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ON A GENERALIZED NOTION OF HARMONIC FUNCTIONS
By RicHARD DELANGHE

§1. Introduction.

In [1], we considered functions ¢: R*—.4 where /1 is the Clifford algebra
constructed over an x-dimensional quadratic real vector space V with orthogonal
basis e={ey, -+, ea}; (#>2). Since the elements es=e;, -~ ¢;, together with e,=e¢,
form a basis of 1,

9= 2,044
A

where g4: R"—R for all Ae PN (Here N={1, -, n} and all A={3,, ---, i,} are ordered
in such a way that 1=i,<---<i,=#n). Moreover, in 7, e?=ce, (¢;€R, i=1, -+, )
and e;e;+e;e;,=0 (i=7). Throughout this paper we suppose that all ¢,=+1. Let
now geC®(D) where D is an open non empty subset of R? then, if we introduce
the operator

M= e

1=1 axt ’
we define H[g] as

004
ax-;

Mlgl= ZA eiea
and
Clg= § Cgaes
where
2

n 0
— 2
= —eolZ}=1 Pl

Furthermore, a function ¢geC®(D) is called harmonic in D iff [Jg=0 in D.

§2. A generalized notion of harmonic functions.

In this section, we shall consider a class of functions called extended-harmonic,
the notion of which is essentially derived from the following
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234 RICHARD DELANGHE
THEOREM 1. Let g: R*— ] be of the class C® in D and satisfy [Jg=0 in D;
then for all xeD and all IeI(D\{z}),

u—3
L, o deata) | s dou il =

Conversely, if g R"— J is of the class C® in D such that for all xeD and all

Ie I(D\{x}),
L5 drg@+| s Ao =0,
then [g=0 in D.
Here
doy= i}l (—1y-tedit,
with

dit,=dus/\ -+ NAs— 1 \NAQthis1/\++ NAthn,

and I(D) denotes the set of closed intervals contained in D.
(I={x: aiéxiébi, i=1, [IXN n}CD)

Proof. The first part of the Theorem is easily checked. Indeed, take zeD
and Te(D\{x}); then in virtue of a Theorem stated in [1],
]du”

SBI ﬂ;‘j daug(u)= SI[( P )

Sal‘(n—z)ﬁdauﬂﬂ(g) S [_;;ﬁ "-%(g)""—_eoT"Dg]duN.

and

Since

in D\{z} and [Jg=0 in D, we obtain that
U—=
Sar—pT dduﬂ(“)"‘S Wdauﬂ(g) =0.

Conversely, take xeD; then there exists an JeI(D) such that zel. Since geCO(D),
for any >0, there ought to exist an 7(e)>0 such that [|%]lc<y(c) implies
lga(x+A)—ga(x)| <e for all Ae PN (||4]|. is the Euclidean norm of %). Consider a
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ball B(x, ) with 0<r<min (e, 5(¢)) such that B(x, )l and construct a closed cube
J with center x and edge s such that Jc B(z, 7); moreover, divide 7\ into s closed
intervals I, (=1, ---, m); then, since I;€I(D\{z}) for all j,

Uu— 1 e
dow S O
S"‘IW) I ougl)+ n—2Jyan "0 ou o)

m U—2IT 1 €y ]
Z[Saz, o" doug(u)+ n—2 Sal, ot dou.H(0)

J=1

Hence,

U—3I 1 €y S u—2=x 1 S €o
=2 doug) + ——\ -2 sy, = dowg(U)+ ——-\ ——doy .
SM o oug(1) ) Sal P ou M(g) o oug (%) 2 s o 5w M(G)

aJ

But
S E—T’?doug(u)=( ”‘f dau[g(u)——g(x)]—l-[g “_f dau]g(x)
EY Y Jar P EY A Y
where
U—x 22
L doy=An1=+—=
SN o AZD)

(see e.g. [2]).
By means of a norm which we introduced earlier on .7 (see e.g. [2]), and
since on I, |¢s|=L for all B which appear in

o= Mg)= }; ¢sen

and moreover on 9/, p=s/2,

L R
Vo o o | <K V0D
=K'-¢
where
K=" _ome.], K'=n2"K.
n—2
Moreover,
i— 1
|5, = dntate—oton|| =0 e - vaD-e
=M.e

since on 9/,
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|0t — 4 1 _ 1

= =
pn - pn—l - (S/Z)n—l

and where M=n22"2 M'=n2"M.
Hence,

25\, oo dou @)= Ao

u—2=I
dowg(u
“Saz o" 7ug () + n—2 Jor p

_ u—x 1 e
—ll SBJ o" doug) + n—2 Sw o dou M(g) "

=K' +M)-e.

Since ¢ has been chosen arbitrarily,

u—3% 1 € _
Saz o doug(u)+ P Sarwdduﬂ(g)—fln—l'g(@ =0
or
1 U—z 1 €9
= ——de ! u,
0=, et = e douH)

and this relation clearly holds for any zel.
Consequently, geC®(I) and in I,

D=, O (58 dmator+ g, Do 0

=0,

or ¢ is harmonic in I
Since z has been taken arbitrarily in D, geC®(D) and [Jg=0 in D. Q.E.D.

DerINITION. Let ¢ and f be integrable on oI for all IeI(D) and suppose
furthermore that for all xeD and all TeI(D\{x}),

u—z €
doy ————doy, =0;
Sat o oug(t) + Saz (n—2)p"2 ouf (1)

then ¢ is called extended-harmonic in D and f is said to be the -derivative of ¢
and we put f=_%(g).

ReMmARK. Let f and f* be integrable on o9l for all IeI(D); then define the
relation fRf* iff for all xeD and all Ie [(D\{xz}),

g & do(f—F%)=0.
Jar o
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Since R is clearly an equivalence relation it is understood that in the above
definition, when speaking of “f is the . 9-derivative of g”, the whole equivalence
class [f] of f is meant.

In a foregoing paper (see [1]), we remarked that if ¢geC®(D) and [Jg=0 in D,
then 9(g) is regular in D. In [3], we introduced the definition of an extended-
regular function. We now prove

THEOREM 2. Let g be extended-harmonic in D; then f=(g) is extended-
regular in D.

Proof. Take xeD and IeI(D\{z}); then, since ¢ is extended-harmonic in D,

( a—z 1 P
F(x)—Saz o doug() + n—2 Saz o"? douf

vanishes for all xze D\I. Hence, in D\I,

i~ a—3

=] (552 ] 2

U—3
= doy,

Sal o" ouf
=0.

Consequently, for all zeD and all ITe I(D\{z}),

Y(2

U—3
S“ L duf =0.

But this means that f is extended-regular in D (see [3]). Q.E.D.
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