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SQUARE INTEGRABLE DIFFERENTIALS
ON RIEMANN SURFACES

By CARL DAvVID MINDA

1. Introduction. Suppose R is a Riemann surface and I'(R) is the Hilbert
space of square integrable first-order differential forms on R. A rather complete
account of I'(R) is given in [2, Chapter V]; the notation and basic results
developed in [2] will be employed freely without further mention. The subspace
of semiexact differentials was generally neglected until it was employed in the
study of the Hilbert space isomorphism f¥:I'(R’)—I'(R) induced by a quasi-
conformal homeomorphism f: R—R’ of Riemann surfaces [6]. Further evidence
of the usefulness of this subspace and its orthogonal complement are presented.
First, the relationship between semiexact differentials and dividing cycles is
explored. Then several tests for degeneracy in the classification theory of
Riemann surfaces are derived. The use of the subspace of semiexact differentials
and their orthogonal complement enables us to obtain a complete parallelism
between the important subspaces of I'(R) and those of I',(R), the subspace of
harmonic differentials.

2. Semiexact differentials and orthogonal decompositions. To begin with,
let us recall a few basic facts from [6, §1].

DEFINITION. Let R be a Riemann surface. (i) Fge(R)z{werl(R); j =0

for all dividing cycles d on R}. I, (R), the subspace of semiexact differentials,

is the closure of I'l,(R) in the Hilbert space I'(R). (ii) I’ (R) is the closure of
I't(R)NI'Y(R) in I'(R).

The subspaces I';(R) and I'%,(R) are orthogonal complements in I'(R); that
is, I'(R)=I",; DI (R)=I"%R)PI ..«(R). Moreover, the following identities are
valid.

(1) I'Wo(R)=I o RYDU nsel RYNT ¥ R)).

2) I'(R)=I"s(R)DI'}n(R).

(3) I R)=I"co RYDU %l RYNT "1(R)).

(4) Fcoe(R):‘Feo(R)@Fhm<R)'

All of these results will be employed later.
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The definition of semiexact differentials reveals their close connection with
dividing cycles. The elements of I'},(R) are characterized by their periods over
dividing cycles; an analogous description of the differentials in I',(R) is given
below. For a similar characterization of other classes of differential forms by
their periods see ([3], [4]). Recall that a statement is said to hold for almost
all curves in a family F if the subfamily F’/ for which the statement is false
has infinite extremal length; that is, A(F")=co.

THEOREM 1. Let wel'(R). A necessary and sufficient condition for we
I (R) is thatf w=0 for almost all diniding cycles d.
d
Proof. First, suppose that w1, and let (w,)7= be a sequence in I'}, with
lo—w,]l—=0. Set p,(2)|dz|=|w,—w]|, then p,(2)|dz| is a linear density on R and
Apy) :jfkpi(z)dxdy:Hwn——wll—>0. By Fuglede’s lemma ([3], [8, Lemma 2B, p.

128]) these is a subsequence (@,,);-, such that for almost all dividing cycles d
0=|f (@n,~0)| =] pas@ldzl—>0.
Thus, j wzlimf @,,=0 for almost all dividing cycles d because wn]efﬁe implies
d d
that Lm,, ]:0.
Conversely, suppose that Iw:O for almost all dividing cycles d. Since
d

every bounding cycle is a dividing cycle, j w=0 for almost all cycles d homo-
d

logous to zero. Therefore, el ((R) [3]. Now, from equation (2), [".=1 DI%,
S0 W=, -+*wy, where ws el s, Wpn S 4. The first portion of the proof shows

that jdwse:O for almost all dividing cycles d. Consequently, j d*whmzo for almost

all dividing cycles d. But this means that fd*w,,mzo for all dividing cycles d

because each homology class has finite extremal length and *w,,I",. Hence,
*um E L hse. Since I'p=I"1ee®DI%,, it follows that *@,,=0 and o=w,<l,,.

This shows that semiexact differentials are characterized by their periods
over dividing cycles. On the other hand, dividing cycles are typified by the fact
that every wel'}, has zero period over each of them.

THEOREM 2. Let d denote a cycle. d is a dividing cycle if and only if
j w=0 for all wI"(R).
d
Proof. The necessity follows from the definition of I'},. Conversely, suppose
that j‘ w=0 for all wel",. This also holds for all wsl',C I}, and this implies
a

that d is weakly homologous to zero [7, Satz IIL. 14, p. 92]. A finite cycle is
weakly homologous to zero if and only if it is dividing [2, Theorem 32C, p. 73]
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3. Classification results. The following inclusion diagrams will be helpful
in this section.

Fe(R)\\)
I'(R) DT«(R) S Teo(R) N Te(R) DTewe(R) DTeo(R)

T'»(R)

Twe(R)
Th(R) DTse(R) Tro(R) NTwe(R) DTwm(R) D (0)
N) 7

T'n(R)

Observe the similarity between these two inclusion relationships. The second
is obtained by intersecting each subspace in the first with I',(R); on the other
hand, the first may be derived by taking the direct sum of each term in the
second with I'(R). Without the subspaces I';(R) and I',,(R) this parallelism
is absent.

Let Ogp, Ogp, Oxy denote the class of Riemann surfaces R for which I",.(R)
=(0), I't(RINT 1(R)=(0), I"1n(R)=(0); respectively. Riemann surfaces in these
classes exhibit certain types of degeneracy. Knowledge that certain of the in-
clusions in the above diagrams are not proper will enable us to assert that the
surface belongs to one of these classes. The following classification theorem is
well known [2, Theorem 11G, p. 287]; it is stated for completeness because it
is the prototype for the other theorems in this section.

THEOREM 3. The following conditions on a Riemann surface R are equi-
valent:
(i) RE€O0up.
6] Fe(R):Feo(R)
(ii) rh(R)':Fho(R)-
(ii") ToR)=I"o(R).

It is possible to derive analogous theorems for Og, and Ogy. The class
Opy has not been studied extensively.

Observe that the conditions (ii) and (ii’) above are clearly equivalent because
the subspaces in each are corresponding terms in the two inclusion diagrams.
A similar comment applies to (i) and (i’). In other words, whenever two sub-
spaces in one diagram coincide, then the corresponding subspaces in the other
are identical. We shall make use of this observation by omitting the proof of
obvious equivalences in the following.
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THEOREM 4. The following conditions on a Riemann surface R are equi-
valent:
(i) ReOgp.
(i) [ne(R)=I"1m(R).
(11/) Fe(R):Fcoe(R)
(1“) Fho(R)zrhse(R)-
(iii") [eo(R)=I"5(R).

Proof. (i)e(ii). This is a simple consequence of the orthogonal decom-
position I =I"1 P %N 1e).
(ii)e(iii). This is evident from [ Bl f\=1"1=I 1P ..

The equivalence of (i) and (ii’) is essentially due to Royden [9, p. 54].

THEOREM 5. The following conditions on a Riemann surface R arve equi-
valent :
(i) ReOyy.
(i) I'a(R)=I"coe( R).
(ii) ['h(R):Fhse(R)'
(11/) FC(R)ZFse(R)~
(il) L re(R)=L"F R)NT 1e(R).
(iii) Id(R)=I'H RN «(R).

Proof. (i)&(ii). This is due to the decomposition I =15, DI 4s.
(i)e(ii). Observe that I he=I"1nDT %N 10).

The decomposition I no(R)=1" 1 (RYDL ELRINT 1(R)) shows that ROy if
and only if R€OgzyN\Ogkp. Therefore, Theorem 3 may be derived easily from
Theorems 4 and 5. For other characterizations of Ogxy see ([5], [8, Theorem 1C,
p. 202]). There is a similar result to determine whether a Riemann surface is

planar.

THEOREM 6. The following conditions on a Riemann surface R are equi-
valent:
i) R is planar.
(11) Fhse(R):Fhe(R)~
(ii/) Fse(R)=Fe<R)-
(iil) Ino(R)=1"nm(R).
(v) I'ER)NT 1o(R)=(0).
(v')  ERINT o(R)=(0).

Proof. (i)e(i). If R is planar, then every cycle is dividing $0 I'ne=1 ns.
Conversely, suppose that [',,=I";,, then I':=I"%,. Therefore, fda)=0 for all

wely=T"1,, where d is any cycle. Theorem 2 guarantees that every cycle on
R is dividing so that R is planar.
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(ii)e(iii). This is evident from I 4@ ¥, =1 =1 D%,
(i)e(iv). Notice that [pse=1" 1D nseN'E,) follows immediately from =
F he@r ;lz‘o-

As the final result of this type we determine a condition under which
Iyn(R)=TI"(R)NT1.(R). In general, I';,(R) is a proper subspace of I ,(R)N
I'.«(R); the equality of the two subspaces is equivalent to the validity of the
special bilinear relation on R [1]. Clearly, this holds if and only if I'w(R)=
I' (R)NT'(R) and I'w(R) is typically a proper subspace of I (R)NI (R).

(1]
[21]
[3]
[41]
(5]
[6]
[7]
[8]
[9o1
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