degðCÞ ¼ 11; 23 and Nb 5
for degðCÞ ¼ 12; 24, we see N 2 þ 2N þ 2b 26. Hence there is no curves with
degree 11, 12, 23 or 24 satisfying the condition. Thus the case (c) in (2.1) is
proved. The rest of the proof of Theorem 2.2 is divided by (2.3), (2.4) and (2.5).

First we study the case (a) in (2.1).

Lemma 2.3. Under the condition of (2.2), assume that vð1Þ ¼ 3, that is, GC

is exactly 2-transitive. For any fixed point P A X , there exists ( possibly re-
ducible) hypersurface F of degree t in PN

k such that X VF ¼ X nfPg, where t ¼
dðd � 1Þ=Ne � 1.
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Proof. For the case Nb 4, the classical method have given the proof of
the assertion in [4, (2.2)]. So we will prove for the case N ¼ 3 by the classical
method. Since vð1Þ ¼ 3, we have vð2Þb 7 and put v ¼ vð2Þ. For a point P of
X , we fix 2 points Q1 and Q2 in X nfPg. Then we take di¤erent 2-planes
L1; . . . ;La containing the line l ¼ lðQ1;Q2Þ spanned by Q1 and Q2 such that
the union 6a

j¼1
Lj covers X . We remark that ab 3. Since each 2-plane

contains exactly v points of X and the line l contains exactly 3 points of X ,
we see d ¼ aðv� 3Þ þ 3. We may assume that P is contained in La. Let b ¼
dðv� 3Þ=2e. Since ðX VLaÞnfP;Q1;Q2g consists of exactly v� 3 points, there

are 2-planes L 0
1; . . . ;L

0
b such that P B L 0

i for i ¼ 1; . . . ; b and the union 6b

j¼1
L 0
j of

2-planes covers ðX VLaÞnfP;Q1;Q2g. By taking F ¼ ð6a�1

i¼1
LiÞU ð6b

j¼1
L 0
j Þ, we

have ðX VFÞ ¼ X nfPg and the degree of the union F of 2-planes is aþ b� 1.
Thus we have only to show that ða� 1Þ þ dðv� 3Þ=2ea dððav� 3aþ 3Þ � 1Þ=3e
� 1. The inequality ða� 1Þ þ ðv� 3Þ=2a ðav� 3aþ 2Þ=3� 1 is equivalent to
saying that ð2a� 3Þðv� 6Þb 5, which is easily shown for vb 7 and ab 4.
Moreover, the case v ¼ 7 and a ¼ 3 satisfies ða� 1Þ þ dðv� 3Þ=2e ¼ dðav� 3aþ
2Þ=3e � 1. Hence the assertion is proved. r

Next we study for the case (b) in (2.1) and N ¼ 3.

Lemma 2.4. Under the condition of (2.2), assume that vð1Þ ¼ 2, vð2Þb 4 and
N ¼ 3, and GC is exactly 3-transitive. For any fixed point P A X , there exists
a union F of t hyperplanes L1; . . . ;Lt in P4

k such that X VF ¼ X nfPg, where
t ¼ dðd � 1Þ=3e � 1.

Proof. Let us put v ¼ vð2Þb 4. For the case vb 5, the proof will be
proceeded as in (2.3). For a point P of X , we fix 2 points Q1 and Q2 in
X nfPg. Then we take di¤erent 2-planes L1; . . . ;La containing the line l ¼
lðQ1;Q2Þ such that the union 6a

j¼1
Lj covers X . In this case, we see that ab 2

and d ¼ aðv� 2Þ þ 2. We may assume that P is contained in La. Let b ¼
dðv� 3Þ=2e. Then there are 2-planes L 0

1; . . . ;L
0
b such that P B L 0

i for i ¼ 1; . . . ; b
and the union 6b

j¼1
L 0
j of 2-planes covers ðX VLaÞnfP;Q1;Q2g. By taking

F ¼ ð6a�1

i¼1
LiÞU ð6b

j¼1
L 0
j Þ, we have ðX VFÞ ¼ X nfPg and degðF Þ ¼ aþ b� 1.

Thus the assertion is reduced to showing that ða� 1Þ þ dðv� 3Þ=2ea dðav� 2aþ
1Þ=3e � 1. The inequality ða� 1Þ þ ðv� 3Þ=2a ðav� 2aþ 1Þ=3� 1 is equivalent
to saying that ð2a� 3Þðv� 5Þb 4, which is easily shown for all vb 6 and ab 2
satisfying av� 2aþ 2b 17. For the case v ¼ 5, we see that ða� 1Þ þ 1 ¼
dð3aþ 1Þ=3e � 1, which gives the assertion.

Next we consider the case v ¼ 4. As the notations above, d ¼ 2aþ 2 and
ab 8. For a point P of X , we will take hyperplanes L1; . . . ;Ll1 inductively for

some integer l1 such that P B Li and X VLin6 i�1

j¼1
Lj contains exactly 4 points

of X nfPg. Indeed, let Yi ¼ X V ðL1 U � � �ULiÞ and Zi ¼ X nðfPgUYiÞ. Let us
take Q1 and Q2 in Zi. Then there exists a point Q3 in of ZinfQ1;Q2g such that
the 2-plane Liþ1 ¼ LðQ1;Q2;Q3Þ spanned by Q1, Q2 and Q3 does not contain
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any point of Yi U fPg if cardðZinfQ1;Q2gÞ > cardðYi U fPgÞ. Thus the 2-plane
ðX VLiþ1ÞnYi contains exactly 4 points. Therefore we have constructed a union
of hyperplanes Gl1 ¼ L1 U � � �ULl1 such that Gl1 contains at least aþ 1 points of
X and does not contain P. Hence we have l1 ¼ dðaþ 1Þ=4e and cardðX VGl1Þ
¼ 4l1.

Moreover, we will inductively construct hyperplanes Ll1þ1; . . . ;Ll1þl2 for some
integer l2 satisfying X nfPg ¼ X V ðL1 U � � �ULl1þl2Þ. Let Gi ¼ L1 U � � �ULi. If
cardðX nðfPgUGiÞÞ > 6, we take a hyperplane Liþ1 such that Liþ1 contains at
least 3 points of X nGi and does not contain P. For the case cardðX n
ðfPgUGiÞÞ ¼ 4; 5; 6, we can take hyperplanes which covers the remaining points
and does not contain P. Indeed we may assume that cardðX nðfPgUGiÞÞ ¼ 6.
Let X nðfPgUGiÞ ¼ fQ1; . . . ;Q6g. Let us take hyperplanes M1 ¼ LðQ1;Q2;PÞ
and M2 ¼ LðQ3;Q4;PÞ. If M1 VM2 V fQ1; . . . ;Q6g ¼ f, then we may assume
that Q5 B M1 and Q6 B M2. So, we see that P B LðQ1;Q2;Q5Þ and P B LðQ3;
Q4;Q6Þ. If M1 VM2 V fQ1; . . . ;Q6g0 f, say the intersection is a point Q5, then
P B LðQ1;Q5;Q6Þ and P B LðQ2;Q3;Q4Þ. Thus we have that l2 a dð2aþ 2�
4l1Þ=3ea dðaþ 1Þ=3e. Hence the proof is reduced to showing that l1 þ l2 a
dðd � 1Þ=3e � 1, namely, dðaþ 1Þ=4e þ dð2aþ 2� 4dðaþ 1Þ=4eÞ=3ea dð2aþ 1Þ=3e
� 1 for ab 8, which is easily verified. Hence the assertion is proved. r

Finally we study the case (b) in (2.1) and Nb 4. We will show the as-
sertion without using [3], although the proof proceeds as in [4] by the classical
method.

Lemma 2.5. Let X JPN
k be a zero-dimensional scheme of degree db

N 2 þ 2N þ 2 in linear semi-uniform position. Assume that vð1Þ ¼ 2, vð2Þb 4 and
Nb 4. For any fixed point P A X , there exists a ( possibly reducible) hypersurface
F of degree t in PN

k such that X VF ¼ X nfPg, where t ¼ dðd � 1Þ=Ne � 1. In

other words, regðX Þa dðd � 1Þ=Ne.

Proof. First, we will show that vði þ 1Þb 2vðiÞ for ib 2. Indeed, let us
take an i-plane G spanned by linearly independent i þ 1 points of X , and take a
point A1 A X VG and a point A2 A X nðX VGÞ. Then we put X VG ¼ fA1gU
fB1; . . . ;BvðiÞ�1g. For any point Bj A ðX VGÞnfA1g, the 2-plane H ¼ HðA1;A2;
BjÞ spanned by A1, A2, Bj contains at least one point Cj in ðX VHÞnððX VGÞU
fA2gÞ for all j, because vð2Þb 4 and vð1Þ ¼ 2. Note that Cj 0Cj 0 for j0 j 0.
So, the ði þ 1Þ-plane spanned by G and A2 contains A1;A2;B1; . . . ;BvðiÞ�1;C1; . . . ;

CvðiÞ�1. Thus we have vði þ 1Þb 2vðiÞ for ib 2. Let v ¼ vðN � 2Þ and w ¼
vðN � 1Þ. Since vð2Þb 4, we see that vðiÞb 2 i for ib 2 and wb 2vb 2N�1.

Now, we fix linearly independent N � 1 points Q1; . . . ;QN�1 of X nfPg such
that the ðN � 2Þ-plane L spanned by Q1; . . . ;QN�1 does not contain the point P.
Thus there are di¤erent hyperplanes L1; . . . ;La containing L such that the union
6a

j¼1
Lj covers X . So, we easily have that d ¼ aðw� vÞ þ v and ab 2. Let us

prove that ab vð2Þ � 1. Indeed, let us take points Q 0
1 A L1nL and Q 0

2 A L2nL.
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Then the 2-plane L 0 ¼ LðQ1;Q
0
1;Q

0
2Þ contains vð2Þ points of X , say, X VL 0 ¼

fQ1;Q
0
1;Q

0
2;Q

0
3; . . . ;Q

0
vð2Þ�1g. Since vð1Þ ¼ 2, the 2-plane Lið jÞ containing Qj are

di¤erent from each other for j ¼ 1; . . . ; vð2Þ � 1. Hence we have ab vð2Þ � 1.
We will prove the result by the induction on N. Let Nb 4. From the

notation above, we may assume that P is contained in La. Since X VLa is also
in linear semi-uniform position in LaðGPN�1

k Þ, by (1.3) there is a (possibly
reducible) hypersurface F 0 in PN

k of degree dðw� 1Þ=ðN � 1Þe such that P B F 0

and F 0 contains ðX VLaÞnfPg. Thus the union F ¼ ð6a�1

j¼1
LjÞUF 0 covers

X nfPg and P B F . Hence it su‰ces to prove that a� 1þ dðw� 1Þ=ðN � 1Þea
dðd � 1Þ=Ne � 1, that is, aþ dðw� 1Þ=ðN � 1Þea dðaðw� vÞ þ v� 1Þ=Ne. For
Nb 5, let us consider an inequality aþ ðw� 1Þ=ðN � 1Þa ðaðw� vÞ þ v� 1Þ=N,
which is equivalent to aN 2 � aN � 1a ðaN � a�NÞw� ðN � 1Þða� 1Þv. Since
aN � a�Nb 0, we see that ðaN � a�NÞw� ðN � 1Þða� 1Þvb 2ðaN � a�NÞv
�ðN � 1Þða� 1Þv ¼ ðaN �N � a� 1Þvb aN 2 � aN þ 1 for Nb 5 except for
ðN; a; vÞ ¼ ð5; 3; 8Þ or ð5; 3; 9Þ, because vb 2N�2. For the case, since d ¼ 3w�
2vb 37 and wb 2v, we have 3þ dðw� 1Þ=4ea dð3w� 2v� 1Þ=5e. Therefore
we have the desired inequality for Nb 5.

Next let N ¼ 4. Let us assume that ðv;wÞ0 ð4; 8Þ as notation above.
Then we easily have an inequality aþ dðw� 1Þ=3ea dðaðw� vÞ þ v� 1Þ=4e except
for ða; v;wÞ ¼ ð4; 5; 11Þ or ð5; 4; 9Þ. For the case ða; v;wÞ ¼ ð4; 5; 11Þ, the union
of hyperplanes L1 UL2 UL3 contains exactly 23ð¼ 11þ 6þ 6Þ points of X and
does not contain P. Since cardðX nfPgÞ ¼ 28, there exists a union of 3 hyper-
planes which covers the remaining 5 points of X nfPg and does not contain P.
Thus we have done. For the case ða; v;wÞ ¼ ð5; 4; 9Þ, the union of hyperplanes
L1 U � � �UL4 contains exactly 23ð¼ 9þ 5þ 5þ 5Þ points of X and does not
contain P. Since cardðX nfPgÞ ¼ 28, there exists a union of 2 hyperplanes which
covers the remaining 5 points of X nfPg and does not contain P. Thus we have
done.

Finally let N ¼ 4 and ðv;wÞ ¼ ð4; 8Þ as notations above. Note that
cardðXÞ ¼ d ¼ 4aþ 4 and ab 6. Let us take a hyperplane H1 which contains
exactly 8 points of X nfPg. Then we will take hyperplanes H2; . . . ;Hl1 induc-

tively for some integer l1 such that P B Hi and ðX VHiÞn6 i�1

j¼1
Hj contains at

least 7 points. Indeed, let Yi ¼ X V ðH1 U � � �UHiÞ and Zi ¼ X nðfPgUYiÞ. Let
us take Q1 and Q2 in Zi. Then we take a point Q3 in of ZinfQ1;Q2g such
that the 2-plane L ¼ LðQ1;Q2;Q3Þ does not contain any point of Yi U fPg
if cardðZinfQ1;Q2gÞ > cardðYi U fPgÞ. Thus the 2-plane L contains exactly 4
points Q1; . . . ;Q4 of Zi. Then there exists a point Q5 of ZinL such that the
hyperplane M spanned by Q5 and L contains at least two other points Q6, Q7 of
ZinL and does not contain P if cardðZinLÞ > cardðYiÞ þ 3. Thus we can take
Hiþ1 ¼ M which satisfies the condition. Therefore we have constructed a union
of hyperplanes Gl1 ¼ H1 U � � �UHl1 such that Gl1 contains at least ðd � 8Þ=2 ¼
2a� 2 points of X and does not contain P, and l1 a dð2a� 3Þ=7e. Moreover,
we will inductively construct hyperplanes Hl1þ1; . . . ;Hl1þl2 for some integer l2
satisfying X nfPg ¼ X V ðH1 U � � �UHl1þl2Þ. Let Gi ¼ H1 U � � �UHi. If cardðX n
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ðfPgUGiÞÞ > 6, we take a hyperplane Hiþ1 such that Hiþ1 contains at least 4
points of X nGi and does not contain P. For the case cardðX nðfPgUGiÞÞ ¼
3; 4; 5; 6, we can take hyperplanes which covers the remaining points and does
not contain P, see the proof of (2.4), and for the case cardðX nðfPgUGiÞÞ ¼ 1; 2,
we can take one hyperplanes as desired. Thus we see that l2 a dðd � ð2a� 2Þþ
2Þ=4e ¼ dðaþ 4Þ=4e. Hence the proof is reduced to showing that l1 þ l2 a
dðd � 1Þ=4e � 1, namely, dð2a� 3Þ=7e þ dðaþ 4Þ=4ea a for ab 6, which is easily
verified. Hence we have proved the case N ¼ 4. r

3. Curve in P3 and zero-dimensional scheme in P2

In this section, we investigate extremal bounds on the Castelnuovo-Mumford
regularity by the classical method of Castelnuovo for nondegenerate reduced zero-
dimensional scheme of P2

k in linear semi-uniform position. If a generic hyper-
plane section X of a space curve is in uniform position, there is an arithmeti-
cally Cohen-Macaulay smooth curve C 0 JP3

k such that X ¼ C 0 VH. This gives
detailed information of a free resolution of the defining ideal IX over k½x0; x1; x2�
by the Hilbert-Burch matrix, see [6]. Instead, we will go ahead with a classical
method, since a generic hyperplane section of a space curve is in linear semi-
uniform position.

Theorem 3.1. Let X be a nondegenerate reduced zero-dimensional scheme of
P2
k of degree d. Assume that X is in linear semi-uniform position and db 10. If

the equality regðX Þ ¼ dðd � 1Þ=2e þ 1 holds, then either (i) X is contained in a
conic, or (ii) X ¼ fPgUY , where Y is contained in a conic.

Example 1. Let X be a reduced zero-dimensional scheme in a conic of P2
k

of degree db 3. Then we easily have regðXÞ ¼ dðd � 1Þ=2e þ 1, and hðXÞ ¼
ð1; 2; . . . ; 2Þ or ð1; 2; . . . ; 2; 1Þ.

Example 2. Let P be a point in P2
k and Y be a reduced zero-dimensional

scheme in a conic of P2
k with P B Y . Let X ¼ fPgUY . Assume that X is in

a linear general position and d ¼ degðXÞb 10. Then we easily have regðXÞ ¼
dðd � 1Þ=2e þ 1, and hðXÞ ¼ ð1; 2; 3; 2; . . . ; 2Þ or ð1; 2; 3; 2; . . . ; 2; 1Þ. In this case,
X is not of decreasing type, see [6, page 3139] for the definition of ‘‘decreasing
type’’. According to [5, (1.1)], the zero-dimensional scheme X cannot be a
generic hyperplane section of a space curve.

In case X is in uniform position, the equality regðXÞ ¼ dðd � 1Þ=2e þ 1
implies that X is in a conic of P2

k by [9, (2.5)]. Therefore, the proof of Theorem
3.1 is reduced to (3.2) and (3.3).

Lemma 3.2. Under the condition of (3.1), assume that X is not in general
linear position. For any fixed point P A X , there exists a union F of t lines
L1; . . . ;Lt in P2

k such that X VF ¼ X nfPg, where t ¼ dðd � 1Þ=2e � 1.
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Proof. Since X is in linear semi-uniform position by [2], the line spanned by
any two points of X is contains exactly vð1Þ points. Since X is not in general
linear position by assumption, we have v ¼ vð1Þb 3.

First we consider the case vb 4. For a point P of X , let us take a point Q
in X nfPg. Then we take di¤erent lines l1; . . . ; la through the point Q such that
the union 6a

j¼1
lj covers X . Each line contains the point Q and the other v� 1

points of X . Thus we see d ¼ av� aþ 1. We may assume that P is contained
in la. Then we take L1 ¼ l1; . . . ;La�1 ¼ la�1. Since ðX V laÞnfP;Qg consists of
exactly v� 2 points, we can easily take v� 2 lines La; . . . ;Laþv�3 such that

the union 6aþv�3

j¼a
Lj contains ðX V laÞnfP;Qg and P B Li for any i. Since X V

ð6aþv�3

j¼1
LjÞ ¼ X nfPg, the assertion is reduced to showing that aþ v� 3a

dðav� ða� 1Þ � 1Þ=2e � 1 for d ¼ av� ða� 1Þb 10. Note that ab v. Indeed,
let us take a point Pi from ðX V liÞnfP;Qg for each i ¼ 1; 2. Then we see
P1 0P2. Since the line lðP1;P2Þ spanned by P1 and P2 contains ðv� 2Þ points
P3; . . . ;Pv in X nðl1 U l2Þ, the points P3; . . . ;Pv construct di¤erent lines l 0

3 ¼
lðP3;QÞ; . . . ; l 0

v ¼ lðPv;QÞ through Q. Since we have at least v lines l1; l2;
l 0
3; . . . ; l

0
v through Q, we see ab v. The inequality aþ v� 3a aðv� 1Þ=2� 1 is

equivalent to saying that ða� 2Þðv� 3Þb 2, which is easily shown for a and v
with ab vb 4. Hence the assertion is proved.

Next we consider the case v ¼ 3. As the notations above, we see that
cardðXÞ ¼ d ¼ 2aþ 1 and ab 5. For a point P of X , we will take lines
L1; . . . ;La inductively such that Lin6 i�1

j¼1
Lj contains exactly 3 points of X and

P B Li for i ¼ 1; . . . ; l1. Indeed, let Yi ¼ X V ð6 i

j¼1
LjÞ and Zi ¼ X nðfPgUYiÞ.

Let us take a point Q A Zi. Then there exists a point Q 0 A Zi such that the line

Liþ1 ¼ lðQ;Q 0Þ spanned by Q and Q 0 does not contain any points of Yi U fPg
if cardðYiÞ < cardðZiÞ � 2. Thus ð6l1

j¼1
LjÞVX consists of at least a� 1 points

and l1 ¼ dða� 1Þ=3e. Moreover, we will take lines Ll1þ1; . . . ;Ll2 for some l2
inductively such that ðX VLiÞn6 i�1

j¼1
Lj contains at least 2 points for i ¼ l1 þ

1; . . . ; l1 þ l2 � 1 and X nfPg ¼ X V ð6l1þl2
j¼1

LjÞ. Thus we see that l2 a dðd �
1� 3l1Þ=2e. Therefore the assertion is reduced to showing that dða� 1Þ=3eþ
dð2a� 3dða� 1Þ=3eÞ=2ea a� 1, because dðd � 1Þ=2e ¼ a. For a ¼ 5; 6; 7; 8, the
inequality holds. Since 2a� 3dða� 1Þ=3ea aþ 1, the proof of the inequality is
reduced to showing that dða� 1Þ=3e þ dðaþ 1Þ=2ea a� 1, which is easily shown
for ab 9. Hence the assertion is proved. r

Lemma 3.3. Under the condition of (3.1), assume that X is in general linear
position and not in uniform position. Assume that X is not in the case (ii) in (3.1).
For any fixed point P A X , there exists a ( possibly reducible) plane curve F of
degree t in P2

k such that X VF ¼ X nfPg, where t ¼ dðd � 1Þ=2e � 1.

Proof. Let P be a point of X . Since X is not in uniform position, X is
not contained in a conic of P2

k by [8]. So there are a conic C1 with P B C1

containing at least 5 points of X . For the case d ¼ 10, there exsits a conic
C2 with P B C2 containing X nðX VC1Þ, since the point P and the 4 points
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X nðX VC1Þ is not in a line. By taking F ¼ C1 UC2, we have F VX ¼ X nfPg
and degðFÞ ¼ 4 ¼ dðd � 1Þ=2e � 1. Hence the assertion is proved.

So we may assume that db 11. We have only to show that there are 2
conics C1 and C2 with P B C1 and P B C2 such that ðC1 UC2ÞVX contain at least
10 points of X . Indeed, if there are such conics, the number of the remaining
points of X nðfPgU ðC1 UC2ÞÞ is m, where m ¼ dðd � 11Þ=2e. Since X is in linear
general position, there are m lines L1; . . . ;Lm, where m ¼ dðd � 11Þ=2e, satisfy-
ing that ððC1 UC2ÞU ðL1 U � � �ULmÞÞVX ¼ X nfPg. By taking F ¼ ðC1 UC2ÞU
ðL1 U � � �ULmÞ, we have degðFÞ ¼ 4þm ¼ dðd � 1Þ=2e � 1, which yields the as-
sertion.

Now we will show that there are conics C1 and C2 satisfying the above
condition. First let us take a conic C1 with P B C1 containing at least 5 points
of X , since X is not in a conic. If C1 contains more than 5 points of X , then we
can easily take C2 with P B C2 such that C2 contains at least 4 points of X .
Thus we are done. So we may assume that C1 contains exactly 5 points of X .
Or, if there is another conic C2 with P B C2 which contains at least 5 points of
X nðX VC1Þ, then the assertion is proved.

Now we have to consider the case that X VC1 consists of exactly 5 points
and the conics containing X nðX VC1Þ always contain the point P. So let us
take a conic C 0 with P A C 0 containing at least 5 points of X nðX VC1Þ. Then
we will show that the conic C 0 contains all the points of X nðX VC1Þ. If not,
there is a point P 0 A X nðX VC1Þ is not contained in C 0. Then the points P 0 and
4 fixed points Q1; . . . ;Q4 of ðX VC 0ÞnððX VC1ÞU fPgÞ give a conic C 00 containing
these points. Then the conic C 00 always contains P from the assumption. Since
the conics C 0 and C 00 contains the 5 points P, Q1; . . . ;Q4 not in a line, we see
C 0 ¼ C 00, which contradicts P 0 B C 0. Thus we have that the conics C1 and C 0

cover X .
Now let t ¼ cardðX nðX VC 0ÞÞ. Note that 2a ta 5, since t ¼ 1 yields the

case (ii) in (3.1). Let us take a point P1 with P1 B C 0. The conic C 00 through
P and ðX VC1ÞnfP1g does not contain X VC 0. In fact, X VC 0 JC 00 gives X n
fP1gJC 0, which contradicts tb 2. So there is a point P2 of X VC 0 such that
P2 B C 00. Then the conic C 0

1 through P2 and ðX VC1ÞnfP1g does not contain
P, since P A C 0

1 gives C 0
1 ¼ C 0. Let us fix 4 points P3; . . . ;P6 from ðX VC 0Þn

fP;P2g. Then the conic C 0
2 through P1, P3, P4, P5, P6 does not contain P, since

P A C 0
2 gives C 0

2 ¼ C 0. Thus we see that C 0
1 UC 0

2 contains at least 10 points with

P B C 0
1 UC 0

2. Hence the assertion is proved. r
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