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Introduction.

Let A be a subset of a set X and g be a mapping of A in a set Y. We say
that g can be extended to a mapping / of X in Y if /=gr in A. We shall give an
example of a holomorphic mapping g of {(z, w;); 1— zw=0} in C— {0} which can not
be extended to a holomorphic mapping of C2 in C— {0}. We shall remark that the
so called " Oka's principle " holds for the extension problem of holomorphic mappings
in the following sense:

Let A be an analytic subset of a simply connected Stein manifold S and g be
a holomorphic mapping of A in a connected abelian complex Lie group L. Then
g can be extended to a holomorphic mapping of S in L if and only if g can be
extended to a continuous mapping of S in L.

§ 1. Example.

We put

Λ={(z, w)\ l-zw^O}

and

for (z, w)€A. Then λ is a biholomorphic mapping of A on C— {0}.

LEMMA. Λ can not be extended to a holomorphic mapping of C2 in C— {0}.

Proof. Suppose that λ can be extended to a holomorphic mapping μ of C2 in
C-{0}. We put

Then ξ is a holomorphic mapping of C2 in A whose restriction in A is the identity.
We put

R={(z,w)\ \zw-l\<l/2}.
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Then R is a Runge domain in C2. Let g be a holomorphic mapping of R in C— {0}.
We put

Then / is a holomorphic mapping of R in C2. Let ^Γ be a compact subset of R.
Since R is a Runge domain, there exists a sequence {/w; n=I, 2, 3, •••} of holo-
morphic mappings of C2 in C2 which tends uniformly to / in K. If we put

for any n, {gn} is a sequence of holomorphic mappings gn of C2 in C— {0} which
tends uniformly to g in K. But this contradicts Grauert [2], Therefore λ can
not be extended to a holomorphic mapping of C 2 in C— {0}.

§2. Oka's principle.

Let A be an analytic subset of a complex manifold M. A continuous mapping
g of A in a complex manifold M7 is called a holomorphic mapping of .A in M' if
for any point x of A there exists an open neighbourhood U of x such that the
restriction g\ U of g in U can be extended to a holomorphic mapping of C/ in Mf .

PROPOSITION 1. Let A be an analytic subset of a simply connected Stein mani-
fold S and g be a holomorphic mapping of A in a connected abelian complex Lie
group L. Then g can be extended to a holomorphic mapping of S in L if and
only if g can be extended to a continuous mapping of S in L.

Proof. From definition there exist an open covering 11= {K; *€/} of S and
{0i}€C°(tt; Slz,) with the following properties where 9U is the sheaf of all germs
of holomorphic mappings in L:

(1) Ui is simply connected for any i€/.
(2) Ui Π A and Ul Π U3 are connected for any i and ;'€/.
(3) g\UiΠA can be extended to the holomorphic mapping gι of Ui in L for

any i with UiΓlA*?φ.
Since L is a connected abelian complex Lie group, there exists a holomorphic

mapping χ of Cp in L with the following properties where p is the complex
dimension of L:

(1) (Cp, χ) is a covering manifold of L.
(2) χ is a homomorphism of Cp in L.
(3) The kernel AT of χ is a discrete subgroup of O isomorphic to the funda-

mental group π(L) of L.
Since each Ui is simply connected, there exists a holomorphic mapping Gi in

Cp with χ°Gi=gi for /€/. Then we have

where HnA={Ui{}A; iel} is an open covering of A.
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Now suppose that g can be extended to a continuous mapping / of S in L.
Since S is simply connected, there exists a continuous mapping F of S in Cp with
f=χ°F. Then Gi—F takes a constant value HI belonging to TV in each
which is connected. We put

for i with UiΠA=φ. Then we have

(Gi-Gj)\A=nί~nJ

in Ut Π Uj Π A which is not empty. We shall denote by g the sheaf of all germs
of holomorphic functions vanishing in A. From Oka [3] and Cartan [1] it is an
analytic coherent sheaf over the Stein manifold S and we have £Γ(S; 80=0. We
consider

There exists {/Λ}eC°(U; g) whose coboundary is the above cocycle. If we put

K=Gi-Hί-nl

in Uiy K is a well-defined holomorphic mapping of S in Cp. If we put

k=χ°K

in S, & is a holomorphic mapping of S in L with

in any ί/iΠ A=^0. Hence g can be extended to a holomorphic mapping & of S in L.

PROPOSITION 2. Let A be an analytic subset of a Stein manifold S and L be
a connected abelian complex Lie group L with the fundamental group π(L). If
H\A; ττ(L))=0, any holomorphic mapping of A in L can be extended to a holo-
morphic mapping of S in L.

Proof. Under the notations in the proof of Proposition 1, we have

; N)=B\VίΓ(A; N).

Therefore we can prove quite similarly as in the proof of Proposition 1 that y can
be extended to a holomorphic mapping of S in L.

§ 3. Remark.

Let A be an analytic subset of a complex manifold M, L be a complex Lie
group and (£/, be the sheaf of all germs of continuous mappings in L. Consider
the canonical commutative diagram
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H\M, A\ 3lz) - >H°(M; Slz) - >H\A', 9lz)
f

where the horizontal sequences are exact sequences of relative cohomology sets and

the vertical mappings ilf i2 and is are injective. If we can prove the injectivity of

f, we obtain "Oka's principle11 for this triple M, A and L.
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