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Let E and & be two complex-Banach
spaces and x'-fcχ> be an E' -valued
analytic function defined on a domain
D of E" , i e x' - f(χ) is strongly
continuous in D and admits a Gateaux
differential at each point of D

1
' .

If f (x) is analytic on D , it may
be expanded into the Taylor series

in a sphere S, = {*l »*-*«1k ?} ^ p
 f

where f
n
ι.χ, x.) is an &'-valuβd homo-

geneous polynomials of degree n given
by

the integral taken in the positive
sense on the circle C : 1*1 = l

The series converges absolutely
and uniformly in the sphere
Sy/={χ| iχ-x.ι<s'} , where j»' is a
sufficiently small positive number

2
)*

According to Shimoda s Theorem,
we may assume that D includes the
origin^).

Recently, Shimoda introduced the
norm M oθ :

Lewraa Let f,cχ) , f^), , ••
 f
t
n
(χ)

be analytic in a closed domain
P in E and not all nom-constanto5)
Put, for positive integer p

Then, φU) is continuous in P and
takes its maximum on the boundary of

D

Proof"'* The continuity is immedi-
ate p

Let be a^p -power metric
?

Let ftpCx) be a^p -power metric
analytic function?', which satisf ies

II Hp(χ)|| * ft *ftp and analytic onE' .
Since iv (*) i s analytic in D ,
i r ( i ω ) i s analytic in D , Let
xΛ be any interior point of D and

choose r such that jςi-oUϊ-xβ) l i e
completely in P for «x xo\\<r .
Then

and we have

MIX) = f ex) I 2/t

and proved Hadamard s Three Sphere
Theorem for this norat^K

In this Note, we are to introduce
a norm M

 P
 oo ί

where lUlhϊ and P is a positive
integer, and prove Hadamard's Three
Sphere Theorem for this norm*

Remark Clearly,

The equality can be established for

all small r only when f
y
(χ) is a

norm-constant function in D « Since

constant, we have

are not all norm-
φ

U o )
 < ̂%

U(i + f e
V

<^ , for suitable x which

can be taken as small as we like

Therefore, <£(x*) is not a maximum of

φ(.X) »

Theorem l Let f(χ> be an analy-

tic function of non-norm-constant in

a ring domain P ί κ,< iix ιι ̂  Ki.

Then, M>> ( r, x ,f ) is continuous in

the interval K, < lull < {l
x
 and takes

its maximum at one of the end points«

Proof, The continuity is evident.
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Put α>
v
 = C

 Λ
 , ( » - 1,

2
> • •• ,

 n
) Then f (.<*>„ x) is analytic

in P Therefore, for all n ,

takes its maximum on the boundary by

Lemma Then

(1) M
r
M)^i

v
\(τJ) M

r
t^M)

4

This inequality and the continuity of

log Mp(*) completes the proof*

If f(
χ
) is a function of norm-

constant, in K^ll^ϋs R
z
 , we have

lUll-r,

This proves Theorem l

Theorem 2. If J(χj is analytic
and non-norm-constant in p : £,-lix||<&2

, then log Mp(r) is a convex
function of log r in the interval

Proof

Put 3i«χ)==ιιί(**Jl j (-ir x) ^

£,<-£-< a**ϊ£rfί<R2f * ;> 1
and « denotes the conjugate complex
number of oc , Then

and

Since, for the interval T "

M !• I*/ */ 3 ) takes its maxijπum at one

of the end points,

and the inequality (1) holds also in

this case. Therefore, we have

Theorem 2«, Let -ytx) be analytic

in a domain D : R,< iiχiι< R^ Then,

log Hf(ϊ) is a convex function of

log r

If )> increases to infinity, M
r
(*>

tends to M(^) Therefore log li(*> ,

as the limit of log M
p
(*> , is also

convex function of log t
 Φ
 Therefore,

for r
x
<y* ^r

3
 , we have

where θ is any number between 0 and

l This is the Shimoda s Theorem:

Put

• Theorem 3 M
function of r

Proof.

is an increasing

Since foo is analytic in D :
iixiKR., ft

r
(fcio) is also analytic

in D » So

where C is the circle l*\= 1. Put
Λ = e

t e
 ( 0< Θ < 2τc ), we have

and, by Schwarz
1
 inequality,

Accordingly, for all (1,1 ^

Therefore

By Theorem 1, M
p
θr, χ,f> attains

its mayfnmm at an end point of the

interval, and r Increases from 0 to

K So M
p
ίo)£ M

f
(*, x, f; and at

last rΊ,Λo) < Hf^) This shows the
increaseness of M

P
u )

Theorem 4« Let fix) be analytic
in uXB < K and put §cr)= fα> - j-(

0
>

If MpUi,u = Mp(ϊα^) for γ,<r
a
<ρ. ,

f(x) is constant on H χ,\\ < r
3

Proof«

For 0 <> t £. r, , by Theorem 2», the
convexity of log H?t^, ̂ ) shows the
inequality
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where By

our assumption , "a) -

Therefore i
β
β

β

Corollary« An analytic function
which is constant in a sphere is
identically constant in its dαnain of
analytic ity

β

On the other hand, by Theorem 3,

) £ h
f
t^/^)

Therefore

Then we hav©

(0<v £ r, )
#

By the same discussion, we have

for <r < r*

Therefore, for any 0 < r έ τ» , M
f
 ̂ ^ )

must be constant«

Now, by the strong continuity of
3 (

χ
> in ii *u < Yi , for any positive

constant £ there exists a positive

numbers such that

Therefore M
r
(ϊ, ̂ )iί ©

Since a is arbitrary positive

number and the increasing function

M
p
(τ,3) o^

 r
 is constant, we have
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