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Let ί T(|); 0 < I <**} be a semi-
group of operators satisfying the
following assumptions:

(i) For each $ , 0<£«*>, τ(£) ±
s

a bounded linear operator from a
complex Banach space X into itself
and

(1)

(ii) T(j) is strongly measurable
on (0, oo )

#

(iii)
for each

If satisfies the condition

(iv) lim
λr
*

Λ0

e
for each xeX,

then T(£) is said to be of class (0,
A)

β
 If, instead of (iv), T(|) satis-

fies the stronger condition

(v) lim.ctff 7 (£- Z f'Ί(τ)xdτ=x
*~*°

 J
 * for each x<~X,

then T(£) is said to be of class (0,
(V) If (iii) is replaced by the
stronger condition

ί
then these classes become (1,A) and
(1,C^), respectively*

It follows from (i) and (ii) that
T(£) is strongly continuous for % s* 0
and cύo « lirn^ log \\Ύ{%)\\/$ <.<**>.

We shall now define R(λ A), for
each X>co

e
 , by

(2)
for each

It is clear that this integral con-
verges absolutely for \>oύ

o
 When

T(|) is a semi-group of class (0,A),
the following properties are well
known £3Js

(a) There exists the complete

infinitesimal generator A
β

(b) The domain D(A) of A is dense
in X and R(λ$A) is the resolvent of 4

β

(c) llmT(J)x«x forx^D(A).

2
β
 Theorem l Let X be a positive

number* A necessary and sufficient
condition that a semi-group of class
(0,Λ) is of class ( 0 , 0 , is that
there exists a real number co 2L_ Q such
that

In case of oC^l t h i s theorem i s
due t o R.S.Phillips C3j and further

more in case where ^ i s a positive
integer, the theorem has been proved
by the present author £ l j .

Proof• C*J i s a fixed non-negative
number such that ω^u>o o Then
eΛCO*//T(J)// i s bounded a t | =^o P

We get

)J x, we obtain

(4) ζ
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If T(£) is a semi-group of class
(°><v),

 t h e n
 β~

ω
>T(ξ) is of class

(0,C^) and e**/|T&)// is bounded at
)=ίjίj . Thus there exists a positive
number M such that

fl"*/ (Mfe^TWx dl/j
^ j j f / / ^ for all x6X

β

Therefore we get the relation (3) from

(4).

On the other hand, using the
theorem that f(£) is a bounded con-
tinuous vector valued function from
(0,oo) in X and ̂ ^ 7 (λ
then

for x6D(A). Therefore we get by (3)

r
τ(τ)xdt|/

for xfD(A).Λ Since D(A) is dense in
X and Λr*J*M-X. Γ~ V

T
T(t)x d*Γ

is a bounded*linear operator for each
J ̂  0, the above relation is true for
all xέ X We have lim

o
T(| )x==-x for

x^-D(A) and a fortiori
0

t

ί-τ ) T(r)x

for x^D(A). Thus the above relation
is true for all x 6 X by the Banach-
Steinhaus theorem. Hence e*">T(£) is
a semi-group of class (0,C^), so that
(£) is of class (0,C^).

The present author C 2 J has already
given a necessary and sufficient con-
dition that a closed linear operator
A becomes the complete infinitesimal
generator of a semi-group of class
(0,A)

β
 Thus we can obtain from Theorem

1 the following:

Theorem 2
O
 Let o( be a positive

number. A necessary and sufficient
condition that a closed linear opera-/
tor A is the complete infinites5jnal /
generator of a semi-group ί T(£);0
< ϊ<

£
**} of class (0,C^), is that

(i») D(A) is a dense linear
subset in X,

(ii
1
) there exists a real number

co <-=. 0 such that the spectrum of A is
located in ̂£ (x) (the real part of λ.)
< tc> and

where R(X A) is the resolvent of A,

(iii*) there exists a non-negative
function f( ξ,χ) defined on the pro-
duct space (O/*?)ΛX having the follow-
ing properties:

(a») for each x£ X, f (| ,χ) is
continuous for £ > 0, integrable
onCθ,lJ and e"̂ f̂ ( J ,x) is bounded

for each x£X, all realΛ > 0 and
all integers k£0, where R ^ Λ A)
denotes the k-th derivative -of
R(X A) with respect to A..
We note that, in the above theorem,

if CXod^.1, then "the complete infini-
tesimal generator" may be replaced by
"the infinitesimal generator".

3» We shall give a serai«group
which is of class (0,A) but not of
class (l,A)

β
 The following example

is a modification of that by R
β
S

β

Phillips [3je Let X consist of all

sequence pairs x
 n

 1,2,

such that and n

with norm x n

The operator T( )x x

n 1,2, is defined by

Zjzos n |

n*) IJ (^sin n | f
^ c o s n ^ ) β

It is easy to show that f T(£); 0
<̂ <Λs»jis a semi-group of bounded
linear operator and that T(|) is
strongly continuous for >;> 0
Since

we get

(5) Jjmuut έΣl^l

for all xέX.

However, for xC~L U £ ~ ,0);
i-1,2, - } where <L-0 for i + j
•Ĵ  s- 1, we have for all n

-f- ne-
x^/μexp (-n$)|coβ n//
^sin n J / ^ n β ^ J s i n n f1/
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and flx"|f *=-U Therefore, for any
small % v 0, we get

T(»|| S sup n ί ^ sin n feynip

/ ffiε*
' ^ / i J/S J"(2)'' i

/ f
J"(2e)'' sin

Hence T(tt is not of class (l,A). On
the other hand, we get[|T($)J|^ 2 for
all £ § l Then

1,2, - j
(

is defined for all A-> 0 and for all
X, Then we have Km (λj * £ £ ( \ )
ί^OO and 7J>0 = U

βxp£-(λ+ n + In*) ίj cos n J ̂

Since

sin

Γ^ / and
X > 0, we get

Z1 R(λ ;

Hence || \ R( λ A>/| ̂  2 f or a l l λ > 0.
Furthermore, for anv ultimately zero
vector x « [ (X/, ^, ) , - — > (/*t, ?^),
(0, 0), ( o , o ) , * / , we obtain

as Λ ̂ Λ' Since the set of the ulti-
mately zero vectors i s dense in X, i t
follows from the Banach-Steinhaus
theorem that

(6)
for all

Thus we obtain from (5) and (6) that
T(£) is of class (0,A).
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